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Aunre6pa meapa — 3a4aCTyio
oHa AaéT Gomblue, 4eM y meé
CHpaIMBAIOT.

Lasembep

INIPEANCJIOBUE

Heo6xoguMOCTL B €JUHOM M3JIOXEHMM KYpCOB aare6phl, JUHEHHOU
ajnre6phl ¥ reOMeTPUM OIMIyINATaCh AABHO. Bo BcsakoM ciyyae, yueGHUK
“Beenenue B anre6py” (M., Hayxa, 1977) 22-1eTHel ZaBHOCTM C CaMo-
ro Hayala PacCMaTPHUBAJICA JUIIb KAaK MEPBHM IIar K MHTErPUPOBAHHO-
My noaxony. Anre6pa — XuBas BeTBb MaTeMaTHMKH, OGJIaJAIOMIas 3HA-
YUTENLHON NPUTAraTeIbHOM CIJIOA U OCHOBHIBAIOIIAACA H3 HEGOMLIIOM
YUCJIe ACHBIX, MHTYUTUBHBIX Havaj. CMEICH aare6pawyeckoro MOHATHA
MOXET MMEeTh TEOPETUKO-YMCIOBYI0 WIN IeOMETPUYECKYIO IIPHUPOAY, a
33a4aCTYI0 €ro KOPHM JIeXaT B BHIMHUCIMTENbHHIX ACIEKTAX MaTeMaTH-
KA ¥ B pellleHMH ypaBHeHMH. BO3HMKalOmMe M3 TAaKOro MCTOPHMYECKOro
[OHMMAHUA NMPUHUMIL X TpeGOBaHMA, NPEAbABIAEMEIE K COBPEMEHHO-
MY YHHBEPCHTETCKOMY y4eOHUKY mo ajarebpe, cTauu O6ImIENPUHATHIMU.
Bca TpyAHOCTH majaeT Ha peantu3auuio Gosee WIM MeHee H3BECTHBIX
uaei. EcrecTBeHHas 3BOMOLMS CTAHAAPTHHIX MPOrPaMM — TO B CTOPO-
Hy 06'beAMHEeHNA KypCOB JNHENHOM aare6psl ¥ MHOI'OMEPHOM aHAIMTIYE-
CKOM I'eOMEeTPHH, TO B CTOPOHY UX Pa3JeJEeHUA ¥ BKPAILIEHUs 3JIEMEHTOB
TEOPHHM YHCENI B KyPC alreGpul — HallUIa OTPaXKeHue Ha CTPAHULAX Npes-
JaraeMoro “Beegenus B aare6py”, HamuCaHHOrO Ha 6a3e yIOMAHYTOrO
OLHOMMEHHOI'0 y4yebHUKa, HO CHIBLHO DACIIMPEHHOrO M pa3buToro mis
yRo6cTBa unTaTenn Ha Tpu 4yacTd. CaMmo cob6oit pasyMmeercd, 4YTO O06B-
eAMHEeHNe 3TUX 4acTed 3aBEJOMO COIEPXHUT YCTOMYMBOE AAPO yKalaH-
HBIX KyPCOB — TOT MHUHMMYM, KOTOPOMY AOJKEH YIAOBJIETBOPATHL BCA-
xuit yye6uuk. C Jpyroi CTOPOHEI, pacnpefeneHne MaTePHala 1o YacTAM
COOTBETCTBYET PEalbHO CJIOXMBIIEMYCA 33 MOCIEJHME AECATUIETUA IO-
PAAKY YTEHUs KyPCOB CTYAEHTaM MEXaHUKO-MATEMAaTUYECKOro (paKyIb-
Teta MI'Y: nepsriit ceMecTp — “OCHOBH anre6pu” ; BTOpOM CeMECTP —
“JIunennan anreGpa ¥ reomerpus”’; Tperuu cemectp — “OCHOBHEIE
CTPYKTYpH anre6pu” (anre6pa Ha ypOBHE dJI€MEHTADHHIX, HO JOBOJb-
HO COREPXATEIbHBIX CBeleHU# 00 aare6paMyecKux CHCTEMAaX, CTABIIMX
NPHMHAAJIEXHOCTHIO KaXJOI0 MaTeMaTHKa Hamux gHer). B ransHeitmem
InA ygo6CTBa CCHUIOK Ha 3TM KHUrM OyIYT MCIOIB30BATHCA COOTBET-
creeHHO cokpawmenus [BA 1], [BA II], [BA III]. Ha sToT nopagok, paBHO
KaK ¥ Ha OPHMHUMI MOJAYM MAaTepuata, HAJIOXKWIM CBOM OTMNEYaTOK He
TONBKO 3APABHIA CMEICH, HO ¥ Myaphi coseT Iopamusa: . “Hagmo cerogus
CKa3aTh JHUIIbL TO, YTO YMECTHO cerofHs. Ilpoyee BCE OTIOXHUTEL M CKa-
3aTh B mogxopsiee BpeMa”’. [IpyruMu CJIOBaMM, MEI OPUIEPXKUBAEMCA
KOHIEHTPHYECKOI'0 CTWIA M3JOXKEHNs, He 60ACh BO3BPAIATLCA K OJHOM
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X TOH Xe TeMe, K OJHOMY M TOMY e npuMepy MHOro pas. Tak, moHsa-
THA CPYNIHL, KOJbIA, 01, B30MOPHU3Ma BO3HAKAIOT B [BA I] u obCcyx-
JalOTCA Ha ypOBHE NPMMEPOB, HaKamtusaeMux 3aTeM B [BA II]; Goaee
OCHOBATEJILHOE M3Y4eHHe ITUX IOHATHMA nposogurcs jums B [BA III).
A6cTpakTHEIE BEKTOPHEIE MPOCTPAHCTBA U JMHEHNHEIE ONIEPATOPH HA HUX
uccaexyiorcs B [BA II], X0TA MX KOHKPETHBIE aHAIOI'H, CONPOBOX JAIOLIME
TEOPHIO CHCTEM JHMHENHHIX YPABHEHMM, NOABJIAIOTCA HA NEPBEIX CTPaHM-
uax Hacrosmen KHurd. Pasymeercs, TONbKO uMTaTeNb BIPaBe CyIUTh,
OpUOAMXKAET JM TaKOM MOAXOL TO MOHMMAHME IpeaMeTa, O KOTOpOM Mu-
can Beqmkuy MmaTemMaTHk A. IlyaHkape B cBoeM 3aM€4aTeNILHOM COYM-
Hennu “Hayxa m meron” (ri. 2. MaTemaruyeckue onpenejeHus u rpe-
nogasanue). PealnHO YMTaeMBIM KypcoM (TpHM Yaca JEKUMH B HeLelio
B IIEPBOM CeMeCTpe, YeTHIpe — BO BTOPOM M LBa — B TPETHEM), O
ONHITY CaMOI'0 aBTOPA, 33BeJOMO HEBO3MOXHO OXBATHThb BECh MaTepHA
y4ebHIKa, fa K dTOMY X He cieayeT crpemuThca. Ilo cBoemy sammuicay
OH PacCYMTaH Ha CBOGOJHOE TBOPYECTBO JEeKTOpa (pasyMmMeercd, B H3-
BECTHHIX paMKax). X0Tenoch GEl paCCMaTPHUBAThL €r'0 TaKXKe KaK CBOEro
POJa CNpaBOYHMK M KAaK MCTOYHHUK IJA OIMOJHUTEILHOr'O YTEHUA CTY-
nentaMu. MHOrooGpasue COBpeMEHHON alreGpLl HEBO3MOXHO YJIOXUTh B
IPOKPYCTOBO J0XKe Kakoro-au6o “Beeaenus B anreGpy” , 0fHAKO UMMy Ib-
COM K TBOPYECKOM pafoTe MBICHM YYEGHUK MOCIYXHUTh ROMKEH. DTOMY
C1I0CO6CTBYIOT MHOT'OYMCIEHHBIE YIPAaXKHEHUA, PACCYMTAHHEIE B KaKOM-
TO Mepe Ha pa3BATHE OCHOBHOM TeMH. Kpome Toro, B xaXxzo# 4acTu
HMeeTCa pa3fel, rie NepedncieHbl, ¢ HeOGXOAMMBIMK MOACHEHUAMM, He-
KOTOpLIe HEPeIIEHHHEIE WM TPYAHO pemaeMule 3aa4Yy, HEMOCPeJCTBEHHO
npuMukaiomue (BO BCAKOM CIy4ae, IO CBOEei MOCTaHOBKE) K NPOrpaMM-
HOMY MaTepHualy M Jexanye MOYTH UYTO Ha MOBEPXHOCTH. Bpax au sTun
334a4M CTAHYT OPeIMETOM NOBAJILHOI'O YBIEYeHNUs, HO 6yAeT NIpeKpacHo,
€CJIM B KOM-TO OHH 3aXI'yT OF'OHEK IOMCKA MATEMATHYECKOM MCTHUHEL

* Xk %

Heckonpko cioB 0 [BA I]. 3Ty kHUry MOXHO cUMTaTh aare6poil B
MuuuaTiope. OyHIamMeHTaIbLHEE NOHATHA MPYNNLL, KOJbLA, II0JIA, HOBLIE
Juag 60IBIUMHCTBA CTYAEHTOB, BBOAATCA II0 BO3MOXHOCTH HedopMaiLHO
¥ B MMHMMAaJbHEIX [033X, XOTA obinee KOAMIECTBO IPOUIBOAHLIX IIOHA-
TH# [ONYyYaeTCA HOBOJBLHO GOMpIIMM. X He HyXHO 3allOMMHATL: OHM
CTaHyT NPUBHIYHEIMH IOCJE CAMOCTOATENABHOM PabOTH HaJ 3aJa4YaMH M
ynpaxxseHuamu. g yro6cTsa BHAENAETCA HECKOJILKO Hanbouee ynoTpe-
6UTENbHBIX anre6panyecKux CMCTeM TaKuX, Kax rpynnsl (Z,+), S,, A,
GLy, SLy, xonbuo Muorowrenos, noas Q, R, C u Zp, Ha ¢hoxe KoToprix
JeMOHCTPUpYeTCa A3HK aiare6pul. Ilo Tpaguuum ¥ mo coobpaxeHusm
IPEeMCTBEHHOCTH MEXJY LIKOJOM ¥ By30M BHAYaJe M3JAraeTCa TEXHUKA,
MaTPHI U ONpejelanTesed, HCIONb3yeMas AIA OTHICKAHHMA M UCCIeLOoBa-
HUA DeIleHNi CHCTeM JuMHeHHLX ypaBHeHui. Ha 3ToM myTH ecrecTsen-
HBIM 06pa30M BO3HMKAIOT M OCHOBHEIE aJrebpanveckue CTPYKTypml. Mx
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60nee 06CTOATENLHOMY M3YYeHHMIO NoCBsmeHa kuura [BA III), a moka B
HAIly 33434y BXOAMUT JUIIL HAKOIUIEHHE “XXMBLIX” IPUMEPOB.

Cnegyet o6paTuTh oco6oe BHuManue Ha kHury H.P. lladapesuya [4]
U3 JOMOJHUTENIbHOI'O CIIMCKA JUTEPaTypPH, B KOTOPOM PAa3BHUBAETCH CBe-
XN ¥ B BHCIIEA Mepe HeTPAaJUIMOHHEIM B3riaAl Ha aarebpy, a Takxke
Ha MaTE€MATHKY B LIEJOM.

Sl 6iarogapeH BCceM YHTATENAIM CTAporo yuyebHuka “Bmenenue B ai-
re6py”, ero nepeBOgYMKAM Ha AHTVIMMCKUYM, GOArapCKUM, MCIAHCKHM,
HONbCKMMA, (PPaHIy3CKMA, KATANCKUH SA3LIKUA M pELeH3eHTaM, COO6MmMB-
LIMM CBOM 3aMeYaHns, a TaKXKe WieHaM KadeapH Buicmen arre6put MI'Y,
rje y4e6GHUK MpPOJO/KAET NOABEPraThCA €XEroNHOMY UCIEITAHMUIO.

A pan BmpasuTh ray6okywo GrarogapHocTh A.fI. Kocrpukunon, a
Takxe H.K. Mapnnoit 1 B.B. OcTpuky 3a HeoueHMMy0 NOMOIIb NpH
0GOPMIIEHHH DYKOIIUCH.

A.H. Kocmpuxun
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CorunacHo 06meMy ILIaHY, M3IOXEHHOMY B IPEJUCIOBHMU, CXEMa, 3aBU-
CHMOCTM I'VIaB B KHUT€ JuHENHA. PaKTUYECKH CTYIEHTY-NEePBOKYPCHUKY
MOJIE3HO YMTATh BCE MOApAL, obpamas ocoboe BHUMAHME HA MHOI'OYM-
CJIeHHBIE TPUMEPH M HA YIPaXXHEHWsA, 3HAYUTENbHAA YaCTh KOTOPHIX
O6BLIYHO NpefJaraeTca BO BpeMs 3K3aMeHa.

Hcxyménnomy 4nTaTemo (CkaxeM, NPEMOAABATENI0 WIM CTYXEHTY
BTOpOro Kypca) 6yeT HeTPYAHO HAYMHATH YTEHHE NMPAKTUYECKU C JIO-
6oro MecTa, €CTECTBEHHRO — IIpM HAJIMYHMM TI'OTOBHOCTM ObpamaTbhCa
BpeMsa OT BpEMeHHM K ONpeJeleHUsAM B NpeLIIyIMX naparpadax u ria-
Bax. He Bce HOBLIE NOHATHUA BBOAATCA B a63alaX, HAYMHAIOMMXCA CJIOBOM
“onpegenenue”. Ilogpo6HOoe OraBieHue ¥ NPEeAMETHRIA YKA3aTelb IOMO-
YT HalTH Hy>XHOE MECTO B KHUIe.

Kaxnas riaBa pasbuTa Ha HECKOILKO NnaparpadoB, a KaXAHMA Ia-
parpagd — Ha HECKOJIBKO MYHKTOB C COGCTBEHHHIMU Ha3BaHUAMU. BHyT-
pu nparpada TeopeMHl, NPeAJOXKeHUs, JEMMH!, CJIeLCTBUA UMEIOT CBOIO
cOGCTBEHHYI0O HyMepalMio: TeopeMma 1, Teopema 2, ...; JeMMma 1, mem-
Ma 2, ... C 3TOM NpUMUTUBHOMN, HO BECbMa HATVIAZHOM U IKOHOMHOM HY-
Mepaluen Npy CCHUIKAX Ha yTBEPXAEHHA U3 Apyroro naparpada Ipuxo-
IWTCA mMcaTh “TeopeMa i §j” mum gaxe “reopema ¢ §j ru k”,
OXHAKO 3TO He BRI3BHIBAET HeyJOOCTB.

Konen noxasarenscTsa oTMedaeTca 3HakoM [J.

JlnA coKpaIieHus MCHOAL3YIOTCA NMPOCTENIINe JOTNIeCKMEe CUMBOUIEL.
3HaK MMILTMKaIMM —> B 3amicu A —> B uMeeT IPOCTYIO CMEICJIO-
BYIO Harpysky, 4to “A prewér B” wm “us A cnexyer B”, B To Bpe-
MA Kak “A <= B” o3Ha4YaeT SKBMBAJEHTHOCTHL BLICKa3HIBaHUK A u B,
T.e. (... TOPJAa ¥ TOJABLKO TOrAa, KOLAA ... ). KsauTop BceobumocTu V
CIYXHUT 3aMEHOM BhIpaxeHua “muas moboro”. OcrarbHele 0603HAYEHUS
MOHATHH M3 KOHTEKCTa.

Brime npuBeieH neukoM rpeyeckuit andasuT ¢ yKasaHUEeM IPOU3HO-
menun 6yks. Habmogaemas agecy nyTanuna 4ocagHa, MOCKOABKY GYKBEL
rpeyeckoro ajihaBuTa BeCbMa yNOTPeOUTEILHE B MATEMATHKE.



T'nasa l

NCTOKMU AJITEBPHI

C 4ero Haunnaercs atre6pa? C HEKOTOPHIM NPHUOIMKEHHEM MOXHO
CKa3aTh, YTO UCTOKM ANre6PH KPOIOTCA B MCKYCCTBE CKIAALIBATD, YMHO-
XAaTh X BO3BOAMUTH B CTENeHb Hennle uucia. dopmaibuad, HO JATEKO He
OueBHHAA ¥ HE OJHO3HAYHAA 3aMeHa juuceJ GyKBaMM [TO3BOJAET JEHCT-
BOBATh IO AHAJOIMYHHIM NMpaBMIaM B Ipejeiax ropasjgo 6onee o6ummx
anre6pamveckux cucreM. CTajno 6HTh, NONLITKS OTBETUTH KCIEPILIBAIO-
m¥M 06pa3oM Ha IOCTABIEHHEIN BOIPOC yBEJIa OLI HAC HE TOJBLKO B IMy6n
BEKOB, B TallHHI 3apOXJEHMA MaTeMaTHieckou Muicm. Bosee Tpynuas
49acTh OTBeTa OhlTa GBI CBA3aHA C ONMCAHWEM OCHOBHHIX CTPYKTYp aJ-
re6pHl HAINMX JHEH: I'PYI, KoJen, nojei, moaysen u T. 1. Ho aToMy xax
Pa3 ¥ NOCBALIEHA 3HAYUTENLHAA YaCTh KHATH, TaK YTO LEedb IMaBhI 1
KaXeTCA NOKa HeJOCTUXKUMOM.

K cuactsio, moa ab6cTpakTHOM OGOJIOYKOM GOJBLIIMHCTBA AKCHOMA-
THYECKMX TEOpHH aireOpH CKPHIBAIOTCA BIIOJHE KOHKPETHHIE 3aJa4u
TEOPETHIECKOr0 WIK MPAKTHIECKOr0 XapaKTepa, PEemeHne KOTOPHIX CIIy-
XWIO B CBOE BpeMs CYACTJIMBBEIM, 3 MHOTJA M HeM3GEeXHHIM MOBOJOM K
JaJieko uaymmM o6o6menuam. B cBoo ovepenb pa3BuTan TeOpHA AABATA
HMITYJbC ¥ CPEACTBA K PEIIeHHIO HOBRIX 3a4a4. ClI0XHOe B3anMojeiicTBIe
TEOPEeTHIECKHX M NMPHUKJIAIHEIX aCIEKTOB TEOPHH, IPUCYIIee BCEH MaTe-
MaTHKe, B ajre6pe MpOCTYNaeT BECbMa OTIETIMBO U JEJ3eT B KAKOW-TO
Mepe ONpaBJAHHEIM NPUHATHM HAMU KOHUEHTPUAYECKHH CTHIbL H3JIOXKe-
HUA.

Ilocne xpaTkux o6HMX 3aMeYaHMi, CBA3AHHKIX C MCTOpUEH NpeaMe-
Ta, MH CHOPMYIUPYEM HECKOJLKO 33134, MPEABAPAIOMMX COAEPKAHUE
nocrexyommx rias. OaHa U3 3THX 33434 INOCIYXAT OTIPABHOM TOYKOM
IJIA M3YYEeHHUsA CHACTEM JMHENHBIX YPaBHEHHM, TEOPUM MATPHI M TEOPUM
onpegeanreaer. Mur masoxuM Meron 'aycca u moxyvuM nepsrie CBege-
HUSA O PENIEHHUAX JUHEUHEIX CHACTEM.

Yxe Ha 3TOM 3Talle NOJIE3HO BBECTH CTAHJAPTHHIE OOO3HAYEHHA K
TEPMHMHOJIOTHIO, JIA 9€r0 MH JAJIUM CXATHIM 0030p TEOPHH MHOXECTB
H 0TOGpaXKeH!i.

ByayT BBejeHH! BaxkHLIE NMOHATHA OTHOLIEHMS 3KBHBAJCHTHOCTH X
dakTopusauun orobpaxenni. [Jajlee B CBA3N C Pa3bACHEHHEM IPUHIHM-
Na MaTEeMaTHIECKOX HHAYKIUMY YCTAHABINBAIOTCA JJIEMEHTAPHEIE KOMOU-
HaTOpHHe cooTHomernns. Oco60e MeCTO OTBOAUTCA NEPECTAHOBKAM, Ha
KOTOPEIX 6a3¥pyeTCA TEOPUA ONpeieruTeen.

Hakosen, npuBOAXAMEIE B IOCIEIHEM aparpade npocTedimue apudg-
MeTH4eCKHe CBOMCTBA CUCTEMBI LETRX YHUCE He TONLKO NCNIOAB3YIOTCA B
JaJIbHEHIIEM, HO ¥ ABJIAIOTCS POTOTHUIIOM /A MOCTPOEHUA aHAJOTUIHOMK
apudMeTHKH B 60Jee CJIOXHEX AIre6paudecKux CUCTEMAaX.
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MaTepuaJs 3TO# [MIaBH He BHIXOAWT AaleKO 3a MpeAeNsl MKOIbHOK
nporpammel. Ot uuTaTens TpebyeTcs JMimb I'OTOBHOCTH BCTaTh Ha
HEeCKOJIbKO 60J1ee O6MyI0 TOYKY 3peHusa. dreHne MOXHO HadmHATh C § 3.

§ 1. AareGpa BkpaTne

B Hamm gum He 6e3 OCHOBaHUA roBOPAT 06 “anreGpamsaiuu” MaTe-
MAaTHKH, T.¢. O NPOHAKHOBEHHH MJEH H METOA0B anre6pH kKax B Teope-
THYEeCKHe, TaX X B MPUKIAJHHE Pasfelsl MaTemaTuxkn. Takoe monoxe-
HUe Belel, CTaBlee COBEPUIEHHO OTYETIMBRIM K cepeaude XX cToneTns,
HAOMOJANOCh OTHIONL HE BCerga. Kak Bcaxad o6JacTbh 4elI0BEYECKOH
JAeATEILHOCTH MAaTEeMaTHKa MMOABEPXXEHA BIMAHMIO MOAH. Moza Ha aj-
reGpanyeckue MeTOAH BHI3BAHA CYIIECTBOM Jeja, XOTA YBJIEYEHHE €0
HHOT A3 [IEPEXOJUT Pa3yMHBIe MpaHMIEL. A Tak Kax aare6paudeckas 060-
JO4YKa, 33TMEBAIOIIAA COAEPXKaHMe, He MeHbIIaA Gefa, 4eM dIeMEeHTapHOe
3a0BeHue aareGprl, TO He CIy4afHO JOCTOMHCTBOM TOM WIN MHON KHUI'H
yXe cuuTaeTcs (BIIOIHE DE3OHHO) YMEHHUE e aBTOpa U36eXaTh neperpy-
JKEHHOCTH aJIreGpaudecKuM hOpMaTH3MOM.

Eciu oTBreYbCs OT KPaKHOCTEH, TO aare6pa M3ApEBJe COCTABIANA
CYIIECTBEHHYIO 9acTh MaTeMaTuku. To xe caMoe CrefoBaJo Oul CKa3aTh
H O FeOMETpPHH, HO MBI CKPOeMCA 33 KpHUIaTo# ¢pasoi Codn 2Kepmer
(XIX Bek): “Aare6pa — He 4TO MHOE, KAK 3alMCAHHAA B CHMBOJIAX I'€0-
MeTpHA, & reOMeTPHA — 3TO NPOCTO airebpa, BOILIOIIERHAA B pUrypax”.
C Tex nop moNoXKeHre H3MEHWIOCh, HO, KAXEeTCA, “IPH3HAHO, YTO “npH-
poAa” MaTeMaTHYECKHX OG'BEKTOB €CTh, B CYIHOCTH, AEJI0 BTOPOCTEIEH-
HOE ¥ YTO JOBOJBHO HEBAXHO, HAIIPAMED, IPEACTABIIA JU MBI DE3yJIbTaT
B BAJE TEOPEMH! “4UCTON” reOMeTPHUN WIM IPY MOMOIIY aHAIHTHIECKOH
reoMeTpux B Buje arreGpaudeckoi Teopemu” (H. BypGaxm).

B cooTBeTCTBHM C IPUHLMIIOM “BaXKHEI HE MaTeMaTHdecKue 00bek-
THI, 3 OTHOLIEHUA MEXAY HEMK” aire6pa onpeaenseTcs (HECKOIBKO TaB-
TOJIOMYECKH ¥ COBEPIIEHHO HEMOHATHO AJiA HEMOCBAIIEHHOI'0) KaK HayKa,
06 aare6pav4ecKuX ONepaunax, BLIIOIHAEMEIX HaJ d1eMEHTaMi Pa3indy-
HeIX MHOXeCTB. CaMu ajare6pamdecKye ONEpallMX BHIPOCHH M3 dIEMEH-
TapHOM apudMeTHKH. B cBOIO 04Yepear Ha OCHOBE aareGpaMvecKux Co-
O6GpakeHnit TOIYy4aloTCA HauGoIee eCTECTBEHHBIE JOKA3ATEIbCTBA MHO-
rex GakToB U3 “BhICIIEH apudMETHKH” — TEOPHH JHUCEN.

Ho 3navenne arreGpamdeckux CTPYKTYD, T.e. MHOXECTB C aJre6pa-
NYECKUMM OIEPAIMAMHE, JAJEKO BHIXOLUT 32 PAMKH T€OPeTHKO-4HMCJIOBRIX
npuMeHeHui. MHorue MaremMaTHdecKue OGBEKTH (TOMOJOTMYECKHE
IIPOCTPAHCTBA, QPYHKINM HECKOIbLKUX KOMILIEKCHEIX [TEPEMEHHRIX U AD.)
H3Y4aIOTCA IYTEM NOCTPOEHUA HaIEXKAIMMX AIre6pandecKux CTPYKTYp,
€CIM ¥ He aJeKBATHHIX H3y4aeMEIM OGBEKTaM, TO BO BCAKOM CIydae
OTPaXAaIOMMX X CymeCTBEHHKIE CTOPOHH. HeduTo nogo6Hoe OTHOCHTCA
7 K 06’beKTaM pearbHOr'o MUpa.
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OnpenenénHoe MHEHHE Ha 3TOT CYeT 6BbLIO BhICKa3aHO Gonee 45 jer
Ha3a,] OJHEM U3 TBOPLOB KBaHTOBOM Mexauuky II. Jupaxom: “Cospemen-
HaA ¢usnka TpebyeT BCE Gonee aGCTPAKTHOM MATEMATHKM M Pa3BUTHA
ee ocHOB. Tak, HeeBKIMJOBa I'€OMETPHA ¥ HEKOMMYTATHUBHAA airetpa,
CYMTABIINECA OJHO BpEMA NPOCTO ILUIOZOM BOOODaXKEHNA WIK YBICIEHUA
JIOTHYECKAMH DPaCcCyXAeHUAMH, Terepb MPU3HAHH BeCbMa HeOOGXOAUMEI-
MH JJA ONMUCAHUA OOLIEN KAPTUHL GUINIECKOrO MUpA” .

Anre6panveckue CpeJCTBA BECbMA NOJE3HH DU HCCIEIOBAHUM dJe-
MEHTapHLIX YaCTHUI B KBAHTOBOM MEXaHWKe, CBOMCTB TBEPIOrO TeIs K
KPUCTALIOB (B 3TOM CBA3M OCOGEHHO BaXKHA TEODPHUA NPEACTABICHUM
CpYNI), NpH aHAIN3€ MOAENBHHIX 33Ja9 SKOHOMHKH, IPU KOHCTPYHUDPO-
BaHMM COBpeMeHHEX OBM u T.x1. 1 T.0.

B cBo0 0o4yepeapb anrebpa MATAETCA XKUBUTEIBHHIME COKAMHA APYTUX
OUCUMIUIAH, B TOM YHCJIE MaTeMaTH4deckuX. Tak, rOMOJOTHYECKHE Me-
TOAB! aare6pbl BEPOCIM U3 HEAp TOIOJIOTHMH M anreGpaudecKOd TeOpUH
qucen. He yauBUTEIBHO MO3TOMY, YTO OGMUK aare6pH M TOYKA 3PEHHA
Ha anre6py MEHAIMCH B Pa3HbIe dnoxu. MHE He ¥MeeM BO3MOXHOCTH IIpO-
ClefUTL NOAPOGHO 33 DTUMHU K3MEHEHUAMH He TOJBKO M3-33 HEeJOCTATKA
MeCTa, HO MMIaBHEIM 06pa3soM MOTOMY, YTO ONMUCAHUE UCTOPHUHU NMpEeIMETa
NOKHO GBITH KOHKPETHHIM, — Tpe6GoBaHMe, KOTOPOMY MOXHO YIOBJe-
TBOPUTH JHMIUb IIPM OCHOBATEILHOM 3HAKOMCTBE C CAMHMM IIPEAMETOM.
OrpanmynMcs CXeMaTUIeCKUM NepedyrcIeHeM UMEH U NEPHOJOB.

Jpesune nusuiusanuu BaBuioHa | ApudMeTHHeCKHe AEHCTBUA Ha MHOXKECT-
# Erunra. I'peyeckas UMBHIM33- | BaX LEJbIX ¥ PALMOHANBLHBIX MOJOXHUTENb-
uua  “Apudmernxka” [JuodaHTa | HEIXx 4Yucen. AxareGpamyeckue GOpMyJal
(III B. H. 3.). B I'€OMETPHYECKMX H ACTPOHOMHYECKHX
pacuyérax. PopMyanpoBka 3aja4 Ha INO-
crpoenue (06 yABOEHUM Ky6a ¥ TPUCEKLIAH
yriaa), 3aHMMABIIMX aIreGpaudecKue yMhl
B ropa3jo 6onee no3gHee BpeMA.
BocTouHas uMBMAM3AUMA CPEAHHX | Aare6GpaudecKue YPaBHEHHUA INEPBOH H
Bexos. CounneHue ypoxeHua XuBnl | BTOpOM creneHu. BoaHukHOBeHME caMOro
Myxammeaa u6H Myca ar-xopeamu | TepMuHa “arre6pa”.

(ox. 825r.) “Xucab an-gxabp Ba-I-

Mykabaua”.
Onoxa Boapox genus. Pewenne o6mux aare6panyeckux ypaBHe-
C. deppo (1465-1526) HUHM TPEThe! U YETBEPTOM CTENEeHH.

H. Tapranba (1500-1557)
. Kapgano (1501-1576)
JI. deppapu (1522-1565)

®. Buer (1540-1603) Co3paHne COBPEMEHHOM aareGpauvecKoi
P. Bom6enau (1530-1572) CHMBOJIHKH.

XVII-XVIII Bs. BO3HMKHOBEHME AHATUTUYECKOU IeOMeT-
P. Hdexapt (1596-1650) pHM — NPOYHOI'O MOCTHKA MEXJAY reoMeT-
1. ®epma (1601-1665) puet u arre6poir. OXuBIeHHE JEATEILHO-

W. HeioTon (1643-1727) CTH B TEOpHMM dMCEJ.
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T'. Jlen6uuny (1646-1716)

JI. Ditrep (1707-1783)

2K. NanamGep (1717-1783)
2K.-JI. Jlarpanx (1736-1813)
I". Kpamep (1704—1752)

II. JTannac (1749-1827)
Bangepmong (1735-1796)

PasBuTue aare6pmt MuOrousneHos. MH-
TEHCHBHbIE IOMCKHU 06mux ¢hopmMya A1 pe-
ImIeHni aareGpanveckux ypasHeHu#. Ilep-
Bhle NMOAXOAH K JOKAa3aTeAbCTBY Cylme-
CTBOBAHUA KODHA YPAaBHEHUA C YUCJIOBLIMH
ko3¢ punumenTamu. Havana Teopum onmpe-
LenuTenen.

XIX B. - Hagano XX B.

K. ®. T'aycc (1777-1855)

II. Aupuxne (1805-1859)

3. Kymmep (1810-1893)
JI.Kponexep (1823-1891)

P. Nenexuns (1831-1916)

E. U. 3onorapés (1847-1878)
T. &. Boporoit (1868-1908)
A. A. Mapkos (1856-1922)

JoKa3aTeALCTBO OCHOBHOM TEOPEMBI O Cy-
IMeCTBOBAHUM KOPHeH YDABHEHHH C 9HC-
JIOBEIMK KO3 dunneHTaMu. M HTeHCHMBHOE
Pa3BHTHE TeOpUM anreGpamvecKux Jucer.

II. JI. YeGruues (1821-1894)

II. Spmut (1822-1901)

H. Y. Jlo6auenckuit (1792-1856)
A. T'ypsun (1859-1919)

ITouckn MeTOAOB HpPMOGIMKEHHOrO pele-
HHUA anre6pauyecKux ypaBHEHUH. YCIOBUA
Ha KO03p(PULMEHTH, 06eCIeYnBalOIIMe 3a-
JAaHHOE PacIONOXeHHe KODHeM.

A. Pyddunn (1765-1822)
H. X. A6exs (1802-1829)
K. Sixo6u (1804-1851)

3. laxya (1811-1832)

B. Puman (1826-1866)

0. Komm (1789-1857)

K. >Koppaan (1838-1922)
JI. Citnos (1832-1918)

Pemwenne npo6aeMnl 0 Hepa3pemIMMOCTH
OGLIMX YPAaBHEHMM CTeNeHM n > 5 B paju-
Kaznax. Pa3BuTue Teopun anre6pamyeckux
¢ynkuun. Cosganue Teopuu Ianya. Hava-
Jla T€OPMM KOHEYHHIX I'PYNI, NIPeUMYIecT-
BEHHO Ha 6a3e rpynn nepecTaHOBOK.

I'. I'paccman (1809-1877)
. Cunssectp (1814-1897)
A. Kaan (1821-1895)

Y. MamuabroH (1805-1865)
Jx. Byab (1815-1864)

C. Ju(1842-1899)

I'. ®pobennyc (1849-1918)
K. Ceppe (1819-1885)

M. Hérep (1844-1922)

A. A. I'pase (1863-1939)
A. Tlyankape (1854-1912)
&. Kneitn (1849-1925)

Y. Bepucaiig (1852-1927)
®. 3. Moaun (1861-1941)
H. IIyp (1875-1941)

I'. Beias (1885-1955)

<. Dupuxsec (1871-1946)

VHTeHCHBHOE Da3BUTHE METOMOB JHHEH-
HOM anreGpH.

Bo3HMKHOBEHME, NIOCJIE OTKPHITUA KBa-
TEDHUOHOB, TEOPHM TUIEPKOMIIEKCHBIX
cucTeM (Takue CHCTEMBl TeNepb HA3LIBa-
I0TCA aszebpamu). B gacTHOCTH, B CBA3M
C pa3sBUTHMEM TeOPHY HENPEPHIBHHIX I'Pynm
(rpynn Jiu) 6L 3a10XEHEl OCHOBEI T€O-
pun aare6p Jlu. BakHLIMM rJaBaMu Ma-
TeMaTHKH CTa¥ aIreGpaHyecKad reoMer-
pusa u Teopus uHeapuanToB. B XIX B. ma-
TeMaTHKa emé He JOCTUIIa TOHKOH Xud-
¢depeHuManuM, ¥ MHOrHe KDYTHBIE yde-
Hble TBOPYECKHM DabOTAIN B PA3NMIHKIX e
obaacrax.

Jx. pon Heiman (1903-1957)
Il. Twns6epr (1862-1943)

3. Kapran (1869-1951)

K. I'enzenn (1861-1941)

3. I'reitnnn (1871-1928)

D. Hérep (1882-1935)

Nleppas momosuHa XX B. 6mLIa OTMede-
Ha KODEHHOM nepecTPOMKOH BCEro 3JaHuA
MaTeMaTUKH. Aare6pa, OTKa3aBMaiACA OT
OpuBMier¥M GLITH HaykoH 06 anreGpau-
YeCKMX YPABHEHUAX, PEIINTEILHO BCTaJla
HAa AKCHOMATHYECKMHA M ropasjo G6osee
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3. ApTtun (1898-1962) a6CTPAaKTHLIA NYTh Pa3BUTHA.
H. Byp6aku “DieMeHTH MaTeMaTH-
Ku”.

Bowén B 06MX0A A3LIK TEOPUM KOJEL, MOAYJEH, KaTeropui, rOMOJNOruis. MHOrue
Pa3pO3HEHHLIE TEOPUM OKA3aJUCh YJIOXKEHH B OOILYI0 CXeMY YHMBEPCAJALHOM ai-
re6put. Ha cThike anre6psl ¥ MATEMATHUYECKOMN JOIMKYM POJUIACh TEOPHUA MOJeNeH.
Craphle TeOpuu OGHOBMIMCH, PACIIMPUB O6GJACTH CBOMX npuMmeHeHuit. IIpumepom
34€Chb MOT'YT CIYXHUTh COBpEMEHHas alreGpanieckas reoMeTpus, aire6pandeckas
Tonosorus, aireépaudeckas K-reopus, Teopus aare6pausecknx rpynn. Heckons-
KO ADKMX B3JETOB MCNLITAIad TEOPUA KOHEYHBIX IPYMI.

Bcs anre6pa HaXOZUTCA Ced4ac B COCTOAHUM JUHAMUYIECKOT'O Pa3BH-
tus. Kpynurle 3acayru B 3ToM npuHajiexar MaremaTukam Poccun. Bri-
COKMH ypOBeHb alre6pauyecKux UCCIEIOBAHUA B HAalEH CTPAHE MHOIMM
06a3an TakuM yuéHrM, kak H.I'. Ye6orapés (1894-1947), O.FO. MImuar
(1891-1956), A.A. Maanues (1909-1967), A.I'. Kypom (1908-1971),
I1.C. Hosukos (1901-1975), 1.K. ®Paaxees (1907-1989).

§ 2. HekoTopsle MOJ€elbHBIE 3aJa49U

PopMyarpyeMble HIXKE JeTHIPE 334aYU CTOAT Ha PA3HBIX YPOBHAX.
Ilepsrie Tpu, camu no ceGe TOXe HepaBHOIEHHEIE, MPeJHA3HAYEHEl HUC-
KITIOYUTENbHO A1 MOTUBUPOBKH MCCJIEAOBAHUA [TOJEH PA3HBEIX THIIOB, JHU-
HeMHEIX MPOCTPAHCTB, MPYNI U UX NPEACTABJIEHHUH, T. €. Tex anrebpau-
YECKUX TEOPHH, O KOTOPHIX pedyb 6yxeT Hmxke. “PemeHumam” >Tux 3ajgad
NOCBAIIEHO MHOTO CNIENHAILHEIX MOHOrpadui. YeTsépTyio 3a a4y, npea-
BapAOLIYIO U3y4eHHe JUHENHKIX CHCTEM, ITOJE3HO NONPO6OBATh TYT Xe
pelMTh, He 3ariafLBai B CIeLYIOIMiA naparpad, rae IpUBOSATCA HYX-
HO€ paccyXJeHue.

1. 3agaya 0 pa3pemHMMOCTH yPaBHEHMH B pagukaiax. W3
3NeMeHTapHON anre6pH U3BeCTHa ¢hopMyIa

—b+ Vb? - 4be
P @

LIS PELIeHnH T, Ty KBAIPATHOTO ypaBHeHus ax’ + bz + ¢ = 0.
YpaBHeHHE TPEThEN CTENEHH
2 +azr’ +bz+c=0

II0/JCTAHOBKOM T — T — a/3 npuBoguTcA K BUAYy z° + pz + ¢ = 0. Kopru
T1,T3,T3 3TOr0 YPABHEHMA CJIeAYIOIINM 06pa30M BHIPAXKaIOTCA depe3 ero
koaddunuenTr. Ecim noroxnts

-1++/-3
2 ’

U=</—"‘¢1+ =v/-3D, v={’/—?1q—-\/:3—D_

D=—-4p® -27¢*, €=

)
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(xy6u4yeckre KOpHHM BHIGMPAIOTCA TaK, YTO UV = —3p), TO MOXHO IOKa-
3aThb, YTO
1 1, 1 2

w1=§(u+v), T2 —_--3'(5 u + ev), T3 = E(eu+e v). (3)

®opmyart (2) u (3), HaswIBaeMmble Popmuysamu Kapdano (1545 r.) u
ACCOLMMPYIOMINEC TaKXKe C UMEHaMU APYIMX MTAIbAHCKMX MaTEMaTH-
koB anoxu Boapoxjesus (C. Peppo, H. Tapranss), paBHO Kak u ¢op-
myaa (1), cnpaseAIuBH NpH JMOOBIX GyKBEHHHIX KO3GhGHUIMEHTax a, b,
¢, P, , KOTOPEHIM MOXHO NpHAATL, HANPUMEp, MPOU3BOJBHEIE DALKO-
HaJbHBIE 3Ha4YeHUA. AHANOTMYHBIE HOPMYJEI ObLIM HAMJEHH! A KOp-
Hel ypaBHEHHMs YeTBEPTOM CTENEHM, ¥ Ha MPOTAXKEHUM NOYTH TPEXCOT
JIeT TpeANPUHAMAIKCH 6e3ycnemnnle MONBITKA “peluTh B pajuKanax”
obmee ypasHeHue naTtou crenenu. Jlumn B 1813 r. A. Pydpdunu (8 nep-
BoM mpubmmkenun) u B 1827 r. H. AGens (He3aBHCMMO ¥ COBEPILIEHHO
CTPOro) AOKa3alu TEOpPeMy O TOM, 4TO obuiee ypaBHeHUe

" +az" ' +...4+a,=0

npu n > 4 He pa3pemIUMO B PAIUKAIAX.

DyHIaMEHTAIbHOE OTKPHITHE B 3TOM 061aCTH GBLIO CAETaHO JBAALA-
TuireTHuM OpapuctoM lanya B 1831 r. (OHO CTANO M3BECTHHIM JIKIIL B
1846 r.), kora OH AaJ] yHUBEPCAIBHHIA KPUTEPUA JJif PAa3pEINMOCTH B
pajuKaiax Jio60ro (Hanpumep, ¢ PAMOHAJILHHMY K03$PUnueHTamn), a
He TOJLKO 06mmero ypasHeHus crenenu n. Kaxjgomy MHoroweny (ypas-
HEHHUIO) CTENEHH 7 OH COMOCTABKJI IOJE PA3JIOKEHHA ¥ KOHEYHOE CeMen-
cTBO (MOmHOCTH He 60see n!) aBTOMOPGU3MOB 3TOrO 110/, HA3LIBAEMOE
renepsb epynnot I'aaya nons (WM UCXOJHONO MHOIOWIEHA).

XoTA MH ¥ JIMIIEHH BO3MOXHOCTH OCTaHABIMBATHCA Gosee 10apo6-
HO Ha reopuu lanya, B [BA III] 6yser BHIj€/I€H 4UCTO BHYTPEHHUMH
CBOMCTBaMHM CHENMAJBHEN KJIaCC TaK HA3hIBAEMEIX PA3pEelIMMEIX MpYIl.
OkasnBaeTCA, ypaBHEHUE CTENEHH! N C PAUMOHAILHEIMA KO3GHUIIMEHTa-
MU pa3pelidMO B PAJMKANAX B TOYHOCTH TOr'Ja, KOIJa pa3pelimma Co-
oTBeTcTByIOIIaA eMy rpynna [anya. IlycTs, HanpuMep, JaHO ypaBHEHHe
[IATOU CTENeH!

2 —ar—-1=0,
rje a — HeKOTOpoe uenaoe 4uciao. EmMy oTeedaer rpynna lanya G,, 3a-
BUCAIAA KAKUM-TO CJIOXHEIM 06pa3oM oT a; Gy — UMKINYeCKas CpYynmna
nopsagka 4 (a Bce NUKAMYECKHE IPYIIEL PA3PELINMEL 10 ONPEJENeHUI0) 1
ypaBHeHue

2 -1=0

paspemnMo B pagukajax. Hanporus, G; ¥MeeT TO xe CTPOEHHE, YTO U
cuMMeTpudecKaa rpymnna Ss nopagka 120, a nocieansas, Kak INOKa3aHO
B [BA III], Hepaspemmnma. Crie10BaTENLHO, HEPA3PEIIMMO B PAJUKATIAX KU
ypaBHeHHe

P -z-1=0.
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OTMeTHM B 3aKMI0YEHAE, TTO AIA MPAKTUYECKUX HYXK I BO3SMOXKHOCTD
BEIPAa3UTh KODeHb alreGpaudeckoro ypaBHeHHs B ABHOM BHIe Yepe3 pa-
[AUKAJEl CYIIeCTBEHHOI'O 3Ha4eHNs He mMeeT; 6ojee aKTyaJbHB pa3HEIe
npn6aMKEHHBIE METOAB! BEIYMCIeHua KopHen. Ho aT0 06cToATEnBCTBO He
yMajsgeT KpPacOTH JOCTMxeHuA ['alya, OKasaBlIero CWIbHeMIee ugei-
HOe BO3JENCTBHE Ha NOCIefyIomee pa3BuTHe MaTeMaTuKH. Havate ¢ To-
ro, 9YTO UMEeHHO ['allya 3aJ0XWI OCHOBH TEOPUH CPYNI. YCTAHOBIECHHOE
3. lanya B3aMMHO OZHO3HAYHOE COOTBETCTBHE MEXIY NOAMOAAMMU IONA
PasJIOXeHNs U NoArpynnamu ero rpynns aaya B XX Beke 060raTuiocs
HOBBIMM a0CTPaKTHBIMM KOHCTPYKUIMAMHU U CTAJO HE3aMEHHUMEIM Cpej-
CTBOM HCCJIEJOBAHUA MATEMATHIECKNX OOBHEKTOB.

2. 3ajaga 0 COCTOAHMAX MHOI'OATOMHOM MoJeKyanl. Kaxryio
MOJIEKYJIy MOKHO PaCCMAaTPUBATL KaK CUCTEMY YaCTHUL — ATOMHEIX AJep
(oKpyXEHHBIX 21ekTpoHamMu). Eciu B HaYaJbHBIA MOMEHT BPEMEHHU KOH-
¢durypanus cucTeMsl 6IM3Ka K PABHOBECHOM, TO IIPH OIPeAeNIEHHEIX YCIO-
BUAX YaCTHOHl, BXOAAINME B CHCTeMy, Bcerga OyAyT OCTaBaThCA
B6JIM3K NOJOXEHUN PABHOBECKA U He GyIyT nmpuobperaTs GOABIIMX CKO-
poctenr. [IBMXEHMA TAKOI'O THUIA HA3LIBAIOTCA KOAEOAHUAMU OMHOCU-
meabno pasnosechotl Konguaypayuu, a cucreMa — yemotuusot.

HasecTHO, 94TO M060€ Majoe KoreGaHME MOJEKYJIH BOIM3M IOJ0XKeE-
HHUS YCTOMYMBOI'O PABHOBECHs fABJIAETCA CYNEpPNO3MLUEH TaK Ha3LIBae-
MBIX HOPMAJBHEIX Koje6Gauui. Bo MHOrMXx ciy4danx ygaéTcs onpeienuThb
HOTEHUNAIbHYIO SHEPTHIO MOJEKYJH U €€ HOPMAaJbHblE YaCTOTHI, INpPH-
HMMasd BO BHEMAaHWe BHYTDEHHIOI0 CHMMETDHUIO MOJEKYJH. CHMMeTpus
MOJIEKYJIAPHOR CTPYKTYPHl OMUCHIBAETCA TOYEYHOM I'DYIION MOJEKYJHL.
Pasan4HEbIe pealn3alui 3TOM KOHEYHON I'pYNIH (€€ HeNMPUBOAUMEIE IIPe-
CTABJEHWs) U CBA3AHHBIE C DTUMH pealu3anuaMy QyHKIMH Ha Cpymme
(xapakTeprl NpejCTABIEHUN) ONMPELEIAIOT MapaMeTPH KOAe6aHui MoJe-
KYJHL.

Hanpumep, moaexyne soast HoO (puc. 1) orseyaer yeTsepHas rpyn-
na Kuneitna (npsMoe npomspejeHue ABYX LMKIMYECKMX I'DYII BTOPOrO
nopajka), a MosekyJe pocdopa Py (puc. 2), nmeromeit BUA MpaBUILHOIO

(o]

Puc. 1 Puc. 2

TeTpa’Apa, B BePIIMHAX KOTOPOI'O PAacloJOXeHH aToMhl docdopa, —
cuMMeTpudecKada rpynna Sy nopagka 24. Henpusogumeie npecTaBieHus
»Tux rpynn 6yayT usydess B [BA III}.
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B nacTosmee BpeMsa Pa3sBUTHE CTPYKTYPHOM TEODHUH MOJEKYJ TDPYQ-
HO cebe mpefAcTaBuTh 6e3 nomomu Teopun rpymn. l'opasgo Gosee pan-
HMe TIPUMEHEHWUsi TEOPHUH I'DYII OTHOCATCA K Kpucrawiorpaduu. Emé B
1891 r. pesukuit pycckuu kpucraiorpad E.C. dégopos, a 3aTem Hemen-
kuit yaens A. [ITéndanc gamum 230 npocTpaHCTBEHHBIX KPUCTALIOIPa-
dbUyecKuX CpyINIl, ONUCHBAIOMMX BCE NMEIOMUECc B IPUPOAE CUMMETPUN
kpucrawios. C Tex mOp TeopuA rPyNI MOCTOSHHO UCIOAB3YETCA AJIs MC-
CJIeJOBaHUA BIMAHAA CHMMETDHHM Ha (pU3MIECKHe CBOMCTBA KPHCTAJLIA.

3. 3ajaya o xogupoBaHUHM coobmeHmMA. B kOHCTPyHMpoBaHMHM
aBTOMATHYECKUX CHCTEM CBA3M, HABEMHBIX WIM KOCMUYECKHX, OGBIYHO B
Ka4ecTBe JIEMEHTAPHOro coobmenus 6epeTca ymopsiodeHHas NoCIeno-
BATEIBHOCTb — CTPOKA (WIN CJIOBO)

a= (al,ag,...,a,,)

LauHE 1, °ae a; = 0 win a; = 1. Tak kak OOLIYHEIE ONEPALINY CJIOXKEHUA
K YMHOXEHMS N0 MOAYJIO 2 XOpOIIO NMPHUCIOCOOJIEHBI AJIA BHITOMHEHMA
Ha DJEKTPOHHOM MallMHe, a caM¥ cuMBOJH 0, 1 yn1oOHH a5 nepefadn B
BHJe DJIeKTpUIecKux cUrHaioB (1 m 0 oTindaorcs ¢asoi pasfenéHHEIX
110 BPEMEHM CHCHAJIOB WIA UX HAJINYNEM ¥ OTCYTCTBUEM), TO HeyIMBHU-
TenpHO, 4To none GF(2) (cM. § 3 ri. 4) — Heo6xoAMMEI aTPUGYT Cre-
DUAJHCTA 10 nepepaboTke uHGopmanun. MHOraa yA06HO NCIOAB3OBATH
B Ka4eCTBE G; JIEMEHTHl APYIUX KOHEYHEIX MOJIeH.

C uesbIo HCKIIOYEHHs BIXAHAA oOMex (aTMOCGHEpPHBIX Pa3pag0B, KOC-
MHYeCKMX IIYMOB X T. A.), cnoco6Hex mpespaTtuts 0 B 1 u o6paTHO,
IPUXOANTCA GPaTh @ AOCTATOYHO JIUHHBIM M KCIOAL3OBATH CIIELMATb-
HYIO CHCTEMY K00uposanus — BHIOOP TaxKoro moAMHOxecTBa (xoda) Sy
nepeaaBaeMBIX CTPOK (KOJOBHIX CJIOB) U3 BCErO MX MHOXeCTBa S, YTOGH
6BLIO BO3MOXHO BOCCTAHOBHTBH G IO NOJYYEHHOMY MCKAXEHHOMY CJIOBY
a' py yCIOBHM, YTO NPOU3OLLIO He CIMIKOM MHOro ommbok. Tak Bo3-
HUKAIOT K0dbl, UCTPABARIOWUE OWUOKY.

AnreGpanyeckas TEOPHA KOAUPOBAHUA, CIIIBHO Pa3BUBILIAACA 33 IO-
CIefHHe T'OABl ¥ MPeAJOXHUBINAs MHOT'O OCTPOYMHBIX METOAOB KOAMPO-
BaHMA, MMEET JEeJO B OCHOBHOM CO CIHENMAILHEIME JUHEAHBIMU KOOAMH,
KOT'Za BHIGOp Sy CBA33H C MOCTPOEHUEM CIELMAIbHLIX MPAMOYIOJBHEIX
MATPHI] U PElIeHHEeM CUCTEM JMHEHHBIX ypaBHEHHMH, KO3(POUIMEHTH KO-
TODPHIX IPHHALIEXAT 33 aHHOMY KOHeYHOMY mosto. IIpocToi npumep Ta-
xoro xoja O6yxer npuseléd B . 4.

4. 3ajava o0 HArpeToM ILIacCTMHKe. ILIOCKas HOPAMOYTOJbHAA
ILIACTUHKA C TPeMs 0TBepCTUAMH (pHUC. 3) HCHOAB3YETCA B KA4eCTBe Kia-
[IaHa OAHOr0 GAHTACTHIECKOrO YyCTPOMCTBA U ONYYEHUA HUBKMX TeM-
neparTyp.

Ha xnaman HaneceHa kBajApaTHas ceTka (pemeérka). E€ sepmmum,
Jexallle Ha YeTHIPEX KOHTYpPAX, HA3KIBAIOTCA 2PGNUYNbIMU, & BCE OC-
TaJlbHBIE BEPIIMHBI — 6HYMpeXKuMU. HenocpeACTBEHHOE H3MepeHHe
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NIOKA3BIBAET, YTO NPH JI060M HAPEBAHMA WIM OXJIAXKIEHHH TEMIIEpaTy-
Pa B KaX/J0i BHYTPEHHEH BepIIMHE ABIACTCA CPeIHEH apudMeTHIeCKOn
BEJIMYMHON OT TeMmepaTyp GMMKAWIINX 4eTHPEX BEpIIMH — HEBAXHO,
CPaHNYHBIX WM BHyTpeHHmX. Oxujaercs, 4TO JeTald YCTPOHCTBA,

300

Puc. 3

COIIPHUKACAACH C PAIIMIHBIMU yIaCTKAMU KOHTYPOB, COOGIIAT COOTBETCT-
BYIOIIMM TIPAaHUYHBIM TOYKAM YKa3aHHYI0 Ha pHUC. 3 TeMIepaTypy.
Bo3mO0XxHO a1 3TO0, a €ClI¥ BO3MOXHO, TO OJHO3HAYHO JHU IIPK 3TOM pach-
pejelieHie TEMIEPATYPHl BO BHyTPEHHUX TOYKAX?

§ 3. CucreMnl JUHEMHBIX ypaBHeHUH. IlepBhle marn

JluHelHEIe YDABHEHUA aT = b ¥ CUCTEMHl BUIA

ar + by =e,
cx+dy = f (1)

C BEIIECTBEHHHIMM (JEACTBUTEILHEIMM) Ko3d¢uiMeHTaMu a,b,c,d, e, f
“pemaiorcs” B cpegHen mxove. Halua neas — Hay4HTbCA ONEPUPOBATH
¢ cucmemoti AunetnbiT aazebpauveckus ypasuenuti (LIn, KOPOTKO, C AU-
netinoll cucmemoti) camoro o6Iuero BU3a

a1171 + a12Z2 + ... + a1,Tn = by,
G211 + a22T2 + ... + Q2nTn = by,

(2)

0m1Z1 + Gm2 + ... + CnTn = by
3aecs M ¥ N — MPOU3BOALHHIE LIEJLIE [10JOXKNATENbHEE YUCIA.

Byayun, xa3anock 6Hl, YUCTO KOJIMIECTBEHHHIM, YCJIOXKHEHUE, MOIY-
yaromeecs npu nepexone ot (1) x (2), uMeeT Ha caMOM Kelie NPUHLMMIHA-
anbHOe 3HadveHue. CucreMul Buga (2) BCTpedaroTCs GyKBAIBLHO BO BCEX
pa3fienax MaTEMATHKH, U TaK Ha3HIBaEMble JHHEHHEIE METOJIbI, KOHed-
HEIM NPOAYKTOM KOTOPHIX 4aCTO ABIAIOTCA PELICHNs JUHEHHBIX CHCTEM,
COCTABIAIOT e¢ Haubonee PasBUTYIO YaCTh. [JOCTATOYHO yNOMAHY Th, YTO
Teopusa cucteM Buga (2) nocayxmna B xonue XIX Bexa nmpoToTunom Ajus
CO3JaHUA TEOPUU HHTEPAJbHEIX YPABHEHUH, UT'PAIOIER UCKIIO YN TENLHO
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BaXKHY10 pOJIb B MeXaHuKe ¥ ¢usnuke. Pemenne 601b10r0 4ucia npakTh-
Jeckux 3a4a4 Ha DBM Taxxke cBoguTca k cucremam (2).

1. Tepmunomornsa. Creayer o6paTuTh BHMMaHHE HA BECbMA KO-
HOMHOe ¥ yA06HOe 0603HadeRre KO3 UINEHTOB CUCTEMH (2): KoadPu-
yuewm a;; (YNTAETCA a-U-XKM; HAIPUMED, G12 €CTh a-OJMH-ABA, HO HU-
KaK He a-JBEHaJUaTh) CTOMT B i-M YDaBHEHHH IIpH j-# neussecmnol T;.
Yucio b; HaswiBaeTCA c80600KbIM waeHOM i-10 ypaBHeHHA. Cucrema (2)
HA3HIBAETCA 00nopodnot, ecmm b; =0 gna i =1,2,...,m. IIpu mobex b;
JMHEAHYIO CUCTEMY

a11T1 + a12T2 + ... + a1pTy, =0,
a21T1 + a22T2 + ...+ aopTy =0,

(2

am1T1 +am2 + ... + ApnTn =0

Ha3HIBAIOT 00K%0podnoth cucmemotl, accoyuuposanrot ¢ cucremon (2) win
emé — npusedénnoti cucmemot ans cucremu (2). Koadbdunuentnr npu
HEeM3BECTHHIX COCTABIAIOT NPAMOYTONBHYIO TaGIUILy

aix  G12 ... GQip
a21 Q22 ... Q2q

) )
Amli QGGm2 ... QOmnp

HA3BIBAEMYIO Mampuyet pa3uepa m X n (m X n-smampuyet Wix x6adpam-
notl mampuyed nopadxe n NpE M = n) U COKPAIEHHO 0603HAYAEMYIO
cuMBosoM (ai;j) mam mpocto Gyksoit A. EcTecTBeHHO roopuTh 06 i-il

cmpoxe (a;1, iz, - - -, Gin) MATPULH (3) 1 0 j-M cTONGLE

alj

Qa2j

: K

amj
KOTODHI B JAJbHEWINEeM, paju 3KOHOMHUM MeCTa, OyaeT M306paxaTncs
CTPOKOIf, 3aK.MIOYEHHOM B KBaPATHEIE CKOOKH: [a1j, A2, . . . , Gmj]. B cuy-
4ae KBaAPATHOM MATPHUILLI [OBOPAT €IlE O 2446%0t JuG20KaAU, COCTOA-
Ime# U3 DJIEMEHTOB 11,022, . . . , Gnn. MaTPHUA (aij), y KOTOPOH BCe e~
MEHTH! BHE [VIABHOM AMArOHAJN PABHH HYJIIO, 0603HAYAETCA MHOT A

diag(ai1,a22;- -, nn)

Y HA3HBAETCA Jua20Ha4bHot MATPULEH, ATIPH G} = A2 = ... = Gpp = @

oboznayaerca diag,(a) (cxeaspnas maTpuua). dns marpuus diag, (!),
Ha3LIBaEMOM eduNUYNOU MATpUIEH, OGLIYHO MCIOAL3YeTCA 0603HAYeHNe
E, wm E, xorja pasmep MaTpHInl (HHKCHDOBAH.
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Hapsagy ¢ marpuuen (3) paccMaTPMBAIOT M PACUUPENRYI0 MATDHILY
(aij | b;) cmcremm (2), momydaemyio u3 (3) poGaBieHmeM cToabua
[b1,b2,...,bm] CBOGOAHEIX WIEHOB; ANA ACHOCTH OH OTAETEH OT OCTAJIL-
HEIX CTOJNGIOB BEPTUKAILHOM YEPTOM.

Ecim kaxjoe n3 ypaBHeHmii cucreMut (2) obpamaeTcs B TOX/ECTBO
1oCie 3aMEHH Heuanec'rnwc T; TMCIAMHM T], TO yNIOPAJOYEHHHIH HABOP

M3 n 4ucen I3,I3,...,20 HA3HBAETCA pewenuesm CHCTeMH (2), a 0 —
ero i-ii kommnonenroi. ['oBopaT Taxxe, aro mabop z3,13,...,2° ya0B-

JeTBOpAET BCeM ypaBHeHMaM cucTeMH (2). Cucrema, He mMelomas Hu
OJHOT'O PeIleHMA, HA3KBALTCA Kecosmecmuotd. Ecim xe y cucreMu ectn
PeILEeHNs, TO OHA HA3KIBAETCA COBMECMNOY X IPUTOM onpedeaénroti, Koan
CKOpO pelIeHHe eJMHCTBEHHO. Pemenui mMoxeT GhTh M 6onee ogHOrO,
TOrJa CHCTeMa Ha3hBaeTcsa neonpedeaénnot. CoBMECTHA JIM JaHHAA CH-
CcTeMa JMHEeNHKIX yDABHEHHH, & €CJM COBMECTHA, TO KAKOBH BCe €€ peltre-

HUA — BOT GJMXXAMIINe BONPOCH, Ha KOTOPHE HYXHO MOIYYMTh OTBET.
IlocMoTpuM emé pa3 Ha 3ajavy n. 4 § 2. [IpoayMepyeM Bce BHyTpeHHHE TOYKM
NIACTHHKH NPOU3BOJBHHIM 06pasoM oT 1 xo 416 (umenno

b
CTOIBKO MX Ha puc. 3), Ro6aBuM k HuM 204 HOMepa rpa- f 9
HUYHBIX TOYEK ¥ B COOTBETCTBHH C 33JaHHLIM NPABHIOM BH- a c
9YHCIEHNA TEMIEPATYpH l; BO BHYTPEHHEH TOYKE C HOMEpOM €

i coctaBuM 416 cOOTHOmEHUH TUNA
ta+tp+tc+tg
4 Puc. 4

Iycrs, CxaxeM, a,b,c < 416, d > 416. Torga 3T0 COOTHOmMEHNE MOXHO Nepernu-
CaTh B BAJE JHHEHHOI'0 YPaBHEHUA

—t —tb—tc+4t¢——

k| d h

te =

¢ npasou yacTei0 tg = —273,-100, —50,0, 50,100,300 (BO3MOXHH ¥ Apyrue Bapu-
aHTH). B3AThHe BMeCTe 3TM yPaBHEHHA COCTABAT KBAJPATHYIO JMHEHHYIO CHCTEMY
Buga (2) ¢ n = m = 416. KoadpdpuuuenTH nNpu HEM3BECTHHIX t; PaBHH 0 (ux 60ab-
mMMHCTBO), —1 win 4. fIBaseTcA 1M 3Ta CHCTEMa COBMECTHOH M ONpefenéHHOH?

MBI nOoAyYHIM MHYIO, MATEMATHYECKH TOYHYIO GOPMYIMPOBKY 3a4a4u KadecC T-
BEHHOTr O XapakTepa. Bonpoc o cymecTBOBaHMM M € JUHCTBEHHOCTH BECHMa THINYEH
AJA MHOTMX DPa3felOB MATEMATHKH, CBA3AHHBIX C M3yYeHHEM (PUIMIECKHX ABIEHHH.

2. DXBMBAJIEHTHOCTD JHHeHMHEIX cucTeM. [lycTh Ham gana eme
O/[HA, JMHEMHAA CUCTEMA TOr0 Xe pa3Mepa

' ! ! — B}
allxl + 01222 + cee + al,,z,, - bl7
1 '
a5, %1 + ahyT2 + ... + a5, T, = b,

(2

! ! ! —
AT+ al,+...+ap, T, =b,.

Byaem rosopuTb, 94TO cucTeMa (2') moayvena u3 (2) mpu momomm
aaemenmapnoeo npeobpasosanus muna (I), ecm B cucreme (2) Bce ypas-
HEHHs, KpoMe i-ro ¥ k-ro, OCTAluCh NpPEXHUMH, 3 i-¢ U k-e ypaBHEHUA
noMeHanmuc, Mecramu. Ecum xe B (2') Bce ypaBHeHus, KpoMe i-I'0, Te XK€,
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4T0 1 B (2), a i-e ypaBHEHHE MMEET BH]
(aiy + car1)®1 + ... + (@in + Cagn)Tn = b; + cbi, (%)

rje ¢ — Kakoe-To 4ucio (T.e. a',.,. = aij +cakd, b, = b;+cby), To nonaraem,
9T0 K cuCTeMe (2) IPUMEHEHO daeMenmaproe npeobpazosanue muna (II).

Jlunetinpre cucTeMmsl (2) ¥ (2') HA3HBAIOTCA 3K6UBGIERMNLIMY, ECIIH
06e oHM Ju60 HECOBMECTHHI, MO0 COBMECTHH # 06/1a4aI0T OJHUMHM U T€-
MH XK€ pelIeHAAMHM. Y CJIOBUBLUIMCL 0603HAYATDL 3KBMBAJIEHTHOCTDL CHCTEM
(a) u (b) Tax: (a) ~ (b), Mel 3ameuaeM, uTo (a) ~ (a), w3 (a) ~ (b)
crenyer (b) ~ (a), a u3 (a) ~ (b) u (b) ~ (c) crenyer (a) ~ (c).

JocTaTo4HEIl NPU3HAK SKBUBAJIEHTHOCTH CHCTEM COJEPXUTCA B CJIe-
AYIOMEM YTBEPXKACHUH.

Teopema 1. [Jee aunetlinbie cucmembt IK6uUBGAEHMNDL, €CAU 00KA
noayucemca u3 0pyeotl nymém npumenenus xoneunot nocaedosamens-
HOCTNU IAEMENTNAPHHIT NPe06Pa306aHUT.

HoxasareancTBo. I[OCTATOYHO YCTAaHOBATb JKBMBAIEHTHOCTD
cucreMu (2) u cucremsl (2'), moaydeHHOM U3 (2) MyTéM NpUMEHEHHUA OJ-
HOr'O 3MEMEHTAPHOr0 Npeo6pa3oBaHui.

3ameruM, uro cucrema (2) noxydaerca u3 (2') Takxe B pesyabra-
Te NpUMEHEHUA OJHOI'0 NEMEHTAPHOr0 IIpeo6pa3sOBaHUA, TOCKOIbKY 3TH
npeo6pasosanusa o6paTumel. Jpyrumu crosamu, B cay4ae (I), mepecra-
BMB €II€ pa3 MeCTaMM YpaBHEHWsA C HOMepaMmu i X k, MBI BEPHEMCA K
NepBOHAYATLHOM CHCTEME; aHAJOrMYHO B caydae Tuna (II), npubasus
i-My ypaBHeruio B (2') k-e, ymMHOXeHHOe Ha (—C), MBI IIOJyYMM i-€ ypaB-
HEeHMe CUCTEMHI (2).

HokaxeM Teneps, 4To moboe pemenue (z2, .. .,z0) cucrems (2) Apis-
ercsa Takxe pemenuneM cuctemsl (2'). Ecim GbL10 mpoMsBefeHO daeMeH-
TapHOoe npeo6pasosanue tuna (I), To camu ypaBHeHus BOOOIIE HE M3~
MEHWIHMCh (M3MEHWICA TOULKO NOpAAOK mx 3amucu). [losroMy wucna z9,
z3,...,7%, ynoneropsasmme uM panee, 6yAyT yAOBIETBOPATH UM M IIO-
cle npeo6pasoBaHuia. B ciydae 3neMeHTApHOrO nmpeoGpa3soBaHMA THIA
(II) ypaBHenus, kpoMe i-ro, He M3MEHWIMCh, ¥ NO3TOMY pemenue (zJ,
z3,...,2%) uM no-npexuemy ygosrersopser. UTo xacaeTcs i-ro ypasHe-
Hus, TO oHO npuoGpeno By (*). Tak kak Hame pemeHue yAOBIETBOPAET
i-My ¥ k-My ypaBHeHHAM cHcTeMH (2), To

0 0 _
aiz) + ... + ainT, = b;,
aklz‘i’ +...+ ak,.:c?, = by.
YMHOXUB 06€ YacTH NMOCJIeIHEr0 TOXAECTBA Ha ¢ ¥ NpnGaBMB ero K mnep-
BOMY, MHI IOy UM, CPYIIMPYA WIEHH, TOXECTBO B1Aa (¥) ¢ z; = ).
B cuny orMeuennon BhIme 06paTHMOCTH 3IEMEHTAPHEIX Ipeo6pa3o-

BaHUH [IPOBEAEHHOE PACCY XK JeHne MOKA3EIBAET TAKXKe, 4T0, 06paTHO, Mo~
6oe pemenue cucreMu (2') Gyaer pemeHneM cucreMs (2).



§ 3. Cucmexbt aunetinniz ypasnenud. ITepsvie wazu 23

OcTanoch 3aMeTUTb, YTO HECOBMECTHOCTb OJHOM CHCTEMEl BJIEYET
HECOBMECTHOCTD ApyroM (paccyXjeHue OT npoTusHOro). O

3. IlpuBesenue K cTyneHdaToMy BHAY. IlyTém nocrezosareis-
HOI'O IPMMEHEHNA 3JeMEHTAPHHIX IPeoOpPa3OBAHMM MOXHO MEPEHTH OT
33JaHHOM CHCTEMEl YPAaBHEHUM K cHcTeMe 6ojee poCTOro BUAA.

Bo-nepBrIx, 3aMeTuM, YTO Cpeau KO3DODUIMEHTOB @;; MMEETCS XOTA
6Ll OAMH, OTIMYHHIM OT HYJA. B npoTHBHOM Ciiyyae He MMEJO GBI CMBIC-
JI3, yTIOMMHATL O HEM3BECTHOK 7). Ecin ag; = 0, TO noMenseM MecTaMu
(mpeo6pasopanue Tuna (I)) nepoe ypaBHeHMe c TaKuM j-M, 4TO a;; # 0.
Teneps K03 ¢ULUUEHT B NEPBOM YPABHEHHMH NIPH NIEPBON HEM3BECTHOM OT-
auyeH oT Hyad. O603HaYMM ero 4epes aj;,. Be4YTEM M3 i-ro ypaBHeHHUA
(1 =2,3,...,m) HOBOM CHCTEMH! [IEPBOE yPABHEHME, 06€ JACTH KOTOPOro
YMHOXEHHI Ha TakKoM KOG UIMEHT ¢;, YTOGH MOCJ]E BEYMTAHUA KO3(-
¢dunuenT npu z, ob6parwica B 0 (m — 1 aneMenTapHLIX NMPeo6pa3oBaHMi
tuna (II)). O4eBraHO, YTO AJ1A 3TOrO HYXKHO MOJOXKHUTBL C; = Gi1/a};.
B pesyabTaTe MH NOJYyYHM CHCTEMY, B KOTOPOM T; BXOAMT TOJILKO B
nepBoe ypasHeHue. IIpM 3TOM MOXET OKa3aThbCA, YTO BTOPAs HEM3BECT-
Haf TaKXe He BXOJUT BO BCe ypaBHeHus ¢ HoMmepoMm ¢ > 1. Ilycrs o —
HEN3BECTHAsA C HAMMEHBLIIMM HOMEPOM, KOTOpasA BXOAUT B KakKoe-HUOYAb
yDaBHEHMe, He CYATaA [epBOro. MH noiyyuM cucreMy

! ! — R
a2+ e taTn = by,

/ -
ATk + ... + 05, T, = bh,

He o6pawas Teneps BHUMaHMs Ha NEPBOe ypaBHEHME, IPMMEHMM KO
BCEM OCTaBIIMMCA Te€ XK€ PacCyXjeHus, 4ro u paHee. Ilocre psaga ane-
MEHTApHEIX Npeo6pa30oBaHMM MCXOAHAA CUCTEMA NPUMET BHJ

" " —
allzl‘l' Y +al"zn - bl’
1" " — B

ag, Tk + .o +aj,z, = by,

1 n — R
agzi+ ... +af,z, =bj,

anizi+ ... +apTa="bl,
I>k>1, af; #0, aj #0.

Pasymeercs, 3gech af; = ay;,b] = b}, u60 nepeoe ypaBHeHMe He 33Tpa-

rUBaJIOCh. ByaeM NpuMEeHATEH 3TOT MPOLECC A0 TEX MOp, TOKa BO3MOXHO.
Acuo, 4T0 MEI 6y A€M BEIHY X JEHB OCTAHOBUTLCA, KOI'4a CTAHYT PABHBIMHA
HYJIO HE TOJBLKO KO3 (DUIMEHTR DU OYEPEAHON HEM3BECTHOM (CKaXKeM,
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$-#1), HO ¥ KO3((PUIIMEHTHI IIPH BCEX CIEIYIOINX HEU3BECTHHIX BILIOTh J0
n-u. Ilpu aToMm cucrema (2) npumer Bug

81171 + oo 81T = by,
GokTh + veo + Bgnn = by,
a1 T + ... +azn=Dbs,
..... (4)
QrsTs+ ... +¢‘zmxn=l-)r,
0=B1‘+15
0= by.
3aech

G11G2k03] . - - Gps £ 0, l1<k<l<...<s.

MoxXeT 0Ka3aThCa, YTO T = M, W NMO’TOMY ypaBHeHmi Buga 0 = b; B
cucteme (4) He 6yaer. Ilpo cucreMy ypaBHeHu# Buia (4) roBOpAT, YTO
OHa HMEeT Cmynenuamoili BUS.

OTOT TEPMHH He ABIAETCA OOMENPHHATHIM; 3J€Ch MOXHO GBLIO GBI
COBOPUTHL O MPANEYESUIHOM WK O K6A3UMPEY20AbHOM BUAE U T.IL., YTO
HE TaK yX CyIeCTBEHHO.

TeopeMa 2. Beaxas cucmemo aunednbiT Yypasnenutl IX6UBALEHRMHA
cucmene, umeowet cmynexvamoit 6uo.

Jloka3aTeJbCTBO HENOCPEACTBEHHO BHITEKAET M3 IpPeAeCTBYIOLIMX
paccyXAeHu!.

DJIEMEHTAapHBIE NPe06pPa30BAHUA MHOr A, Y 400HO IPOU3BOAUTD HE HAJ
CHCTEMOH, a HaJ e€ pacluMpeHHon MaTpuuer (ai; | b;). TouHo Tak xe, kak
U TeopeMa 2, JOKA3hIBAETCA

Teopema 2'. Beaxyio MamMpuyy MO#CHO NPU NOMOWY IAEMEHMAD-
HHIT NPEOOPAI0BARUL NPUBECTAU K CTRYNERUAMOMY 6UJY.

4. HccieioBandMe CHCTeMBbl JHHEHMHLIX ypaBHeHMH. DBsugy
TeopeM 1 ¥ 2 BONPOCH COBMECTHOCTHM M ONPEAEJEHHOCTH JOCTATOYHO
HCCIEJOBATh IJIs CUCTEM CTYNEeHYaToro Buja (4).

Haunéwm c Bonpoca o coBmecTHOCTH. O4eBMAHO, YTO ecau cucTema (4)
cofepxuT ypasHenue suga 0 = by ¢ by # 0, To 3Ta cucTeMa HECOBMECTHA,
Tak Kak paBeHcTBO 0 = b, HeJL3a yIOBIETBOPUTH HUKAKKMMM 3HAYCHUAMU
[Jis HeM3BeCcTHBIX. JlokaxeM, YTO eClM TaKUX ypaBHeHHd B cucTeMe (4)
HET, TO 9Ta CUCTEM3 COBMECTHA.

Hrak, nycts b, = 0 npu t > r. HasoséM HemsBecTHHIE T1, Tk, Ti, ...
...,Zs, C KOTOPHIX HA4YMHAIOTCA IIEPBOE, BTOPOE, ..., T-€ YPABHEHHA,
2406HLIMY, & OCTAJbHEIC HEU3BECTHHIE, €CJIA TAKOBLIE MMEIOTCA, — C60-
600nbimy. TIABHBIX HEM3BECTHBIX IO ONPEJEEHHUIO BCEro 7.

IpupaauM cBO60 HEIM HEM3BECTHRIM NPOM3BOILHEIE 3HAYEHUSA U HOA-
CTaBMM UX B ypaBHeHuA cucreMH (4). Toraa gus z, noay4urcs ogHo (r-€)



§ 3. Cucmemvt aunelinnz ypasnenud. Ilepsvie wazy 25

ypaBHeHME BHJA aTs = b ¢ a = drs # 0, KOTOpOE MMEeT eAMHCTBEHHOE
pemenne. [logcTanisan HajiJleHHOe 3HAYEHME T, = T, B EpBLIe T — 1 ypas-
HeHMM U NMOJHUMAsCH TaK CHU3Y BBEpX IO cucreMme (4), M y6esuMcsa B
TOM, YTO 3HAYECHUA /IS [VIABHBIX HEM3BECTHHIX ONMPEJEIAIOTCA OAHO3HAY-
HO NpH JIOOBIX 33JaHHKIX 3HAYEHUAX AJA CBOOOAHEIX HEM3BECTHHIX.

Hamu goxasaua

Teopema 3. Jar cosmecmuocmu cucmembs AuRelnbiT ypasnenut
#e06T00uM0 u JoCMamouno, ¥Mobbl NOCAE NPUBEJEHUAR K CYNERUAMO-
MYy eudy 6 nell ne oxazasocy ypasnenul 6uda 0 = by ¢ by # 0. Ecau
MO Yca0BUE BHINOAKERO, MO C60600HbIM HEUIBECTINBLM MONCHO NPudamb
NPOU3BOALHBIE IHAUEHUR; 24a6KbIE Heudsecnbie (NPU 3adGRKBIT 3naYUE-
HUARZ 048 C60600KBIT) 00HO3HAURO ONPEJEARIOMCR U3 CUCTILEMDL.

BriscHuM Teneps, Korjga cucTeMa GyAeT ONpEAeNEHHOM, B IPEATIONO-
XEHUH, YTO BBeJEHHOE HAMU YCJIOBME COBMECTHOCTHM BHIIOJIHEHO. Ecum
B cucTteme (4) UMEIOTCS CBOGOAHLIE HEM3BECTHHIE, TO CHCTEMA 3aBEJOMO
HeOnpeJeNéHHa: MEl MOXEM NPMAATH CBOGOAHHIM HEU3BECTHHIM JIOOLIE
3Ha4YeHUs, BHIpaXKasd 4epe3 Hux (IO TeopeMme 3) IVIaBHEIC HEU3BECTHHIE,
Ecnu xe cBO60JHEIX HEM3BECTHRIX HET, M BCE HEM3BECTHHIE, CTANO OHITD,
[VIaBHHE, TO 10 TeOpeMe 3 OHM ONpPEAENAIOTCA U3 CUCTEMEI OAHO3HAYHO,
TaK YTO CHCTEMA ABJIAETCS OUPELETEHHOMU.

Ocraerca 3aMeTUTh, YTO OTCYTCTBHE CBOGOAHRIX HEM3BECTHEIX PaB-
HOCWJIBHO YCJIOBHIO T = n.

M= goKa3aiu Cledyiolee yTBepX AeHHe.

Teopema 4. Cosmecmuas aunetnas cucmenma (2) séasemcs onpe-
deaénnoll moada u moabxo mozda, x020a 6 Noayuennol u3 neé cmynex-
wamotl cucmene (4) svinosnsemca pagencmeo r = n.

Ilpu m = n JUHEHHYIO CUCTEMY, MPUBEAEHHYIO K CTYIEHYATOMY
BUAY, MOXHO 3allUCATh emé TaK (mpeyzoavtbit 6ud):

a11%1 + G122+ ... +a1nZTy = by,
A2Z2+ ... + @spn = bo, (5)
OnnTn =bp,

ecyIM He 3a60THTHCA O TOM, YTOGH! BRIIONHAIOCH YCJIOBKE di; # 0 /s Bcex
i. leficTBUTENLHO, 3amUCh (5) O3HAYAET, YTO B CHCTEME k-€ ypaBHEHHUE He
COJEepXUT HEM3BECTHHIX Z; C ¢ < K, a 3TO yCIOBHE 3aBEAOMO BHIIOJIHEHO
[JISL CUCTEM CTYIIEHYATOrO BHAA.

3ameruM Ha Gyaymee, uro MaTpuua (a;;) ¢ anzeMeHTamu a;; = 0
IPH 7 > j HA3LIBAETCA 6epInetl mpey2oabnot. AHAJIOrMYIHO ONpeAeIIeTC
HUNCHAR TPEY204bHAA MATPULIA.

N3 teopem 3 n 4 BHTEKaET

Cuaegcreue 1. Juneldnas cucmema (2) 6 cayvae m =n Asasemca
cosmecmuotl u onpedeaénnoii mozda u moavbxo moezda, Koeada nocae
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npusedenus x cmynexuamomy oudy noayuumcs cucmexa (5) ¢
G11G22...8nn # 0.

O6paTiM BHMMAaHME Ha TOT (HAKT, YTO HTO YCIOBHE HE 3aBHCHT OT
npaseIx yacTell cucreMul. IlosTomy mpu m = n cucrema (2) Torga u
TOJABKO TOT3 COBMECTHA U ONpeJeNeHHa, KOrja 3TO BepHO AJA acCOLM-
MpOBaHHOM c Helt ogHOpoaHO# cucTeMH (2°). Ho oaHopogHas cucrema
BCErJa COBMECTHA: OHA MMEET, HAIIpUMEp, HYJIeBOe peIeHue

=0, ..., 22 =0.

Ycanosre @y1G22.-.8nn # 0 O3HAYAET, YTO OJHOPOAHAA CHCTEMA
o613 aeT TOJBLKO HyJeBHIM pemeHuneM. MEI npuxogumM K MHOM dopme
crencTBuA 1, He CBA3AHHOM C €€ CTYNEHYATHIM BHIOM.

Canegctaue 1. Junetnas cucmesma (2) 6 cayuae m = n asasem-
ca cosmecmuot u onpedeaénnott mozda u moavko mozda, xKo2da acco-
yuuposannas ¢ nell odnopodnas cucmena (2°) umeem moavxo nyaesoe
pewenue.

CrienpalbHOrO BHUMAHUA 3aCTYXKMBAeT CIydau n > m.

Cuneactsue 2. Cosmecmuas cucmema (2) npu n > m seasemcs
neonpedeaénnoti. B uacmnocmu, odnopodras cucmema npu n > m ecee-
da umeem nenysesoe pewenue.

JokaszareascrBo. [JencrBurensHo, B a060M ciydae © < m,
NOCKOJbKY B cucreme (4) He 60abire ypasHenui, 4yeM B cucreme (2) (ypas-
HEHM C TOXJAECTBEHHO PABHRIMU HYJIIO JIEBEIMM U IIPABLIMM 9aCTSAMHA OT-
6poiuentr). IToaToMy HEpaBEHCTBO 1 > m BIEYET N > T, YTO MO TEOpe-
Me 4 03HaYaeT HeONpeAeaEHHOCTD cucTeMHl (2). OcTaérces 3aMeTUTh, YTO
HEOoIpeAeNEHHOCTh OAHOPOAHOM CHCTEMEl PABHOCHILHA CYIIECTBOBAHMIO
y Heé HeHyJeBoro pemenus. O

YacTb NOXYy4YEeHHHIX HAMM DE3YJILTATOB OTpaXeHa B CIELYyIOmER
Tabauue.

THun IMHEHHON CHCTEMB
obman OJHOPOAHAA n>m n>m
HEOLHOPOAHAA | HEOZHOPOAHAA
[ Ymcno peennn 0,1, 00 1, oo 0, oo 00

5. OTgenbHble 3aMedYaHHss W OpPHUMepbl. M3I0XEHHHN HaMu
METOJ PpEeMIeHHA CHCTEM JMHEMHBIX YPABHEHMM HA3LIBAETCA MEMOJOM
Taycca wm memodom nocaedosamesbho20 UCKAIOUERUR HEUIBECTIHLIL.
BecpMma yf06HEIA npu HEGOJBLIIMX 7, OH FOJUTCA M JJA OCYIIECTBICHMA
Ha DBM, xoTs no pasHEM npuyuHaM 6ojee NPAKTUYHEIMM 334aCTYIO
OKAa3HIBAIOTCA APYTHeE CIOCOOR! PEIIEHMA, HATPUMED NTEPALMOHHEIE. JTO
OTHOCHUTCS B OCOGEHHOCTH K TOMY CJIy4al0, KOrAa KO3h(UIUMEHTH JAHEI,
a pellleHMs MIIYTCA C ONpEeAeJEHHON CTENEHbI0 TOYHOCTH. B Teopernye-
CKMX MCCIeJOBAaHMAX, OJHAKO, IEPBOCTENEHHOE 3HAYEeHUe NPHUOGPETAIOT
¢$OpMYIMPOBKA YCJIOBMH COBMECTHOCTH WM ONpENeJEHHOCTH JHUHEHHOM
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CHCTEMBI, & TaKXe HaxOxJeHue oOmux GopMyJ AJIf PElICHUHA B TEPMH-
Hax K03(d(}HUIUEeHTOB U CBOOOJHHIX LIEHOB 6e3 NPMBEAEHUA CHCTEME K
CTymneH4aTOMYy BHAY. B Kakoi-TO Mepe 0ZHOMY U3 3TUX Tpe6OBAHMH OT-
BeuaeT caeacTame 1.

Mpumep 1. BHOBb 06paTHMCA K 3ajade O HarpeToi niaactuuke u3 § 2. Kak Mu
BUJeJN B II. 1, HHTEPECYIOMWMA HAC BONPOC BHIPAXKAETCA B CBOMCTBAX BIOJHE KOHKDET-
HO# JMHEMHON CHCTEMH ([AJA OnpeienéHHOCTH Ha3oBéM ee HII) ¢ goBoabHO GoabIIMM
YUCIOM HEW3BECTHHIX ti. Cirefys kpuTepuio, CHOPMYIMPOBAHHOMY B CIeACTBMU 1/,
paccMOTPUM OZHOPOAHYIO muHenHy1o cucremy (OHII), acconnuposansyio ¢ HII. Jpy-
THMMH CIOBAMH, TEMIIEPATYPA BCEX 'PAHMIHALIX TOYEK MIACTHHKM IPUHAMALTCA TENeph
pasnoy Hymo. IlycTb € — HOMEp BHyTpeHHeH TOYKM C MAKCHMaJbHLIM 3Ha4e-
HueM |t.|. Toraa u3 ycnoBus

_tattptitc+tq

- 4

BbITEKaeT |te| = |ta| = |tp| = |tc| = |ta|. Capuraacy Ha oaun war pemwéTku B TIO60M
43 4eTHIPEX HanpasieHu#, MH GyZeM NPOXOJUTH Yepe3 TOYKH C TEeM XKe 3HaYEHHeM
|ti] = |te|, noka He KOCTHrHEM rpaHMYHON TOYKH C HyJEBOM TEMIEPATYpPOW. 3HAYHMT,
|te] = 0, a noaTomy u t; = 0 ana Bcex i. Urak, cuctema OHII umeer aumb Hy’IeBOE
pemeHue, ¥, cTajo Guith, HII — coBMecTHas ¥ onpejenéHHAs JWHEHHAA CUCTEMA.
3azava 0 HarpeTon MIACTHHKE B IEPBOHAYAIbLHOM €€ MOCTAHOBKE TEM CAMBIM peIeHa.

Mpumep 2. Jana muHeHHAA CHCTEMA

te

z1 = la
T2 =1,
—-T) —T2 +Z3 =0,
—Tp-2 —Tn-1+2Zn =0.
Ou4eBNAHO, YTO ITO — COBMECTHAA ONpejelEHHAA CHCTEMA, yxXe NPUBEAEHHAA K CTY-
neH4aToMy (TpeyroabHoMy) Buay. Toabko, pemas ee, HyXXHO ABUrATHLCA He CHHU3Y
BBEpX, & CBEpXy BHM3. PemeHMeM ABIAETCA NO ONPEJeNEHHIO NOCIeJOBATENLHOCTH
nepBHX n uucea Puborauuu fi, fa2,...,fn. DTH 4HCAZ CBA3AHH C OJHMUM GOTaHH-
YeCKHMM ABJIEHHEM, TaK Ha3HBAaEMBIM (Hussomaxcucos (DacloNOXKEeHHEM JHCTHEB Ha
pacrenunx). Ognako npu n = 1000 maM gaxe NPH NMPOM3BOJBLHOM T XOTEJIOCH GHI
yxa3aTb ofmee BhpaxeHue (aHATMTHYECKYIO GOPMYIy) And n-ro uucia Pubonaydn.
Bel MOXeTe BO3pa3uTh, CKa3aB, YTO y BAC XBATHUT TEPNEHUA YKa3aTb U f1000, CAEAYA
MHAYKTHBHOMY ONpeAeneHuo 3Tux yucea. Ho 3To He GyaeT MaTeMaTHYECKAM pemme-
HMeM Bonpoca. B ra. 2 u ra. 3 MBI yKaxeM ABa BHIDAXEHUA AJA fn, XOTA, KOHEYHO,
3Ty KOHKPETHYIO 33Ja4y MOXHO PEmMUTb ¥ 60Jee NPAMBIMY CPeICTBAMH.
3amevanue 1. Unorga 6uBaeT ygob6Hee HaXOAUTHL PEIICHUA JH-
HEMHOM CHCTEMHI, HE NIPUBOJA €€ K CTYNEHYaTOMY BHAY. DTO OCOGEHHO
OTHOCHUTCA K TOMY CJIYy4al0o, KOI'Ja MaTPHIa CUCTEMEI COAEPXUT MHOI'O
Hyaei. He6oupmas NpakTHKa 34€Ch PEANOYTUTENbHEE QINHHEIX 00bAC-
HEHHUH.
3ameuanue 2. Kakoe xommyectso I',, apndmeTnyecknx onepammu
HEe06X0AUMO BLINOJIHATD A/ PEMIEHUA CACTEMEI Tl TMHENHEIX YPABHEHUH C
n HeMaBeCTHRIME MeToA0M [aycca? To He npas3 AHBIA BONPOC, HOCKOALKY
cTaBlLIeMy OOLIEHHLIM B HAIlM JHM MCNOAb30BaHui0 OBM npu 6oabimmx
7N GOJKHH NPEANIECTBOBATH AIPHMOPHBIE OLIEHKM MAIIMHHOI'O BPEMEHH,
TpebyeMOoro Aja pemeHus 3aJa4u.
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Tax xak yMHOXeHHMe IBYX 4duceJ 6oiee TpyJOEMKO, YEM CIOXKEHME, TO
PEKOMEHYeTCA MOACYATHIBATH TOJbKO KOJMIECTBO YMHOXEHUH M, Pa3y-
MeeTcs, JeJeHUM, Ha3hIBaeMEIX Jallee IPOCTo onepaunaMu. Bea orpann-
4eHUA OGIIHOCTH MOXHO IIPEeAINOoJaraTh, YTO pPelleHue JMHEMHOU CHUCTe-
MHI eJUHCTBEHHO, T.€. BCE HEM3BeCTHBIe — IyiaBHLIE. IIpaBrle YacTu ypas-
HEHMH TOKa MrHopupyeM. Torga AJs UCKIIOYEHNs HEM3BECTHOM I U3
YPABHEHHA C HOMEPOM % > 1 HyXXHO 3aroTOBHTL 4Mcio [; = a1 /ay; (0AHO
AeJieHne) U BRIYMCIMTD emeé n — 1 npousBegennit Lia;;, j = 2,3,...,n, T.e.
Bcero tpebyerca n onepaumit. Ilpouesypoit BEMMTAHNA 3 i-T'O ypaBHe-
HUA IIepBOI'0, YMHOXEHHOIO Ha l;, MH yCIOBWINCH npenebpedn. Tak kax
i=2,3,...,n, TO A1 MCKIIOYEHNUA T NOHaZO6mIOCH n(n — 1) onepauui.
Ha BTOpOM mare, korja MH MMeeM JelI0 C CHCTEMOHM MOopAfKa n — 1,
noHagoburca (n — 1)(n — 2) onepaumit, Ha TPETLEM — COOTBETCTBEHHO
(n — 2)(n — 3) n 1.0. O6mee 4uciIO Omepamuit AIA NPUBEJEHHUA JEBEIX
YacTel CHCTEMHl K TPEYTOabHOMY BHAY (5) paBHO cymme

Fin)=nn-1)+(n-1)(n-2)+...+1(1 -1).
HerpyzaHo y6eauTnea (ZokaxuTe caMy WIM 3arviiHuTe B § 7), 4TO
nd—-n
3

IIpouecc HaXOXAEHNUA KOMIOHEHT 20,20 _,,...,7) pemenns (gsuxe-

HHE CHu3y BBepx 1o cucreMe (5)) TpeGyer Bcero

_n(n+1)
T2

onmepanui. IIpy Goabmmx n 3TO He BHECET CYMECTBEHHOI'O BKJI3J3 B
obuyio cymmy onepaunumi. HTak, BnojHe ygOBIETBOPHTEILHOM OLEHKOM
4MCIa onepalmit sBaseTcA (rayccosa) semmumua [y, = nd/3.

B 1969 r. IlTpaccenom paspaboran meToh (NOAPOGHOCTH CM. B
[BA II)), Tpe6yrommit TOIBLKO

mn =C. nlog27 ~C- n2,81

olepanui, — 3HAYMTEJLHLIM BHUCDHIN IPU OYeHbL GOJBIINX 71, NOTY-
YeHHBIH, NPABJAaA, 33 CYET yBEIMUEHHA YMCIA omepanmi caoxenua. Ho
koucranra C B IIl, 4pe3pnYaiiHO BeJMKa, a [IPOrpaMMa DeaTH3alyn
JIOTMYEeCKM CJIOXHA, MMOTOMY pedb HAET CKOpee O BHIMIDHIIE B TeO-
PETUYECKOM ILIaHe.

O6a ynoMAHYTHIX HAMM METOa ABIAIOTCA THIMIHLIMA MATEMaTH-
YECKMMU AJITOPUTMAaMHU, IPHCIOCOOGIEHHBIMU IJIA PelIeHUA MAaCCOBRIX 3a-
na4. IloagHee MBI BCTpETHMCSA ¢ APYTMMH NIpUMEPaMU AIropuTMOB. Hx
POJb B HAlll BEK CIUIOIIHOM KOMIBLIOTEPU3alMy BecbMa Beanka. IIpu aTom
BaXXHHI HE TOJBKO CaMM AJICOPUTMEL, HO M OLIEHKM UX CJIOXHOCTH.

I'(n) =

1+24+34+...+n
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§ 4. OnpegeauTenn HeGOABIINX MOPAIKOB

Hanaras merox T'aycca, MBI He CIMIIKOM 3a60TWIMCHL O 3HAYEHUAX
KO03(p(PUIIMEHTOB NPH MNABHEIX HEU3BECTHHIX. BaxxHO GBLIO JMIIb TO, YTO
3TH KO3GHUIUMEHTH OTINYHH OT HyaId. IIpoBesém Temepb Gojee akky-
PATHO MPOLECC MCKIIOYEHNSA HEM3BECTHHIX XOTA OH B CIydae KBaJpAaT-
HBHIX JMHEAHEIX CMCTEM HEeOGOJbIIMX Pa3MepoB. ITO JACT HAM IMINY AJIA
Pa3MBIIUIEHNA M MCXOAHBIM MaTepual JIA NOCTPOEHHA OOIIEH TEOpHH
onpefeauTeren B ri. 3.

Kax u B § 3, paccCMOTpMM CHCTEMY ABYX YPABHEHHMH C ABYMS HEH3-
BECTHHIMH

anT + a12%2 = by, (1)
a2171 + az2T2 = by

0

U [OCTapaeMcs HAUTH o6mue GOpMYJILL AIA KOMIOHEHT I, zg eé pemnte-

HUA.

HazoséMm onpedeaumesem MATPALILL " BLIDAJKEHHE Q1) A3 —

a21 022 "
— ag1a12 ¥ 0603HaYKMM ero
| a11 G312 l
a21 022

TeMm caMBIM KBaIpaTHOM MaTPHIE COMOCTABIAETCA YUCIO

| ajl a2

= aj1azz — G21012. 2
az Q22 l ( )

Ecnu MBI IONBITaEMCA MCKIIOYMTD T2 M3 cHCTeMH (1), yMHOXMB niepBoe
ypaBHEHMe Ha Gg2 ¥ NPUGABUB K HEMY BTOPOE, YMHOXEHHOE Ha —a12, TO
IOy 9UM

| a1l a2

z1 = biagz — baaxa.
a1 a2 I

Hpany:o YaCTh TakKXke MOXKHO PaCCMaTPHUBATh KaK ONpEAeINTeNh MaTPH-

b a a
193 “ 1 " IpeanonoxumM, 4T0 ‘ 1 %12 I # 0. Torga MuL EMeeM
b2 022 a1 az
R o 5|
a22 az by
T = —, g = —— . 3)
l a;x a2 | | a;; a2 |
a1 Q22 az1 a2z

ViMes hOpMyJanl fis pEHIEHHA CHCTEMEl ABYX JMHEMHBIX YPABHEHMH C
ABYMs HEM3BECTHHIMM, MBI MOXEM PEIIAaTh M HEKOTODHIE ApYrue CHCTe-
ME (pemaTh CUCTEME — 3HAYAT HAXOZUTH UX pemeHus). PaccMoTpum,
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HaIpUMep, CUCTEMY ABYX OJHODOJHEIX yDABHEHHH C TPEMA HEM3BECTHEI-
Mz
a1171 + a1272 + 41323 = 0,

(4)

a21T1 + Q222 + A23T3 = 0.

Hac unTepecyeT HEHyJIEBOE DeLIEHME DTOM CHCTEMEl, TaK YTO XOTA OhI
OfHO u3 T; He paBHO Hymo. Ilycrs, Hampumep, 3 # 0. Paszeans o6e
9aCTH Ha —I3 U NOJOXUB Y1 = —Z1 /T3, Y2 = —T2/T3, 3AIMUIIEM CUCTEMY
(4) B ToM xe BHgE

any + ai2Y2 = ai3,

a21y1 + a22Y2 = Q23,

a1 @
uro u (1). Ilpu npeanonoxenun l au aw | # 0 dopmyan (3) zatoT
21 @22
I a3 a2 | | an a2 I
T _ | G23 @22 _ Tz | G2 Q23
p=-—=——, fp=-—"=——
z3 I a1 a2 T3 | aiy a2 l
a1 Q22 az1 Q22

HeyanBrTensuo, 4TO MH HAILM U3 CUCTeMH (4) He caMu Z1,Z2, T3,
a TOJBbKO MX OTHOIIEHHSA: U3 OJHOPOAHOCTH CHUCTEME! JEI'KO CJIEIYET, YTO
ecn (29,29, 23) — pemenne u ¢ — mo6oe ucio, To (cz, czl, cxd) Toxe
6yznet pewenueM. IIoaTOMy MEL MOXEM NOJOXKUTD

a3 Qa2 a;; a3
T = "l y T2 =

a al2| (5)
Q23 Q22 a21 Q23

T3 = l
I’ a1 Q2

1 CKa3aThb, YTO J1060€e pelleHye MoJaydaeTca u3 YKa3aHHOIO YMHOXEHUEM
BCEX T; Ha HEKOTOpPOE YuCiOo ¢. ITO6H NpUAaTL OTBETY HECKOILKO 6oiee
CMMMETPHYHLI BHJ, 3aMETUM, YTO BCErAa

e al=-la ¢l

cdl™ Id c?

KaK 3TO HENOCPEACTBEHHO BUAHO 3 opmyun (2). Iloaromy (5) MoxHO
3alcaTh B Buae

a2 a a1 a a;; a
z1=| 12 13, .'c=—| 11 13| z=| 11 12|. 6)

Q22 Q23 az1 az3 az; G322

a;1 a

OTH HOPMYJLL BLIBEAEHE! B MPEATIOJOXKEHHH, YTO l au a12 , # 0. He-
21 022

TPYAHO NPOBEPHMTH, YTO AOKA3aHHOE YTBEDXKJEHHME BEPHO, €CIM XOTb

OJMH U3 BXOAAINMX B BhIpaxkenus (6) onpegernreneél OTIMYeH OT HyJIs.
Eciu ke Bce Tpu onpejenuTeNa paBHEL HYJIO, TO, KOHEYHO, GopMyr! (6)
JaloT pereHue (a MMEHHO HyJeBOe), HO MEI HE MOXEM YTBEPXJAaTh, YTO
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BCE PElIeHNA NOMYYalOTCA U3 HEr'O0 YMHOXEHNEM Ha YUCJIO (pacCMOTpHUTe
CHCTEMY, COCTOAIYIO M3 ABYX COBNAJAIOUIMX YPABHEHUH L1 +Z2+23 = 0).

IlepeigéM Teneps K CIy4alo CHCTEMBI TPEX YPABHEHHMH C TPEMA He-
U3BECTHBHIMU

01171 + a12%2 + 61373 =0,
a21T; + a22T2 + az3z3 =0,
a31T1 + azaT2 + azzzz = 0.

MEL XOTHM HCKJIIOYHTDH U3 3TON CHCTEMEL T3 U T3, YTOOLI IONYyYUTh 3HA-
yenue 4ia 1. C 3TOM UeNbio YMHOXHUM IIEPBOE yPaBHEHME HA C1, BTOPOE
Ha Cy, TpeThbe Ha c3 ¥ ciaoxuM ux. [logbepém ¢, ¢z, c3 Tak, 4TO6LI B IO-
JIy4UBIIEMCS YPABHEHUH “WIEHH C T2 ¥ T3 oO6paTwiuch B HyJb. IIpupas-
HUBAA HYJIO COOTBETCTBYOUME KO3DDUIMEHTH, MBI ITOAYYUM IJIS C1, Co
¥ C3 CHCTEMY ypPaBHEHMM

a12¢; + agz¢z + azzcz =0,
ai13c; + az3c2 + aszzcz =0,

OTHOCAILIYIOCA K TOMy Xe Tuny, 4To ¥ (4). [loaToMy MOXHO B3ATH

I) 62=—| ‘: C3=|

Tocie 0YeBMAHBIX M3MEHEHUH MEL [IONYYaeM [JIA T; BhIPAXKEHHE

a2
a3

aszz
ass

a2
a3

aszz
ass

az2

az2 ‘
Q@23

C = |
az3

a a a a a a
an 22 Q23 12 Q13 +a 12 013 2 =
azz ass asz2 Qa3 az2 Q23
=b a2 Q23 | a12 @13 a2 013 )
az2 as3 azz a3 az2 Q23

KooddunueHT npy T; Ha3LIBaETCA onpedeaumenem MATPUILD

n obo3HavaeTca

ap
a2
as

axl
az1
asy

a2
az2
aszz

Q12
a22
asz2

a13
az3
aszs

a3
a23
ass3

Taxum o6pasoM, 3a OnpeseIuTelb TPETHErO MOPALKa ME 6epéMm BHIpa-
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XKEeHue

a;; a2 a3

a1 Q22 Q23 | =

az; azz as3

a2 Q13
azz as3

az2 Q23
azz as3

ayz a3
azz Q23

= a3

= Q11022033 + 312023031 + 13321a32 — (11323032 — G12021 433 — 13022031,

8)
3a,1aBaeMoe NPy OMOLIM ONpeerIuTeled BTOPOro nopAaka. Jlerko aame-
THTb, YTO HPAaBas YacThb B paseHcTse (7) nomy4aeTca u3 KOdppUIUEHTA,

IpY Z; 3aMEHOM a1 Ha by, az; Ha by ¥ a3; Ha b;. lloaromy pasenctso (7)
MOXXHO 3aIICaTh B Bu e

a1 @12 Q13 by a2 a3
az1 G2 a3 |T1=| by a2 ass
az1 a3z as3 b3 a3z as3

IIpegnonoxuM, 4To KO3GhUIMEHT PN T OTANYEH OT Hyud. Torga,
OPOBEAA aHAJOTMYHEIE BEIMUCIEHUA IS T2 M T3, MBl BRIDA3MM COOTBET-
CTBEHHO I1,Z2,T3 B BAIE

by a2 a3 ain b1 a3 a;;n a1z b

by az; as3 azr b2 as az a2 b

b3 a3 as3 as1 by as3 | a1 a3z bs ©)
ann a2 as |’ a;1 a2 a3 ’ aiz G2 a13 '
Gz1 Q22 Q23 az; Q22 a23 az1 Q22 Q23
asy as2 ass azy Qazz ass as; asz2 ass

O4eBuHO, YTO Te XKe CAMBIE PACCYXJEHUA NPUMEHMMH K CHCTEME
U3 YeTHIPEX, MATH U T.J. YPABHEHHN C TEM e YHUCJIOM HEM3BECTHBIX.
s 3TOro HaM Ha O CHa4asla BEIBECTHU (HOPMYJILI, aHaJIOrn4Hke (6), 41
pelIeHn: OJHOPOAHOM CHCTEMEl TPEX YDABHEHHUH C YETHIPbMSA HEUIBECT-
HBIMH; IIOTOM B CUCTEME YETHIPEX YPABHEHHUM C YE€THIPbMSA HEU3BECTHHEIMHU
HCKIIOYHTH T2, T3, T4, YMHOXAA YPABHEHMA HA C1,C2,C3,Cq4 ¥ CKIATHIBAS
nx. MuI Hangém 3Havenus ¢; (1 = 1,2, 3,4) u3 cucTeMbl TPEX OJHOPOJHAIX
yPaBHEHHUH.

Koadduumen, nosyyaiouMncs Npyu £ ¥ CTPOAIIMMKCA U3 ONpENeu-
TeJIEH TPETHEro Nopsaaxa no obpasuy (8), Mbl Ha30BEM onpedesumenem
wemeépmozo nopadxa.

IIpoBoas Te xe pacCyX AeHUA C Ta, T3, T4, MBI HAUAEM 1A T; GOpMY-
51, aHagoruyHeie (9). Tak MOXHO MPOAOIXATE HEOrPAHUYEHHO. YBEpEH-
HOCTb B TOM, YTO MH KOT'Za-HUOyab JOCTHUCHEM LEIH, HaM JaéT obiui
NPHHLMII, LIMPOKO MCIOAb3YEMBIN B MATEMATHUKE, & MMEHHO IIPUHIIUIT Ma-
TeMaTH4eckon uHAyKmuu (cM. § 7).
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YNIPA>KHEHNA

1. dopmyay (8) aerde 3anOMHATH, €CIH BOCIOJIb30BATHCA CAEAYIOIIMM HArAAL-
HBEIM NPABWIOM 3HAKOB AJA BLINACKHIBAHWA NPOHM3BEJEHHH, BXOJAAMMX B DalNOXKeHHE
ONpejeaUTeNA TPETHETO MOPAAKA:

+ -
HaiTn aRaIOr®4YHOE NPABHIO AJA ONpEAEIHTENA 4eTBEPTOrO NMOPAAKA.
2. Tloka3aTk, 4TO BCE HIECTH YJIEHOB B Pa3JOXEHMH ONpeJeNIATENA TPETHEro Io-
pAZKA He MOrYT GLITH OZHOBPEMEHHO IOJOXHTENbHBIMH.
3. IIpoBepuTs, 4TO

a11 a12 613 a11 az1 631 0 a b
a1 G22 G23 |=| G12 @22 G322 |, —-a 0 c¢c|[=0
a3s1 a32 a33 a13 az3 @33 -b - 0

§ 5. MHOoXecTBa M 0TOGpaKEeHUA

B mpeamiaymux gepyx naparpacgax Mbl BCTPETHIMCH C MHOXECTBAMU
3/IEMEHTOB Pa3HOM MPHPOALI, PABHO KaK X C OTOOpaXEHUAMHA MHOXECTB.
MHOXeCcTBO pPelIeHH: JAHHON CHCTEMBI JHHEMHHIX YPABHEHMH WIH Ipa-
BILIO, CTABAIIEE B COOTBETCTBHE KaXJOU MATpHUIEe BTOPOro IMOPAAKa €€
ONpeeNTeNb, — JTO JUIIL YACTHLIE NPOABJIEHAA TOr'0 KPyra GopMab-
HEIX TIOHATHH, 3HAKOMCTBO C KOTOPEIM (XOTA 6B Ha MHTYUTHBHOM ypOB-
He) TOJe3HO A AaJbHEHIIero.

1. MuoxectBa. Ilog mnoaicecmeom, mOHUMAIOT JMI06YI0 COBOKYI-
HOCTb OOLEKTOB, HA3LIBAEMEIX 34EMENMGMU MHOXECTBA.

MHOXecTBa ¢ KOHEYHEIM YMCJIOM PA3IMYHBEIX 3JEMEHTOB MOr'YyT GHITh
OIMCAHEI MyTEM ABHOIO IEPEYMCICHNA BCEX MX IEMEHTOB; OOLIYHO 3TH
3JEMEHTH 3aKJII0YaloTCA B urypHuie cko6ku. Hanpuwmep, {1,2,4,8} —
MHOXECTBO CTeleHed NBOMKM, 3akmiouéHHHX Mexay 1 m 10. Kak mpa-
BIJIO, MHOX€CTBO 0603HAYaETCA MPOMUCHON GYKBOH Kakoro-mubo aida-
BHTA, & €r0 JJIEMEHTH — CTPOYHHEIMK OyKBAMM TOr'O X€ WIH ApYyroro
ajidaBnTa.

Jlna HEKOTOPHIX 0C060 BAXHHIX MHOXECTB NMPHMHATH CTaHJAPTHHIE
0603HaueHNA, KOTOPLIX CTOMT mpujgepxusaThea. Tak, 6yksamu N, Z, Q,
R 0603Ha4YaI0T COOTBETCTBEHHO MHOXECTBO NOJOXNTENbHBIX HEIBX IH-
ces (HaTypaJbHHIE YHCIA), MHOXECTBO BCEX HENBIX THCE], MHOXECTBO
PalMOHANLHEIX YHCEI X MHOXECTBO BEIIECTBEHHBIX IHCE.

IIpu 3azanHOM MHOXECTBE S 6xat0uenue @ € S ykasHIBaeT Ha TO,
4TO @ — DJEeMEHT MHOXECTBa S; B NPOTHBHOM CIydYae numyT a ¢ S.
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ToBopaT, 4T0 S — Nodmnoncecmso Muoxectsa T' ¥ 3aNMCHIBAIOT ITO
S C T (S comepxurca B T), KOrja HIMeeT MECTO MMILINKALMA

Vz z€eS=z€eT.
(o nosoay o6oanadeHuit cM. pasaen “CoBeT TMTaTEIIO”.)

JBa muoxectsa S 1 T' coBnajaioT (WIn PaBHH), €CIM Y HUX OJAHY U
Te xe aemeHTH. CHMBOIMYECKH 3TO 3alIMCHIBALTCA TaK:

S=T<SCcT, TcS

(<= — “rorga ® TOJBKO TOT'Aa, KOrjJa” win “BreuéT B 06€ CTOPOHH!").

IIycmoe mnodcecmeo &, COBCEM He CoAepKalnee 3IeMEHTOB, 110 ONpe-
IeNIeHUIO BXOUT B YMCJIO MOAMHOXECTB Jo60ro Maoxectra. Ectu S C T,
H0S #@2uS #T, 10 S — cobcmsennoe nogmuoxectso B T. Ji1a Buje-
Jenua moaMuOXecTBa S C T 49acCTO MCIOIBL3YIOT Kakoe-1ub0 CBOMCTBO,
npucymee TOJIbKO aaemeHTaM u3 S. Hanpumep,

{n€Z|n=2m paa wekoTOporo m € Z}
— MHOXECTBO BCEX YETHHIX LEJEIX THCEeN, a
N={neZ|n>0}

— MHOXECTBO HATYPAJIbHBIX THCEI.
Ilox nepecevenuem gByx MHOXeCTB S ¥ T NOHMMAIOT MHOXECTBO

SNT={z|z€S, z€T},
a noJ ux o6vedunexuem — MHOXECTBO
SUT={z|zeSumzeT}

Ilepeceuenne S NT MoxeT 6HTH MycTHM MHOXecTBOM. Torza rosopsr,
yro S nu T — nenepecexarouuecs MEOXecTBa. Onepauuu nepeceveHus u
0o6beMHEeHMs YAOBIETBOPAIOT TOXKAECTBAM THIIA

RN(SUT)=(RNS)U(RNT),
RU(SNT)=(RUS)N(RUT),

MPOBEPKY KOTOPHIX MBI OCTaBIAEM YHTATENIO B KA9eCTBE YIPAXKHEHHUA.
Puc. 5 moMoxeT mpoBecTH HECJIOXKHOE PacCyXLeHHe.

Puc. 5
Paanocmoro S\ T muoxectB S ¥ T Ha3sHIBaeTCA COBOKYMHOCTH TeX
anemeHTOB M3 S, KoTOpHEe He cogepxaTca B T'. IIpu aroM, Boo6me roeops,
He npegnonaraerca, 4o T' C S. Buecro S \ T mamyT Takxe S — T'.
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Ecmu T — moaMuoxectBo B S, To 3amuch S \ T o603HavaeT emé
donoanenue x T B S. Ilonoxus R = S\ T, 6yaem umers RNT = @,
RUT = S. O6paTum BHHMAaHME HAa COOTBETCTBHME MEXJY ONEpAIUAMHE
nepeceyeHusn, o6beANHEHNA, JOTIOMHEHUA M JOINIeCKHMH CBA3KaMu “n”,
“HJIH”, “ger”.

Iycts ganee X n Y — npoussosnsuele MuOXecTBa. [lapy (z,y) ane-
MeHTOB T € X, y € Y, B3ATHX B JaHHOM NOpAAKe, 6yAeM HA3HBATh Yno-
padouennott napoil, CIATAA MPH ITOM, 4TO (Z1,y1) = (z2,¥y2) TOorma u
TOJNBKO TOrAa, KOT'Aa T1 = Zg,Y1 = ¥Y2-

Hexapmosvix npoussedenuesm nByx MHOXecTB X ¥ Y HasuBaercs
MHOXECTBO BCEX YNOPAJOYEHHHX nap (T,y):

XxY={(z,9)|z€X, yeY}

IIycrs, nanpumep, R — MHOXECTBO BCEX BEIIECTBEHHBIX YHCEJ.
Toraa dexapmos xeadpam R?> = R x R ecTs mpocTo MHOXeCTBO BCex
JEeKAPTOBLIX KOOPAMHAT TOYEK HA ILIOCKOCTH OTHOCHTEILHO 3aJaHHBIX
KOODJAMHATHEIX OCed. AHAJOrMYHEIM 06pa3oM MOXHO GHUIO GHI BBECTH
aexapToBo npouasesenne X; x Xz x X3 Tpéx Muoxects (= (X; x Xz) x
x X3 = X; x (X3 x X3)), 4eTHpéx ¥ T.A.

Ilpn X; = X3 =... = X} numyT COKpamEHHO

Xr=XxXx..xX

1 COBODAT O k-ii dexapmoeod cmenenu MHOXecTBa X . Dnementamu X
ABJIAIOTCA NOCTEZOBATENLHOCTH (WM CTPOKH) (Z1,T2,. .., Tk) AMMHE k.
Y106k NOYYBCTBOBATH PA3anyKe Mexay MHOXecTBaMu X XY n X U
UY, BoabMéM 3a X u Y MHOXecTBa kOHewHOM MommHOCTH (cardinality
(amra.)):
|X| = Card X = n, Y| = CardY =m.

Toraa
|X xY|=nm, | XUY|=n+m-|XnNY]|

Eciu 3T0 He ACHO, TO HYXHO IIEPEYMTATH 3aHOBO BCE ONpPEAEJIEHNA.

2. OTo6paxenus. Ilouarue omobparcenus wm Pywxyuu Urpaer
HEHTPAJbHYIO pOJIb B MaTeMaTuke. IIpH 3ajaHHEIX MHOXeCTBax X u Y
oTobpaxenue f ¢ o6aacmbio onpedesenus X u obaacmvio 3nauenut Y
CcomocTaBlIfeT KaxAoMy aaeMenTy z € X aneMeHT f(z) € Y, o60o3Haqae-
MEM Takxe fr wi fz. B caydae Y = X rosopart emg o npeobpaszosanuu
f muoxecrBa X B ce6a. CuMBonmIecKH OTOGpaXKEHHE 3AMMUCHIBALTCA B

puge f: X—YmuX-5Ly.
O6pasom ipu oTO6paXkeHMn f HA3HIBALTCA MHOXECTBO BCEX DJIEMEH-
ToB Buga f(z):

Imf={f(z)|ze X}=f(X)CY
(Im — or image (anra.)).
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MsmuoxecTBo

) ={z e X| f(z) =y}

Ha3LIBaeTCA Nnpoolpa3osm dneMeHTa y € Y. Bonee obmo: gma Yo C Y
MONIOXK KM

Fi%) =z X| fl@) Yo} = |J @)

YEYo

Ecm y € Y \ Im £, To, ouenzno, f~(y) = @.

Oro6paxenne f: X — Y Ha3mBaeTca cropbvexmuenbik (Surjective
(®p).) mmm omobpadxcenuesm xa, korga Im f = Y; oo HA3HBAETCA UND-
exmuenoiu (injective (dp).), xoraa u3 z # z' crenyer f(z) # f(z').
Haxonen, f: X =Y — 6uexmuenoe (bijective (dp.)) wim 63aumuo od-
%03naunoe 0TOGpaKeHNe, KOra OHO OJHOBPEMEHHO CIODBEKTHBHO U HHB-
€KTHUBHO.

PasencTBo f = g AByX 0TOGpaXXEeHUN 03HAYAET N0 OTpeIeJEHUIO, ITO
HX COOTBETCTBYIOmME 0GIACTH COBNAJAIOT:

xLy x4y,

npuaéM Vz € X f(z) = g(z). ConocraBnenue “aprymenry” z, T.e.
anemenTy ¢ € X, anavenusn f(z) € Y npunaTo 0603Ha4aTH NP MOMOIIH
ozpanunennot cmpeaxu: z — f(z).

IIycrs, nanprMep, fn — uucao Puboraqum (cm. § 3) ¢ romepom n. Coorser-
cTBHE N — fn onpegeaseT oTo6paxerne N — N, ne ABaAIOmeecAs HN CIOPbEKTHBHBIM,

YTO O4Y€BHAHO, HH MHBEKTHBHBIM, NOCKOABKY fi1 = f2 = 1. Ecim Ry — MHOXecTBO
NOJIOXATENLHBIX BEMIECTBEHHBIX YHCEN, TO OTOGPaXEHHA

f:RoR, g: R=+Ryu{o0}, h: Ry = Ry,

ONpejeNéHHbIE OJHEM H TEM e IPABMAOM T — T2, BCe PA3NMIHH: f HE CIOPLEKTHBHO,
HHM MHBEKTMBHO, ¢ CIODLEKTHBHO, HO HE MHBEKTHBHO, a 0TOGpaxenue h GuekTHBHO.
Takum 06pa3om, 3agaHue OGJACTH ONpejeNeHuAs u 06JaCTH 3HAYEHHA — CyLIeCTBEH-
Had 4aCTb ONpejeJeHns oTobpaxeHna (GyHKuun).

Edunuuntis (Wi mowcdecmeennbin) orobpaxenneM ex @ X — X
Ha3HBaeTCA 0ToGpaXkenre, nepeBoadlnee KaXIul 3jaeMeHT T € X B ce-
64. Eciun X — mogMHOXecTBOB Y ; X C Y, TO MHOr4a GHIBAET NONEIHEIM
cnenuansuoe oroGpaxenne — eaoxcenue I: X — Y, xoTopoe Kaxzio-
My 3JeMeHTy T € X COmOCTABIAET TOT e CaMEIH JIEeMEHT, HO yXe BO
MHOXecTBe Y. OToGpaxkenne f: X — Y nHasmBaerca cyscenuem (wim
ozpanuvenuem) orobpaxemna g: X' - Y korma X C X', Y Cc YV’
uVz € X f(z) = g(z). B cBoW0 0OYepess g Ha3HIBAETCA NMPOAOIKEHHEM
oroGpaxenus f. Hanpumep, Baoxerwe J: X — Y ecTh orpasnyeHue
eqUHUYHOrO OToGpaxennsa ey : ¥ = Y.

HaM npegcTaBuTcs TakXke CIydail IOBOPHTH O QYHKUMAX MHOI'MX
nepeMeHHuIX. Ilone3Ho ysacHUTE ce6e, YTO BBeAEHHOE BHIIE NOHATUE [e-
KapToBOM creneHr X™ MHoxecTBa X HaéT BO3MOXHOCTbL I'OBODUTBH O
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¢yukuuu f(zi,...,Zn) MHOrMX mepeMeHHEx z; € X, 1 = 1,...,n, Kak
06 06uIYHOM oTO6paxeHnu f: X™® - Y.

ITpouseedenuen (cynepnosuyuet wiu xomnosuyuetl) g8yx oTobpaxe-
it g: U = V u f: V -5 W nasnBaercs orobpaxeHue

fog: U W,
onpenenéHHOe YCIOBUEM

(fog)(u)=f(g(u)) Vuel.

To xe caMoe HArIAAHO U306PaXKALTCA Mpey2oabhotl Juaepammots

U fog w

N

IIpo aTy AMarpaMMy r'OBODAT, YTO OHA KosMmMymupyem (WIK KOMMY-
mamuséna), T.e. peayabTar nepexofa ot U x W He 3aBucuT OT TOrO,
CHEJN3EeM J¥ MEL 3TO IPAMO IPU NMOMOIOM f © g WIM BOCIOJB3YeMCA IPO-
MEXyTO4YHHIM 3TanoM V. 3aMeTuM, YTO KOMIIO3UIMA ONpPEeAeIeHa He I
mo6ux orobpaxenni f u g. Hago, 4To6u B npegmecTsyomux 0603Ha-
YyeHuaX y HUX 6buio ob6mmuM MHOXecTBO V. Ho xoMmosaunusa aByx mpe-
ob6pasoBannit MHOXecTBa X B ce6A BCErJa MMEET CMBICI.

B rancHeinmeM BmecTo f o g Mu 6yaeMm nucaTh npocto fg. fcuo, yTo

fex = f, eyf =f

aas moboro orobpaxenus f: X — Y. Ilpoeepka 3TOro CBOMCTBA Ove-
BugHa. BaxHoe CBOMCTBO xoMNo3unuu (NIPOM3BENEHMA) OTOGPAXKEHHA
BLIPAXAET CJIEAYIOMAs

Teopema 1. Komnosuyusx omobpacenutl nOJUUNAEMCA 3GKONY
ACCOUUBTNUBHOCTIY. MO IHAUUTN, YMO ECAU

h: UV, g VoW, f:Wo>T

— mpu omogpaxcenur, mo

f(gh) = (fg)h.

HoxaszarexnbcTBo. Harnaauo Bce HEO6XOAMMBIE PACCY XK AEHUSA CO-
IEPXATCA B CIeAYIOWIEN JuarpaMmMe:

U; T
~
~ -
\\\ ///
~o /,/
h Tes<”
> f
-7 =~
~
/’/ \\\
- ~
\% w
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rae a = gh, B = fg. B coorBeTcTBMM C pOpMATLHBIM ONpEjeIeHHeM

PaBeHCTBa OTOGPAXEHUH HyXHO IPOCTO CPABHUTH 3HAYEHUA OTOGpaxe-
it f(gh): U - T u (fg)h: U = T B npoussoasHon “rouxke” u € U.
Ho corviacHO onpeeeHNI0 KOMIIO3UIMA OTOOPaXKeRNiA UMEeM

(f(gh))u = f((ghw)) = f(g(hu)) = (fg)(hu) = ((fg)h)u. O

Komnosunus orobpaxenun X — X, Boobume roBops, HEKOMMYTa-
THBHa, T.€. fg # gf. B aTOM Jerko y6eaurscs Ha npuMepe, Korga X =
= {a, b} — MHOXeCTBO ¥3 JBYX dJ1eMeHTOB, f(a) = b, f(b) = a, g(a) = a,
g(b) = a. dpyrou mpumep: f u g — nocmoannbie orobpaxenus n3 X B
X, r.e. anayenus f(z) u g(z) e saBucar or z. Torga f # g = fg # gf.

HexoTropsie dyHkuuu uMeioT obpamubie. Ilpennonoxum, 4ro f: X —
=Y ng: Y - X — kakue-To 0TO6paXKeHNA, TaK 4TO KOMIIO3uLMUY fg u
gf onpegenenul. Ecin fg = ey, To f Ha3KBaeTCA 1e6biM 06PaGMHBIM K g,
a g — npaebin obpamubin x f. Korga nponssesenns B 1060M nopsgke
ARIAIOTCA €IUHHYHBIMU OTOOpaKeHUAMMU:

fg=eY’ 9f=ex, (1)

g HA3LIBAETCSA J6YCTNOPONKUM 00PaAMNLIM (WIK TIDOCTO 06PGMHLIM) OTO-
6paxcenneM ans f wiw x f (a f — o6paTHEIM OTOOGpaxXeHueM K g) U
o6oanayaerca f~1. Urak, f(u) =v < f~1(v) = u.
IIpeanonoxus CymwecTBOBaHME emE OTHOro oTobpaxenus ¢': Y —
— X, Aasa KOTOpOro
fo=ey, ¢'f=ex, (1)
MHI, onupasack Ha paseHcTBa (1), (1') u Ha TeopeMy 1, noay4nm

9' =exg' =(9f)g' =9(fg') = gex = g.

Taxum 06pa3oM, JByCTOpOHHEe 06paTHOE 0TOGpaXkeHue K f, KOIb CKOpO
OHO CyWIECTBYET, OIPELEIEHO OGHO3HAYHO. DTO M CIYXUT ONPABJaHUEM
s o6o3nayvenus fo1.

Teopema 2. Omobpancenue f: X = Y moeda u moavxo mozda
usmeem obpamnoe, K02da 0Ho 83aUMNO 00K0O3NGUNO (BUEKMUBHO).

Joxa3aTenbCTBO TeOPEMHl OMMPAETCA Ha CIEAYIOMYIO JeMMY,
NPEACTABIAIONYIO CAMOCTOATEILHBINA HHTEPEC.

Jemma. Ecau

f: XY, g:Y X

— at06bie omobparcexus, das xomoptiz gf = ex, mo [ unvexmusno, a
g ClOPBEeXMUBHO.

HoxasateabcTBo. B camom gere, nycts z,2' € X u f(z) =
= f(z'). Torga

z = ex(z) = (9f)z = 9(fz) = (9f)z’ = ex(a') = 2",
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Crano 6u1Th, f unbexTusHo. Ecnu, nanee, z — mo6oi anemenT u3 X, To

z = ex(z) = (9f)z = g(fz),

a 3TO JOKAa3hIBAET CIOPBEKTUBHOCTH g. [J

Boaepamascs k TeopeMe 2, npeAnonoxkuM BHaYaAe, 4TO f 06MagaeT
o6pataeM g = f~!. Torga ua pasencts (1) u U3 JeMMBI BEITEKAET KaK
CIODPBEKTHBHOCTB, TaK ¥ MHBEKTUBHOCTH f. [Ipyrumu ciosamm, f Guex-
TuBHO. O6paTHO: NpeanoNoXuB f GUEKTUBHBIM, MEL 1A J06oro y € Y
HaiigéM e IMHCTBEHHH M 3ieMeHT z € X, aas koroporo f(z) = y.
Honoxus g(y) = z, M onpeaeanm orobpaxenne g: Y — X, obuagaro-
mee ceoiticteamu (1). 3HaumT, f~! =4.0

CunegcrBue. U3 6uexmusenocmu omobpaxcenus f: X =Y svime-
xaem Guexmuenocmsv f~1, npuuém

FhH*t=1 (2)
ITycme, dasee, f: X =Y, h: Y - Z — 6uexmuenvie omobparxcenus.
Tozda 6uexmuena u uz KoMno3uyus hf, npuuén

(Rf)~' = f1A71 (3)

JoxazareabcTBo. Ilo Teopeme 2 GuexTuBHOCTL f BIEYET Cy-
mecTBoBaHMe f~!, 4TO B CHIy TOH JXe TEODPEMbI DKBMBAJEHTHO OueK-
turocTH f~!. CuMMerpuysOCTHL ycaosuit (1), mepemMcaHHEIX B BUAe
ff' =ey, f-1f = ex, gaér pasencrso (2). Janee, N0 yCIOBMIO ¥ TIO
TeopeMe 2 CymecTBYIOT 0TOOpaxkeHus

LYy X, hl:ZY
U UX KOMIIO3MIUA
i A &
W3 paBencrs

(RE)(F7R7Y) = (R )R = (R(FFY))AL = R~ =g,
(FR) (NS (BT (h) = 7 (7 hR) ) = £~ f = ex

BHITeKaeT, 4o f~1h~! — ob6paTHoe oTo6paxenue k f. O

Orobpaxenue “ciegopanus” o: N — N, ompegenénsoe mpaBuioM
o(n) = n+ 1, UHBEKTUBHO, HO HE CIOPBEKTUBHO, IOCKOJIbKY NEPBHLIA d1e-
MeHT (eguHuIE) He NpuHaAIexXuT Im o. MHTepecHO, YTO A1 KOHEYHBIX
MHOXECTB NO06HAA CUTYalMA HEBO3MOXHA.

Teopema 3. Ecau X — xoneunoe mxodicecmeo u npeobpazosanue
fi X = X unvexmueno, mo oxo Guexmueno.

JoxazaTeabctBo. HyxHo aMmb moka3aTh, 4T0 f CIOPBHEKTHBHO,
T.e. aas mo6oro anemenTta ¢ € X naugérca z’ ¢ f(z') = z. Ilonoxum

)= f(f...(fo)...) = f(f*'2),  k=0,1,2,...
B cmny xomeynoctu X B 3TOH MOC/IEIOBATENLHOCTH BJIEMEHTOB JOJKHBL
6niTh nosropenus. Ilycts, ckaxeMm, f™(z) = f*(z), m > n. Ecmn > 0,
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Tom3 f(f™ 1z) = f(f"'z) n U3 MHBeXTUBHOCTH f ClefyeT PABEHCTBO
fm™Y(z) = fr~!(z). lloBTOPUB KOCTATOYHOE YUCIO Pa3 COKpaleHue f,
MHI IPUAEM K PABEHCTBY

() = fz) =e(z) ==

A B Takom cnyuae f(z') =z, rae z’' = fm""1(z). O

Kak Jierko noHATb, CI0PbeXMmUeHoe Npeobpa3oseane KORERRO20 MHO-
acecmea 6 ceba maxdce Guexmueno.

Heckoabko cioB o mommoctu. Cunraerca, 4ro ABa MHOXecTBa X
1 Y uMeoT OAMHAKOBYIO MOWKOCMb TOTJA M TOALKO TOT'AA, KOrja Cy-
mecTByeT 6uexTHBHOE oTOGpaxkeHnme f: X — Y. MuoxecTpa Toit xe
MomHOCTH, 4T0 ¥ N (1 Z), Ha3LIBAIOTCA CUEMNLIMU.

YIIPAKHEHNA

1. Oycrs Q = {+, —, ++, +—, =+, ——, +++, ...} — MHOXeCTBO BCeX KOHEY-
HBIX TOCAeLOBATENLHOCTEN ILIIOCOB M MHUHYCOB, a f: 8 =& ) — npeoGpasoBaHwe,
NEpEBOAAINEE JNEMERT W = W1W2...Wn € N B W = wiWiwaWs2...WnWn, T W = —,
ecln wy = +, A Wk = +, ecl wi = —. [lokasars, 4To B f(fw) 110604 OTPE3OK AAMHBI
> 4 COaepXHT ++ MIH ——.

2. Hmeer nm oro6paxenme f : N — N, sagaunoe mpasuromM n — n?, npasoe
o6paTHOoe? YKa3aTh Aaa f ABa AeBHIX OGPATHHX OTOGDAXEHHA.

8. Oycts f: X = Y — oro6paxenne u S,T — noagmuoxecrBa B X. [lokasaTs,

410
f(SUT) = f(S)US(T), f(SNT)C £(S)N f(T).
IIpuBecTH npuMep, NOKa3LIBAIOMMM, YTO NOCIAEAHEe BKIIOYEHHE Helb3s, BOOOWE ro-
BOpsA, 3aMEHATH PaBEHCTBOM.
4. MHOXeCTBO BCEX NMOJMHOXECTB MHOXeCTBa S 0603HaYaeTCA

P(S) = {T| T C S}.

Ecan, nanpumep, S = {s1,82,...,8n} — KOHEYHOE MHOXECTBO M3 N DIEMEHTOB, TO
P(S) cocTouT B3 MYCTOro MHOXECTBA &, N OFHONIEMEHTHHLIX MHOXeCTB {31}, {s2},...
...{sn}, n(n—1)/2 aByxanemenTHBIX MHOXECTB {3;,3;},1 < 1 < j £ n, ¥ T.A. BILIOTH
o T = S. Kakosa mMomuocTs MHOXecTBa P(S)?

5. ycts f: X = Y — orobpaxerue n b = f(a) ana Hekoroporo a € X.

IIpoo6pa3

) = £ (f(a) = {=z] f(z) = f(a)}
HHOI' A3 Ha3bIBAlOT emeé caoexm Haj aneMenToM b € Im f. IlokasaTs, 4TO BCE MHOXECTBO
X sBaserca o6befMHEHHEM HenepeceKaloMxca cioée (r.e. pasbue- s T
HUEM MHOXeCcTBa X).

Npeaynpexgenue. O6o3nasenne f~1(b) me cregyer acco-
IIHMPOBATE C OOPaTHHIM OTOOpaXEHHeM, KOTODOrO MOXET H He
OHITB.

6. Iloka3aTs, 9TO KOHEYHAA JEKAPTOBA CTENEHb CYETHOrO MHO-

SAT

XECTBa ABIAETCA CYETHHM MHOXECTBOM. Puc. 6

7. Cummempuuecxas pa3xocmd aByx MHoxects S um T o6o3nadaerca SAT:
SAT =(S\T)U(T)\ S) (prc. 6). Ilokasats, 4ro S\ T =(SUT)\ (SNT).
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§ 6. OTHOMIEHNA 3KBUBAJIEHTHOCTH.
dakTopu3anua oTo6paxeHun

OKBUBAJEHTHOCTb CUCTEM JMHEHHLIX YPAaBHEHUM, BBEAEHHAA HAMH B
§ 3, HaBOAUT Ha MBICAb MOCMOTPETh HA 3TO INOHATME B OOINEM ILIAHE,
TeM 6oJiee YTO IKBUBAIEHTHOCTAMH PAa3HBIX THIIOB MBI IIOJBL3YyEMCA HEO-
CO3HAHHO KaK B JOMMYECKUX PACCYXJEHUAX, TaK ¥ B OGHIJEHHOM XHU3HH.

1. Bunapnsle orHOmeHMs. [aa mo6eX ABYyX MHOXecTB X u Y
BCAKOE MOAMHOXECTBO w C X X Y Ha3bIBAETCA GUHGPHLIM OMHOWEHUEM
Mexay X uY (wm npocto Ha X, ecnu Y = X). [lna ynopagouerHo# na-
PHI (Z,y) € w KCHOAB3YIOT 0603HAYEHHE TWY ¥ [OBOPAT, YTO T HAXOAUTCA
B OTHOLIEHMH W K Y. DTO yAOOGHO, IMOCKOJb- W,
KY, HaIlpuMep, ynopaAoueHne < Ha MHOXECTBE
BEIECTBEHHHIX 4ucel R sABnseTcs GUHAPHBIM
oTHOWWeHHeM Ha R, COCTOAImMMM U3 BCEX TOYEK
wiockocT R2, KOTOpHE JeXAaT BhIME MPAMOM
z —y = 0 (puc. 7); rpOMO3JKOe BKIIOYEHUE
(z,y) € w(w <) 3amenseTcsa OOLIYHEIM Hepa-
BEHCTBOM T < Y. Puc. 7

Kaxpoir pyukuuu f: X — Y comocrasiserca eé epagdux — moa-
MHOXECTBO

HV

]
!
1 !
! ] ]
| II ]
I
N
[}
]

I"(f)={(:t:,y)|:c€X, y=f(:c)}CXxY,

ABnAIOmeecs oTHomenuem Mexay X m Y. Usyuenme ma R? rpacduxos
¢dyukmuia R — R BxoauT B Kypc MaTeMaTudeckoro ananusa. IlonaTso,
YTO HE KaXJ0oe OTHOLICHUE W MOXET CIYXHTh I'PadHKOM KaKOro-iu6o
oroGpaxenua X — Y. Heo6xoauMoe ¥ JOCTATOYHOE YCJIOBHE 3aKII0YaA~
€TCA B TOM, YTOOHI KaxaoMy Z € X OTBeYaJ POBHO OJMH 3JIEMEHT ¥ C
zwy. PaxTuyecku 3aganue X,Y u rpaduka ['(f) Boccranasmusaer f.

2. OTHOmeHHue SKBHBANEHTHOCTH. BunapHoe oTHOmEHHE ~ Ha X
Ha3hIBAETCA OTHOMIEHHEM SKBMBAICHTHOCTH, €CIM JJiA Bcex T, ¢, ' € X
BBHINOJIHEHB! YCIOBHA:

i) z ~ z (pedaexcusnocmo);

ii) z ~ ' = z' ~ = (cummempuunocme);

ili) z ~ o', ' ~ 2" => z ~ 2" (mpanaumuenocms).

3amuck a « b BHpaXaeT OTPHMIAHHE 3KBHBAJICHTHOCTH 3JEMEHTOB
a,be X.

IToamuOXecCTBO

t={r'eX|2'~z}CX
BCEX J/EMEHTOB, 3KBHBAJEHTHHIX AAHHOMY I, HA3BIBAETCA KAGCCOM I%K-

susaaenmuocmu, cogepxanmM z. Tak xak £ ~ £ (cM. i)), To gercTBuI-
TenbHO £ € . Jli060i ajeMeHT T’ € T Ha3HIBAETCA npedcmasumenem

KJacca ZT.
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CrnipaBeuBO ClIeAYIOLIEE YTBEPXK AEHHUE.

Mhnoacecmeo x46CC08 IKBUBAIEHMHOCTIU RO OMKROWEHUIO ~ KBAREM-
cAa pasbuenuem mnoxcecmea X 8 mosm cubicae, wmo X aeazemcs 00b-
edunenueMn NENePecexaoUUTCA NodMKONHceCMme (ITO pa3bueHHe MOXHO
0603HaYUTh 7~ (X)).

B camom fere, Tak Kak T € &, 70 X = |J, ¢ x Z. Ecm reneps 2/ Nz” #
#Puz €T NI, ToT ~1 UT~1" OTKyZa B CWIy TPaHSUTHBHOC-
TH iii) umeeM &' ~ 2 n 2’ = z'. 3Ha4UT, pa3IUIHBIE KIACCH HE mepece-
kxarorca. (O

Mycrs I = R? — pemecTBeHHas MIOCKOCTD C NPAMOYTOILHOM CHCTEMOR KOOPA-
HaT.

BasB 3a CBOMCTBO ~ OPUHAJIEXHOCTH TOo4Yek P, P! € I 0gHOK rOpHU3OHTAILHOM

NPAMOM, Mbl [ONYYHM, O4EBHJHO, OTHOLIEHHE DKBUBAJIEHTHOCTH C KJIACCAMM — CODH-
30HTANLHEIMU OpAMBIME (pHC. 8).

Y ya
——71-+-" 2 ) -
7 >
7 , o
o /l z o T
Puc. 8 Puc. 9

Tunep6oan Iy (puc. 9) BuAa Ty = p > 0 ONpeAeNAIOT OTHOLICHHE JKBUBAIEHT-
Hocry B obnactu 114 € II rowek P(z,y) c koopaunaTtamu z > 0, y > 0. DTH reo-
MEeTpHYECKHe NpHAMEphl HAMIAJHO NOKA3LIBAIOT, YTO BEPHO Clefyiomee 06paTHOE
yTBEpXJeHue.

Ecau uneemca xaxoe-mo pasbuenue w(X) mnoocecmaa X na nenepe-
cexarowuecs nodmunoxcecmea C,, mo C, 6ydym xaaccamy IK6usatenm-
ROCTU MO HEKOMOPOMY OMHOULERUIO IKBUBALEHMNOCTRY ~.

B caMoM jgerne, n0 yCIOBMIO KaXIHIU 31eMEeHT £ € X COJePXUTCA
TOYHO B 0fHOM noaMuoxecTse C,. JOCTATOYHO CIMTATh T ~ ' B TOM
M TOIBLKO TOM CIy4ae, KOrja T 4 I’ JexaT B OJHOM ¥ TOM e IIOJgMHO-
xectee Cy;. O4eBHAHO, 3TO OTHOIIEHHE ~ pedIEKCUBHO, CHMMETDPUYHO
¥ TPaH3UTHBHO, T.€. ABJAECTCA OTHOIUEHMEM dKBMBaJeHTHOCTH. [aiee,
z € C, => % = C, no onpegenennio ~. Crano 6uth, 7(X) = 7 (X). O

3. ®akTopusanusa oTob6pakeHui. BBujy yCTAHOBJIEHHOTO BHI-
e B3aMMHO OJHO3HAYHOIO COOTBETCTBHA MEXAY OTHOLICHUAMM IKBH-
BAJIEHTHOCTH ¥ pa3bueHusamMu MHOXecTBa X TIPUMHATO pa3buenue,
OTBEYalollee OTHOLICHMIO DKBUBAJIEHTHOCTH ~, 0603Ha4aTh X/~ m
Ha3EIBaTh axmopmunoncecmeom X OTHOCATEILHO ~ (WIM IO OTHOIIE-
HuI0 ~). ClopBeKTUBHOE 0TOGpaXKeHHe

przrp(z)=2 1)
Ha3BbIBAETCA €ECTNMECTN G EHHLIM omo6paalcenue.u (HJIH Kanonuyecxol npoex-
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yuet) X Ha GaKTOPMHOXKECTBO X/ ~.

Ilyctes X,Y -— aBa muOXectBa m f: X — Y — orobpaxenue. Bu-
HAapHOE OTHOIUEHHE Wy:

Vz, ' € X zwyz’ < f(z) = f(2),

o4eBuHO, pedaexcusHO (f(z) = f(z)), cummerpuuso (f(z') = f(z) =
=> f(z) = f(z')) u Tpamsurusro (f(z) = f(z') & f(z') = f(z") =
= f(z) = f(z")). Taxum 06pa3oM, w; — OTHOILEHHUE HIKBABAIEHTHOCTH
Ha X . CoOTBETCTBYIOIME KIACCH IKBUBAICHTHOCTH T ABJAIOTCA CJIOAMH
(npoo6pasamu) B cMuIcie ynp. 5 § 5. Jpyrumu ciosamu,

z = {z'| f(z') = f(=)}.
Orobpaxenne f: X — Y undyyupyem orobpaxenne f: X/ws =Y,
onpeJjenéHHOE NPABUIOM -
f(z) = f(z),

WM, YTO TO Xe CaMoe, _
fr(z) = f(z), (2)
rae p — ecrectBenHoe orobpaxenne (1). Tax xak
z =1 < f(z) = f(«'),

TO cooTHoueHue (2), 3aaatomee f, He 3BBUCAT OT BHOOPA IPEACTABATEILS
T ki1acca Z. B Takmx ciydasax roBopAT, YTO ompejeieHue [ ABIAETCA
NPAGUALNLIM WIH KOppexmubiM. KoMMyTaTHBHAA guarpamma

Xxf/y

X/wg

HATJIALHO OMMCHIBAET Paxmopusayuio (pasaoscenue)
f=fp )
oTobpaxkenus f B MPOU3BEJEHME CIOPBEKTUBHOT'O OTOOPAsKEHNS P ¥ MHB-
eKTHBHOr0 oTobpaxenus f. MHBbeKTUBHOCTL f BHITEKaeT M3 TOrO, YTO
f(@1) = f(Z2) <= f(z1) = f(22) <= 51 = Z5.
O4eBUAHO, CIOPBEKTHBHOCTS f DABHOCWIBHA CIOPLEKTUBHOCTH f. 3aMe-

TuM, 9T0 ecoi f': X/wy — Y — emé ogHO oTOGpakenue, 41A KOTOPOro
BBIIOJHEHO cooTHowenue (3): f'-p= f, To u3

f'(2) = f'(pz) = (f'p)z = f(2) = f(3)
(cM. (2)) cregyer Ha camom gese paeHcTBO f' = f. Crano 6uITH, 0TOGPA-

XeHue f, JeJalolee YKa3aHHYIO BLIIE TPEYrOAbHYIO JUArPAMMY KOMMY-
TaTHBHOM, €IMHCTBEHHO.
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4. YoopsajodeHHEbIe MHOXECTBa. Ynopadouenuem MHOXKeCTBa X
(wmu nopadxom na X) HaseBaeTca 6MHApHOe oTHOWEHuE K Ha X, o6aa-
Jaiomee CBOMCTBaMM PedUIEKCHBHOCTH (Z < Z), AaHTHCHMMETPUIHOCTH
(ecmuz L ymy £z, TOZ =Y) ¥ TPAHIUTHBHOCTH (ecE z L Yy U ¥ £ 2,
Toz € 2). llpuz L yuz #ymmyr z < y. BMecro ¢ < y ucnoasayerca
Takxe 3anuch Yy 2> . llapa anemenToB z,z’ € X MoXeT ¥ He HAXOLUTHLCA
B orHomenny <. Ecin, ognako, z € 2’ wim ' < T 4as Kax o nap sJe-
MeHTOB u3 X, To X HA3HBaeTCA Aunetno YynopadouennbisM MEOXKECTBOM
WA yenvlo. B obIIEM Xe Cllyyae I'OBOPAT O 4aCMuuKoM nopadxe Ha X.

Msuoxecrso X = P(S) noamuoxecTs Muoxectsa S (cM. ynp. 4 § 5)
¢ 06BEIYHEIM OTHOmeHueM BKIodeHua R C T’ Mex 1y nogMHOXECTBaMHY, a
Takke MHOXeCTBO N HaTypaibHEIX YHces c oTHomeHueM d | n (n geauTes
Ha d) ABIAIOTCA NPUMepPaMy JaCTUYHO YNODPAJOYEHHHX MHOXECTB.

IIyctes X — npoM3BOABbHOE YACTHYHO YNOPALOYEHHOE MHOXECTBO, T
M Y — €ro 3jJeMeHTH. ['0BOPAT, YTO Yy Haxpbisaem T, ecin T < y ¥ He
cymecTByeT z ¢ ycaoBueM £ < z < y. B cayqae Card X < o0 z < y
(T.e. T ¥ y CpaBHMMHI) TOrJa ¥ TOJBKO TOr'ja, KOrja HallgéTCA Lemnod-
Ka 3JIEMEHTOB T = Z1,ZL2,...,Tn—-1,Zn = Y, B KOTOPOH! Z;i] HAKPHIBAET
z;. IlonaTue HakpHITUA YAOGHO MpY U306PAKEHUN KOHEYHOrO YaCTUIHO
YIIOPAJOYEHHOrO MHOXeCTBa X IUIOCKOM AUArpaMMOM. DJEMEHTHI MHO-
xectBa X u306paxaroTcs ToukamMu. Eciu y HakpHBaeT T, TO Y moMe-
LIAETCA BHIIE T ¥ T COEIUHAETCA C Y MPAMONUHENHKIM oTpe3koM. Cpas-
HUMOCTb Y ¥4 T W306paxaeTcsa MOHMXKAIOMENCSA JOMAHO!, COeqUHAIOMEeN
Y C T, NpU4YEM TAaKWX JOMAHEIX MOXeT OHTh HECKOABKO. HecpaBHUMEIE T
1 y He coegunmoTca. Ha gByx ua nmpusoauMerx auarpamum (puc. 10) uso-
GpaxkeHHI “OTPE30K” HATYpPAILHOrO paAja uucea u MEOxecTBo P({a,b,c})
(N — ecTecTBEHHOE JMHEMHO YNIOPAZOYEHHOE MHOXECTBO, & YIOpAJOoUe-
Hxe Ha P(S) 6LUI0 BBEJEHO BRINE).

{a’ b’ c}

05

o1

Puc. 10
Hauboavwus ssemenmos JaCTHIHO YIIOPAZOIEHHOI'O MHOXKeECTBa X
HA3LIBAETCA 2JeMeHT n € X Takod, 4TO0 £ < n pua Bcex T € X, a
HEKCUMAILHOIM — 1eMeHT m € X | aaa koroporoma m £ T € X crexy-
er £ = m. Haubonpomit aneMeHT BCerja MaKCHMAaJeH, HO He OGpaTHO.
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MaxkCHMAIBHEIX 3JEMEHTOB MOXET GHITh MHOI'O, HO HauGOJbLIIMM 3Je-
MEHT, eCJ¥ OH CyIIEeCTBYET, OmpeJeJéH OqHO3Ha4YHO. Te Xe 3aMevaHus
OTHOCATCA K HAUMENDULEMY U MuHUMasbHOMY dTemeETaM. Ha puc. 10 ase
JUArDaMMBI CJE€BA MMEIOT HAUOOJBIIME ¥ HaMMEHBIINE JJIEMEHTHI, JUa-
rpaMMa CmpaBa — TPH MAKCHMAJBHBIX JIEeMEHTa (OJMH HAaMMEHbIIWH)
HO HET HaubOoJbIIErO JIEMEHTA.

Teopua 9acTHYHO yHOPAZOYEHHEIX aarebpandeckux cucreM (GyreBhl
anre6pH, peméTKH) HACHINEHA COAEPXATEILHEIMEA PE3yIbTATAMHA U 3a-
HUMaeT BaXXHOE MeCTO B aarefpe, HO MBI He MMeeM BO3MOXHOCTH eé
KacaThCA. ITOT naparpad npeciesyer CKpOMHYIO NEJb — ITO3HAKOMATE
YUTATENA C emé OJHUM €CTeCTBEHHHIM OMHAPHHIM OTHONIEHWEM U JaTh
NmpeACTaBIeHHe O JUarpaMMaX, KOTOpDHe MOMOryT B OyAylleM HOHATH
B3a¥MHOE PaCIOJIOXeHUe NOArPYNN B I'PYINAaXxX WX, CKAXEM, PacIOIoXe-
HME TOJINO0JEA B TOJNAX.

YNIPAXKHEHHUA

1. IToxasaTs, 4To dhakTopMHOXKecTBO R2/ ~, momyualomeeca u3 puc. 8, u mobas
npamas |, nepecekaoman oce Oz, HAXOAATCA B GHEKTHBHOM COOTBETCTBUH.

2. Nonoxuts P(z,y) ~ P(z',y') Ana TOYEK BemeCTBEHHOH KOOPAMHATHOM MIOC-
kocTH R? B TounHOCTH TOrAa, KOrAa ' —2 € Zu Yy —y € Z. [lokasaTs, YTO ~ ABIAETCA
OTHOLIEHHEM 3KBHBANEHTHOCTH M YTO GaKTOPMHOXeCTBO R2/ ~ reomeTpuyeckn u3o-
GpaxkaeTca TOYKaMH Ha Tope (noBepxHocTH OyGamka; puc. 11).

A

(0,1) (1,1)

Puc. 11

3. ITokasaTh, YTO MHOXECTBA M3 ABYX, TPeX M YeTHIPEX JJIEMEHTOB HMEIOT COOT-
BeTCTBEHHO 2, 5 1 15 pa3iHYHBIX HaKTOPMHOXKECTB.

4. IlycTs ~ — OTHOLIEHHE 3KBMBAJIEHTHOCTH Ha MHOoXecTBe X M f: X =+ Y —
oTobpaxeHnue, nja KOTOPOro

2~ = f(z) = f().

Iloka3aTb, 4TO 3TO YCIOBHe coemecmumocmu f ¢ ~ (Goree craboe, YeM paccMmoT-
peHHOe B N. 2) MO3BOJAET NPABHILHO ONPEJEIMTb KHAYUMPOBAHHOE OTOGpaXeHue
f: 2w f(z) 3 X/ ~ B Y, npusoasmee x daxropusamun f = f-p, Ho f yxe ne
0643aTEIBHO QOMXHO GBITh MHBEKTHBHHIM. B 4éM 3akiio4aeTcas yCIOBHE MHBEKTHB-
Hoctu f?

5. N306pasuTs AHarpaMMaMH JaCTHYHO ynopaAo4YeHHbIE MHOXECTBA:

1) P({a,b,¢c,d});

2) MHOXECTBO BCEX JEIHTelel Lenoro Yucaa 24 (OTHOmMEHUA NOPALKA yKAa3aHH B
TeKCTe).
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§ 7. [IpMHOMO MAaTEeMAaTHIECKOM MHIYKIUH

Cunraercs, uTo HaM M3BecTHO MHOXectBo N = {1,2,3, ...} Bcex na-
MYPAILRHT (HIH 4eAbiT NoA0NHCUMEAbKLT) wucer. Ha camom aese oTnpas-
HOM Touxoi jua maydeHua N cryxnr akcuomaruka [leano ([Ix. Ileano,
1858-1932). Mz akcuom IleaHo (MBI MX He MPMBOAMM) BEITEKAIOT CBOMU-
CTBa CJIOXEeHHsA, yMHOXEHAA ¥ JMHEHHOro ymopsagodesns (cM. m. 4 § 6)
HaTypaJbHBIX uce], TouHee, cncTeMe NU {0}. B wacTrOCTH, fOKa3HI-
BaeTCA HHTYHTHBHO SCHOE YTBEDXKJCHUE: 8 KaHIOM HENYCTROM MHONCE-
cmee S C N umeemca naumenvwutl d4eMewm, T.e. HATYPAJILHOE YHUCIO
s € S, MenbIIee Bcex ocTadbHBIX dHcena B S. C yuérom 3TOro yTeepxme-
Husa n3 akcuoM Ileano m3BmexaeTca clrefyomun

Npnenun ueayknud. IIpednosodcum, umo das xaxwcdozo n € N
Mbi uMeex nexomopoe ymeepicdenue M(n). IIpednoaoxncum maxace, ¥mo
Mbl PGCNOAG2REM NPABUAOM, NOIEOAMOUUM YCMEROBUMb UCTRUNNOCTD
M(l) das dawnozo | npu ycaosuu, wmo M(k) eepno das ecex k < I
(6 wacmuocmu, noOPA3YMEBGEMCR, YN0 Mbl MONCEM NPOBEPUMD UCTIUN-
nocmov M(1)).

Tozda M (n) eepuo das scexn € N.

B camom gene, ZOMYCTHM, YTO MOZMHOXECTBO

S = {s| s € N, M(s) nesepro} C N

HemycTo. CoruacHO CKa3aHHOMY Brime S COJAEPXHUT HAaUMEHBIIMM dJe-
MenT Sg. Toraa yreepxaenne M (sg) noxHO, a M (8) HCTUHHO AAA KAX-
goro 8 < Sp. DTO, OJHAKO, MPOTUBOPEYNT HAUIEMY IPEANONAraEMOMY
YMEHHIO JOKa3HBATh MCTHHHOCTH M (Sp).

31ech He MeCTO A BCECTOPOHHEr0 06CY X JeHUsA NPUHIUIIA MaTeMa-
THYECKOA MHAYKIMM. MH OrpaHHIMMCA 3aMeYaHHEM, YTO OH OTPAXKaeT,
TaK CKa3aTh, CyTh HATYPAJbHOIO PAZA, a IIO3HAHME MOCJIELHErO HE CBO-
OUTCA K 4eMy-11u60 cymecTeerHO 6osee npoctoMy. CTouT emé o6paTuTs
BHUMAaHME H3 OJHO 06CTOATENbCTBO. IMEHHO, HeIpEeMEHHEIM MOMEHTOM
4 I0Ka3aTeIbCTBA METOJOM TOJHOM WHAYKUMH” SBIAETCA yCTAHOBJICHHE
6a3uca undyxyuu, T.e. IPOBEPKA TOr'O, YTO CBOMCTBO WIN yTBEDXACHHE
BEHINOJIHEHO JJA HeGoabmmMX n. Bea Takod nmpoBepKHM MOXHO NMPUXOLUTH
K NMPOM3BOJBHEIM YMO3AKIIOYEHHAM THNA “BCE CTYAEHTH OJUWHAKOBOI'O
pocta”. Bor u paccyxgenne. IlycToe MHOXECTBO CTYZEHTOB M MHOXe-
CTBO M3 OZHOr'O CTyAeHTa Oo6JaJaloT 3TUM cBoicTBOM. [JeraeM npeamno-
JIOXKEHHMEe MHIYKIINH, 9TO UM 06JajaeT J060e MHOXECTBO U3 < N CTYJeH-
ToB. Bo MHOXecCTBe 3 N+ 1 CTYJ€HTOB NEPBLIE N ¥ NOCAECAHAE N CTY JEH-
TOB OZMHAKOBOI'O POCTA, 110 IPEATIOJIOXEHNIO MHIYKIMA. DT MHOXECTBA
[epeceKaloTCA 110 [OAMHOXECTBY M3 Nt — 1 CTYJEeHTOB TOX€e OAMHAKOBOIO
pocta. 3Ha4uT, Bce n+ 1 cTyxenToB oguHakoBoro pocra. Ha camoM gerne
nepBoe COAEPKATENbHOE YTBEPKIEHNE OTHOCUIOCH GBI KO MHOXKECTBY W3
A106HX ABYX CTYZEHTOB, a 3J€Ch-TO OHO KaK pa3 M HesepHO. Hackoas-
KO XK€ JIMHHBIM JOJDKHO OLITH OCHOBaHME MHAYKIME? O6GLIYHO 3TO ACHO
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M3 JOKa3aTeJbCTBa. B HaleM s1eMEHTapHOM NpUMEPE BAXXHEIM ABIAET-
CA yCJOBME HEIyCTOTHI NepecedeHMs JBYX MHOXECTB, T.€. BHINOJHEHHE
HepaBeHCTBa . — 1 2> 1, oTkyga n 2 2.

B 6ouee CIOXKHHIX CHTYaIMAX, B OCOGEHHOCTHM KOI'ja IPUXONUTCA ONpe-
JeJSATh WK CTPOUTH OOBEKT N0 MEAYKIMH NP MOMOINY PEKYPPEHTHEIX
COOTHOUIEHMH, HEOGXOAMMO NPOABAATE 0COGYI0 3a60Ty 0 6a3uce HHAYK-
uun. Hanpumep, gerumocts Ha § uncia PuboHawdd f,, (cM. mpumep 2
§ 3) npu mo6oOM LEnOM M > 1 BHTEKAeT W3 PaBEHCTBA f5 = 5 M W3 CO-
OTHOIWEHUA f5(m+1) = 5fsm+1 + 3fsm, KoTOpOE emé HyxHO noryuuTs. C
APYTOM CTOPOHHI, HEIb3S BIAJaTh B MHYIO KDaWHOCTh: YOEAMBIINCE B MC-
TurnocTy M (k) aas Bcex k M3 ZOCTATOYHO AMMHHOrO oTpeska 1 < k <!
HaTyPaJIbHOIO PAJLA, AeIaTh HeOGOCHOBAHHEM BHIBOJ (9T0 GyAeT Tak Ha-
3LIBAEMAS HENOANGA UNJYKYUR) 06 ucTuHroCTH M (n) aas Bcex n € N.

Bot — aBa 06ecKypakMBaIOMKX IPUMEPA.

Npuwmep 1. II. depmé noxaran, uro Bce wacaa paga Fp = 22" +1,n =0, 1,...
(uucaa Pepma), npocTre. lleperie nare gucen PdepMa MpocTHe, HO aaa Fy Dinep
Hamén pasaoxenue Fy = 4294967297 = 641 - 6700417. HacTOMYHBHE YCHIMA MOXY-
4YUTH NpH nomomu Hopemux DBM xora 6u 0fHO HOBOe npocToe yucio Pepma noka
He yBeHYaniuch ycrnexoM. OAHMM M3 MOCJAeAHUX “ZOCTHXEHWH” B ITOM HANDABICHUH
ABILAETCA NPOBEPKA TOrO, 4TO Figqs Aenurca Ha 5 - 21947 4 1,

Npumep 2. Uccnegopanue npu n = 1,2,..., 40 gucen puga n? —n +41 (mHorO-
YJIeH, MpeAJI0XKeHHbIH DiNepoM) CIOCOGHO CKJIOHATSH K MBICIH O IPOCTOTE ITUX TUCE]
npu mo6om n (0 npocThX wHCAax cM. § 9). Opnaxo 412 — 41 + 41 = 412,

IIpnmepoB Takoro poja MOXHO NPMBOAMUTH CKOJIb YTOAHO MHOrO.

B paccyxgeEuax mo MHAYKIMM HHOI'Za CaMOe BaXHOe — NPHUAATh
HaIexainyo GbopMy AoKa3sBaeMoMy yTBepxkaenno. Ilpeanoaoxum, 4To
HYXXHO HAUTH CyMMY

pr(n) =15 4+25 43+ 4+ (n-1F+nF, k=123

3ajaya 3HaYUTEILHO OGJErYATCA, KOrAa BaM CKaXyT, 4TO peArnoarae-
MBI OTBET COAEPXUTCA B BRIDAXKEHUAX

pi(n) = n(n+1) n(n+1)(2n+1), ps(n) = [n(n+1)]2

p2(n) = 2 5

Crenesnrle CyMMH pg(n) caMoro ofmero Buga 6yayT emé o6Cyx-
JaThCA B CBA3U C KOPHAMH MHOrOWIEHOB (CM. . 6), a cediyac 3ameTnM,
9T0 BcTpeTuBLIaAca HaM B 1. 5 § 3 cymma I'(n) umeer Bug

l"(n)=n(n—1)+...+k(k—l)+...+1-(1—l)=

—2k2 Zk P2(n) - p1(n)

k=1

(B panbHeMIIEM 3HAK CyMMHMPOBAHUA Y, OyAET CHCTEMATHIECKH UCIIOMb-
3oBaThcA). Onupasch Ha NpUBEAEHHBE BHINE BEIPAXEHHA A1 P2(n) u
p1(n), monysaem, aro I'(n) = (n® — n)/3. Pasymeercs, k ToMy xe pe-
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3yJbTATy HETPYAHO IPMATH, PACCYX A 0 MHAYKIUA HENOCPeACTBEHHO
B I'(n).

Eciu g0 Buga p;(n) mosymaThcs HeTpyAHO, TO BAA P2(n) u p3(n)
yXe He Tak TpHBHAJEH, & COOTHOLICHNE

4
Ps +P7 =2 [g(nT-Q-l_)_]

BoOGmIe HyXHO GBLIO OB MCKATh IO KAKOMY-TO ONpEJeJEHHOMY ILTaHY.
B naHHOM Ciyvae Taxoif ILIaH yKa3aTh MOXHO, HO He B 3TOM geino. Jus
060CHOBaHNA BCEX YKA3aHHEIX BHIIE COOTHOMEHHH HYKHO [IPOBECTH IIpA-
MEIMM BEMUCJICHUAMM IIAr MHAYKOMK OT N K N + 1. OcTaBuM 3TO 4MTa-
TENIO B KA4YECTBE IOJE3HOI0 YIIPAaXHEHMUA.

KcraTn, B 9TOM ynpaXXHeHMM NPUTOAUTCSA TaK HA3LIBAEMAA HUMOMU-
aqabnas Popmuyaa

(e+d)"=a"+ (’ll) a" b4 ...+ (:) a® Rk b (1)

3gece nogam b TIOZIPA3YMEBAIOTCA NPOUIBOILHEIE THCIA, 3 CUNOMUGAD-
woiil KoafPuyuenm (3 )upa ogmowrere a™~*b* umeer Bug

(n) n! _nn-1)...(n—k+1) @)
k) SRm-k - kk-1)..2.1 °

rae n! = n(n —1)...2 -1 (38-pakTopuan). dTo — GHICTPO pacTyman
BEJMYMHA, HanmpuMep, 6! = 720, 10! = 3628800, a 100! > 10'5°. IToneano
AOTOIEUTE BRpaxerye (2) cornamernuamy 0! = 1 n (%) =0mpu k <0.

OrmeTHM emé, 4TO
(n i k) = (:)

(cBOMCTBO CHMMETPHYHOCTH GHHOMHANHLHEIX KOD(PHALNEHTOB).

®opmyay (1), oueBnHO, BepHYIO pu 1t = 1,2, MBI JOKAXEM MHAYK-
uuen o nn. Canran e€ cnpaBeiIMBOM LIf BCEX NMOKa3aTexed < N, YMHO-
xuM 06e qacTH coorHomenus (1) Ha a + b. Ilomyyum

(a+b)™* =(a+b)™(a+b) =

=a”(a+b)+...+(:) o FF @+ b) +... +b(a+b) =

=a"t +a"b+... + (k f 1) a™t2ikpk-l g (k f 1) a™ti-kpk 4

+ (:) a™t1kpk 4 (:) a™kbEH 4 ab™ 4 b

IIpuBeserme MOZOGHBIX TWIEHOB MOKA3HIBAET, YTO KO3(PGDHIMEHTOM mpH
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oxuowrere a™t1—kpk Gyger

! !
(kf_; 1) +(3)= k= 1)!(:—k+ Dt k!(nn- I

_ n! 1 + 1
T (k=Dn-k)|n-k+1 &k
_ n! o n+l  (n4+1! (n+1l
T (k=D n-k)! k(n—-k+1) ki(n+1-k)! \ k )’
T.e. KaK pa3 OMHOMMAJILHEI KO3(duuMenT Buaa (2) ¢ BEpXHHM HEIEK-

COM, yBeJMYEHHKIM Ha efuHHLy. TeM CaMbIM COPABEJIMBOCTD GOPMYJIHI
(1) moxasama aas Bcex n € N.

Ecm zamucats
(a+b)"=(a+b)(a+Db)...(a+b),

NIPUCBOMUB KAXKAOMY MHOXMTEJIO CIIpaBa HOMED OT 1 A0 N, ¥ IOCMOTPETHb
Ha T€ IIOAMHOXECTBa HOMEPOB

1<y <ix<... < <N,

KOTOpEIE OTBEYAIOT DM YMHOXeHMH ogHOWIeHy a™ *b* 1o Mur mpuaém
K BHIBOAY, 4TO (’,;‘) €CTh He YTO MHOe, KAK YNCIO BCEX MOAMHOXECTB
MommocTH k MHOXecCTBa U3 n daemeHToB. Heckonbko “cTapomofgHmIi”
TepMUH — YHUCJIO

on=(4)
" k
COYeTaHU# U3 N 1O k — BHIPAXAeT MO CyWEeCTBY TO Xe CaMoe.
B uacrrOCcTH, MOmHOCTE MHOXecTBA P({S1,...,8n}) (cM. ynp. 4 § 5)

OO (1))

Ho, nonaras a = b =1 B dpopmyxne (1), nory4dum

2= () + (D) + G+ (,20)+ ()
Taxnm o6pasomM,
Card P({s1, 82,...,8n}) = 2"

BunOMuanbHHe KO3P(UIUEHTH ~— MOYTHM HENPEMEHHHIM aTpubyT
3/IeMeHTapHEIX KOMOMHATOPHLIX paccyXAeHuit. Bor — maraajgueni reo-
METDUYECKHH IIpUMeEp.
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Ipumep (Amer. Math. Monthly. — 1977. — V. 84, Nt 6). HasecTna 3ajaya
06 onpegeneHun umcaa R, ob6racreit, o6pasyeMmIx B
kpyre (%) Xopaamu, KOTOpHIE COEAMHAIOT T GUKCHPO-
BaHHBIX TO4YEK Ha OKDYXHOCTH, PH OPEANONOKEHHH,
YTO HUKAKHe TPH XOPAH HE NePECEKAIOTCA BHYTDH KpY-
ra (puc. 12). PeayanraT npu n = 1,2, 3,4,5 HaBOgAT Ha
MBICIB, 4TO Ry = 2™~1; Ho Ha caMOM jeje NpaBuAbLHOM
Gyaer ¢opmyna Rn =1+ (§) + (2) IlonpoGyiiTe 3TO0
JI0Ka3aTh.

Jloka3aTersCTBO TEOpeMbl MIH NMOCTPOEHHe OGBEK-
Ta MHOT A2 YA06HO IPOBOAKTE, OMUPAACH Ha oJee CI0X-
Hule ¢opMbl MHAYKIHKM. Hanpumep, npuruMn deotxot

Puc. 12 undyxyuu 3aKI0YaeTca B cregyiomeM. IlycTs mobbiM

HATYpalbHHIM YMCIAM TN M N OTBEYaeT HEKOTOpoe yTmepxkjeHue Y(m,n), npuuém:

i) ¥(m,1) 1 Y(1,n) HCTHHHLI 414 BCEX M K 7;

ii) ecan Y(k — 1,1 ) u ¥ (k,l — 1) ucrunnn, To ¥Y(k,l) Takxke HCTHHHO.

DTO 3KBHBAJEHTHO:

i) ecnm Y (k', ') mcrunno mpu scex k' < k, ! <, K +1I' < k+1, ro ¥Y(k,1) Takxe
HCTHHHO).

Torga yTeepxAeHre Y (m,n) KCTHHHO AlA BCEX HATYpPAIbHLIX M K N.

YIIPAXKHEHUA

1. Ionoxum
s(n) = sin ¢ +sin 2p + ...+ sin ny,
¢(n) = cos @ +cos 2¢ + ... + cos ny.

Huaykuuei 0o n f0Ka3aTs GOPMyIBl

o(n) = sin(n<p/2).sin((n +1)p/2) ,
sin(yp/2)

2. UmeroT MecTO popMyInL:

= kn n(2n — 1)
2 _ .
a)kzl“g (2n+1>— 3

0% () (37H) -

Y6eauThca B MX CNPaBEeAIMBOCTH XOTA OBl npu n < 5.

_ sin(np/2) cos((n + 1)¢/2)
- sin(/2) ’

c(n)

§ 8. IlepecTranoBkm

1. CrangapTHada 3alluCh HePEeCTAaHOBKH. Pa3oBLéM HEMHOTO Te-
My, Ha4aTy!o B § 5, IPUMEHATENBHO K OMEKTHBHEIM NPeO6Pa30BAHMAM
KOHEYHBIX MHOXecTB. Ha aTol 6a3e ecTeCTBEHHLIM 06pa30M BO3HMKAIOT
BakHEIE airebpandeckue MOHATHUA.

Iycts 2 — KOHEYHOE MHOXECTBO U3 N 2jeMeHTOB. IIOCKOIBKY npu-
POJa ero 2JEMEHTOB JJiA HAC HECYLeCTBEHHa, YA06H0 CYUTaTh, 4TO () =
= {1,2,...,n}. dnementn MHOXecTBa S, = S({2) Bcex B3aMMHO OZHO-
3HAYHBIX npeobpas3oBanui (! — (), OORIYHO 0603HAYAEMEIE CTPOYHBIMM
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6ykBaMu rpedeckoro ajichaBuTa, Ha3LIBAIOTCA NepecmMaxosxamy. Jinme
32 €AMHUYHEIM NIPeOGPA3OBaHMEM € = e COXpaHWIacCh OYKBa JATHMHCKO-
ro andaBuTa.

B pa3BépHyTO# M HarVIARHOME (oOpMe MPOU3BOJLHYIO MEPECTAHOBKY

w: i (i), i =1,2,...,n, u306paxaioT B BUAE
( 1 2 ... n )
r={. . R
71 2 ... ln
MOJHOCTHIO YKA3KIBaA BCe 06pa3kl:
1 2 ... n
1 T T,
1 3 ... fin
rae iy = w(k), k =1,...,n — nepecTapieHHHEe CUMBOIH 1,2,...,n.

IlepecTanoBku o, T € Sy, NEPEMHOXAIOTCA B COOTBETCTBHHA C OOIIMM
NpaBWIOM KOMNO3uuuu orobpaxenun: (07) = o(7(i)). Hanpumep, ausa

nepeCTaHOBOK
Lo (1234 (1234
“\2341)° "7 \4a321
nMeeM

or = 1234) (1234 _ (1234
“\2341/\4321) “\1432)/)°

B T0 xe Bpems

R
LR LI o I ]
W4 N W
B €t = D

_ (1234) 1234) _ (1234
7=\4321)\2341) " \3214)
TaK 4TO 0T # T0.

CoruiacHo peayabTaTaM § 5 yMHOXEHME IepecTaHOBOK NMOAYMHAETCS
CHeAYIOMUM MPABIIAM.

i) YMuoxenue accommaTusso, t.e. (af)y = a(fy) ana Bcex a, 3,7 €
€ Sp.

i) Sy, ob1azaeT €JUHUYHEIM DJIEMEHTOM € : 7e = M = em JIA BCeX
T € Sp.

iii) Jdns xaxjoit mepecTaHOBKM T € S, CymecTByeT o6paTHas mepe-
cranoBka 1~ !: mr~l =17 lr =e.

OTH TPH CBOMCTBA, JONMOJHEHHHIE OGIIMMHU MPUHIMIIAMH, Ha KOTO-
PHIX MBI HE XOTHM CEHYaC OCTAHABIMBATHCA (CM. DI 4), AIOT OCHOBAHME
rosopurs o 2pynne S,. Tounee, MuHOXecTBO S,, paccMaTpUBaeMoOe
BMECTE C ECTECTBEHHOH Olepaluel YMHOXEHH!A ero 3JeMEHTOB (KOMIOo3u-
LIMEll IePeCTAaHOBOK), HA3HBAETCA CUMMEMPULECKOY 2pynnol cmenexu n
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(uHave, cummempuuecxot epynnot Ka N CUMBOAGT WIM Ka N MOUKGT).
Jl1s Hac 1OKa, 3TO BCEr0 JMIIL yJOOHOE TEPMUHOJOIHYECKOE COrVIAIIEHNAE,
CMemalommee aKIEHThl ¢ MHOXeCTBA Sy Kak TaKOBOrO Ha MyJIbTUILIAKA-
THMBHEIE CBOMCTBA NMEPECTAHOBOK, T.€. HA TO, YTO MOXET OLITH BLLABJIEHO
Opu KOMIO3WIMK 3JEMEHTOB 3 S,,. CuMMeTpuueckas rpynna S, Jexa-
JIa, y MCTOKOB O6med Teopun rpynn u Teopuu Iaxya 6omee 170 seT ToMy
Ha3a[, ¥ MOXHO TOJBKO IIOPAXATHCA CBA3AHHOMY C HeM OOWIMIO MaTe-
MaTHYECKHMX HUIEH.

3ameuanue. Wnorga sieMeHTH rpynnsl S, Ha3HIBalOT n0dCMa-
HO6KAMU, UCTIONL3YA TEPMMH [IEPECTAHOBKA B Ka4eCTBE CHMHOHMMA pac-
nosoxenns uucer 1,2,...,n B KakOM-TO pUKCUpoBaHHOM nopsagke. Tak
KaK MeXJy TaKUMK YNPALOYEHUAMHA YHUCET M IEMEHTaMU rpymnsl Sy,
HMMEeTCA B3aMMHO OJHO3HAYHOE COOTBETCTBUE, a CJIOBO “IE€PEeCTAHOBKA”
acCOUMUPYETCA B CO3HAHUHU CKOpee C JeMCTBHEM, YeM C 3aCTHIBIIUM YIIO-
pPAZOYEHHMEM, TO IOACTAHOBKY Y HAC U3 yOTpebIeHna UCKIOYeHH. Bipo-
4yeM, HuXe MBI 6yJeM MOBOPUTDH, HAIPUMED, O OACTAHOBKE YUCIa B MHO-
FOWIEH, HO 3TO CIYXUT JHUIIL JONOJHMTEIBHBEIM APIYMEHTOM B NOIL3Y
YKa3aHHOTI'O TEPMHHOJIOIUYECKOr0 COTIAIIEHHMA.

Ecan HyXHH emé Kakme-TO JOBOAB!, TO MX MOXHO HAUTHU IO MEHb-
meir Mepe: a) B Hay4HOU JuTepaType; 6) B yue6uuke I1.C. Anexcangposa
“Jlexuuu 1o ananurudeckoir reomerpun” (Hayka, 1968, c. 767).

Haitaém nopagok |Sp| rpynnst S,. CuMBoa 1 MOXHO MOZXOAAmEH
NIepEeCTAHOBKOW 0 NepeBecTd B J060M apyrou cuMsonx o(l), axa dero
CyIIECTBYEeT B TOYHOCTH 7 pal3iM4YHRIX Bo3MoxuocTed. Ho, saduxcm-
posaB o(1), Mn uMeeM mpaBo 6paThb B KadeCTBe 0(2) JMIDb OJUH W3
ocrasmuxca n — 1 cumpBosos (Bcero pasmuuneix map o(1),0(2) umeer-
can-1)+(Mn-1)+...+(n—1) = n(n — 1)), B kagecTse o(3) —
COOTBETCTBEHHO 7T — 2 CHMBOJIOB M T.I. Bcero BoamoxHOCTEH BHIGOpa
o(1),0(2),...,0(n), a cTano 6HITH, N BCEX PA3TUYHEIX MEPECTAHOBOK 6y-
ger n(n —1)...2-1 = n!. Takum o6pa3om,

Card S,, = |Sn| = nl.
2. ITuxioBas cTPyKTypa IepecTaHOBKH. Pa3ioxuM Teneps Ie-
pecTaHOBKM u3 S, B Ipou3BejeHns 6osee NPOCTHIX NEpecTaHoBOK. M aero

PA3JIOXEHNA TIOACHAM cxemaTHdecku (puc. 13) Ha npuMepe yKasaHHBIX
BHILIIE TIEPECTAHOBOK O, T € Sy.

SO0

Puc. 13
IlepecranoBka o, KpaTko 3anuchBaeMas B Buge o = (1 2 3 4), nin,
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4YTO TO XK€ CaMoe, B BUJE
0=(2341)=(3412)=(4123),
HA3BIBAETCA YUKAOM daunni 4, a TIepeCTaHOBKa
T=(14)(23)

— NPOM3BEJEHUEM [BYX Ke3a6ucuMbiz (Kenepecexarowurca) uuxios (1 4)
u (2 3) gauum 2. 3aMeTuM, 9YTO

02=(13)(24), o*=(0%)’=e Ti=z=e

IlycTs Tenmeps T — NpPOM3BOALHAA MEpECTAaHOBKA M3 Sy,. E€ crenens
m° ONMpeAeNsAeTCa MO MHAYKUUM (CM. JOKA3aTeabCTBO TeopeMH 3 § 5):

m(wsL), ectm s >0,
=< e, ecm s =0,
= ((n1)(=sD), ecm s<0.

IIpu TakoM OmpeJeNeHuH, OIEBHAHO,
't = o8+t = nln?, s,teZ

(moce0BaTENIPHOE IPUIIMCEIBAHKE T WIM T ! NPX $ ¥ ¢ OJUHAKOBOTO
3HaKa ¥ 3aMeHa 77 ', 7717 Ha e npu s ¥ ¢ pasumX 3makoB). Tak kax
|| < 0o, TO Ha caMOM gene AnA KaXKIOW MEPECTAHOBKHA 7 € S, HaugéTCa
OJHO3HAYHO ONpEAENEHHOE HATYPAJIBHOE YUCIO ¢ = ¢(7m) Takoe, YTO BCe
pa3IMYHBIE CTENeHX cojepxarca Bo MHoxectse (1) = {e,m,..., 7971}
u 77 = e. DTO YUCJIO ¢ HA3HIBAETCA CIIE NOPAIKOM NEPECTNGHOEKYU T.
Tak, pacCMOTPEHHBIE BHIIIE IEPECTAHOBKYA 0 ¥ T UMEIOT COOTBETCTBEHHO
nopagku 4 1 2.

JBe Touku i, j € §) Ha30BEM T-IK6UBAMERMKBIMY, €CTN § = m° (1) s
HekoToporo s € Z. Tak kak

i=7n0(i), j =n() = i =717°(j), j =7°(), k=7'(j) =
= k = m**(3),
TO, OYEBUAHO, MBI HIMEEM JeJI0 C PeIEKCUBHEIM, CAMMETPUYHLIM U TPaH-

3UTUBHEIM OTHOeHneM Ha ) (cM. m. 2 § 6). B coorBeTcTBUM C O6mUM
CBOMCTBOM OTHOIIEHWH 3KBUBAJEHTHOCTH NOJIy4YaeM pa3bueHue

Q=QIU...UQp (1)

MHOXeCTBa {) Ha NMONAPHO HemepeceKalomuecsa K1accul {2, . .., p, KOTO-
phl€ TIPUHATO HA3BIBATH elwé T-opbumamu. Haseanue 310 Briosne oboc-
HoBaHO. Kaxgaa Touka ¢ € {) NpUHALIEXHUT B TOYHOCTH OHOM opbure,
u ecan i € k, To  COCTOMT M3 O6PA30B TOYUKM i NpHU JEHCTBUM CTe-
nenei anementa 7: 4, m(i), 72(3),...,m*"1(i). 3gecy Iy = || — dauna
w-op6umot 1. O4eBUAHO, YTO

i < g =Card(m), (i) =4,
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npu4éM 1 — HauMeHbIIee 4ucio, obiajawouiee 3TUM CBOMCTBOM. [loJo-
XHUB
ey =17\ — i ow@) ... wT2(3)
me = (in(i) ... “))"(1qn w26 L. mi) )

MBI IPUAEM KaK pa3 K IEPECTAHOBKE, HA3KIBAEMOHR YUKAOM Oaunbi [x.
Bomnpoc Bkyca u ygo6ctBa — mucarb (123 ... 1) mm (1,2,3,...,1).
Hukn mp ocTaBifeT Ha MecTe BCE TOYKM M3 MHOXecTBa () \ £, a

m(j) = m(j) Ana mobok ToukM j € . ITO CBOMCTBO JAET HAM OCHO-

BaHUE HA3HIBATD Mg, My, 8 # 1, HE3GGUCUMBLKY WIH HENEPECEKAIOUUMUCA

maxcnramu. Tax xak 7% (4) =i a1 € Qp, To T}* = e.

Hrak, c pasbuennem (1) accouuMmpyeTcsa pas3joxeHue NepeCcTaHOBKH

7 B IPOU3BEeHUE

T =mTy...Tp, (2)

rjie BCe UMK/IBI IEPECTAHOBOYHBL T = MMy ... My = 7y, M, . . - Wy, . MOXHO
cyuTaTh, HampuMmep, uTo I} 2l 2 ... 2l S lpp=... =, = 1.

Ecau uukn 7 = (4) umeer gmuuy 1, TO OH JeHCTByeT KaK €IMHHY-
Haf mepecTaHoBKa. EcTecTBEHHO Takue UKL B pouaBeseHun (2) omyc-
KaThb:

T=TT2...Tm, Iy >1, 1<k<m. 3)

HanpuMmep, nepecTaHOBKY

oo (12345678)
123451768 8

MEI 3allMIlIEM B BHU e
m=(12345)67)8)=(12345)67). (4)

HexkoTopylo HENOBKOCTS BHI3HIBAET TO OOGCTOATENLCTBO, HTO
(1234 5)(6 7) MOXHO MHTENPETUPOBATH KAK NEPECTAHOBKY U3 Sy, mpu
n060M 1 > 7, OAHAKO NPH PUKCUPOBAHHOM 7 HUKAKON HEOJHO3HAYHOCTH
HET.

Bousiee TOYHO, IyCTh HapAAY C pasJjoxeHneM (3) MBI UMeEM emé OfHO
pa3jioxXeHue T = Q@3 ...Q, B INPOM3BEAEHUE HE3ABMCHUMEIX LMKIOB, U
OyCTb 1 — CHMBOJ, HE OCTAIOLMKUCA HAa MecTe npu geuctBun 7. Torga

ms(1) # ¢, 04 (i) # 1 A1A OZHOro (M TOJBKO OLHOT'O) U3 LHUKJIOB Ty, . .., My
¥ OJHOTO M3 Q1, . . ., ar. UMeeM 7, (1) = (1) = a;(i). Ecin Mul yxe 3naem,
9T0

w5 (i) = 7% (i) = af (), (5)

TO, NIPUMEHASA K 3TUM DABEHCTBAM IIEPECTAHOBKY 7T M HCIIOJb3yA IIepe-

CTaHOBOYHOCTDL T € T¥ u ¢ af, nomywaem

rrk = 7+ (6) = mab (i)
orkyaa m¥w (i) = 7*+1(3) = ofn(i) u, maxomen,

met () = 7 (@) = of T (0).



§ 8. Ilepecmanosxu 55

3Ha4uT, paBeHCTBa (5) copaBefnuBr: npu aobom k = 0,1,2, ... Ho muxn
OJHO3HAYHO ONpefeAeTCcA NeMCTBHEM ero CTeIeHel Ha Jo6oH CHMBOU,
KOTOpEHIH He ocTaéTca Ha MecTe. CriegoBarensno, T, = oy. Janee mpume-
HAETCA MHAYKUHUA TI0 TN WK T.

Hrax, namMmu nokasaHa,

Teopema 1. Kaxcdas nepecmarosxa m # € 6 S, A64%emca npous-
6€0EKULM HEIABUCUMDIT YUKA08 Jaundbi > 2. IMo Pa3aoAceRue 8 NPous-
sedenue onpedeseno 00HO3KAUNO C MOYHOCTbIO d0 NOpAdKa CAed08BHUA
YUK106.

O6paTuM BHUMAHHNE Ha UKLl AJIUHEL 2.

Onpegenenne. Huxn piuan 2 HaskBaeTca mpaxcnosuyued.

Jlro6as TpaHcnosuiya uMeeT BUA T = (1j) ¥ OCTABIAET Ha MECTE BCE
CHMBOJIEL, OTJIMYHEIE OT 1, j. I3 TeopeMul 1 BHITEKaeT

Crexcreue. Kaxcdas nepecrnanoséxa m € S, A64K€MCA NPousse-
denuem mpancnosuyui.

JokaszareascTBo. B camoMm aene, B City TeopeMnl 1 gocTaTouno
3aMUCAThL B BHUJE NPOU3BEJEHMA TPAHCIO3MIUHA KaxAHM nm3 nukiaoB. Ho
3TO MOXHO CHEJATH, HAIPUMED, TaK:

Q2 ... 0-1)=@10)11-1)...13)(12).0

DopMyIMPOBKY TEOPEMHL 1 ¥ €8 CIIeACTBHA HYXAAIOTCA B TOACHEHUH.
Kak cregyer u3 onpegenenns uukiaa o = (i; 2 93 ... 4—1 i),

i3 ig, g3, ..., f—1 i, i

j'—)jv jeg\{ilai%"‘ail—l;il}a

X MOTOMY HHYTO HE M3MEHHMTCA, €CIM MEL 3anmvmeM o = (243 ... 4111),
T.e. IPOM3BENEM LMKIUIECKUHA CABUI HOMEPOB, BXOAAIMX B 0. Taxum
06pa3oM, yTBepXKeHNe eAMHCTBEHHOCTH B TeOpeMe 1 HOCHT 110 CymecTBY
a6comoTHe xapakTep. C Apyrod CTOPOHRI, B CJEICTBHM HM O KAKOH
€AMHCTBEHHOCTH 3aIMCH NEPECTAHOBKU 4€pe3 TPAHCIO3MIMHA HE MOXET
6nTh U peun. Ckaxem,

o= (iri23 ... 41 81) = (i1 8) (91 61-1) - . . (11 43) (41 82),

g = (1:2 i3 e il—l ’iz ’Ll) = (1:2 1:1)(1:2 i()(’ig il—l) e ('1,2 1:3).
OTH JBe 3aIUCH OJHON M TOM XKe NEePEeCTAHOBKM 0 COAEPKAT IO OJMHA-
KOBOMY 4mciy [ — 1 coBepumienHO pasHbix TpaHcnosumyil (umb (ip1;) =
= (i1 12)). Bozee Toro, Tpancnoaunuy, BOOGIIE rOBOPA, HE IEPECTAHOBOY-

HBI, & ¥X YMCJIO He ABIAETCA MHBADHAHTOM nepecTanosku. Hampuwmep, B
S4 uMeeMm

(123)=(13)(12)=(23)(13)=(13)(24)(12)(1 4).
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3. 3nax nepecraHoBKH. CnpaBefIuBa CAEAYIOMAA BaXXHaA
Teopema 2. [Tyemb m — nepecmaxosxae u3 Sy,

T=TiT2...Tk (6)

— MPOU3BOALHOE PAINONCEXUE T 6 NPou3sedenue MPERCNO3uLut.
Toz0a wucao .
En = (_1) ) (7)

na3vieaemoe 3naxom m (unaue: cuexamypold uau UEMKROCMBIO), NOA-
HOCTNbI0 ONPEdeslemcs NEPECManoéKot T U Ke 3a6ucum om cnocoba
pazaoncenus (6), m.e. uémunocms yeaoz2o wucaa k das danxod nepecma-
noexu ™ ece2da odna u ma ace. Kpome mozo,

Eap = EakB (8)

das ecez a, 3 € Sy,.
HokasaTteasbcTso. 1) Ipegnonoxum, uTo Hapsagy c (6) Mel uMeeM
TaKKe PaloXKeHue
R ] /
7r—T1‘l'2...Tk,, (6)

npuyéM 4eTHOCTH k 1 k' pasnmuHEl. DTO 3HAYAT, 4TO Heoe YucIo k + k'
neuérro. Tak xak (71)? = e, T0, NOC/IEZOBATENLHO YMHOXAA CIPaBa 06€
9aCTH DaBEHCTBA TiTy...Tk = TyTy...Tj, BHTeKaomero u3 (6) u (6°),
Ha Thty... ,T5, Ty, HOAYYUM T1Ty...TkTk' ...T3T; = €. MH CBeam Hamry
3ajgaqy k creayomed. Ilycts

€=0102...0m-10m, m>0, (9)

— 3aIIMCh eJMHUYHOU IEPECTAHOBKHM B BUjie npousseenus m > 0 Tpanc-
noaunuit. HyXHo nokasaTs, 4T0 06432 TEIBHO M — YETHOE YHUCJIO.

C 3T0# Henbio 6yAeT yCTAHOBJIEHO, 9TO OT 3anucH (9) MH MOxeM me-
PEATH K 3aIIMCH € B BUJE Npou3BeAeHus m—2 Tpancnozunui. [Ipoaomxus
3TOT CHYCK, MBl OPUILIX OBl IPK HEYETHOM T K OLHOM TPAHCIO3ULMY T.
Ho, oueBngno, e # 7. Arak, HaM HyXHO 060CHOBATH CIycK B (9) OT m k
m — 2 MHOXUTELAM.

2) Oycts 8, 1 € s £ n, — m060e GUKCUPOBAHHOE HATYDPAILHOE
YUCIIO, BXOAAINEE B OAHY M3 TPAHCIO3MLHUH 02,...,0n. i onpegenés-
HOCTH CYATAEM, YTO

€=01...0p-10p0p41...0m,

rae op = (8t), & Opt1,...,0m He cOAEpXaT 8. [[n1 0p—1 MMEIOTCA YETHIpE
BO3MOXHOCTH:

a) 0p—1 = (8t); TOrga OTPE3OK 0p—10p = (st)(st) u3 3amucu e yza-
JAETCS, ¥ MBI IPUXOAMM K M — 2 TPAHCIO3NIMAM;

6) 0p—1 = (S7), T # 8,1; 38€CH

op-10p = (s7)(st) = (st)(rt),
U MHL CABMHYJHN BXOXJEHWE S HA OJHY IO3ULMIO BJIEBO, HEe W3MEHUB mM;
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B) 0p—1 = (1), © # 8,t; 34ech
op-10p = (tr)(st) = (s7)(t7),

X CHOBa, KaK B Cay4ae 6), MPOM30IEN CABUT S BIEBO 6€3 U3MEHEHMA mT;

r) op—1 = (q7), {g,7} N {s,t} = @; 3zecs

op-10p = (qr)(st) = (st)(gqr).

B ciayuae a) mawa ners gocturnyrta. B caydasx 6)-r) nmosropsem
MpONEecC, CABUras BXOXJEHHE S Ha OJHY IO3MLMIO BJEBO. B KoHedHOM
cuére MBI IpHAeM JU60 K CIyyalo a), Ju60 K 9KCTPEMAIbHOMY CIy4alo,
KOTJa € = 010 ...0p,, IpU4éM 0] = (St') U s He MMeeT BXOX/JEHHH B
0%y...,0pm. JHAUHT, 0}(8) = smpu k > 1us =e(s) = 01(s) = t' # s.Ilo-
Jy4EeHHOE INPOTHBOPEYME AOKA3LIBAET yTBEPXJAEHHEe 06 MHBapMAHTHOC-
TH Ep;.

A Ecma="7...Tky, B="Tk41 -+ - Thtl, TOQB =T1 ... TkTht1 - - - Tkt
M eq = (—1)F, €9 = (<1, £ap = (~1)FH = (~1)F(=1)' = caep. O

Onpegenenue IlepecranoBka 7 € S,, HasmBaeTCA wémnod, ecnu
Ex = 1, ¥ neuémuotl, ecmu €, = —1.

W3 onmpeeneHns BEITEKAET, 9TO BCE MPAKCNOZUYUU — HeuEmMNbie ne-
pecmarosxu, a €, = 1.

Creacteue. Ilycmb nepecmanosxa ™ € S,, pazaodxcena 6 npouse-
denue Ke3a6UCUMBIT YUKA06 daur l1,la, ..., l,. Tozda

er = (1) k=1,

JleAcTBATENLHO, IO TEOPEME 2 HMEEM

E1|- = 6"1_”"". = €,|-1 e E"m .

Kpome Toro, £, = (—1)'* !, nockonsky ) 3anMceBaeTCA B BUAE NPO-
m3Begenus [ — 1 Tpancnosunui (CM. JOKa3ATENbCTBO CIEICTBUA TEOpe-
Mut 1). OxoH4YaTENBHO

En = (_1)11—1 L (_l)l,..—l = (_1)2;';1(1;,—1). O
1234567891011
L= A =(1 4 7)(3 6 9 8)(10 ,
Mpumep.m (5467291381110) meew m = (1524 7)( )0 11)
orkypa ly1 = 5,13 =4,l3 =2 u gr = (—=1)4+3+1 = 1.

3anumeM S, B Buge o6besunenusa S, = Ap U A, rae
A, ={mr€Sp|ex=1}

— MHOXECTBO BCEX YETHHIX MepPeCcTaHOBOK, A, = S, \ A, — MHOXe-
CTBO HEYETHRIX NMepecTanoBok. IlycTs T = (ij) — mobas TPAHCIO3UIMA.
Orobpaxenue S,, B cebs, onpegenénnoe npaBuioM L, : m — T, Guek-
TuBHO. (OHO MHBEKTUBHO: Ta = T => a = ; Aanee NPUMEHUTDH Teope-
My 3 u3 § 5. MoxmHo mpocTo 3aMeTHTh, 4To L2 — egunmunoe oTo6pae-
mne u L;! = L,.) Jlaa sarnaguocTy u3o6pasuM L, B BUJe NEPECTAHOBKH
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crenenu N = n! na Muoxectse S, = {m; = e, T2, M3,...,TN }:
s s w3 ...
L, = ! 2 3 N . (10)
TmMy, The TM3 ... TAN
Ananoruvso,
T e w3 ... T
R, = 1 2 3 N . (10!)
mT TeT W3T ... TNT

— nepectanoska Ha S,. Orobpaxenna (10) u (10') 6yAyT ®cnoabao-
BATBCA HAMM BIOCIEACTBUM, IPHIEM faxke B 6omee oblIeM KOHTEKCTe. A
Celyac 3aMETHUM, UTO Ery = ErEx = —Ex, IOITOMY

Lr(An) = fim Lr(An) = Ap.

SHAYMUT, YUCI0 YETHRIX IEPECTAHOBOK B Sy, COBIAAAET C YHCIOM HEYETHRIX
NEPeCTaHOBOK, OTKY A2

1 n!
|4n| = 5ISal = 5 (11)

4. IeucTnue S, Ha pynxnaax. K BaxnoMy noHATHIO 3HAKA nepe-
CTaHOBKH 0 € S;,, MOXHO IOJOMTH HECKONBKO MHAYe, MOACYUTHIBAA THUCJIO
TaK Ha3hIBAEMBIX o-MHBEpCHA (cM. yop. 5 B koHUe naparpada). Ho Bme-
CTO 3TOr'0 MEI JAJUM CeM4aC aJbTEPHATHUBHOE NOKA3aTEeILCTBO TEOpe-
MEL 2, KOTOPOE OMMPAETCH HA MOHATHE KOCOCHMMETPHIECKON PYyHKIMH,
Ba)KHOE CaMo M0 ce6e ¥ MOJIE3HOE A JAJbHEHUIIErO.

Onpegenenue. IIycte 7 € S, u f — pynxuus ot Mo6wIX N apry-
menToB. Ilonaraem

(mo f)z1,---,Zn) = f(Xnty---Trn)- (12)

I'oBopat, 4To QpyHknusa g = 7 o f noayuaemca delicmeues m xa f.
Jemma 1. IIyecmv a, f — arbvie nepecmaroexu u3 S,,. Tozda

(aB)o f=ao(Bof)

JoxaszaTeabcTBO. B COOTBETCTBUH C OIpeLEIAIOIIMM COOTHOLIE-
HueM (12) umeem

(@o(Bo f)Z1y---rZn) = (B0 f)(ZTas--->ZTan),

WIH, TIOJIATas Yk = Tok M 3aMEHad, UTO Yg; = Ta(gi),

(@o(Bo f))(z1,...,2n) = (Bo f)yr,---,yn) =
= f(yp1y- - Ygn) = f(ZTa(pr), - - - Ta(sn)) =
= f(T(ap)1>- -1 T(aB)n) = (@B) 0 f)(Z1,...,T0). O

Onpegenenne. Pynknua f OT N apPryMEHTOB HA3HIBAETCA X0CO-
cummempuuecxol, ecam

f(...,xk,$k+1,...) = —f(...,zk+1,:1:k,...),
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T.e. IIPH TIEPECTAHOBKE MECTAMH JilI0OBIX JBYX COCEAHUX apr'yMEHTOB 3HA-
yeHue f MeHseT 3HAK Ha IIPOTHBOIOJIOXKHLIM.

Jemma 2. IIpu nepecmanosxe mecmamy 4066l J6YT GP2YMENMOE
KOCOCUMMEMPUUECKAR PYHRKYUA MEHAEM 3HGK HG NPOMUEONOAONCHBI.

JoxaszarenbcTBo. IlycTh mepecTaBieHH i-M1 U j-H APryMeHTHI,
npuyéM 1 < j. llpoBogum mugyknuio mo uucay | = j — i — 1 aprymesTos
Mex ay nepecrasiaseMon napon. llpu | = 0 yTBepxaeHue JeMMbI COBIAAA-
€T C OnpejeIeHneM KOCOCHMMeTpudecKol dysxkmuu. IlycTs seMMma Bepra
mpu Beex j — 1 — 1 < 1. Torga

floo iy Tign, -, Bj—1,Tjy ... ) =
= —f(o ) Tig1, Tiy o -y Tju1, Tjy e e ) =
= f(o oy i1, Ty oo Tj1, Ty o) =
=—f(..., %5, Tit1,.+,Tj-1,Ti,...). O

Hajo emg GEITh YBEpEeHHHM B TOM, YTO HE BCE KOCOCHMMETPUYECKHE
QyHKIMH TOXIZECTBEHHO paBHH Hymo. IIpocTedmmM sABiIseTCS CIeLyo-
mMA IpUMep.

II p uMe p. llycTs

An = An(z1,22,...,T0) = H (:t.‘-—.’ﬂj).
1€i<ign

Cumson [] npu 3anucu NpOM3BEAEHMA HIPAET Ty XE€ POJb, YTO M Y, NPH IAMHUCH
CyMMBl. BrijesnB 106be fBa PAJOM CTOAIIMX APryMEHTa Tk, Tk+1, OYAEM MMETDb

Ap = (Th41 — Tp)[(Tk41 = Th=1) -+ - (Tht1 — T1)(Tk — Tk-1) - .- (T — 21)] - A - B,
rae

A= H (zi — ),
1€5<i<k
B= ﬁ [(zs = xs-1)...(Ts — Th1)(Ts — T) ... (T5 — 1))

s=k+2

IIpu nepecTaHOBKE MECTAMM Ty ¥ Tk41 MHOXHTENIH
[(®k+1 — Th=1) -+ - (Theg1 — T1) - (Tk — Th—1) . . . (T — Z1)],
A u B, 04eBBAHO, He MEHAIOT CBOMX 3HAYEHHMH, B TO BPEMA KaK
(Tk — Th41) = —(The41 — Tk)-

DTO U 3HAYMT, YTO

An(ee oy Tk Thgly o) = —An(o o Tkt 1, Thy .-+ )y, 1Sk n-1.
ITo nemMMe 2 MMeeM Takxe

An(ee oy @iyeey Tjyenn) = =Bn(o,Tjy .o Tiyenn).

Kpowme Toro, An(z1,...,Zn) # 0 IPH NONAPHO PA3NHYHHIX Z1,...,Tn.
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BTopoe f0ka3aTedbCTBO TeopeMH 2. Bo3bMéM MpoM3BOJIL-
HYH0 KOCOCHMMETPHYECKYIO GYHKIHIO f OT 1 apryMEHTOB Xy, . .., ZLy. 110
gemMMme 1 gedicTBHE T = TiTp...Tk Ha f CBOZUTCA K MOCIELOBATEILHOMY
[IPUMEHEHHIO TPAHCIO3ULMUN Tk, Tk—1, - - - , T, T.€. K K~KDATHOMY YMHOXe-
Huio f Ha —1:

rof=(n...h))o(mof)=—(n..km)of=...= (=) f=¢,f.

Tak kax JieBasg YaCThb 3TOrO COOTHOIIEHHS 3ABHCHT OT 7, HO HE OT
KaKOro-qu60 €ro paljoXeHnsa, TO U OTOGpaXeHue € : T — Ex, 3aJaH-
HOe paBeHCTBOM (7), ZOKHO IOJHOCTBIO ONPEENATHCA NEPECTAHOBKOM
7 IPU YCJIOBMH, KOHEYHO, 4TO [ HE TOXJECTBEHHO PABHAA HYJIO (QyHK-
uua. B kavecTBe Takou GpyHKIMH MOXHO B3ATH, HAIPUMED, TOIBKO YTO
paccMoTperHylo pyuxkmmio f = A,.

IIpumenenne x Takon PyHKIUM f NepecTaHOBKH o MO IPaBWILY, U3-
JOXEHHOMY B JemMme 1, naer

casf = (aB) o f =ao(Bof)=ao(eaf) = cslac f) =
=epleaf) = (ep€a)f,
OTKyJAa moay4daercsa coorHomenue (8). O
3ameuanue. K geicrsuo S, Ha QyHKUMAX MBI 6yZeM o6paIaTh-
ca HeoZHOKpaTHO, a B [BA III] yBuaum, 4TO 3TO JMIIL 4aCTHOE HPO-
ABJIEHUE ropa3fo Gouee obmel 3akoroMepHocTH. Iloka Hame MareHbKOe
JAOCTH)KEHNME 3aKIIOYaETCA B TOM, YTO CJIOBECHOE BHIDAXKEHME “IOMEHAEM

B f(x1,...,Tn) MecTamu ; ¥ T;” CBeJ€HO K CHMBOJBHOM 3amucH 7o f ¢
TpaHcnosuuuen T = (i j).

YIPAXKHEHHUA

1. B Kypce MaTeMaTH4YeCKOro aHalIW3a HOKa3nBaeTCA popmyna CTHpIMHra
n!l~V2mnte ™",

rpe e = 2,718281... — OCHOBaHMEe HAaTypalbHOro Jorapudma, m = 3,141592...;
CMMBOJI ~ 3jeChb O3HAYaeT, YTO OTHomeHue V2rnn"e~"/n! crpemurca k 1 npm
n — o0o.

IIpu noMowmu dopmyart CTHpAKHra, Jaowen npubarxeHne C HeJOCTATKOM, NIpo-
BepUTH, uTo 100! > (9,33...)10157. Ckoxbko B S10p uMKIOB guuubr 1007

2. HaiiTn nopA4ok nepecTaHoBkH (4) M mepecTaHOBKH

_(12345678)
36821457/

8. IlepecraHoBKa m BHAA (3) C M He3ABMCHMBIMHM UMKJIAMM OCTABJIAET

m =n f:l
=n- k
k=1

cuMBosoB (Maym TO4eK) Ha Mecte. Uucno d(w) = n — (m + m') HasmiBaeTCA dexpemen-
mowsm nepectaHoBKH 7. [IpoBepUTH, YTO £x = (— 1) (™),
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4. HaliTu 3Hak nepecTaHOBKH
(! 2 3 ... n-1 n
“\n n-1 n-2 ... 2 1)
5. IIycts = {1,2,...,n}, @ x Q@ — gexapros kBajpar. ByAeM HasmiBaTh na-

py (3,7) € Q X Q uneepcuedt omnocumeabno nepecmanosxu o € Sy (wiu, Kopode:
o-unéepcuetl), eciu i < j, HO o(i) > o(j). onoxmm

o(3) —o(z
smo= [ Z¥l-o@
L j—1
1<i<jgn
Tax xax (0(j) — 0(2))/(j — i) — oTaAMYHOE OT HyJIA PAUUOHATLHOE YUCIO, ABIAIO-
nieecs OTPUMUATENLHEIM B TOMHOCTH TOTAa, KOrja (i, j) O6yAeT o-uHBepCHeN, 1 Tak Kak

o: 8 = ) — GuexkTuBHOE OTOGpaXeHue, TO SgN O = (—1)", rie k — o6wee 4ucao
o-unsepcuit. Eciu 7 = (i) — Tpancnosuums, 1o sgn T = —1. Kak serxo sugets,

(e(§)o(3))e =
. o) ... (@) ... R T RO
"( o(i) ... o()) )( o(i) ... o(j) )_
_( i 3 )
“\ ... o(@d ... @@ ... /)"
Tak 4TO o-uHBepCcHA (4,j) nepecTaeT GHITh MHBEPCHEH OTHOCHTENLHO NMEPECTAHOBKH

70, rae T = (0(j) o(i)) — Tpancnosmuua.
IokasaTs, YTO HAWAYTCA k TPAHCHO3UUMH T1,...,Tk, ALA KOTOPHIX

TkTk—-1:--T1IO =€

— eMHMYHAA NepecTaHoBKa. CTANo GHTh, 0 = T1 ... Tk~ Tx B8N0 = (—1)F =g, —
ABa PABHONPABHHIX 0GO3HAYEHUA OJHOTO M TOrO Xe WHBADMAHTA NEPECTAHOBKH; SEN
(oT signum (naT.)) — 3HaK. MH NOJXy4naHM eme OZMH YAOGHLIA CHOCOG OnpejeseHus
3Haka nepecTaHOBKH. CKaxeM, OTHOCHTENbHO NepecTAHOBKHM (4) MHOXECTBO MHBEp-
cuit cocrour u3 nat¥ nap (1, 5), (2, 5), (3, 5), (4, 5), (6, 7), Tax uro sgnmw = —1.
IIpakTHUYecKkn Ae0 CBOZUTCA K NOACYETY B HUXHeH CTPOKe NEPeCTaHOBKH 7 KOJIH-
4ecTBa ducen j, GOJMBIMX %, HO CTOAIIMX nepej i, Aaa ¢ =1,2,...,n— 1.

§ 9. ApudmeTHKa HEIBIX IUCEI

3ajauei 3TOro naparpada ABIAETCA KPATKOE ONMMCAHUE TEX NPOCTeH-
OIMX CBOMCTB JEIMMOCTH LEJEIX YHCEJ, Ha KOTOpPHE YAOGHO IO pa3HBIM
NOBOZaM CCELTATLCA B JaabHedmeM. JonoaHurensunie pakTe 6y 1y T npu-
BeAeHH B IVI. 9, I'Ae TeOpuaA AeIMMOCTH IlepeHOCHTCA Ha 6osee o6mme
aarebpaudeckue CUCTEMEI.

1. OcHoBHan Teopema apudpmMeTrkH. llenoe 4yucio s HasHBaeTCA
deaumenes (WIH MHOHCUMENEM) LEJIOTO YNCIA N, €CIK N = St AJA HEKO-
Toporo t € Z. B cBoo O4epefb n Ha3HIBAETCA Kpamubix S. JerumocTs
n Ha s 0603HAYAETCA CUMBOJIOM S|n, a OTPULAHME JEIMMOCTH — CHUMBO-
JaoM s fn. JlemnMocTs — TPaH3UTHBHOe OTHOmeHMe Ha Z. Ecim, ganee,
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m|n ¥ nlm, To n = £m, ¥ UeIEle YUCIA N, 7 HABLIBAIOTCA GCCOUUUPO-
sannvimuu. Llenoe 9uCIO p, JeIUTENH KOTOPOro NCYEPILIBAIOTCA IHCIAME
+p, +1 (ne cobecmeennvie desumean), HasnBaeTCA npocmvis. OGLYHO B
KadeCTBe NPOCTHIX 6epyTCA MOJIOXHUTENbHEE IPOCTHE YUCIa > 1.

DyHAaMEHTAIBHYIO POJb NPOCTHIX YUCEN BCKPHIBAET

OcnoBHasa TeopeMa apudpMeTuku. Kaxdoe noaoscumeannb-
noe yeaoe wucao nF# 1 wmowcem Obimb 3anucano 6 eude npousee-
Jenus NPOCMLIT wucea: N = P1P2...Ds. IMG 36GNUCL eOUNCTIBERNA C
mounocmvo 9o NOPAGKG muodcumeaet.

Co6pap BMecTe OAMHAKOBLIE POCTHIE MHOXHUTEIMA ¥ U3MEHHB 060-
3HAYEHUA, [OLYYUM 3AIUCh

n=p{'ps?...p%", &>0, 1<i<k

Jnsa mo60oro pauMoHAILHOrO 4ucaa a = n/m € Q uMeeT MeCTO aHANO-
FHYHOE PA3NoXeHHe, HO C [OKA3ATENAMH £;, KaK IOJOXUTEIbHEIMH, TAaK
K OTPHIATEILHBIMH.

3aMeTHM, UTO MKHONCECTNEO

P=1{2,3,57,11,13,...}

6cez npocmbix wucea becxoneuno (Teopema Eprmmpa). JedcTBUTENBHO,
eciM 6l CyIECTBOBAJIO JUMIb KOHEYHOE YUCJIO IMPOCTHIX YMCET, CKAXEM,
P1,D2,- - - s Pt, TO IO OCHOBHOM TEOpEMe YUCIO € = P1P2 - . . Pt + 1 Aesmnoch
651 IO KpaMHen Mepe Ha OLHO ¥3 p;. Bea orpanuyenns oGIHOCTH CIMTAEM
¢ = ;c. Torpa pi(¢ ~p2...pt) = 1, a 3TO HEBO3ZMOXHO, IOCKOJILKY
NEJATENAME €IMHULIN B Z ABAAIOTCA aums +1. O

Joka3aTeabCTBO OCHOBHOM TEOpeMH OTKIajmBaeTca a0 ria. 5. Ha
[EPBHI B3MIAJ, eé BOOGMmME He HajO AOKA3HBATH, HACTOABKO OHA Ka-
XeTcA O4eBHAHOK. Mex ay TeM, XOTs pedb UAET O MyJbTUILTAKATUBHEIX
CBOMCTBaxX (CBOMCTBAX JEIMMOCTH) LIEJLIX YHUCE]I, OCHOBHYIO TEODEMY He-
BO3MOXHO JOKa3aTh, He MCIOAb3YA OJHOBPEMEHHO ONepaudi YMHOXEHNA
U CJIOXEHUA B Z.

B xaueCTBe WILIIOCTPALMH 3TOrO yTBepXK Aenua paccMoTpuM B N nog-
MHOXECTBO

S={4k+1|k=0,1,2,... }.

Ono 3aMKHYTO OTHOCHTEJIbHO YMHOXEHHMA:
(4ky + 1)(4k2 + 1) = 4ks + 1.

Muaykuuei no n € S HeTPYAHO YCTAHOBUTD CYIIECTBOBAHYE PA3IOXKEHAA
(mepBas 4aCTH OCHOBHOM TEOPEMH) N = ¢y ... Gt, TA€ ¢; — Aalee Hepas-
JIOXXHMMBIE JEMEHTH ¥3 S. ME Ha30BEM HX X6a3UNPOCMLIMU YUCAGMIU.
Brinumem HeCKOAbLKO Takux umcer: 5,9,13,17,21, 49.

BTopas 4acTh OCHOBHOM TeOpEMEI 1A CUCTEMBI S HEBepHa, IOCKOIb-
Ky, HanpuMep, 4ucao 441 € S uMeeT ABa CyIIECTBEHHO PA3HEIX Pa3JIoXe-
HAA B IPOM3BeJeHMe KBAasHIPOCTHIX uncenr: 441 = 9- 49 = 212
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2. HOA » HOK B Z. Jho6ble gBa LEIRX YMCIA N ¥ M MOXHO
3aIHMCATH B BUJE IPOM3BEJEHNA CTEeHe! OJHMX M TeX XK€ IPOCTHIX YHUCeN

n = +p{'p3*...pe", m=¢p§’lp€*...p§j~,
€CU yCJIOBUTBLCA AONMYCKATh HyJeBHEe NOKa3aTeau (Kak BCErja, CYMTad
p? = 1). Beeném B paccMOTpeHMe ABA LEILIX YHCIA
HOJ(n,m) = p'p3* ... p3",
HOK(n,m) = p‘ls‘pg2 .. .pz",
rge v; = min (a,',,[i’,-), 6,' = ma,.x (a,',ﬂ','), 1= 1,2, ey k.
Tax kak din => d = £p]* ...pp*, 0 € a} < @, To 3 (1) BuTEKAOT
CHAeAYIOWHAE YTBEPKICHNA.
i) HOd(n,m)|n, HOA(n,m)|m, u eciu d|n, djm, To dJHOA(n,m).
ii) n|HOK(n,m), m{HOK(n,m), u ec n|u, m|u, To HOK(n, m)|u.
Ceoiicraa i) u ii) onpasanBaloT cokpaménurte o6osnadenus HOI u

HOK nan6onbuiero o6mero JeIUTeNA ¥ HaUMEHbIIEro 061ero KpaTHOro
ueasix yucea n, m. lIpu n > 0, m > 0 BHIIOIHEHO COOTHOLIEHKE

(1)

HOA(n,m) - HOK(n,m) = nm. (2)
Hennie umucia 7, M Ha3HBAIOTCA 63GUMHO  NPOCTLIMY, €CIH
HOJ(n,m) = 1. B aToM cayuae cooTHOomeHue (2) NPUHMUMAET BHS

HOK(n,m) = nm.
3. AuropuarMm gesenns B Z. Ilpu 3adawnmiz a,b € Z, b > 0, eceada
nattdymes q,r € Z maxue, ¥mo

a=bg+r, 0Kr<b

(ecau cuumamov auvwo b # 0, mo 6ydem evinoaneno nepasexcmeo
0gr<ibl).
B camomMm aenie, MHOXECTBO

S={a-bs|s€Z,a-bs>0},

oueBMAHO, HenycTO (Hanmpumep, a — b(—a?) > 0). Crano 6uTh, S co-
JAEPXAT HAWMEHBIIMH 3eMeHT; 0603HaduM ero r = a — bq. Ilo ycuo-
Buio r 2> 0. lIpegmonoxmus r > b, MM moay4Ymau Oul daeMeHT r — b =
=a—b(g+1) € S, Menbmmil, yeM r. ITO NPOTUBOPEYKE YCTPAHAETCA
Jaunus npu r < b. O

IIpoBegénnoe HeCIOXHOE pacCyXjeHHe NAET TaKke NpeANUCaHue,
T.. G420pums (MIM aazopuda), AAA HAXOXKJAEHAA Yacmuozo b u ocmam-
Xa T B KOHEYHOE YHCJIO WAroB. AJIOPUTM AeNeHuA B Z UCHOAb3YeTCA A1
unoro onpegenenns HOH, a cregoBarensno, 1 HOK, ecau npunaTs Bo B
HEMaHMe COOTHOmeHHe (2).

HMenno, npd 33 JaHHBIX LEJLX YUCIAX N, M, OJHOBPEMEHHO He paB-
HBEIX HYJIO, TIOJIOXUM

J={nu+mv|u,veZ} (3)
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Bui6epeM B J HaMMEHbIIMM NOJOXMTEIBHEIM dJeMeHT d = nug + Mup.
Wcnone3ys anropuTM AejeHus, 3ammmeM n = dq +r, 0 < r < d. Beuay
BeI6Opa d BKIIOYEHHE

r=n-—dg=n-— (nup+muvg)g = n(l — upq) + m(—veq) € J

Baeuér paseHcTBO T = 0. Crano 6HTS, d|n. AHANOr¥YHO AOKa3HIBaeTCA,
410 d|m. [lycTh Temeps d' — mo6oit genurens uucen n u m. Torga

d'|n, d'|m = d'|nug, d'|mvy = d'|(nup + mve) = d'|d.

Urax, d o61agaeT BceMH CBOMCTBAMH HARGOMbIIEro O6GINEro AeIuTels, u
noaromy d = HOJ[(n, m). Mul npuxoauM K ClefyiomeMy yTBepX ACHHUIO.

Hauboavwud o6wutl deaumeadb 06YT 4eAblT uucesa n, M, He PAGHLIT
00n06PEMERRO HYAN0, 6Ce20a 3anucbisaemcs 6 éude

HOZ(n,m) = nu + mv, u,vE€LZ. (4)

B wacmuocmu, yeable wucaa n, M 63GUMHO NPOCMbL M0206 U MOALKO
mozda, xo02da
nu+muv=1 (4"

npu HeXOMoPpuLiT u, v € Z.
BuL10 mpoBepeHo, YTO B3aMMHAaA IPOCTOTA 71, M BIeYET COOTHOIIEHHE
(4'). O6paTHO: ecnu n, m TakoBH, 4TO MMeeT mecTo (4'), TO

djn, dm = dlnu, dlmv = d|(nu+mv) = d|l =>d==+1. O

JoxasarenscTBo coornomenun (4) u (4') goBoabHO 3ddexTHBHO.
HyxHo B3ATb 0601 MONOKATENbHBIA 31€MEHT 13 MHOXKeCTBa J (cM. (3)),
a 33aTE€M yMEHbUIATh €ro IpU MOMOIUM AJrOPUTMa JeJEHHA JO TEX MOp,
MOKa He MOJYYHTCA HAMMEHBIIMH 3JEeMEeHT, KOTOPL ¥ 6yaeT Hau6Gob-
IOMM OOIIMM JEIUTENIEM.

YNPAXKHEHHUA

1. Kaxjoe Heuérnoe npocroe 4ucao uMeeT Buj 4k + 1 uau 4k — 1. Hcnonsaya
MYJbTHIUIMKATHBHOCTb MHOXecTBa S M3 m. 1, 0Ka3aTh 6ECKOHEYHOCTH MHOXECTBA
npOCTHIX yucen Bujga 4k — 1.

2. Jloka3aTb, YTO CylecTByeT 6eCKOHEYHO MHOI'0 mPOCTHIX YMcex Buga 4k + 1,
OmMpasACh Ha cleAylolliee HeTPUBMATLHOE yTBepXKj€Hue.

Ecaun, m € Z, HOJl(n,m) = 1, u ecau p — npocmoe suc40, dessuiee n? +m?,
mop=4k+1.

3. Eciu HaTypanrbHOe YMCIO N AEINTCA B TOYHOCTHM Ha T PA3MMYHBIX NPOCTHIX
4yucen pi,...,Pr, TO KOIMYECTBO YUCe], MEHBIIMX N ¥ B3aWUMHO NPOCTHIX C N, PABHO

gp(n):n(l—pil)...(l—-pir).

Dynkuua ¢: N — N HaseiBaeTca dynxyued Idaepa.

IlpoBepuTh CnpaBesaMBOCTb GOPMYJH JIA 3Ha4eHMH @(n) npu n < 25 u npu
n=p™m.

4. Hcnonpays GMHOMMANbHYIO (GOpPMyJNy, MHIYKLUHMEH NO N AOKAa3aThb, YTO €CIH
p — OpoCTOe YMCIO, TO NP — n feaUTCA HA p NpH Jo6oM n € Z.
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MATPUIBI

IIpamoyroarHule MaTpuunl, BBegéHHHE B § 3 rui. 1, BcTpewaroTcs
HACTOJBKO YaCTO, YTO C TeYeHHeM BPEMEHM BO3HHMK CAMOCTOATENbHLIH
pasjen MaTEMATHKH — Mmeopus mampuy. E€ cTaHOBIEHHME OTHOCAT K Ce-
peiuHe MpOLLUIOro Beka, HO NMOJHOTY M M3SIIEeCTBO OHA Npuobpena no3ji-
Hee, BMECTe C Pa3BUTHEM JHMHEHHOH aareGph. Jo cux nop Teopua MaTpH
OCTaETCA BaXKHHIM HHCTPYMEHTOM HCCJIEOBaHMA, XOPOLIO IPUCIOCOOIEeH-
HHEIM ¥ K 3aIIpOCaM NPAKTHKH, ¥ K a6CTPAKTHHIM KOHCTPYKIIMAM COBpe-
MEHHOHM MaTeMaTHUKH. 3JeCh 6yyT M3JI0XKEHH MPOCTeHIune Pe3yIbTaTH
TEOPUM MATPHIL.

MaTpHunl ABIAIOTCA €CTECTBEHHLIMM CIIy THEKAMH JHHEHHHIX 0TOG-
pPaXeHM# BEKTOPHHIX NPOCTpaHCcTB. B xypce JuHelno#t anre6pu u reo-
metpun [BA II] aromy yTBepxaeHuio GyaeT mpUAaH TOYHHIA CMbIcH. B
HACTOAIUEH I1aBe MOHATHSA MPOCTPAHCTBA, BEKTODPA, JHUHEHMHON 3aBUCH-
MOCTH, PaHra CACTEMH M T.I. PA3BMBAIOTCA B YMCTO aire6paudeckoM
aCreKkTe U POBHO HACTOJBKO, HACKOJBLKO OHM HEOOXOAUMHL AJIA HAIIMX
HENOCPEeACTBEHHRIX LeJeH.

§ 1. BekTOopHBIE NPOCTPAHCTBA CTPOK M CTOJGIOB

1. MoruBupoBka. B cBasu ¢ cucreMaMu JMHEMHBIX ypaBHEHHM
HaM NPUXOJWIOCh PACCMATPUBATL CTPOKH JIMHKL NI, B KOTOPHIE BKJIA,IbI-
BAJICA Pa3HBI CMBICH. JTO OBUIM CTPOKH (Gi1,Gi2,-..-,Gin), 1 < & < m,
matpunsl A = (a;;) pasMepa m X n u pemenus (z?,z3,...,2%) munei-
Hon cucreMut ¢ marpuued A. Ilpusesenue B § 3 ri. 1 cucremMu wim
MaTpUOB K CTYNEHYaTOMY BHAY BKJIIOYAJI0, IOMHMO 3JEMEHTapHOro
npeo6pasopanusa Tuna (I), ABa BaXHBIX aKTa: yMHOXEHHME CTPOKM Ha
YHCIIO U CJOXEHMe ABYX CTPOK. Te xe AefCTBIA MOXHO IPOM3BOJUTH M C
peleHnaMM O JHOPO AHOM JMHEHHOM CHCTeMEl. JledCTBUTENBHO, ecau

(z,2h,...,20) u (zf,25,...,20)) — ABa pemieHns CHCTEMH

ai1Z1 + @22 + ...+ QinTp =0, 1=12,...,m,
a a,8 — [ABa MOGKIX BEIIECTBEHHHIX YNCI2, TO CTPOKA
(azy + By, axh + Bz;,...,az, + Pz,
ToXe 6yAeT pelleHMeM HAmeH CHCTEeMEL:
ai (azy + BzY) + aix(azy + Bzy) + ... + ain(az), + Pzh) =
= a(ain ) + aieth + ... + ainTy)+ = B(anzy + ainzh + ... +ainz)) = 0.
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C Apyrom CTOPOHH, Ji06as CTPOKa, 9TO 6K OHA HM BHIpAXAaJa, AB-
NAeTCA MEMEHTOM “YHHMBepCaabHOro” muoxecrsa R", T.e. n-U gekap-
TOBOM CTEeNeHM MHOXeCTBa R BemecTBeHHuIx umucel. IloaToMy xena-
TEIbHO H3YYMTh OOLMH OO6BEKT, CBOMCTBA KOTOPOIO aBTOMATHYECKH
NEePeHOCHINCH 6L Ha MaTPHUIL U Ha PENIeHMA OZHOPOAHBIX CHCTEM.

2. OcHoBHEIe onpeaesieHus. IlycTs n — Kakoe-TO GpUKCHPOBAH-
HOe HaTypaJabHOe 4uci0. Bexmopubin npocmpancmeosn cmpox daundt n
Ha g R HasumsaeTca MHOXeCTBO R® (ero aseMeRTaMH ABIAIOTCA 6€KMOPbI-
CMPOoXY WIK NIPOCTO 6eXMOPb), PACCMATPUBAEMOE BMECTE C OIepalus-
MU CJIOXEHMA BEKTOPOB M YMHOXEHHUA MX Ha CKA.LAPbi — BELIECTBEHHHIE
yuciaa. Ckaaspsl 0603HaYAIOTCA CTPOYHBIMU GYKBaMH JATHHCKOT'O WIH
rpevyeckKoro ajdaBuTa, & BEKTOPH — 3aIVIaBHHIMM JATHHCKMMHN OyKBa-
mu, kax Matrpunsl. Io cymectBy Ha BekTop X = (Z1,Z2,...,Tn) MOXHO
cMOTpeTh Kak Ha 1 X n-marpuny. IIycts Y = (y1,¥2,...,Yn) — emé oaun
BeKTOp, A — ckauap. Ilo onpesereHH0

X+Y = (xl + 41,22 +y2a""$n +yn)1
AX = (Az1, Az2,.. ., Azy).

Hyxaesoit sexop (0,0, ...,0) o603Ha1aeTCA B fANTbHEHIIEM OGEIMHEIM CHM-
poaom Hyas 0. Janee, R! nmpunaTo oToxgecTraars ¢ R.

dopManbHBe OPAaBUIA AEACTBUM C BEIIECTBEHHHIMH YUCIAMH, Ge3-
YCJIOBHO, M3BECTHHEE YMTATENO, nepeHocATcs Ha R™. Mx nepevucnenwue,
XOTA M CKYYHOE, JaéT TOYHOE NPEJCTABJEHHE O TOM, YTO CleJyeT OHHU-
MAaTb [OJ G6CTPAKMNKbIM 6EXMOPHLIM NLPOCTNPAHCINEOM, KOTOPOE U3Yda-
eTca B Gosiee NO3/AHEM KypCe JMHEMHOM anre6pH ¥ reoOMeTpHM:

Bll X +Y =Y + X aaas mo6ux BekropoB X,Y € R" (aaxon
KOMMYMAMUBHOCTIY);

Bl (X+Y)+Z = X+ (Y + Z) ana mo6ux Tpex BekTopoB X,Y,Z €
€ R™ (3axon accoyuamuenocmu);

BII3 cymecTByeT cnenuansHe (Hynesoi) Bektop 0 Takon, 4ro X +
+0 =X pana scex X € R®;

BIlg xaxaomy X € R"™ orBevaeT npoTHMBONONOXHHA (win o6par-
Hemt) BekTop —X Takoh, 4o X + (—X) =0;

BIls 1X = X ana Bcex X € R™;

Bllg (¢B)X = a(BX) aaa Bcex o, B € R, X € R™;

Bllz (a+ B)X = aX + BX;

Bllg a(X +Y) =aX +aY.

Enpuncreennocts BekTopoB 0 u —X, 0 koropsix rosopurca B BIlg
u BIl4, paBHO Kak M Apyrue mMpoCTHE CJIEACTBHA M3 YKA3aHHBIX IIPAaBHI
(wM akCHOM, €CIM UMEEeTCA B BUAY A6CTPAKTHOE BEKTOPHOE IPOCTPAHCT-
BO), MH He Gy/ieM BRIBOJUTL, CAMTAA UX JOCTATOIHO NPO3PAYHEIMH.

TIpoucxoxaenne TepMuna “pexTOpHOe (WM emé aunetdnoe) mpocT-
PaHCTBO” PA3BACHAETCA B KypCe aHATUTUYECKOH MeOMeTpHy (YUTaeMOM
TakKXe B IEPBOM CEMECTPE), I'le YCTaHABIMBACTCA B3AUMHO OJHO3HAYHOE
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COOTBETCTBHE MeXAY TOYKaMM (BEKTODAMH) IPOCTPAHCTBA — AEKAPTO-
BOH IUIOCKOCTH — M MX KOoopauHaTamu (z,y). CroxeHHMIO BEKTOPOB IO
NpaBWIy NAapaielorpaMMa M YMHOXEHHIO HX Ha YMCJIO COOTBETCTBYIOT
KakK pa3 JeMCTBHA C BEKTOPAMM-CTpOKamu B R2.

Hapagy ¢ BeKTOPHEIM NPOCTPAHCTBOM CTPOK AIUHH 7. PACCMATPH-
BaeTCA TAKXKe BEKTOPHOE MPOCTPAHCTBO CTON6LOB BHICOTHI Nl

T
T2
= [31,22" . wzﬂ]’

Tn

KaK MH MX ycaoBwmch 0603HauaTh B § 3 ra. 1. llomaTHo, 4TO pasm-
4Yne MeXJAy MPOCTPAHCTBAMU CTPOK M CTOJGLOB YNCTO YCJAOBHOE, HO MEI
BCKOpe ybeauMcs, YTO IONE3HO UMeTh 002 BapHaHTa mpocTpancTsa. Ha
KOHTEKCTa OGBIYHO ICHO, O KAKMX BEKTOPAaX, CTOIOAaX WIM CTPOKAX HAET
peyb, TO3TOMY HUKAKMX CHENHATLHHX 0603HAYEHANM He BBOJATCA.

3. JImnennnie koM6uHanuu. Jlunennas o6oouka. Ilycts X,
X2,..., Xy — BexTopH npocTpancTea R™ u oy, as,...,ar — CKAaIApH.
Bekrop X = a1 X; + a3 Xs + ... + ap X HasmmBaeTca aunetinot xombu-
nayueld BeKTOPOB X; ¢ koaddumuentamu «;. Hanpumep,

(2,3,5,5) - 3(1,1,1,1) + 2(1,0, =1, -1) = (1,0,0,0).

MycTs, ganee, Y = A1 X1 + BaXs + ... + frX) — IuHelHAA KOM-
OuMHanua Tex xe BeKTOpoB X; ¢ koaddumuentamu 3;, a a, § € R. Toraa
aX +BY =

=a(m X1 +aeXo+ ...+ Xi) + BB Xy + P2 X+ ...+ B Xi) =
= (ea1 + BA) X1 + (eaz + BB2) Xz + ... + (ack + BBk) Xk

— CHOBa JMHeWHad KOMOMHAumsa BeKTOPOB X; C Koa(dpuUImHeHTaMU
aa; + B6;. Mu BuguM, 910 MHodcecmEo V 6cer aunetnnir xombunayutl
dannotl cucmenmts sexmopos X1, Xz,..., X, o6aadaem ceoticmeoms

X,YeV=aX+pY €V (1)

das ecez o, € R. B 4acTHOCTH, HyJeBOM BEKTOD BCEIAa COAECPXKHT-
casV.

O6eraHo V' o6o3naualor cumBoaoM (X, Xa,...,X) ¥ HaswBaloT
aunetinott 060404xot (WA IPOCTO 06040%x01) CUCTEMB BEKTOPOB X1,
Xa,...,X. ToBopar emé, uyro o6onouka (X1, Xas,...,Xi) namanyma

na X1, Xo,... X nm nopoxcdena Bexropamn X1, Xo,..., X.

MoxxHo onpeeTaTs JHHEHHYIO0 060JI0YKY JI060r0 nogMHoxecTsa S C
C R", noHumas noj (S) COBOKYNHOCTH BCEX JMHEHHBIX KOMOHMHAIMH
KOHEe4YHH X cHUCTeM BeKTOpoB u3 S. fAcHo, uTo e V — nunennas
o6onouka B R™, To (V) = V: mobasa iMHelHAA KOMGMHALMA BEKTOPOB
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n3 V mpunaanexut V. B wactHocty, S C V = (S) C V, T.e. munen-
HyI0 060104Ky (S) MOXHO ONpEAENUTH KaK nepecedeHne Bcex 060J04exK,
COAepXKaIIuX JaHHOe MHOXeCTBO S BeKTOpoB u3 R™:

(S)=[ V. )
Scv

Ha nepsriit B3rusa He 0YEBMAHO, YTO CTOAIEEe B NPaBod dacTu (2)
nepecedenne NV KaKoro-TO MHOXeCTBa 060J04ex 6yAeT JHHEHHON 060-
aoukonr. Ho ecniu XY € NV, 10 X,Y € V gaa xaxgoun obonouxn V,
BXOJAmeN B MHOXXeCTBO. 3Ha4yuT, aX +8Y € V guascex a, 8 € R, a3to
n gaér nyxHoe Bkmodenue aX + BY € NV. Hanporus, o6begunenue
U UV obomouexk U n V, Boo6me roBops, He ABAAETCA 060JIOYKON, KAk
nokasuBaeT xoTs 6u npumep U = {(A,0)| A € R}, V = {(0,))| A € R}
B R2.

PaccMoTpuM aBa 06mMX IpHMepa.-

HDpumep 1. IIycrs

Um = {(M,++ 1 Am;0,...,0)| s €R} CR",
Vi ={(0,...,0,Am41,...,An) | Ai ER} CR",

0 < m < n. HenocpeacTBenHo nposepsercd, 9T0 Upm, Vin — nuHeltHnle 06OJOUKH,
npudéM (Um,Vm) =R™ 1 U N Vi, = {0}.

IDpumep 2. B mpocrpancTse R™ paccMOTpMM Tak Ha3bIBaeMbie edunuunbie
8EXMOPLI-CMPOKY

E(l)=(1)01""0)) E(2)=(0)1»"')0), ) E(n)=(0)0""»1)' (3)

Kaxpuiit sexrop X = (21,22, .., Tn) OAHO3HAYHO JanMCLIBaeTCA B Buge X = 21 E(;)+
+z2E(2) + ... + Tn E(y). lloaTOMY

R™ = (Eay, E@)s- s E(n))'

Eduxuunbie 6exmopbi-cmoabyb 6yaeM 0603HA9aTh CHMBOJAMH

E® =0,0,...,0, E@=[0,1,...,0, ..., E™=]0,0,...,1. (3

4. JIunennasn 3aBECEMOCTh. Cucrema BexTopoB Xi,..., X} mpo-

crpacTBa R™ HasmBaeTca aunelino 3asucumot, ecin HaMAyTCA k 4ucen
ai,...,Qx, OTHOBpEMEHHO He PABHHIX HYJIO M TaKUX, YTO

aX;+aXo+...+a X =0 (4)

(cnpasa cTouT HyneBou BekTOp). ByseM rosoputh Takxke, YTO IHHEHHASA
3aBuCUMOCTD (4) HeTpuBnanbHa. Ecn ke a3 X) + aoXo + ... + o X =
=0= a; = a3 =...a; =0, To BekTOpH X3, X3,..., X} Ha3HBaIOTCA
AUREUNRO HE3A6UCUMDIMY.

[Ipumep 2 B 1. 3 mOKa3KIBAET, YTO €AUHNIHEE BEKTOPH E(1), E(a), . ..
.+ B(yn) maueitno nesasucumul. Ogun BekTop X # 0, o1eBMIHO, Bcerga
JMHENHO He3aBMCHM, mockoabKy (AX = 0, X # 0) => X = 0. [Janee,
CBOMCTBO cHCTEeMH X1,...,X) OBITH JMHEMHO HE3ABHUCHMOM HHKAK HE
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CBA3AHO C MOPALKOM BEKTOPOB, Tak KaK ciaraeMole a;X; B PaBeHCTBe
(4) MoryT GHITH IEpeCTaBIEHK NPOU3BOJALHEIM 06Pa30OM.

Teopema 1. Huerom mecmo caedyrouue ymeeprcdenus:

i) cucmema eexmopos {Xi,...,Xkr} ¢ aunetdno sasucumoid nod-
cucmemot cama aunelino 3a6ucumMa;

ii) #w06as vacmb aunelino neaasucumot cucmemnt sexmopos {Xy,. ..
..., Xk} aunetino nesasucuna;

iii) cpedu aunetino sasucumbiz sexmopos X,..., X zoma 661 0dun
Asaremca aunelinotll xombunayuett 0CMAtbNbIT;

iv) ecau odun u3 sexmopos X, ..., Xy svipasicaemcs uepe3 ocmanb-
nbie, mo eexmopot Xy, ..., X aunetdno aasucumbi;

v) ecau sexmopbt X1,. .., X aunedno nezasucumvt, ¢ Xi,..., Xp, X
aunelno 3asucumdt, mo X — aunelnas xombunayus sexmopos X, ...
vy Xis

vi) ecau sexmoptt X1, ..., X aunetino nezasucumvt u 6exmop Xy41
Heab3A uepe3 KUT ebipasume, mo cucmema Xi,..., Xk, Xpy1 aunetino
HE3AEUCUMG.

JokasateascrBo. i) Ilycts, Hanpumep, mepBhie s BeKTOpPOB
X1,...,Xs,8 < k, TuHEMHO 3aBUCHMEL, T.€.

aX,+...+a;X,=0,

rje He BCe a; DaBHH Hymo. IlonoxuB TOrga az+; = ... = a = 0,
HOJMYyYUM HETPUBHAILHYIO JUHEHHYIO 3aBHCHMOCTD

QIX1 + ... +a,X, + a,+1X,+1 +...+ aka =0.

YTBepxaeHue ii) HEMOCPeACTBEHHO CleAyeT U3 i) (paccyXjAeHue OT
IPOTHBHOIO).
iii) IlycTs, Hanpumep, ay # 0 B coorHomenuu (4). Torga

a Qp—-1
Xp=—-——"2X) —...——=1x,.
Qg

Qg

iv) lIycts, Hanpumep, Xx = 51 X1 + ... + Br—1Xk—1. [lonoxus a; =
=f1, ..., Qg1 = Pr-1, ax = —1, npugéM x coorHOmenmo (4) ¢ Koad-
dunuentom ay # 0.

v) HerpusuanbHOe COOTHOLIEHHE

i Xi+... +60Xe+8X =0

¢ B # 0 gaér B cuny iil) To, yro myxuo. Ecnu, ognaxo, 8 = 0, To
B1 = ... = B =0, nockonbky Xj,..., X 10 yCIOBHIO TUHEHHO HE3ABH-
CHMBEI.

YrBepxaenue vi) HeOCpeACTBEHHO clefyeT u3 v). O

5. Basuc. PaamepHocTh. [JaguM Tenepnh BaxHOe

Onpegenenne. Ilycte V — nenyneBas munennasa o6onodxa B R™.
Cucrema BekTOpOB Xj,...,X, € V HasuBaerca 6aszucom aas V (wrmn
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B V), ecin OHa JMHENHO HE3ABUCHMA M €€ JMHeMHaa 060104ka COBIaja-
ercV:
(Xl,...,X,-) =V.

W3 onpenenennit 6a3uca ¥ JMHEMHOM OOOJOYKM CHCTEMEl BEKTODOB
clefyeT, YTO Kax bl BeKTop X € V 3anucHBaeTCa eUHCTBEHHEIM 06pa-
aoM B Buge X = o3 X +...+a, X,. Koapdpunuenru ay,...,a, € R za-
3HIBAIOTCA KOOPAMHATAMH BekTopa X OTHOCHTEeaLHO 6asuca Xi,...,X,.

Kak Mu yxe BUAem, JMHEMHO HE3ABACHMEIE eIMHUYHEIE BEKTOPHI
(3) nopoxgaror R*. Crano 6HTS, {E(ll’ E(3),...,E(m)} — 6asuc npocr-
parcTBa R™. Ho 3TOT Tak HasmBaeMHHE cmandapmubiil 6a3uC — JaTEKO
He efuHCTBeHHuM Gasuc B R™. Hanpumep, BekTOpHI

Eyy = Eq), Efy) = Eq) + Ep),
Eés) = E(l) + Eg) + E(s), cery Ezn) =Eg +Eg +...+ En

TOXe COCTAaBIAIOT 6asuc mpocrpancTBa R™ (mposepbTe 3TO akKypaT-
HO). C Apyro#l CTOpPOHH, IIOKA HE SCHO, KaXJasd JM JHHeHHad 060104Ka
B R™ o6nagaeT 6a3ucoM, a ecau ga, TO GyJeT Ju KOIMIECTBO GA3UCHBIX
BEKTOPOB NOCTOAHHEIM. OTBeTH Ha 06a BONpPOCA OKA3LIBAIOTCA IIOJIOXH-
TeabHeIMKM. Hamu paccyxaenus 6y yT OCHOBAHHL Ha CIeYIOIEH JeMMe.

Jemma. Iycmov V — aunetinas o6osouxa 6 R™ ¢ 6azucom X;,..., X,
uYy, Yo, ..., Y5 — aunetlno nesasucumas cucmema sexmopos u3 V.
Toeda s < 7.

HokasaTeancTBo. Kak nmBce BekTopuiua V, Y;,..., Y, apimorca
JIMHEMHBIMA KOMOMHANMAMYU 6a3uCHEIX BexTOpOB. IlycTh

Yi=a11 X1 +anXo+...+an Xy,
Y2 = 012X) + a22Xs + ... + ar2 Xy,

Y =a1s X1 + a2, Xo + ... + are X,

e a;; — KaKne-TO CKAJAPH (ABIAACH KOODAMHATAMHA BEKTOPOB Y;, OHA

OAHO3HAYHO ONpeJeJeHkl, HO 3TO MOKa HeCyLIeCTBEHHO AJIA Hac).
PaccyxaaeM ot nporussoro. IIpegnonoxumM, uro s > r. CocraBum

JIMHEeHHYI0O KOMOGMHAINIO BEKTOPOB Yj, C KO3 pUIHEHTaMH T;:

o h+...+z2,Y; =
= (a11%1 +a12T2+. ..+ 015%5) X1+ ...+ (ar1Z) + ar2Z2 + . . .+ CrsTg) Xy,
U PacCMOTPHM CHCTEMY M3 T JMHEMHLIX YPABHEHMH C $ HEM3BECTHHIMMU

Q1171 + @12%2 + ... + 61524 = 0,

Ar1T1 + QpaTa + ...+ @rgT, = 0.

Tak kak IO NPEANIONOXKEHUIO § > T, TO NPUMEHMMO caeAcTBue 2 § 3
ri1. 1, cornacHO KOTOpOMy Hallla CUCTeMa. 0613 1aeT HeHy IeBHM pelleHneM
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(z9,...,29). Mul npuxoauM K HETPUBUAILHOM IMHEHHOH 3aBUCHMOCTH
Yy + 23Ys + ... + 20Y, =0,

HaJIM4Yue KOTOPOH, OJHAKO, IPOTMBOPEYMT YCJOBMIO JEMMHI. 3HAYHUT,
s<r.0O

Teopema 2. Kancdas nenysesas asunetinas o6oaouxa V C R™ obaa-
daem xoneunbim 6a3ucom. Bee 6a3ucti 06040uxu V cocmoam u3 oduna-
K06020 YUCAG T < N BEXMOPO8 (IMO YUCAO0 HAIBIBAETNCA DA3MEPHOCTNLIO
060aouxu V u obosnanaemcs dimgp V uau npocmo dim V).

HJokasarexbcTso. B coorsercTBun ¢ yciaosueM V COZEPKUT XO-
Ta 6 oguH HeHyJesou BekTop X; (cTpoxy mim croaben). IlycTes Mu
Hanud B V JMHEMHO HE3aBMCHMYIO CHCTeMy BeKTopos Xi,...,Xj. Ec-
JM JuHeMHaa o6onouka (Xi,...,X) He coBmagaer ¢ V, To BHIGEPEM B
V Bekrop Xi+1 & (Xi,...,Xk). Apyrumu croBamu, Xy He ABIAETCA
JI¥HEHHOM KoMOMHanue# BekTopos X1, ..., Xk. Ilo Teopeme 1, vi) cucre-
Mma X1,..., Xk, Xk4+1 TUHEHHO He3aBuCHMa. MEI Morau 6B NPOJOIXKATH
HEeOrPaHMYEHHO NPOLECC PACIIMPEHMA JUHEHHO HE3ABUCUMOM CHCTEMHI,
HO Bce eé BekTOpHl X; nexar B R" = (E(1), E(3),. .., E(n)), a MO TOMBL-
KO YTO JOKA3aHHOM JIeMMe BCAKAA JUHEMHO He3aBUCMMas cucTema B R
cosepxuT He 60oaee n BekTopoB. Crano 6LITH, NP HEKOTOPOM HATY-
paabHOM T < 7T JMHEMHO He3aBucuMas cucreMa Xi,...,Xi,..., X, €V
CTaHET MGKCUMGALHOY, T.e. MBI NOJYyYHM JUHEHHO 3aBUCUMYIO CHCTEMY
Xi,...,X,, X, xaxos 6u Hu 661 BexTOp X # 0 u3 V. Ilo Teopeme 1, v)
6yaem uMers Bkmovenre X € (Xi,...,X,). S3gagur, V = (X1,..., X;),
u BeKTOpH X1,...,Xr cocTaBaAIOT Gasuc gua V.

Ipexnonoxum Tenepn, 4T0 Yi,...,Y, — emé oaun Gasuc gas V.
Ilo nemMme MBI MMeeM HepaBeHCTBO § & r. IloMeHAB MecTaMM CHCTEMEI
Xi,..., X, u Y;,...,Y,, MH NOAyYMM O TOM XK€ JeMMe HEPABEHCTBO
r < s. Crano 6uTh, § = 1, ¥ TeOpeMa JokasaHa. [

3aMeTHM, XOTSA B 3TOM ¥ HET 60JbIION HeOGXOAMMOCTH, YTO BCE HAILN
PacCyXAeHUA B PABHOH Mepe OTHOCWIMCH KaK K NPOCTPaHCTBY CTPOK,
TaK ¥ K IPOCTPAHCTBY CTOJAOLIOB.

Hrak, ¢ kaxgo# JuHeiHOM o6onouxoir V B R™ accoumupyerca uenoe
NOJOXKHUTENLHOE HHUCI0 ©* < 7, KOTOPOEe MHEI Ha3Baju €€ pasMEepHOCTHIO:
r = dim V. B wactaoctd, dim R® = n. DTOT BaXHHI! YMCIOBOM Napa-
MeTp NPOCTPAHCTBA MOXHO XapaKTEPU30BATh PA3HEIMU JPYTUMH CIIOCO-
6amu. OVH M3 BADMAHTOB ONpeJeJeHMs PA3MEPHOCTH OCHOBAH Ha MOHA-
THM paHra cucTeMH BekTopoB. UmenHo, eciu { X1, X3, ... } — kakas-To,
BO3MOXHO, 6€CKOHEYHaA, CUCTEeMa BEKTOPOB B npocTpancTse R™, To, kak
MBI 3HAaeM, PA3MEPHOCTDb JMHEHHOM 060104KH (Xi,...) HE IPEBOCXOJUT
n. Eé nasusaloT paneos cucmemts {X1,Xs,... }:

ra.nk{Xl,Xz,...} = dim (Xl,Xz,...).

B crysae V = {0} npunaro cuurats dimV = 0.
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YIIPAXKHEHUA

1. Jluneitnaa o6onouka (U U V') HaswiBaeTca cymmot mognpocrpaucts U u V:
U+V=UuV)={ut+v|uelU veV}.

Ecmn UNV =0, To roBopar, 4to cyMMa U + V npamas, ¥ mumyr U @ V.

Oycts V=Vi®Vau X = X1 + X2 = X| + X}, — ABa BeIpaXXeHnA BEKTODa
X € V B Buje auneitnoin koM6uHanun BekTopoB X1, X € V1 n X2, X} € V3. Toraa
nmeem X1 — X| = X; — X2 € ViNV,, arak kak V1NV =0, To X1 = X{, X2 = Xj.

JoxasaTe o6paTHoe: ecau 3anmucs X = X1 + X2, X; € V;, i = 1,2, ezuncTBeHHa
Aas kaxngoro Bekropa X € V, To cymma V = Vi + V3 npamas. Boaee o6mo: cymma
V noanpocrpauncts Vi,..., Vi C R™ Ha3uiBaeTCa npamot cymmod V=V1 & ...0 Vj,
ecnn kaxabii BekTop X € V uMeeT ofHO3Ha4HOE BripaxeHue suaa X = X1+...+ X
cX; eV,

2. IIycrs V, V1 n Vo — nuneinnsie 060104kd B R™, npuuém V C V3 + V2. Beeraa
a1 BepHO, 4To V =V N V] + V N V2?7 YT0 MOXHO CKa3aTh mPO 3TO COOTHOILEHHE B
qacTHOM caydae Vi3 C V?

8. llycte V — nunennas o6onodka B R". Eciu V = U @ W — pasnoxenne B
npAMYI0 CyMMY, TO o6oioyka W HaswiBaeTca donoanewuem k U, a U — pomonne-
HueM K W B V. OaHo3Ha4HO an onpegeneHo pomnoianerne K U B V? Cpasuuts W ¢
TEeOpPeTHKO-MHOXECTBEHHLIM NMoHATHEM gomoiaHenusa V/U (cm. § 5 ra. 1).

4. MokasaTs, uyTo BekTOpH X1 = (1,2,3), X2 = (3,2,1) AnHeHHO HE3ABUCHMEI;
paccMOTpeTh JMHelHy1o 060104Ky V (X1, X2); nokasars, 4to BekTop X = (—5,2,9)
conepxuTca B V, u HaHTH ero KOODAWHATH B 6asuce X1, X2; HaiTu B R3 xoTa 6ul
OJHO AONOJHEHue K V.

5. [lokasaTs, 4T0 cucTemMa BeKTOpoB Xi,...,Xn u3 R™ Torga u Toabko Torga
nopoxjaer R™, xorga oHa IMHERHO HE3ABHCHMA.
6. [loka3aTb, YTO BCAKYIO JHHEHHO HE3ABHCHMMYIO CHCTEMY BEKTOPOB X1,..., X

M3 JHHeHHOH 060404k¥ V C R™ MOXHO BJIOXHUTb B HEKOTOPYIO Ga3MCHYIO CHCTEMY
aa V.

7. IIycts U u V — nuHeitHsle o6oa04ku B R™. Jokas3aTs, uro eciu UNV = 0,
1o dim(U 4+ V) =dimU + dim V.

8. Haittu panr cucremn Bekropos (0,1,1), (1,0,1), (1,1,0).

§ 2. Panr maTpuusl

1. Bo3BpameHHe K ypaBHEHHMAM. B BEKTOPHOM NpPOCTpPaHCTBE
R™ cTOX6LO0B BRICOTH 71 PACCMOTPHMM 1 BEKTOPOB

A(j)=[a1j,a2j,...,amj], j=1’2""’n’

¥ ux amHeiHy0 obonouky V = (AW A®)  AM) Mycrs gan emé
oAuH BeKTOp B = [by, by, ..., bn]. Cnpammsaercs, npusasiexur i B
JauHenHOU o6osouke V C R™, a ecu NpUHALIEXHUT, TO KAKUM 06pa3oM
ero KOOpAMHATHI by, ..., by (oTHOCHTENBLHO CTaHapTHOrO 6a3uca (3') us
§ 1) BurpaxaloTca vepe3 KoopauHaTE BekTopos A)? B cayuae dimV =
= n BTOpas 4aCThb BOIPOCA OTHOCHTCA K 3HAYEHUAM KOODAMHAT BEKTODA
B B 6asuce AN ... A Mu 6epéM mHeRHYI0 KOMOMHALMIO BEKTOPOB
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AV ¢ mpousBoNLEEIME KOXDGUUMEHTAMM T; M COCTARIAEM yDaBHEHMe
1AM + .+ £,A(™ = B. Haraagusli BUg 3TOr0 ypaBHEHUA

a1 a2 Qin b1
az; az2 a2n by

T . + T2 . +...+2Zn . = . 1)
Qm1 QAm2 Amn bm

€CThb JHUIIb MHAA 3aIMCh CUCTEMEL U3 11 JMHEWHHIX YPABHEHHMH C 1. HEM3-
BECTHEIMU
a11T1 + @122 + ... + Q1pn Ty = by,
021%1 + A22Z2 + ... + QapTn = ba, (2
Am1T1 + Qm2T2 + ... + GnZn = by
HMenHO Takyio cucTeMy MH ¥ BcTpeTwin Brepsrle B § 3 . 1. Tam xe
6bLIN BBEAEHHI MPOCTAA M PACHIMPEHHAA MATPHIILI

aiy a2 ... Qin

a a N a
A= 21 22 2n ,
Ami Am2 ... Qmn
(3)
a;n a2 ... ain | b
a1 a2 coe Q2n bg
(A|B) =

Gmi Gm2 ... Qmp | bm

JuHerHOou cucteMH (2). [lepBoe BneyaTeHue TAKOBO, YTO MBI BEPHYIUCD
K MCXOHBIM NO3MIUAM, TOTEPAB BpeMA U HUYero He uurpas. Ha camom
Xe Jelle Mbl PACIIONaraeM Teneph pALOM BaxHuIX noHaTuu. Ocrajoch
npruoGPeCTH HABHIKU B OGPAINEHNH C HUMHM.

B sToM MecTe yao6HO em€ pa3 OCTAHOBUTHLCA Ha 0603Hayenuax. Juas
COKDAIIIEHNA 3aIMCH MHI 4acTo OyneM CyMMy 81 + 82 + ... + Sp 0003Ha-
4aTh Y ., Si. [IpU3TOM 81, . .., S — BEMYMHEI IPOUIBOJIBHON PUPOABL
(ymucia, BEKTOPH-CTPOKH ¥ T.[X.), A1 KOTOPHIX BHINOJHEHBI BCE 3aKOHEL
CJIOXXEHHA IMces Wiu BekTopos. IIpaBuina

n n n n n
Sotsi=tY s, Y (sitt) =) si+ ) ti
i=1 i=1 i=1 i=1 i=1
HOCTATOYHO MOHATHHI, YTOGH MX HYXHO OBLIO Pa3bACHATD.
ByAyT pacCMaTpHBATBLCA TaKXe J60tnble CYyMMbl
n m n m m n
> Yer =3 (an) =2 (L) =Las
1 1,J

j=1i= j=1 i=1 i=l j=1
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B KOTOPBHIX NOPAJOK CyMMMDOBaHUs (IO IEPBOMY ¥ BTODOMY MHJIEKCY)
MOXHO BHIGMpATh MO CBOEMY XXEJaHMIO. DTO JErKo HMOHATBL, €CIM pac-
NOJIOXUTD BEJINYNHEL G;j B NPAMOYTOJBHYIO MATPHIy pa3Mepa m X n: B
HalIeH BOJIe HAYMHATHL CYMMHPOBAaHME BIEMEHTOB MATPHUIL MO CTPOKAM
WIN N0 CTOJXOIaM.

JIpyrue BO3MOXHEIE THIE CYMMUPOBaHNA GY YT Pa3bACHATHCA B Hy K-
HOM MecTe.

2. Panr marpunsl. HazoséM npocmpancmeom cmoabyoe npamo-
yroabHou MaTpuusl A pasmepa m X n (cM. (3)) BBeaéHHyIO BHINE JH-
Heitnyio o6onouky V = (AW, A . . AM) Byxem Teneps V o6o3ua-
4aTh Vp(A) wm npocto Vp (B — BepTuKaibHEA). PasmepHOCTD rp(A) =
= dim V; Ha30BEM panzom no cmosbyam mempuybt A. AHAIOrH4HO BBO-
AUTCA pane no cmpoxes MaTpuue A: rr(A) = dim Vr, rae Vi = (A,

A(g),---,A(m)) — npocmpaxcmeo cmpox MaTpuukl A, T.e. JMHeHHAA
o6onouxa B R™, HaTAHyTas Ha BEKTOPHI-CTPOKH A(j) = (@i1,i2; - - -, Qin),
i=1,2,...,m (0 — ropuzoHTadbHEN). [Jpyrumu cioBaMy,

ra(A) = rank {AM), 4@ Ay
'I‘p(A) = rank {A(l), A(z), caey A(m)}

— paHr¥u CHCTEM BEKTODPOB-CTOJNGIOB M BEKTOPOB-CTPOK COOTBETCTBEH-
Ho. ITo Teopeme 2 § 1 pennunnn r5(A) u rr(A) onpeaeneHsl NPaBUILHO.

Crnenysa TepmuHonoruy, seegénnon B § 3 r. 1, 6ygeM roBopuTh, YTO
matpuua A’ nonyyena us A saemenmaproin npeobpasosanues muna (I),
ecu A'(a) = A(t)aAét) = A(s) A14 KaKOH-TO NApHI MHAEKCOB S # t
u A'(i) = Au s i # s,t. Ecm xe Azi) = Ay Ans Beex i # s M
Aza) = A + M), s # t, X € R, To rosopuM, 4T0 K A IPHMEHEHO
aaemenmaproe npeobpazosanue muna (II). 3gecy uMeroTCA B BUAY de-
MeHTapHbIe NPeo6pa3oBaHud HaJ CTPOKAMHM MATPUILL A.

3aMeTHM, YTO dJeMEHTApHHE NpeoGpa3oBaHuA 0GOMX THIOB 06pa-
THMHL, T.e. MaTpuna A’, noryyamomasaca u3 A IpU NOMOUIM OJZHOIO dJe-
MEHTAPHOr0 NpeoGpPa3oBaHus, IEPEXOLUT CHOBA B A IMyTEM IIpUMEHEHUA
OJHOr'0 3NEMEHTAPHOr0 Ipeobpa3oBaHusA, IPUYEM TOrO XK€ THUIIA.

JlemMma. Ecau mampuya A' nosyuena u3 npamoy2oabrott Mampuybl
A nYymém npuMenenuR Koneurnot nocaedosametbROCYU IAEMERTIAPHBIT
npeobpa3osanut Had CMPOKAMY, TO UMEIOM MECTNO PABEHCMEA:

i) TP(A,) = TP(A);

ii) TB(A,) = TB(A).

JokazaTensbcTBo. JOCTATOYHO PACCMOTPETH TOT CIy4ai, KOr4a
A’ nonyyeHa u3 A myTEéM NPUMMEHEHNA OJHOrO JIEMEHTAPHOrO npeobpa-
3opanud (3.1.).

i) Tak kak

<A(1),...,A(,),...,A(t),...,A(m)> = (A(l),...,A(t),...,A(,),...,A(m)),
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T0 3.n. THna (I) He menser rp(A). Hanee,
Ay = A + M) = Ay = Afy) — M,
H, CIeJOBATEIBHO,

(A(l), . -’A(s) + )\A(t),. .o ,A(t),. --,A(m)> =

= (A(l),. .. ,A(,),. .. ,A(t),. ..,A(m)),
Tak 4T0 7 (A) He MeHseTca u npu 3.11. tuna (II).
ii) Iycts A’ & ), 1< j € n,— croabust Marpuusr A'. [JokaxeM, 4To

n n
YA =0 Y N4 G) =0. (4)
ij=1 j=1
C 3TOMI LeIBbIO PACCMOTPHM [BE JMHEMHEIE OZHOPOLHEIE cucTeMul JIOC
n JOC' ¢ marpunamu A u A’ cooTBeTCTBEHHO, 3anucaHHule B Buge (1)
(cTon6uEl CBOGOAHEIX WIEHOB HyJEBEIE):

n n
JOC: Y z;A9 =0, JIOC':) z;A'(j)=0.
i=1 7=t

Marpuuer A 1 A’ y nac Takosel, yro JIOC' nonyyaerca us JIOC npu
nomomu 3.11. Tuna (I) mm (IT). o Teopeme 1 § 3 ru. 1 cucremer JIOC
n JIOC' skeuBaneHTHHI, T.e. BCakoe pemeHue (A1, A2,...,Ap) OJHOR
cucTeMut 6yeT pelieHueM APYroM, a 3TO M eCTh UMILTMKanud (4).

Taxkum 06pa3oM, BCAKOH, B TOM YHCJIE M MaKCHMAJbHOM, HE3aBUCH-
MO CHCTeMe CTOJAOLOB OFHOM MAaTpHuUB GyAeT OTBEYATH HE3aBUCHMAd
CHCTEMa, CTONOLOB C TEMHM X€ HOMEPAMH JPYI'OM MATPHUUEL, YeM X yCTa-
HaBnuBaeTca paBeHCTBO T5(A’) = rs(4). O

OCHOBHEIM Pe3YJbTATOM 3TOrO0 Naparpada ABIAETCH CIeyIolee yT-
BEDX ICHHE.

Teopema 1. Jas 4060t npamoyzosvnott m X n-mampuybt A cnpa-
sedauso pasencmeo rs(A) = rp(A) (amo wuucio naavieaemcs panzom
smampuybt A u 0603nauaemcs rank A).

JoxazarteancTBo. IIo Teopeme 2 § 3 ri1. 1 KOHEYHKIM YHCIIOM 3J1€-
MEHTAapHEIX MPeo6pa3oBaHuil, COBEPLUIAEMEIX Ha g CTpoKaMu A;, MaTpuuy
A MOXHO NPUBECTH K CTYNEHYATOMY BHIY

aii air ... @Gy ... Qg ... Gin

0 ask @y ... Q25 ... Q2n

0 0 ... agyg ... Q43 ... Qzn
A=10 . 0 i 0 .. Bre ... Grm )

0 0 0 0 0

0 0 0 0 0
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C @1182k@3 . - . Gyrg # 0. Corsacuo seMme
rp(4) = RB(Z), ro(4) = TP(A),

TaK YTO HAM JOCTATOYHO JOKAa3aTh PABEHCTBO Tp(A) = rr(4).

Cronbusr maTpun A m A ¢ HOMepamu 1,k,[,...,s, oTBeHalOIAMHU
[JIABHHIM HEM3BECTHHIM I1,Zk,Ll,...,T, JMHEHHOM CHCTEMH (2), Gyxem
HA3EIBATH 6A3UCHLIMY CMOAGYAMY. DTA TEPMUHOJIOTHA BIIOIHE ONPAaBAa-
Ha. [Ipegnonoxus HaIM4Me COOTHOLUICHUA

MAD £ 0 A® 4 N AD 4 42,40 =0,

CBA3BIBAIOIIET0 BEKTOPHI-CTOJOLE

A(l) [all’o» ,0]’ A(k) [alk’ a2k707 ’0])

L) A(s) [alna28) “)61‘810"" ,0]
MaTpuusl (5), moxy4uM
A496'7‘41 = O’ ey Ala'Sl = 01 AI&:a'2k = 0, A1‘311 = O’
a TaK KaK @1182k83; . . - Grg # 0, TO A = A = Ay = ... = Ay = 0. 3nauur,
rank {A(‘),A("),A(‘),.. A(‘)} =rurg(d) > Ho IPOCTPAHCTBO Vj,

NOPOXAEHHOE CTONOLAMH MAaTPUUBl A, OTOXAECTBIAETCA C NPOCTPAH-
CTBOM CTOJGIOB MATDHULI, KOTOpaA IOJy4aeTca w3 A yhaleHueMm Io-
clIefHuX m — r HyJeBrIX cTpoK. IloaToMy r5(A) =dimVy < dimR™ =7,
ComnocTan/eHye JByX HEDABEHCTB NOKA3LIBAET, 4TO r'p(A) = r (HepaBeH-
cTBO 75(A) < T BEITEKAET TAKXKE U3 TOTO OYEBHHOTI'O COOGPAXKEHHA, YTO
BCE CTOXOIE! MATPUMUE A ABJIAIOTCA JUHEMHHIMM KOMOMHAUUAMM 6asuc-
HEIX; NPOJEIaiTe 3TO CAMOCTOATEIBHO B KAYECTBE YIPAXKHEHN).

C Apyroit CTODOHHI, BCe HeHyJleBhle CTPOKH MATDHIEI A JWHEIHO He-
3aBMCHMBL: JII060€ T’UNOTETHYECKOE COOTHOIIEHHE

/\1:“1-(1) + /\2:‘1(2) +...+ /\,-x‘i(,.) =0, A €ER,
KaK H B CIy4ae CO CTOJI6UaMH, BaET HOCIeI0BATEILHO
A811 =0, A2k =0, ..., Ar@rs =0,

OTKyAa A\; = Ag =...= )\, = 0. Crano 6urts, rn(A) = r = r5(4). O

3. Kpurepuu coBmecTHOCTH. CTyneHYaTHIA BHJA MATPULE A,
JaOUMK OTBET Ha PAJ BONPOCOB OTHOCHTENLHO JMHEMHHEIX CUCTEM (CM.
§ 3 r1. 1), COEPXKUT BNEMEHTH IPOM3BOJA, CBA3AHHEIE, HAIPUMED, C BH-
60poM GA3UCHBIX CTONOLOB, WIN, YTO 3KBUBAJIEHTHO, C BEIOOPOM INIABHBIX
HEeM3BECTHHIX cucTeMHl (2). B To xe Bpems u3 TeopeMul 1 u u3 eé goka-
33TENbCTBA U3BIEKAETCA

Crepcraue. Jucao 24a6nbiz Heudsecmunir aunelinoti cucmemv (2)
He 3a6UCUM 0M cnocoba npueedenus e€ X CMynenuamomy 6udy u paéro
rank A, ede A — mampuya cucmembi.
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JlefCTBATENLHO, MBI BUIEH, YTO YMCIO [VIABHEIX HEM3BECTHBIX PABHO
YUCIy HeHyZeBHIx CTPOK MaTpumul A (cMm. (5)), cosnajalomemy, ¢ pan-
roM MaTpunsl A. Pasr onpegensics HaMu COBEPIIEHHO MHBApHMAHTHEIM
06pa3soM. (DTHMH CJIOBAMH BHIPaXXaeTCA TOT (PaKT, YTO PAHr MATPHUULI
CIYXUT €€ BHyTPEHHEH XapaKTEPUCTUKOMN, HEe 3aBUCAIIEH OT KAKUX-I160
npuexoAsmmx o6croareascrs.) O

B creayromen riase MBI Oy 4uM 3¢ deKTUBHOE CPEACTBO JJIA BHIYAC-
JIeHUs PaHra MaTpuusl A, ycTpaHsmomee HeO6X0AUMOCTh NPUBEAeHUA A
K CTYNEHYaTOMY BHUJAY. JTO, HECOMHEHHO, [IOBLICHT LEHHOCTL YTBEDXK-
JAeHUH, OCHOBAHHHIX HA, NOHATHH paHra. B xavecTse npocToro, HO mo-
NE3HOro npumepa CHOPMYJIHpyeM KPUTEPUM Pa3pElMMOCTH JMHEHHON
CHCTEMH, peYb O KOTOPOM IL1a emé B riu. 1.

Teopema 2 (Kpomexkep—Kanemwmn). Cucmema aunetinniz ypaene-
nutl (2) cosmecmna moeda u moavxo mozda, xKo2da pane e€ mampuybi,
coenadaem ¢ paneos pacwupexnot mampuyst (cm. (3)).

HoxasareabcTBo. COBMECTHOCTH JIMHEMHOM CUCTeMH (2), 3amu-
caHHOM B BuZe (1), MOXHO TPakTOBAaTh (C 3TOr0 HAYMHAJICA HACTOSMIMA
naparpad) Kak BONPOC O NpeCTaBIeHUN BEKTOPa-CToa6La B cB060HBIX
LIEHOB B BU/I€ JTMHEMHON KOMOGMHALINN BeKTOPOB-CTO610B AY) MaTpumm
A. Ecii Takoe npejCTaBlIeHNe BO3MOXHO (T.e. cucreMa (2) COBMeCTHa),
o B € (AW, ..., A™) urank{AD),..., AM} = rank{A(D),..., A™ B},
orkyxa rankA = rz(A) = rs((A|B)) = rank(A|B) (cM. popmyaupoBKy
TeopeMsl 1).

O6patHo: ecin panru matpun A u (A|B) cosmagator u {AUY), ...
..., AUr)} — xakas-TO MaKCMMAalbHaA JMHEHHO HE3ABMCHMAS CHCTEMA
cTonbuos MaTpuunl A, To pacmmpennas cucrema {AUV) ... AU-) B}
6yJeT MMHEMHO 3ABMCHMOM, a 3TO no TeopeMe 1, v) § 1 oamavaer, 4To
B — nuueiinas komM6unammma 6asucHerx (1 TeM 60ee Beex) cTonbuos ALY,
Crano 6uITh, cucrema (2) coBmectHa. O

YIIPAXKHEHHUSA

1. Joka3aTs TeopeMy 1, He mpuBoAA m X n-MaTpuily A = (@i;j) K CTyIeHIaTOMY
BUAY.

Ykasaunue. Ilycts dim Vi (A) = 7, dim V3(A) = s. Bul6paTs r 6a3UCHBIX CTPOK;
6e3 orpaHu4eHuA OGIMHOCTH MOXHO CYMTATb, YTO MMHU ABJAIOTCA NEPBLIE T CTPOK
A1), A@)) -1 A(r)- PACCMOTDETH yKOPOUEHHYIO T X M-MATPHLY A= [A(l),A(z), o
RN A(,)], COCTaBJIEHHYIO M3 IEPBHIX T CTPOK MaTpulsl A. Bubpars B A t 6asucHbx
croaduos, t = dim Va(A). Mycrs umu 6yayr A, ... A®), Tak xak Va(A) C R, To
t < r. [aa kaxgoro croabua AF) k > t, HyxHO HaliTH CKangpH A1, ..., A: € R Takne,
aro A = 3 AM +.. 4+ X A®), re. ap = L5 Apaip, 1 i < m. Nlpm i 7 970,
HaBepHOE, Tak, 60 MMeeTCA COOTHOIEHHE Alk) = A1 AQ) +...+ ,\,Zw OIS YKOpO-
YeHHBIX CTOAGUOB. IIpy i > r ncnonb3oBaTs Bupaxerue Ag) = 1Ay +...+prA¢,)
A4 i-# CTPOKHM 4epe3 mepBhle T CTPOK. M3 Hero cieayer, 4To a;x = 9 .j—; MGk =

t _ t r — t . -
= Dla1 M Xp=1 Ap0lp = Lopey Ap Ljg MBI = Fopog ApBip. YCTAHOBIEHHAA Ju
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HeHHaA 3aBHCHMOCTH CTONGIOB MOKA3LIBaeT, 4TO 8 L {, a TaK Kak t L r, TO 8 L T.
PaccMoTpeTs, Jallee, TaK Ha3LIBAEMYIO MPAKCROKUPOEAHKYIO MATPHILY

a1l a2 @m1
tA = a2 a22 am2
Gln G2n ... Gmn

pasmepa n X m. Hmelor mecto pasenctsa rr(tA) = rg(A), ra(tA) = rr(A), nosromy
Mo AOKa3aHHOMY r £ 8. Crano 6HTh, r = 8.

2. Kak u B cy4ae CTPOK, IEpeCTaHOBKY CTOAGLOB C HOMEpPaMM 8 U t MaTpH-
Ibl A Ha3LBAIOT 3MEMEHTAPHHIM NpeoGpasoBanueM (3.m.) Tuna (I), a npuGasaenue
$-My cToX6uy t-ro cTonbna, yMHOXEHHOrO Ha CKaaAp A, — 3.1. Tuna (II).

YKa3aTh CTYNEHYATHIM BHA MATPHOH A 10 CTOA6RAM. DIeMeHTADHLIMK peobpa-
30BaHMAMM CTONOUOB MpuBecTH MaTpuuy A (oM. (5))  Bugy

A = diag (811,322, - . ., 8rr,0,...,0),

rae G11 = 811, G22 = 8ok, G33 = 8g(, ... , Grr = 8rs; [[]=; Gis # 0.
3. IoxasaTs, 4T0 Opu a9 # 0 KBagpaTHaa MaTpuna
0 0 ... 0 0 ap
1 0 ... 0 0 a
A= 01 ... 0 0 a2
0 0 1 0 an-2
0 0 0 1 ap-1

¥MeeT paHr n.
4. YcioBHe paBeHCTBa PaHI'OB ABYX MaTpHI

a a2 ... Qn
N e .
" m oYY .- T

BBIPA3UTH '€OMETPHUYECKHM CBOMCTBOM MHOXECTBA N OPAMBIX Ha MJIOCKOCTH.

§ 3. Jluneunnle 0TOGpPAKEHHUSA.
JedACcTBAA C MaTPHUIIAMH

1. Marpunu 1 oroGpaxenus. Ilycre R® u R™ — BekTopHbIe
NPOCTPAHCTBA CTONGLOB BHICOTH N ¥ M cooTseTcTBeHHO. IlycTs, fanee,
A = (ai;) — maTpuna pa3mepa m x n. Onpegenum oTo6paxenue @4 :
R"™ — R™, nonaras gaa mo6oro X = [z1,%2,...,Z,] € R®

0a(X) =51 A + 2,A®) 4 4z, A (1)

rge AV, ..., A" — cron6um maTpunn A (cpasuuts ¢ (1) § 2). Tak kak
OHM MMEIOT BHICOTY M, TO B npaBoK 4yacTu (1) crouT BEKTOp-CTONGEL]
Y =[y1,92,---,ym] € R™. Bonee nogpo6Ho (1) nepenncrBaeTca B BUAE

n
yt'=zaijxj1 i=12,...,m. (')
j=1
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Eomm X = X'+ X" = [z} + 2Y, zh + 24, ..., =, + ), T0

n n n
pa(X' +X") =Y (2} +3)AD =) 24D + )" 2y A® =
i=1 i=1 i=1

= pa(X") +pa(X").
Amnanoruyso,

n n
PaX) =Y AmiA® =2 5,40 = dpa(X), A€ER

i=1 i=1

O6paTHo, npeAnonoxkuM, 410 ¢: R® - R™ — oTobpaxkenne MHOXECTB
B cMeIcre § 5 rui. 1, oGnajalomee CIeAyIOIUMHI SBYMA CBOMCTBAMM:

i) (X' + X") = p(X') + o(X") pna scex X', X" € R™;

ii) p(AX) = dp(X) nna scex X € R*, A € R.

Kak mu 3Haem (cm. m. 3 § 1), R® = (EM, ... E(™) — jmuuesinan
060/I04Ka CTAHAAPTHHX 6a3NCHLIX CTOJGLOB, TaK YTO

n
X =[z1,22,...,24) = szE(j).
Jj=1

CorsacHo cBocTBaM i), ii) nmeem

0(X) = p(Y 2, BD) = 3 zjp(EY. (2)
j=1

Jj=1

CooTHouteHue (2) MOKa3HBAET, YTO OTOGPAXKEHHE (H MOJIHOCTHIO OIpeRe-
JIE€TCA CBOMMM 3HAYEHMAMM Ha Ga3uCHBEIX BeKTOpax-cToabuax. Ilonoxus

QO(E(j)) = [alj,agj,...,am,-] =AW ¢ R™, 3)
MBI OGHADYXUBAEM, 4TO 3aJaHie (Y PABHOCWILHO 3a1aHUIO IPAMOYTOJb-
Hoit Matpuut A = (a;;) pasMepa m X n co croxbuamu AW, ... A,

a coornowenns (1) u (2) pakruyeckn conagaior. CTano 6HTH, MOXHO
TIONIOXKHUTD P = 4.

Onpepenenue. OrobGpaxenne p = p4: R® = R™, ob6raxaoomee
CBOMCTBaMH i), ii), Ha3KIBaeTCA Auneldnbim omobpaxcernuem w3 R™® 8 R™.
YacTo, B 0COGEHHOCTH NpX N = M, COBOPAT O Aunednom npeobpa3osa-
nuu. MaTpuna A HasHBaeTCA mampuyetl aunetino20 omobPaNCERUR P 4.

IycTs 4,4 — ABa JMHEMHHX oTOGpaxernus R® — R™ c maTpm-
uamu A = (ai;) 1 A’ = (a};). Toraa paBeHCTBO P4 = P4’ PABHOCAILHO
coenagenuio 3HaveHunt Y4(X) = g4 (X) ana scex X € R*. B gacTHO-
cru, A'(§) = pa(ED = p4(ED = AW, 1< j < n, orxypa af; = ay;
A'=A.
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PestoMupyeM HalM pe3yJbTATHL

TeopeMa 1. Mewcdy auneinvimu omobpaxceruamu R™ ¢ R™ u
MAMPUYAHKY PAIMEPE T X TL CYWECTNBYEM 63GUMHO 0OHOZHAUKOE COOM-
semcmaeue.

CregyeT NmOAYEpKHYTh, YTO GECCMEICJIEHHO I'OBOPUTBH O JIMHEMHBIX
otobpaxenusax S — T npouspoabHeIx Muoxects S u T. Ycuosns i),
ii) npegnonarator, yro S u T — nuHelHEIe 06on0o4yku B R™ m R™ coot-
BETCTBEHHO.

O6paTuM BHUMaHKE HA CHEUMANbLHEM CIyyadl m = 1, Korja JuHenHOoe
oTo6paxenue w: R® = R, 066r4H0 HaskEBaeMmoe aunetdnotl dynwyuet ot
7 IEPEMEHHBIX, 33JAeTCA N CKALAPAMY @1,a2, . . . ,0n'

(p(X) = (P(Zl,:tz, e ,zn) =a1ZT1 +a2T2 + ...+ QnZTp. (4)

3ameyanue. Hama TepMMHONOrMA OTIMYAETCA OT TOM, KOTOpaA

IPUHATA B CPEJHEN mKoJe, e (B CIyIae OLHOM IEPEMEHHON T ) JIMHEHHON
Ha3BIBAIOT QYHKIMIO T — aT + b.

JIuneinele Gynkumu (4), pABHO KaK ¥ IPOM3BOJbHLIE JMHEHHEIE 0TO6-
paxenns R® — R™ npu ¢pUKCHPOBAHHEIX N M M MOXHO CKIAABLIBATH M
YMHOXATb Ha CKaLipul. B camoM gexne, mycTh @4, p: R® =+ R™ — nBa
AMHENHBIX 0TO6paxenus. OTobpaxeHue

¢ =aps+ Ppp: R* - R™, a,B R,
OINPEXENAECTCA CBOUMH 3HAYCHUAMM:
e(X) = apa(X) + Byp(X).
B npaBoi 4acTH CTOUT OGHIYHAA TUHENHAA KOMOMHAIMA BEKTOPOB-CTOJI6-
LIOB.

Tak kak

PX' + X") = apa(X' + X") + Bpp(X' + X") =
= a{pa(X") + pa(X")} + B{es(X') + p(X")} =
= {apa(X') + Bpp(X')} + {opa(X") + Bpp(X")} = p(X') + p(X"),

P(AX) = apa(AX) + Bpp(AX) = arpa(X) + Brpp(X) =
= Mawa(X) + Bpp(X)} = Ap(X)

(3mech MBI HeABHO nouab3osamch npasmiamu BII;-Bllg u3 § 1), To ¢ —
aunerHoe oro6paxenue. Ilo TeopeMe 1 MOXHO rOBOPMTE O €r0 MaTpHIE
C: ¢ = pc. Yrobu nantu C, shmnumewM, crexys (3), croaben ¢ HoMe-
poM j:
[c1, €24y - s emj] = CY) = o (EY) =

= [aalj + ﬂblj, Qaaz;j + ﬂsz, ceey QQmj + ﬂbmj].
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Matpuny C = (c;j ¢ saemeHTaM¥u cij = aaij + (b;j eCTeCTBEHHO Ha3BaTh
aunetdnol xombunayuetd mampuy A u B ¢ xoapduumentamu a u 3:

ai coso Q1n bu bln
a3 + ﬂ =
Aml1 ... QQmn bml e bmn
aaj; +Bbin ... aaip+Bbin
= . (5)
atmy + Bbm1 ... a@mn + Bbmn
Hrak,
apa + BpB = Pas+sB- (6)

OcoGenno yacTo HamMu 6yfeT MCIOAb3OBATHCA TOT (AKT, YTO JH-
HeMHule KOMOMHAIMHM JMHEHMHEIX (PYHKUMH CHOBA ABJAIOTCA JUHEMHBIMU
GYHKUMAMUA.

B sakmoueHse 3TOro myHKTa OTMETHMM, 4TO ecau mpasuwia BII;-
BIlg m3 § 1 gy BEKTOPHBIX MPOCTPAHCTB MEPENMCATh, 3AMEHMB BCIOLY
BEKTOPHI-CTPOKHY X, Y, Z Ha MaTpHILI pasMepa m X 7, TO B COOTBETCTBUH
C onpejesomuM cooTHomenueM (5) noaydarca npasmia BM;-BMs, xo-
TOpBIE aOT OCHOBAHME M'OBOPUTHL O BEKTOPHOM NPOCTPAHCTBE MATPHIL
paamepa m X n. Ecax yrogHo, ero MoXHO CYHTATh KOMIAKTHOM 3aIIMChIO
BEKTOPHOro mpocTpancTsa R™" crpok gmuHel mn (CTPOKM pas3buTH Ha
OTDE3KH JIUHEI N, PACIOIOKEHHEIE APYT MOK APYTOM).

2. IIpousBepenue maTpun. CoorHomenuns (5) u (6) BepaxaioT
COIVIACOBAHHOCTb AEMCTBUM CIOXKEHHA M YMHOXEHHA Ha CKAJAPLI B MHO-
XeCTBaX MaTpHL pa3Mepa m X n u orobpaxenmi R® — R™. B cryuae
[IPOM3BOJBLHEIX MHOXECTB MMEETCA eIé BAXKHOE MOHATHE NMPOM3BEICHUA
(xommoznuun) orobpaxennit (cm. 1. 2 § 5 . 1). PasyMHo oxuaTh, 4T0
KOMITO3MIMA JBYX JHHEMHEX OTOGPAXXEHUM JOMKHA BHIPAXATHCA HEKAM
COTVIACOBAHHEIM 06pa3oM B TepMmuHax MaTpui. IlocMoTpuM, Kak 3TO fe-
JIaeTCA.

IIycte pp: R® = R?, p4: R® - R™ — nuneitnnie 0TOOpaXEHNUA,
PC = PA °pYp — HUX KOMINO3ULIUA:

R™ Yc R™
X A
RJ
Boo6me roeops, HaM ciiegoBaio 651 IpeABaAPUTENIBLHO IPOBEPATE, YTO
@ = (pa © P — JAUHEAHOE OTOOpaXeHue, HO 3TO JOBOJBLHO ACHO:

De(X'+ X") = palep(X' + X")) = pale(X') + p(X")) =
=waleB(X") + valen(X")) = (X') + o(X");
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ii) p(AX) = pa(ps(AX)) = pa(MpB(X)) = dpa(pB(X)) = Ap(X);
o3TOMY IO TeopeMe 1 ¢ ¢ acCoLUMMpPYeTCs BNOJHE ONpeAeIéHHAaA MaTpH-
ma C.

Jencreue oroépaxcexnf{ Ha CTOJOUH B HEnovKe

[31) 1zn] [!h, ,1/.] 'ﬂ) [zls-“,zm]
3anumeM B ABHOM Buge mo dopmyre (1'):

zZ; = Zaskyk = Zatk Zbkaj Z (Z askbkj) Zj.

k=1 j=1 j=1
C xpyroit CTOpOHHI,

n
z.~=Zc,~,-a:,-, i=1,2,...,m
i=1

CpaBHuBas NOMydYeHHbIE BHIPAXEHMA M MAMATYSA O TOM, 4TO Zj, (j =
=1,2,...,n) — NPOM3BOJLHLIE BELIECTBEHHLIE YNCJIA, MBI IPUXOAUM K
COOTHOLIEHUAM

cij =) amby, 1<ig<m, 1<j<n. (7)

Bypaem rosoputs, yro MaTpuua C = (c;;j) mOMy4aeTca B pe3yJbTaTe
ymnodcenus MaTpunl A na maTpuny B. Ilpuraro mucars

C=AB.

Takum 06pa3om, npouseedenuem IPAMOYTONLHOK MATPHIK! (a;k) Pa3-
Mepa m X 8 ¥ NpAMOYTroabHOM MAaTPULHL (bk;) pa3Mepa 8 X n Ha3KIBaETCA
NpAMOYroJbHAA MaTPHNA (Cij) pa3Mepa m X n C NIeMEHTaMH Cij, 3a4al0-
muMuca cooTHomenneM (7).

Hamu goxasana

Teopema 2. IIpoussedenue papp 06YT aunetnniz omobpadicenutd ¢
smampuyamu A u B seasemcsa aunelinvim omobpadcenuenm ¢ mampuyed
C = AB. [pyzumu cao6amu,

PYAPB = PAB- (8)

CooTroenne (8) — ecTeCTBEHHOE JONMOJIHEHME K COOTHOLIEHU!O (6).
Mz1 MoXeM 3a6EITh O THHEHMHEX 0TOGPaXXeHNAX U HAXOANThH IPOM3Be-
neuue AB 1ByX NpOM3BOMBHEIX MATpHL A, B, uMes B BULY, OGHAKO, YTO
cumeoa AB umeem CMbICA TROALKO 6 oM Cayuae, K020G YUCAO CTNOAb-
yoe 6 mampuye A coenadaem ¢ uucion cmpox 6 mampuye B. Umenno
IIpH 5TOM yCIOBHE PabOTaeT MpaBuio (7) yMHOXEHnA i-i CTPOKU A(;) Ha

j-it cronben BY), cornacuo koTopomy
Cij = (04'17 e ,ais)[blj, e ,bsj] = A(')B(J) (9)
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Yucao cmpox mampuybs AB paeéno uucay cmpox smampuybi A, a
YUCA0 CMOAOY08 — UUCAY CMOoabYy068 mampuybt B. B wacTHOCTH, Tpoua-
BeZieHMe KBaJApAaTHLIX MATPHI OAUHAKOBHIX NOPALKOB BCErZa Ompejele-
HO, HO JaXke B 9TOM CIy4ae, Boobe rosops, AB # BA, Kak IOKa3LIBAET
XOTA OBl CAEAYIOINH pUMep:

+ 0 1)_4o0o0 10
0 Off " |l1 0 00

10 00 00
00 10 00

YMHOXEeHMe MATpHL, KOHEYHO, MOXHO GBUIO 6Bl BBOAMTL MHOTMMH
ApyruMu crnoco6amu (YMHOXATh, HAIIPUMED, CTPOKU Ha CTPOKH), HO HH
OJMH M3 3THX COOCOGOB HE CPaBHUM IO BAaXKHOCTH C PACCMOTPEHHBIM
BHIIE. JTO U MOHATHO, IOCKOJIbKY MBI IPHULIH K HEMY NPH H3YICHUH
€CTEeCTBEHHOM KOMIO3MUMM (Cyneprno3uuuu) oTO6paXkeHun, a caMo MOo-
HATHE 0TOOpaXXeHUA OTHOCUTCA K YMCIy HauboJjee pyHIaMEHTAIbHEIX B
MaTeMaTHKe.

CnexcrBHe. Yunodcenue #ampuy aCCOYURMUBHO:

A(BC) = (AB)C.

JeiicTBUTENLHO, IPOM3BEJEHNE MATPHL, COOTBETCTBYET NPOU3Bee-
HUIO JMHERHBIX 0TO6pakeHui (Teopema 2 u cooTHoweHue (8)), a no reo-
peme 1 § 5 ra. 1 mpoussesenne mo6ex 0TO6paxenun acconmaTusHo. K
TOMY Xe€ PEe3yJbTATY MOXHO NPUHUTH BHIYMCIMTEILHEIM IMYTEM, UCIOTb-
3ya HENOCPeACTBeHHO cooTHomeHwue (7). O

O6paTuM eIé BHUM3HNE Ha TaK HA3LIBAEMBIE 3GKONbI Jucmpubymue-
nocmu:

(A+ B)C = AC+ BC, D(A+ B)= DA+ DB, (10)
rae A,B,C,D — npou3BOILHBIE MATPHIE! Pa3MEPOB COOTBETCTBEHHO
mXS8 mXS8,8Xn,nXm.

HesicteurensHo, monarat A = (a;;), B = (bi;), C = (cij), Mat moay-
9MM AJis OOKIX ¢, j PABEHCTBO (MCIONL3YS AUCTPUGYTHBHOCTS B R)
n

n n
Z(aik + bir)erj = E aikCrj + Z bikckj,
k=1 k=1 k=1
JeBas 4aCTh KOTOPOTO JAaéT 3iaeMeHT g;; MaTpuusl (A+ B)C, a npaBas —
anemenTH hi; u hi; marpun AC u coorsercreenno BC. Bropoit sakou
muctpubytusroctr (10) npoBepAeTCA COBEPMIEHHO AHAJIOIMYHO.
3. TpaHcIOHEpOBaHMe MaTpHI. ByjJeM roBOpATE, YTO MATPULIELL

a1 a2 ... Qin a1 @21 ... Qm1

a: a: cee Q2 a2 a2 ... Qam2
A= 21 22 n , t A= 1

Gmi Qm2 .- Omn Gin G2n ... Qmn

Pa3MepoOB M X n M M X M COOTBETCTBEHHO IOIYYaIOTCA APYr U3 ApPY-
ra Mmpancnonupo6aHueM — 3aMEHOM CTPOK Ha CTONOUEI, a CTONGLOB Ha
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CTPOKH (BHUMATENLHEIN YUTATEIL 3aMETHT, YTO IIOHATHE TPAHCIOHUPO-
BaHMA yXe BCTpedanoch B ynp. 1 § 2). HemocpeacTBeHHO BUAHO,4TO

ttA)=A, YA+B)=!A+!B, '(\)=A'A.

TpaucnonupoBaHue NPON3BEAEHNA MATPHI MOLYMHAETCA 6oee MHTe-
pecHoOu 3aKkoHOMepHOCTH. Ecin

a1 a2 ... G bin bz ... bin
a a e @ b b ... b
A= 21 22 28 , B= 21 22 2n
Qm1 Gm2 ... Gmg bs1 b2 ... bsn
u
th (0 tn _ (W
A= (aki), B= (bjk)»
TO

! /
Qp; = Qik, b]k = bkj-

Brruncienue k03¢ puiMeHTOB MaTpHUL]

C11 C12 ce. Cin
C, = AB = C21 C22 .o Con
Cmi Cm2 ... Cmn
din di2 ... dim
D=tB'tA= d21 d22 .o d2m
dnl an e dnm

no ¢popmyze (7):

n n n
/ )
cij = Zaikbkja dji = Z R
k=1 k=1 k=1

MIOKa3BIBAeT, 4TO dj; = c;; mpu Bcex 1 < ¢ < m, 1 < j < n. 3Ha4ur,
tC = D, wrn, B MCXOHBIX O603HAYEHMAX,
‘(AB) = 'B- 'A.
Bosee 06mo: ecinu onpejeneHo npousseenne Matpun Ay, As, ..., Ay, TO
YA1As... A) = YA, .. AL tA;.

B cury Teopemnr 1 § 2 Brnmonneno Taxxe coicTso rank A = rank A.

4. Panr npomsBejenns maTpun. Ilycts A u B — npousBoibHbEE
MaTpULB Pa3MEpPOB M X 8§ U § X N. UTO MOXHO CKa3aThb O BEeIMYMHE
rank AB?

Teopema 3. Cnpasedauso nepasencmeo

rank AB < min {rank A, rank B}.
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Hoxazareancrso. Hua crpok C(; u cronbuos CY) marpuusr
C = AB Mmut B cooTBeTcTBMH C (7) MMEEM BHPAXKEHUA

Cs =A4AuB, CcY = ABY), (11)
Hurepnperupysa Teneps pasr MaTpuunl A Kax
= rank A = dim(A(l) , A(z), ey A(m)),

cuuraeM 6e3 orpaHUeHus OGMHOCTH 6a3UCHHIME CTPOKH A(j), . . oy A(ry)s
ITOCKOJBKY Heo6xogmmax NepecTaHOBKa CTPOK B A 6yger conponomga'rb-
CS1 TOYHO TAKOH XK€ MepecTaHOBKOM cTpoK Marpuunl C, a 3T0 npeobpa-
soBanue (.n1. Tuna (I)) me menser uu rank A, uu rank C. HUrak,

r
A(k) = E )\k.-A(,-), rmm<km
i=1
oTkyaa (ucnonsays aucTpubyrusHocTs (10)) moaydyaem
T1 T1 1
Cwy=AwB= (Z )\kiA(i))B = Z Mei(AyB) = ZAMC(,-),
=1 i=1 i=1
4, CTaJO OHITH,
(C(l), . ,C(m)> = (0(1), ce ,C(,.l)).
Takum o6pasom,
rankC = dim(C(l), C(m)) r1 = rank A.
AHanOru4HO, MHTEPIPETUPYS PAHr MATPULNK B xak
ro = rank B = dim(BM, B3 ... B(M)

¥ cuutas 6e3 orpaHmdeHHa OOmMHOCTH Oas3UCHBIMM CTOJOILI BW, ...
., B(r?) 6ynem umeTs

T2
B® =3y BY),

=1

c® = AB® = (Z pk B(:)) = f: pkjABD = {2 pkjC9),
j=1 j=1

ro<k<n
OTKY QA2

rankC = dim(C(l), ...,C™) < ry =rankB. O

3aMeTuM, 4TO B CIy4Yae KakMX-TO CrenuaabHex matpun A, B goka-
3aHHOE HEPABEHCTBO MOXKET CTaHOBMTLCA CTPOruM. Tak OyneT, cKaxeM,
npu A # 0, B #0, AB =0 (cM. npumep B 1. 2). B o6mem cay4ae Teope-
Ma 3 IpOCTO YTBEPXKAAeT, 4YTO NPU YMHOXKEHUM MAaTPHI DAHI HE MOXET
YBEJIUIUTHCA.
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5. KsagpaTasie MaTpunnl. MHOXeCTBO BCEX KBAJPATHRIX MaT-
pun (a;;) NOpPAAKA N C BEmIECTBEHHHIMU KOI(PDUUMEHTAMH a;j, OGBIYHO
o6o3nadaercsa My (R) (wiu M,). Kak yxe oTmedanocs B Koune 1. 1, Mox-
HO I'OBOPUTB O BeKTOPHOM npocTpaHcTBe My, (R). CornacHo n. 2 npousse-
HeHne mobbIX aByx MaTpuu u3 My, (R) crosa npunagnexur M, (R). IIpu
3TOM BBIIOJHEHH! CBOMCTBA ACCOLUMATHBHOCTH ¥ AUCTPUOY THBHOCTH.

Onpepgenenue. ['oBopaT, 4TO KBaAPATHEIE MATPULIE! (PUKCHPOBAH-
HOT'O MOPAJAKA N 06Pa3yIOT Mampuunoe (GCCOYUGMUBHOE) KOALYO; 8 C
y4éroM Jerko mposepseMbix npasul AAB = (AA)B = A(AB) ymuOXe-
HuA Ha ckaaapel A € R muoxecrso M, (R) HasmBaloT Takxe a12e6pot
xsampuy Hag R.

K >TuM HamMeHOBaHMAM NpPEACTOUT €€ NMPUBHIKHYTH (CM. 1. 4 1O
HOBOAY CHCTEMAaTH3al¥i TEPMUHONOIMYECKUX HOBIIECTE), & CEMYac MEI
o6paTum BHUMaHUE Ha efMHM4IHYI0 MaTpuuy E = (0x;), rae

s = 1, ecmk=3j,
k=010, ectmk # 3,

— cunxéos Kponexepa. OueBuano, uro rank E = n. IIpaBuio yMHOXeHHA
matpul (7), B KOTOPOM ClIeAyeT 3aMeHNTD Di; Ha Okj, OKA3LIBAET, YTO
CIpaBeJIMBEL COOTHOUIEHUA

EA=A=AE, A€ M,(R).

Bounee obmo:
diag,(A\)A = AA = Adiag,()), (12)

rae

diag,(A) = AE =

— M3BECTHaA HaM cKauapHas Matpuna (cM. § 3 ru. 1). Takum o6pasom,
YMHOXEHME MATPUUH A Ha CKalAp A PAaBHOCIWIBLHO YMHOXeHHIO A Ha
CKaJIAPHYIO MaTpHLY.

B pasencrse (12) oTpaxéH Jerko npoBepAeMEll (PAKT MEPECTAHOBOY-
HoctH diag,, (A\) ¢ mo6ou MaTpuuei A. BecbMa BaxXHEIM U1 NIPHIOXKEHHN
ABJIAETCA Clegylolee ero obpainenne.

Teopema 4. Mampuya u3 M,,, nepecmano6ounas co 6cemu Mampu-
yamu 8 My, dosscna 6bimb CKGAAPHOU.

HoxasareabcTro. Beexém maTpuny E;j, B KOTOpPOM Ha mepece-
YEeHHMH 1-M CTPOKH M j-r0 CTOa6Ua CTOMT 1, a BCe OCTANBHBIE DJEMEHTHI
HyJesrle. Eciu Z = (zij) — MaTpuua, 0 KOTOpO# MAET pedb B TEOPEME,
TO OHA IIepeCTaHOBOYHA, B YaCTHOCTH, CO BceMH E;j:

ZEy; =Ey;Z, i,j=12,...,n.



§ 3. Junetinvie omobpancenus. Jeticmeus ¢ mampuyamu 87

IlepeMHOXaA MaTpUUH B JEBOH M NPABOU YACTAX 3TOrO PABEHCTBA,
MBI IOJYYMM MATPHIEL

0 ... 214 0 0 0 0
0o ... 224 0
, 251 %252 ... Zjn i
0 ... Zng e 0
j o o0 ... o0

C eJUHCTBEHHLIM HEHYJEBHIM j-M CTOJOLIOM U COOTBETCTBEHHO C €IHH-
CTBEHHOM HEHyJIeBOM i-# cTpokod. Mx cpaBHeHMe HEMEAJIEHHO IPHUBOIUT
K COOTHOLIEHUAM 2k; = 0 pm k # i u 2i; = zj;. Menas ¢ u j, momrygaem
Tpebyemoe. O
[dna namnont marpunu A € M, (R) MoxHO nonpo6osaTh HaUTH Ta-
ky10o marpuny A’ € Mp(R), 4To6u BEmomHAMMCL cooTHOmeHus AA' =
= E = A'A. Cpaay xe 3aMeTHM, 4TO
AA=E=A"A= A"=A'. (13)
Hencteureasno, A" = A"E = A"(AA') = (A"A)A' = EA' = A'. Takam
obpasoMm, maTpuua A’, KOJb CKOpO OHa CyWIECTBYET, €AMHCTBEeHHA. Eé
HA3LIBAIOT MATpHUIEH, o6pamnol x A, u o6osmazaior A~L:
AAT1=E=A1A. (14)
Ipu Brmonuennu (14) rosopar emé, yro matpuna A ofpamuma.
Onpepgenenue. Marpuua A € M,(R) HasuBaeTca nesbvipodcden-
n0t, eciiu cucTeMa eé CTpoK (a TeM caMbIM M CTONGLOB) JUHEHHO HE3ABHU-
cuma, T.e. rank A = n. Ecm rank A < n, To A Ha3wBaeTca ebipodcden-
not.
Teopema 5. Mampuya A € M,(R) ob6pamuma mozda u moabxo
mozda, K020a 0nG HeBLPONCIEHNA.
Hdoxazareabcrtro. 1) Eum AB = E (wmu BA = E), To no reo-
peme 3 umeeM

n = rank E = rank AB < min {rank A, rankB} < n,

oTkyna rank A = n.
2) Ecmu rank A = n, To

(EW . EM™)y=R" = (AW, ..., AM)
#, CTaJIO ORITH,

n
ED) =%"alA®,  1<jgn, (15)
=1
npraém Kod(duMenTs aj;, cocTapusiomue Matpuny A' = (aj;) € Mn(R),
onpeaenennl ogHo3Ha4Ho. Cornacro n. 1 § 2 (cM. Tam ypaBHenns (1) u
(2)) coornomenus (15) nepenucHBalOTCA B BHAE

ED =449 1gjgn,
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OTKY A3
E=(EW,....E™) = (44", .. AA'(n)) = AA".

3xecs ML MHTEpnpeTupoBaau MaTpunkl E u AA' xak o6beguHeHns oT-
BEYAIOIMX MM CTOJIGLOB.

3ameruM Teneps (cM. m. 3), 9TO BMeCTE ¢ A HEBLIDOXJEHHOW ABJIA-
€TCA ¥ TPAHCHOHMpOBaHHAA MaTpuua A. [loaromy B CHIy HOKA3aHHOTO
Haltnérca marpuna B rakas, uro !A- B = E. CHoBa o6pamadcs K 1. 3
n nonaras A" = B, maxogum

E="'E="''AB) = 'B!(*4) = A"A.
Nrax,
AA' =E=A"A.
Ocraérca 3ameruTs (cM. (13)), wTo A” = A, a no3TOMY B COOTBETCTBAK
¢ (14) A’ = A7}, T.e. MaTpuna A obparuma. O
Cnexcreue 1. Ecau B u C — mneswpowcdennvie xeadpammubie
MAMPUYLL NOPAJKOB M U N COOMBEMCMEERKO, G A — NPOU3BOALNGA

M X N-MEMPUYG, MO
rank BAC = rank A.

JoxaszareanncTBo. B cury TeopeM 3 u 5 umeem

rank BAC < rank BA =rank BA(CC™!) =
= rank (BAC)C~! < rank BAC,
otkyaarank BAC = rank BA. AHAJIOrM4YHO yCTaHABIMBAETCA PABEHCTBO
rank BA =rank A. O

Caegcreue 2. Ecau A,B € M,(R) u AB = E uau BA=E, mo
B=A"1

JokasareascrBo. Kak nokaza#o B wactu 1) gokasarerncTsa
Teopemul 5, AB = E => rank A = n, T.e. A HEeBHIPOXJEHHA M, CJe-
IOBaTeNbHO, O6paTuMa. [J

Cnencreue 3. Ecau A,B,...,C,D — nesvipoxcdennvie n X n-
smampuybl, mo npoudsedenue AB ...CD maxace nestiposcdenno u

(AB...CD)"'=D"'C™'...B7'4A™%.
JokasareabcTso. Hesrpoxaennocts maTpuusl G = AB...CD

BH/JHA u3 ciecTeus 1, a pasenctso G~! = D™1C~!... B~1A~! npose-
PAETCA HEMOCPEJCTBEHHO:

G(D7'C'...B'A"Y)=AB...C(DD™!)C7!...B71A7' =
=AB...(CC™Y)...B'A'=...=E. O
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Y 206HE CIOCO6 BRIYMCIEHNA OOPATHOM MATPHILI, OOLIMHO MCIOMb-
3yeMBIil Ha IpaKkTUKe, OyAeT nmpuseséH B . 7. O JHOBPEMEHHO NOMYYMTCA
eme OQHO HOKa3aTeNbCTBO TEOPEMHEI 5.

Seryio dopmyny sas A~! mur ykaxem B 1. 3. Celtyac s 3ame-
THM, YTO (pakTHIecKoe Buraucaenne A~! 1na MaTpuus A ¢ 4MCIOBHIME
K03dPHUIMEHTAMU WM BEIYUC/ICHUE IDOM3BELEHNA ABYX MAaTPHI OOLIMHO
TpebyeT BIIOAHEHMA GOXBIIOro ymcia omepanui. Ha npakTuke scrpe-
4yalTca MaTpuus nopagka n = 100 u 6omee. Eciu A u B — aBe Takme
MaTpuusl, To aaa Bhrauciaenus C = AB uyxHo HaiiTu n? sneMenTOB
¢ij o ¢opmyne (7) (mwmm (9)), uro B KaxgoM ciydae Tpebyer 2n — 1
YMHOXEHMH ¥ cJOXeHuH uucen. Bcero Hyxno mpoussectu (2n — 1)n?
onepaumit, T.e. OKOIO ABYX MWLIKMOHOB omepauuit npx n = 100. Jas co-
BpeMeHHEIX OBM 3T0 — cpaBHUTENIBLHO JErkas 3ajada, HO peaJbHBIe
TPYAHOCTH BO3HMKHYT, eCIM NOTpebyercs HauTu creneHb A™ marpu-
usl A ¢ noxkasareaeM m > 1000. 3zecs no onpegenennio A™ = AA™L;
daxTuyecku A™ = AFA™—k 0 < k < m, — x6rkoe cregcTBUE accouua-
TUBHOCTH (CM. CJIEACTBHE TeOpeMHl 2), Kak 3TO 6yAeT MOKa3aHo B . 4
B 6onee obmeM konrekcre. s BorauciaeHus A™ HCHOABL3YIOT pasHbIE
JOTOMHUATENbHEIE NPUEMEI, JUO0O OCHOBAaHHBIE Ha cnenudUKe MaTPHLEL
A, n1u60 3a¥MMCTBOBAHHLIE U3 KypCa JUHEHHON anre6pul. B xagecTse mi-
JIOCTPalXi PACCMOTPHUM TPH MIPUMEDPA.

IIpumep 1. Ecan

a ... 0
A = diag(oa,...,an) = s
0 ... an
TO, O4EBUAHO,
o ... 0
A™ = diag(al*,...,a) =
0 ... aP
IIpumep 2. ycts
a ¢
A= o b ll°
Torga MHAYKUUA MO TN NOKa3LIBAET, YTO
a™ — ™
m ————
Aam =l “TaTe |,
0 o™
rae
m _ hm
e—-———%— =a™ ! 4™ 2 +... +ab™ 2 4™ L,
a-—

B yacTHOCTH, Ip¥ a = b nmeeM

m a™ ma™-!

0 a™

c

a ¢
0 b
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IIpumep 3. Uuayknue 110 m HeTPYAHO Y6eAMTHCA B TOM, YTO M-A CTeNEeHb
MaTPUUBL

01
=31
uMeeT BUJ
am = || fm-1 fm 16
fm fm+1 ) ( )
rze uenste yucaa fo =0, fi =1, fo = 1, f3 = 2, ... onpesensioTcA peKyppeHTHHM
COOTHOWEHHEM

fm+1 = fm + fm-lt
3710 He 4TO uHOe, KaK yucaa DPuboHauyM (CM. npaMep 2 B xoHue § 3 ra. 1).
Beegém MaTpHIY

_A 1
B= 5 5
-vBA1 VB
¢ onpegexnteseM 1 (cM. § 4 ra. 1), rae
1+V5 1-vV5
A = Ay = .
1 2 ) 2 2
He6oablloe BEIMHCAEHHE NOKA3LIBAET, YTO
N
5 PV
B~ l= , A=B“-" 0‘ x| B
A2 2
VB -5

Ho ecau TpM NMpOU3BOABHBIE N X N-MaTPHUH A, B,C, u3 koux B HeBBIPpOX/JEHHad,
cBA3aHEl cooTHomenueM A = B~1CB, to

A™=B"'CB-B~'CB-B~'CB-...-B"'CB=B"!C™B

(enyTpennue MuoxuTern BB~!, samenéunnle va E, cokpaTumucs). B Hamem crxyuae
¢ yuérom npumepa 1 u cooTHowenna (16) ameem

fm—-1 fm — am _ p-1 A o™ —
fm fm+1 =A"=8B 0 AZ B=
5
m
=B-1l M ,\2" |B.—. . A 2,, B=
VB -2
5
l m
VBAP -’\5 A1 )
am+l % *
VEAPH! A -vVBa VB

(3B€304KaMI OTMEYEHL! He UHTEPECyIomue HaC 4ACHb).
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CpasuuBaa K03 PHUMEHTE MATpHL B JEBOH M NPABOM YAaCTAX 3TOrO PABEHCTBA,
noayyaeM Aas uncia PuGOHAYYM C HOMEPOM M 3HAYEHHE

g2 Aop 1 [(14 VBT (1-vE\"
T Vs V5 2 2 )
Mmu BuguM, 4TO fr ~ -\;5)‘{" npn Goabmux m (reoMeTpudecKas NPOrpeccus), mo-

1"/g)m=o.

CKOABKY limm 00 ( )

6. Knaccul 3xBHBaleHTHHIX MaTpRN. Kax u npu gokasarerscTee
TeopeMnl 4, 0603HaunM depe3 E,; MaTpuly pasmepa m X m, B KOTOPOH
Ha Tepecey¥eHMs $-M CTPOKM M I-I'0 CTOAGIA CTOHMT 1, a BCe OCTAIBLHHE
5JIEMEHTHI HyJeBHe (TakKue MATPHUH HA3HIBAIOTCA WHOIAA MAMPUUNbL-
#u edunuyamu). Paccmorpum B My, (R) Tak HasnBaeMEIE d4emenmapubie
MAMPUYbL CASAYIOMMUX THIIOB:

Fa,t=E‘_Eu-Ett+Eat+Etc=

1

‘o )
= 1 ,  s#t (D)

1 "0

"1
1

Fot=E+MEg=| .... "1...x... |, s#t; n

1

F,(\) = E+(A-1)E,, = diag{1,...,1,A\,1,...,1}, A#0. (IIl)

Ilyctes A — npowmsBoxsHas m X n-mMarprua. Torga HenocpeacTBeHHO
nposepsercs, uro Marpuuna A' = FA nonysaercs m3 A nocpeincrsom
3JeMEHTapHOro npeobpa3oBanus (3.11.) HaA crpokamy tuna (I) wimm (II)
B 3aBUCHMOCTH OT TOrO, 6yger F = Fyy wmu F = Fg ().

B cayyae F = Fy(\) 6ygem rosoputs 06 3.0 tana (III) (ymuOXEHHE
s-1 cTPOKH A(,) Ha A). Ananornyno, matpuna A" = AF monyyaercs u3
HOCPEICTBOM 3.11. CTOA6IOB. MH yxe 3HaeM u3 1. 2 § 2 m u3 ynp. 2 ua § 2,
4t0 3.11. Tunos (I) u (II), coBepmaeMuMK Ha L CTPOKaMH ¥ cTOAGLamMu, A
OPHBOAMTCA K MATPHIE C AMArOHAILHOM HEBHIPOXJEHHOM MOAMATpPHLEH
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B JIEBOM BePXHEM yIuIy pa3Mepa r X r, rae r = rank A (npu r = 0 MmaTpuua
A nynepasn). Tak xak

a
1a2 O

= Fl(al)Fg(az)...F,(a,) - 1 s

"0
T0 npusiedenue 3.1. Tuna (III) gaér BoaMoxHOCTS MOAYyYHTH U3 A MaT-
puny BuAa

0 0 (17)

(amecy E, — egunmynas MaTpuua B M, (R); Hy 1 0603Ha4aI0T MaTPULBLI
paamepoB T X (n—7r), (m—7r) X1 # (m —r) x (n —r)). Takum o6Gpasom,

E. 0
PPy ...PLAQ1Q2...Q1 = ‘

E,Ol

18
0 0 (18)
rae P;, (cooTBeTCTBEHHO @j) — BIEMEHTapHEIE MATPHILI MOPAIKA M
(COOTBETCTBEHHO N).

He pas oTMe4anoCh, YTO 3JEMEHTApPHEE Onepanuu 06paTUMHL. JTO
COracyeTcA C CyIeCTBOBAHMEM OGPATHHIX MATPHI

(FS,t)_l = Fa,t, 8 t(’\)— 8 t( /\),
F,(\)' =F,(\™).

B cooTsercTauu co cnegcrereM 3 TeopeMnl 5 MaTpuUK P = Py Py ... P
uQ=01Q:...Q Toxe 06paTUMHL:

prt=p7t o PAPTY, Q=@ Q7 QT

3amernm, yro P! Q;! — anemenTapume MaTPHULL.

[Be maTpuIb A é pasmepa m X n HA30BEM IX6UBGAEHMHbIMY U 33~
mumeM A ~ B, ecid HaiAyTCA HEBHIPOXAEHHBIE MATPHULLI NOPALKOB M
¥ N COOTBETCTBEHHO Takue, 4To B = PAQ.

Kak serxo noHATh, ~ ABIAETCA OTHOMEHNEM SKBUBAJEHTHOCTH:

i) A~ A (P =En, Q= E,);
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ii) A~ B => B ~ A, nockonbky B = PAQ => A= P~1BQ™!;

ili) B = P'AQ', C = P"BQ" = C = PAQ, rge P = P"P', Q =
= QIQII.

CornacHo o6mmM npuHummaM (cM. § 6 ria. 1) MHOXeCTBO BCex
m X N-MaTPUl Pa3GUBAaETCA N0 OTHOMEHMIO ~ Ha HENepeCeKalommecs
KJIACCHI 3KBUBAJIEHTHHIX MATPHL,. Taxk Kak paHryl SKBUBAJICHTHEIX MATPHII
paBHH (CM. cleAcTBHE 1 TeopeMH 5), TO pacCyXAeHue, MpuBeAlIee HAC K
paBeHcTBy (18), NOKa3KIBAET, 9TO B Ka4ECTBE NPEACTABUTENICH KIACCOB
MOXHO 6paTh MaTpuus (17).

M&uI nonygaeMm clesyiomee yTBepX JeHHe.

Teopema 6. Muosicecmeo mampuy pa3mepa m X n pa3busaemca na
p = min(m,n) + 1 xaaccos sxeusasenmuocmu. Bce mampuyvi panea r
nonadatom 6 odun xaacc ¢ npedcmasumeasem (17).

CnencrBue. Beakas ne6bipoicdennas n X N-Mampuya 3Gnucbiea-
emca 6 6ude NPou3sedentuR IMEMERMAPHLIT MEMPUY.

JlefcTBHTENbHO, BCE HEBRIPOX JEHHHIE MATPULL HOPALKA N IONaJa-
IOT B OJUH KJIACC C IPEJCTABUTENEM — €IMHIYHOM MATPHIEHN, TIOCKOIbKY
ux pauru pasHu n. Coornomenye (18)

PiPiy...PLAQ1Q:... Qi =E,
IepenucaHHoe B BH e
A=P7' PAPTQM...QMQTY (19)

naéT HyXHoe yTBepxaeune. O

He yrBepxjaaeTcs, 4TO 3amuch A B BH/E NPOU3BEAEHHUA NEMEHTAp-
HEIX MATPHI €IUHCTBEHHA, HO CaM GAaKT CYIIeCTBOBAHUA TAKOW 3AIUCH
BECbMa, 110J1e3€H. B YacTHOCTH, €r0 MOXXHO MCIONB30BATh [JiA OTHICKAHMSA
obpaTHOK MaTpHunl. B camom geine, ua (19) Mu Haxogum

A1 =0Q:1Q,...QiPyPi_1...P, = QP.

7. Brlumcienne o6paTHoM MaTpHObl. Ecam B paccyxjgeHuax
HpeAEIAYIIEro MyHKTa OrPAaHNYATLCA NTPe06PA30BaHUAMY HaJ CTPOKAMU
u pacCMOTPETH C CAMOr0 Hayala pacmupenuyio MaTpuny (A|E) pasmepa
n X 2n, TO B CIy4ae HeBHPOXAeHHOM MaTpuusl A € M,(R) Bo3uukHeT
LeNIoYKa

(AIE) 25 (P AIPE) B ...
.24 (P....P,P,A|P; ... BP.E) = (E|A").

Ouna o6opsérca Ha k-M Imare, KOrja B JeBOM IIOJOBMHE PACIUMPEHHOM
MATpPHILI MECTO A 3aNOJIHMT efuHMYHaA MaTpuua E. B npasoit moao-
BUHE IIDH 3TOM TNOJY4MTCA OfHO3HauHEt oTeeT: A' = A~1l. B cayuae
BHIPOX/IEHHOM MaTPHUBl A mpouecc 060pBETCA, BOZMOXHO, PaHbIIe —
npuseeHneM A K CTyNeH4aTOMY BHAY ¥ BEMMCIEHKEM paHra r = rank A.
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B MaTpHYHOM peaJM3aunuM, ¢ KOTOPOM HadMHAICA mn. 6, npu n = 3
uMeeM

1 -3 0 100
F1,2(—3) = 0 1 0 s F3,2(4) = 0 1 0 ,
0 01 0 41

001
Fs=[010
100

Peanbuo aneMenTapHEle 11 X n-MaTpuuH P; crepa He npunucusalorca. Ha
HUX CJefyeT CMOTPETb KaK Ha NPEANHMCAHUA M BHIIOJHATL COOTBETCT-
BYIOIIME UM 3.1I. HaJ CTPOKAMH.

Hanomunym emgé pa3 0 3HAYEHUN CHMBOJIOB:

P; = F,; — nepecTaBHTh MECTAaMH CTPOKM C HOMEpaMH 8 u i;

P; = F,;(\) — npu6aBuTh K 8-i CTPOKe {-10 CTPOKY, YMHOXEHHYIO
Ha \;

P; = F,(\) — yMHOXHUTH $-10 CTPOKY Ha A.

Npunmep 4. Hycts

02 0
A=(1 1 -1
2 1 -1
Hmeem
02 0f1 o0 0], |1 1 -1j0 1 0
AeE)y=f1 1 -1{0 1 of|=3lo 2 o|1 0 0
2 1 -1/0 0 1 2 1 -1]0 0 1
1 1 -1|0 1 0
FalPl o 2 o1 o o2
0 -1 1|0 -2 1
1 1 -1} 0 1 0
S0 1 ofly2 o olffP2GY
0 -1 1] 0 -2 1
1 0 -1|-1/2 1 0
o 1 o 12 0 o2
0 -1 1 0 -2 1
10 —1f-1/2 1 0L o
2o 1 of 172 o0 of =
00 1| 1/2 -2 1
1 00| 0 -1 1
-lo 10|12 o0 0
00 1[1/2 -2 1
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Takum o6pa3om,

0 -1 1
Al={1/2 0 o0{.
/2 -2 1
Jlns 3KOHOMHMM MeCTa UeJeCOO6Pa3HO BLINOIHATH CPA3y CEPHIO OJHOTHIHHX Ipe-
06pasoBaHuUii.
IDpumep 5. IIycts
-1 1 1 1
1 -1 1 1
A= 1 1 -1 1
1 1 1 -1
HAmeem
-1 1 1 1)1 0 0 0 P
=11 1]o 1 0 0f s
(@E)= 1 1 -1 1loo0o 10| —
1 1 1 -1{0 0 0 1| Foq
2 2 2 271 1 1 1
1 -1 1 1]/0 1 0 0fFRq/m
211 1 -1 1o o 1 0|
1 1 1 -1]/]0 0 0 1
1 1 1 1]1/2 1/2 1/2 1/2 || Fea(-1)
St -t 1t 1o 10 0 | Ry
1 1 -1 1 0 0 1 0 —
1 1 1 -1 0 0 0 1 Fy1(-1)
1 1 1 1| 12 12 1/2  1/2 || Fu-1/2)
o -2 o of-12 12 -2 -172 | Ry
0 0 -2 O0f-1/2 -1/2 1/2 -1/2 -
0 0 o0 -2|-1/2 -1/2 -1/2 1/2 | F2(-1/2)
1 1 1 1}1/2 1/2 1/2 1/2 || Fie-D
Lo 1o o0fys —1/4 14 14| R
00 1 0)1/4 1/4 -1/4 1/4 —
0 0 0 1|1/4 1/4 1/4 -=1/4 || Fa-1)
1 00 0f|-1/4 1/4 1/4 1/4
Lot o of 14 -14 1/4 1/
00 1 0| 1/4 1/4 -1/4 1/4
00 0 1| 1/4 1/4 1/4 -1/4

Taxum o6pasom, A~ = (1/4)A.

BnpoueM, B JaHHOM CIy4ae BRIYACIEHHH MOXHO GbLIO OBl M3bexaTh. 3amevad,
9YTO NpoM3BefeHHe BLIPOXKAEHHOM MATDHMUL M NPOH3BONLHOM MATPUIE BCErAa BHI-
poxaenno (Teopema 3), B TO BpeMA Kak

4 0
A% =

coo
cown
owmoo
wo oo

I

>

]
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MBI fleJ1aeM 3aKJII0YeHHe O HEBEIPOXAEHHOCTH A M, CIeOBATENBHO, O CYUIECTBOBAHKM
A~1, Ho xonb CKOpO 3TO Tak, TO

A=A2A" ' =4E. A1 =44t = A1 = %A,

3ameuanue. [Ipu BumonHeHnu cepur mpeo6Gpa3OBaHMi HaJ CTPO-
KaMH¥ clefyeT u36eraTb THIMYHON OmuOKM — npubaBlIeHUs B HEM3MEH-
HOM BHJE CTPOKH, U3MEHUBINENCA B XO€ MPEALLAYIINX IPe06Pa3OBaHuM.
Hanpumep, npeanucanue

F21(1)

A — A

Fl'z(l) .
JABYCMBICJIEHHO: He fICHO, B KaKOM IOPAJKE JeHCTBOBATL — CHadala
Fy 2(1), morom F3 1 (1); cuavana Fj 5 (1), notom Fj 2(1) mim ofHOBpeMeH-
Ho? Kaxammi pa3 6yAyT NONYy4YaTHCA PA3NIHBIE BRIPAXKEHUA IS CTPOK
Ail)’ A22)‘ B npnmepe 5 MbI O6BEAMHANN JUIIbL OAHOTUNHBLIE IMpeobpa-
30BAHMUA, & €CJIM CTABUTH CBOEH NEIbIO BhuucieHue Ha DBM no ykaszas-
HOMY METOJY, TO €CTECTBEHHO BCIO NMOCIEAOBATENILHOCTD JJIEMEHTAPHEIX
peo6pa30BaHKM JUHENHO YIOPAJOYUTh.

PaccMOTpeHHEIN HAMH METOJ BRIYMCIEHUA PAHTra, 8 TaKXKe 00paTHON
MaTpHUH HasmaeTrca P-npusedenuesm mim, 6oaee obmo, (P, Q)-npuse-
denuem mampuy x nopmaavromy eudy (17).

8. IlpocTpancTBo pemenun. U3 BBOAHBIX 3aMEYaHUM B HaYale
§ 2 u § 3 cregyer, YTO CHCTeMa JMHEHHHEIX ypaBHEHHH C MaTpuueir A
pasmepa m X n # cToabuoM cBOGOAHEIX 4ieHOB B € R™ moxer 6HITH
3aIMcaHa KOPOTKO B BUjE

AX =B (20)

(X = [z1,...,2Zn] — cTOnben BhicoTh n). IIpescTaBuB, 4TO M = n ®
KBaJpaTHad MaTPXUa A HEBRIDOXJEHHA (CM. 1. §), MBI IOLY4AM, ¥ NPH-
TOM €XMHCTBEHHOE, pemenne cucTeMs! (20), yMHOXas 06e 9aCTH MaTpUy-
HOro cooTHomenus crepa Ha A~ X = EX = (A71A)X = A7Y(AX) =
= A~!B. Jta yno6Has CHMBONMYECKAA 3AIMCh PEIIEHHH OIpeLeTeHHON
CHCTeMBI He M36aBIAET HAC OT BLIMHMCJIEHHMH, MOCKOJILKY MaTpuma A~!
3apanee ne gaHa. Ho He oTkaxem ce6e B YJOBOALCTBMM 3aMETUTh, YTO
MaTPMYHBIA ammapaT JOCTaBIfAET I0 MeHbIIEH Mepe 3CTEeTHYeCcKoe
HacaaxeHre. BocronsayeMca M Tenephb I 0603peHUs BCEX PELIEHHUI
aunenHon ogHopoaHo# cucreMu (JIOC):

AX =0. (21)

Ilo cymecTsy Mu yxe 3naeM, 4ro ecn X (U, X(2) — pemenns namei
JIOC, To u n06aa ux JMHEHHAaA KOMOHHALMA TOXe GYAeT peIleHneM:

Al XD 4+ 0, X®) = 01 AXD 4 0, AXP = 0.

TloaTOMy MOXHO I'OBOPUTE O npocmpancmee pewenut JJOC — nunennoi
o60s04Ke
Va=(X €eR*| AX =0) CR".
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IIycre s = dimVys, r = rankA. Ilo ompegerenmio s <n, r <
< min(m,n). Kaxas ceasb cymecTsyeT mexay s u r?

Teopema 7. Hueem mecmo pasexcmeor + 8 = n.

HoxaszareancTBno. Bubepem 6azuc XU, ..., X nuneitnoit 060-
nouxn V4 u gomonmum ero go Gasmca X(U,... X)) x(+1)  x(n)
BCero mpocrpanctea R™. ITO BCerga MOXHO CAENATH, KAK NOKA3LBAET
JoKa3aTeabCTBO TeopeMur 2 § 1 (4 ynp. 6 ua § 1). [Jna moboro BexTopa
X =Y, aX® € R" uveem

n
AX =Y i AX® = 0, AXCH) 1+ 4 an AX™,
=1

TaK YTO B COOTBETCTBHUHM C § 2 nmuHenHaa 0601049Ka

Va(A) = (AW, Ay = (2, AW 4 . 4+ 2,4 | z; € R™) =
=(AX| X e R") CR™,
HaJLIBAEMAA NPOCMPAHCMEOM CMOA6Y0E Mampuybi A, COBIALAET C Ju-
Heitno# o6onoukoi (AX 6+ . AX (M),
B uactmoctm, r = dim V3(4) < n—~s. Ho Bexropm AX(+D) .
.oy AX(™ 1uHeHHO He3aBMCHMBI, IOCKOIBKY M3

0= BAx® =4( Y ax®)

E>s+1 k2841

crenyer Y u5,4q BkX*) € Vi, a o10 B cunry Bubopa X(+1),. . X(™)
BO3MOXHO TOJBKO IPH Bgq1 = ... = Pp =0. 3naunt,r =n—3s. 0

3ameyaHue. ECIM HCMONB30BATh ABHIK JMHEHHEIX OTOGPaKEHHH
(cM. m. 1 § 3), To, oueBmaHO,

Va=Kerpa, V3(A)=Impy

— anpo u o6pa3 oTobpaxeHnsa w4 : R™ — R™, orsevatomero A. [Jua
HAC, OJHAKO, 3TOT MOAXOA CIYXHT JMIIb MOTMBHPOBKOH [JIA BBEJCHMS
MATPHYHEIX MOHATHH.

Yrobur HanTH 6asuc mpocTpaHcTBa Vj, BhiGepeM B A r 6a3sMCHEIX
cTOA6GLIOB OAHUM U3 CIIOCOO0B — npHBeAeHMEM A K CTYNEHYATOMY BHIY
WM TaK, KaK 3TO yKa3aHo B ri. 3. IlepecTaHOBKOM CTOAGLOB WIH, YTO
PaBHOCWIBHO, NIEPEHYMEPALMEH HEM3BECTHEIX MOXHO JOOGHMTBLCA, 9TOGH
6asucHeIME Gbutk 7 mepBex croabuo A, ..., A", IIpu sToM B HOBOM
CHCTeME HEW3BECTHHIX I},ZTH,...,Z) TVIABHEIMA HEM3BECTHHIMHM CTaHYT
z),...,z.. Jlobas cucrema u3 r + 1 cronbuos AM),... A AC+F) | >
> 0, 6yAeT MMHEHHO 3aBHCHMOM, ¥ HA OCHOBaHHM TeopeMu 1, v) m3 § 1
MOXHO BHINKCAThL CHCTEMY COOTHOIIEHWH

zgk)A(l) + zgk)A(z) +...+ a;g‘)A(') + AUr+k) = o, k=1,2,...,n—r.
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BekTopH-cTOR6GLUH
X0 = [z(l), a:gl), U O J TR | 0],

X® = [, 5w, 0L, O (g
X(ﬂ"") = [2§2), zgz), ceey zs'z)’ 07 11 R | 0]

B KOJIMYECTBE 7 — ' IITYK, O4€BAAHO, IMHEHHO HE3ABUCHUMHEI (M3-33 CIIeLH-
aNLHOT'O BUAA CBOMX MOCHEHMX 7 — ' KOMIIOHEHT) M, Oy Ay4¥ PEelueHUAMM
JIOC (21), cocrasamor no Teopeme 7 6a3uc npoCTpaHCTBa V4 Bcex eé
pemenuii. lloraTHo, uTo pemenne X (¥) nomysaerca, ecmn noprM (TpH-
XOBAHHHM) CBOGOAHHIM HEM3BECTHHIM MPALATH 3HAYEHAA

! _ /!
Zo1=0, ..., Trpe =1, ..., 2, =0.

JIro6oi 6a3|C IPOCTPAHCTBA PEIIEHMH OQHOPOAHOM cucTeMH AX =0
paHra r HasnBaeTca Pyndamenmaadvnott cucmemott pewenutl. Cucremy
(22) Ha3bIBalOT emE HOpMaabKOT PyHFaMEHTAILHOM cucTeMon. CormacHo
caeacTpuio TeopeMul 1 § 2 eé panr s = dimV4 = n — r paBen uucuy
CBOGOIHEIX HEM3BECTHHIX JHHEAHOM CHCTEMHI.

YIIPAKHEHUA
1. JaHE OTOGpAXKEHHA:
a) [z1,22,...,Zn] P [Zn,...,T2,21);
6) [z1,22,...,2n] — [z1,23,...,20];
B) [£1,Z2,...,Zn] P [z1,21 + Z2,..., ;1 + 22 + ... + Zn).

Kakue u3 HUX ABAKIOTCA JMHEHHBLIMU?
2. JIoka3aTsb, 4TO

1 a c|™ 1 ma ™Mb tme
0 1 b =l o 1 mb
0 01 0o 0 1
1 a ¢
HasiTu gas || 0 1 & || o6paTHylo MaTpuuy.
0 0 1

3

3. IIposepuTs, 9TO =E.

0 -1

1 -1

4. B npuioxeHuAx 60ABIIYI0 POJb HIPAIOT Mapxoscxue (KIM CMoZacmuvecKue)
MaTPHIL

n
P= (Pu)r Pij 20, EP‘J =1, i=12,...,n
=1

Jluneitnsie 0TOGPaXERAA Y p , ACCONAMPOBAHHLIE C MAPKOBCKKMHE MATPULAMH, OOLITHO
NPUMEHAIOT K CMENUAABHLIM TaK HA3LIBAEMLIM 6EPOAMNOCTNGIK BEKTOPAM-CTONGLAM

n
x=[311--"zﬂ]’ z; 20, Zz;=l.

i=1
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CornacoBaHHOCTbL ITUX ONPEAENEHHH, AUKTYEMBIX €CTECTBEHHOHAYIHLIMM 3afa-
9YaMH, BH/JHA M3 CIEAYIOMMX YTBEPXJEHHH, KOTOPHE HYXHO AOKA3aTh XOTA Ol npu
n=2.

a) Marpuua P € M, (R) ABaseTca MapKOBCKOM B TOYHOCTH TOr4a, KOrAa BMeCTe
¢ mo6BIM BEPOATHOCTHLIM BeKTOpoM X BekTop PX Takxe ABAAETCA BePOATHOCTHBIM
(3mecr PX = ¢, (X)).

6) Ecaiu P — nosoacumesvnaa mapkobckas Matpuna (Vi,j pij > 0), To mobomy
BEPOATHOCTHOMY BEeKTOPY X OTBEYAET N040MCUMEALKLT BEDOATHOCTHREI BekTOp PX
(Bce KoMmOHeHTH! CTPOro GOabINe HyAs).

B) Eciu P u Q — MapKOBCKME MaTpHMILl, TO MAapKOBCKOM CyAeT TaKiKe MATpH-
ua PQ. 9o o3HavaeT, B YACTHOCTH, YTO /M06as crenens P* MapkoBCKOH MaTpumb
ABIAETCA MAPKOBCKOM.

5. Haittu *H - H, ecu
1 1 1 1
1 -1 1 -1
1 1 -1 -1
1 -1 -1 1

6. ACCOLMHPOBAB C MUKIOM AAHHL N B Sp (CM. § 8 ru. 1) MaTpHIy nepecTaHOBKM
(cTpok esunnaHOM MaTpUnu Ey)

H=

00 0 1

1 0 0 0
P= 01 0 0 ,

00 ... 00

00 ... 10

nposepuTh, yro P" = E.
7. Iloka3aTsb, 4TO
rank (A + B) € rank A + rank B
AnA moGHIX ABYX m X n-maTpun A u B.
8. [loxasaTs, 4TO A4 MOGOH M X s-MaTPUUL A ¥ 11060% s X n-MaTpuus B uMmeer
MECTO HEPaBeHCTBO
rank A + rank B — s  rank AB.
9. Nokasats, 4ro eciu ABC = 0 ana xpagpaTHuX MaTpuu A, B, C nopsasgka n,
TO

rank A + rank B + rank C < 2n.
10. HaiiTu par MaTpUuH
iyy Tiy2 ... TiYn
A=| T zwz ... zaya
TnY:r ZTny2 ... ZnyYn
Y ka3sauue. [loxasars, 4ro A = [T1,...,Za)(¥1,...,¥n).

11. MoxasaTs, 4To ecin A = (@;;) — HeBHIPOXAEHHAA CHMMETPHYECKAd MATPUNA
(aij = aji), To u A~! — cuMMeTpuIecKas MATPHIA.
12. Haiitu A~! n F~1, ecan

>

]
- W »
N b O 00
WOHOOM”TW
00N
v W N =

]

]
N AW N
w» 00 W
W ok
N W~
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18. IIposepuTs, 4TO

- a b _ -1 _ 1 d -b
A= c d ,a6d—-bc#0 = A _ad—bc" —¢ a
B wacTHOCTH,
ad—bc=1=>A"" =“ d -b
- a
Cymecrayet au A~! npu ad — be = 07
14. [loxasaTb, 9TO AaA J060M MATPUIL
_lla b
A= c d “
BBLIIIOIHEHO COOTHOLIEHNe
A% = (a+d)A - (ad - bc)E (23)

(Apyrumu crosamu, A aBageTCA “KOpHeM” KBagpaTHOro ypaeuenus z2 — (a + d)z +
+ (ad — bc) = 0).
15. IIpu ad - bc # 0 ucnoapaoBaTh COOTHOMeHHE (23) AuA HAXOXKAEHUA OOPATHOM

maTpunst A~L,
m

2
a =0, o a b

c d af =%
17. O6GocHoBaTh caegyomee paccyxpeHue. Ilycts m X s-marpuuna X pasbura
FOPU30HTANBHBIMA H BEPTHKAILHLIMU NPAMBIMYA Ha GIOKHM (WIM KIETKH), TaK 4TO

16. [loxa3aTs, 4TO eclau

X X2 ... Xuie
X = Xa1 X2 ... Xox
Xu Xi2 ... Xuy
rae Xi1,...,Xik — MaTPHUH C OAUHAKOBLIM IUCIOM M; CTPOK (M1 +...4+m; = m),
a Xij,...,Xjj; — MaTpMIE! C OAMHAKOBEIM IMCIOM 8; CTOAOUOB (81 + ...8; = s).
Ecau Teneps
Yo Yi2 ... Yi»
Yy = Yaa Y22 ... Yo
Y Y2 ... Yy

— 8 X n-MaTpuua ¢ 6I0KaM| Y;; paamepos s; X nj (n1 + ...+ ny = n), TO nMeer
CMBICT FOBOPUTH O npousseaenuu Z = XY, npuuém marpuny Z = (2;;) Toxe MOXHO
CYUTATh GIOYHOM C GlokaMu Z;j, BEIIHCIAEMBIMU GOpMAILHO No dopmyae (7):

Zij = XuYij + XieYa; + ... + X Yy

Ilo ycnoeuio pasmepnt MaTpun X;,,Y,; Takosul, 4To npomssesenue X;,Y,; umeer
cMeuica. [Ipuém pasbueHus MaTPHI Ha GJIOKHM YZ0GeH gaxe B TaKOM MPOCTEHIIeM CIy-
E A 0 AB "
)

yae, Kak
A 0| _
0 E -E B|~ || -E B

rae A,B,E,0 € M, (R) (E — egunu4nas, a 0 — Hynesas MaTpUua).
18. IToka3aTs, 4TO yMHOXEHME MATPHLILL

X = (zij) € Mn(R)
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Ha T = (tij) € Ma(R) cnea paBHOCWIBHO JMHEAHOMY KOMGHHMPOBAHHIO CTDOK
X@1)--+»X(n), & COpaBa — amHeHHOMY KOMOuHMpOBaHHIO cToxbmos X (1), ..., X (),
B 4acTHOCTH, OGPATHTH BHHMAaHHE HA TO, 4TO €CJIH

1 ti2 tis ... tn
T = 0 1 tz3 ... t2n
0 O 0o ... 1

— 6EPTHRAA YHUMPEY204bHAR MATPHLA, TO

X(1)+ tnX(g) + ...+ t1nX(n)
TX = X(2)+ oo tan(,‘)

X(n)

— MaTpHna, nouy4eHHad M3 X NOCPEACTBOM IENOYKH JIEMEHTAPHHX Npeo6pa3oBa-
nu#t tuna (II) Hag cTpokamn.



I'nasa 3

OITPEAEJIATEJIA

®opmyart (3) u (9) u3 § 4 . 1 Ana pemennit KBaAPATHLIX JHUHEH-
HEIX CHCTEM MOPAJKOB N = 2,3 HABOJAT Ha MHICIb O CyIIeCTBOBAHHMH
noRo6HEIX OpMyI npu a060M N

B xoneyHOM cyéTe peub MAET O MPABWILHOM MHTEPNPETALMN B KaXK-
JO# M3 YNOMAHYTHIX GOPMYJ YUCIUTENA U 3HaMeHaTens. Mul GygeM cMo-
TPeTh HA HAX KaK Ha 3HAYEHUA HEKOTOPOM “yHMBEpPCANLHOM” (yHKINM
det : M,(R) - R w3 MHOXecTBa KBAJADATHHEIX MATPMI NMOPAAKA N B
R. ddexTunHoe noctpoenre bynkuuu det (onpexesnTens) JaCT OTBET
Taxke Ha MHOTME APYI'M€ BOIPOCH O MaTPHIAX, noauaThe B ri. 2. Ha
caMOM Jejieé pPOJb TEOPHM ONpEXEeJMTENed B MaTeMaTHKe ropasfo Im-
pe 3aTPOHYTOHM HAMM TE€MHI, M KaXJOe W3 NPUMEHEHMH JTOH TEeOpUM
T0ACKA3HBAeT COGCTBEHHHIX nyTh eé moctpoenusa. Ogun u3 HaumbGouee
€CTECTBEHHHLIX NMOAXO40B — [€OMETPUYECKHM, OCHOBAHHKLIA Ha aHAIOTUH
“onpeaesuTeNH MATPUL — OGBLEMEI MHOTOMEPHEIX (Uryp” U Ha BHEIIHHX
n-¢opmax. Tak Kak A1 DTOr0 HYXHO IyTOYKY GOJBINE TEXHUKH, TO MK
OCT3HOBMMCA HA AHAIMTHYECKOM IIYTH, ANELIMPYS K [€OMETPUYIECKON
MHTYMIMH JUIIb B CAMOM Hadvale.

§ 1. OnpegeanTenn: IOCTPOEHAE M OCHOBHBIE
CBOHMCTBA

1. FeomeTpHaeckas MOoTHBHpPOBKa. Hu4TO Cceifyac He MemaeT
BBeCTH oflee NOHATHE ONPERETUTENS, HO NONKITAEMCA Ha BpeMs 3a0HITh
0 Hamed 3ajave, OGPATHUBIIMCH K BEIYHCIEHMIO OGBEMOB NMpOCTEHImMX
reoMeTpuyeckux ¢uryp — napawurerenunesoB. KsagpaTHoit maTpume
A = (aij) mopagKa n NOCTaBUM B COOTBETCTBHE Napasietenuned

I(A) = M(AM, A®) . AM™),

pébpa koToporo 3azatorca cronbuamu marpunst A, A@) AP 1.
BexTopamu (mm Toakamm) AY) = [a1j,a35,...,a,5] € R". Tlog II(A)
HYXHO IMOHMMATh MOAMHOXecTBO B R™, cocTosimee u3 BCEX TOYEK BUAA
7. AD 4 . +:c,.A("), 0z <1
(MBl HE3aMETHO NEpEIIX K OTOXAECTRICHHIO BEKTOPOB-CTOJOHOB C MX
KOHLIEBHIMM TOYKAMM B IMPOCTPAHCTBE C NPAMOYT'OJLHOM CHCTEMOHM KO-
opaunat). Ilpu n = 1 napanrenenunes Ha3LIBAETCA OMPE3KOM, a TPH
n = 2 — NaPaIIEI02DAKMOM.

O6vém v(II(A)) n-mepHOro mapajwierenunesa ONpeaeIAeTCa N0 MH-
Zyxuuu Kak mpomssesennme o6nséma v(II(AW), ..., A1) (n — 1)-mep-
HOro ocroBanua B R"~! u anunm h nepnenguxynspa A(™ P, onymenno-
r'o Ha THNEPILIOCKOCTDb 3TOro ocHoBaHuA w3 Touku A, Iox o6béMom
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oTpe3ka (n = 1) NOHUMAETCA, KOHEYHO, ero dauna, a MoK OOBLEMOM ma-
pawrenorpamMma (n = 2) — ero naowads. B o6mryio Teopuio uamepenuit
OGBEMOB MBI CEHMYaC He BXOAMM.
IIpaMble BEMMCICHHA NOKA3KBAIOT, 9TO C TOYHOCTBIO O 3HAKA
a;; a
n=2: v([I(4AM,4®)) = I 1 M2

a1 a2 |’

a1 G612 63 (1)
n=3: v(H(A(l),A(z),A(s))) =] G21 G292 Q23

Q31 Q32 Q33

(ompegesmTeMM MaTPHUI MOPAKKOB 2 ¥ 3 BBOJATCA COOTBETCTBEHHO GOp-
myaamu (2) u (8) w3 § 4 run. 1).

CoG6aasnuTeabHO GBLIO 6B COXPaHUTH GopMyanl Tuna (1) 6e3 oroso-
poK, T.e. npu mo6om pacnonoxenmn todexk AL, A2, .. wo a0 BO3-
MOXHO TOJBKO B TOM CJydae, eCIM NOJB3OBATLCA NMOHATHEM OPUEHMU-
P06GHK020 06EMG NTAPALIEIEITHIIENA C JOTYCTUMBIMM OTPUIATEILHEIMU
aHadeHMAMH. B yacTHOCTH, 41a OTpe3xa

——O— —O-
a 0

OpHMEHTHMPOBaHHOM JguuHOM Oyser a <0. [aa napawuierorpamMma
(AW, A®) mromasns GepéTca co 3HAKOM ILLIOC, €CIM YNOPAAOYEHHAS
napa BexTopoB (A(), A®?)) sagaer Ty xe opuenrammio niockoctu RZ,
4T0 ¥ 6a3UCHAs napa BEKTOPOB (€),e2); B NPOTHBHOM CIydae — CO 3Ha-
koM MuHyc. IIpn TakoM NOHMMAaHNM €CTECTBEHHO O6PaTUTH dopmy.ay (1)
¥ CYMTATh IpH J0O60M n onpegeaureneM det A MaTpunsl A OpreHTHpO-
BaHHHI 06BEM napalulenenunesa, 0603Ha4aeMEIA TEM K€ CHMBOJIOM:

det A = v(II(A4)).

BasucHElit BeKTOp ej, OTBEYaeT CTaHzapTHOMY cToabuy EU) = [0,.
., 1,...,0], rak uTo

AU) = 4 (EW)

— 06pa3 egUHHYHOrO BEKTOPA NPY JUHEMHOM OTOOpakeHHH p4: X —
— AX (cM. § 3 ru. 2). O6pa3om egunuanoro ky6a II(E) npu oTo6paxe-
HuM 4 GyaeT kak pa3 napawrenenunes II(A), a nockomexy v(II(E)) = 1,
onpenenurens det w4 = det A paBeH K03DPUIMEHTY U3MEHEHUS OPHEH-
THPOBaHHOro 06béMa. Ha caMoM gene npu mpuMeHeHUn @4 OPHEHTHPO-
BaHHBIA 06'bEM 10604 GUTYDH, a HE TONBKO €IMHUIHOrO Ky6a, MEHACTCA
B det A pa3 (cm. [BA II)).

O6paTHM BHNMaHME Ha JET'KO NpOBepAeMLle CBOMCTBA OpMEHTHPOBAH-
HOM ILTOMIa ¥ NapaLIeorpaMMa;

1) v(II(AW, A®)) = -v(l’I(A(’) AM);

2) v(II(AM + AA®), A®))) = v(I1(AD), AD)));
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3) v(II(E)) =1.

O ceoiicTBax 1) 1 3) FOBOPMIIOCH BHIIE, & CBOMCTBO 2) NPOMLIIOCTPH-
poBaHo (mpu n =2) Ha puc. 14
¥ OCHOBaHO Ha MJee PABHOCOCTAB-
nenHoctu. Ilpu n > 3 cmoicTBa
1)-3) o6béMoB mapasrenenuneson

/4(1) yXe MeHee HAIVIAJHEI, HO COBep-

7 e; IIEHHO OYEBMJHO, YTO NpH JIOGOM

4---""" Al 6)) +AA2) NOAXOJ€ K TEOPHMH ONpeieuTeeH

AA®) OTMEYEHHHIE TPU CBOMCTBA JOJIXK-
Puc. 14 HH BHIOJMHATHCA. Kpome Toro,

JNOMXKHBI GHTH NMONYYEHH U JPyrue CBOMCTBA ONpEefeINTeNeN Tak, YTO6H

Berancienue det A 1ua a:060# GUKCHPOBAHHOM KBaJPATHOM MATPHUIH A,

a ClIeOBaTeJIbHO, ¥ Brrducienue o6séma v(II(A)), 66110 anropurMudeckn

peaJM3yeMHEIM U JIEFKO OCYLIECTBUMEIM aKTOM.

2. KoM6rHAaTOpHO-aHAIARTAYECKAR noAX0A. Biuakue 0603Ha-

YeHus

ez,

ay;; QG2 ... QGin a1y Q2 ... Qin
Q. a e @ a a /]

A= 21 22 2n , det A = 21 22 2n , (2)
Gnl Gn2 ... QGnp Gn1 Gn2 ... Qnn

KOTOpHIE I HAC He HOBHI M KOTODHIMM MH 6yJeM HMOCTOAHHO MOJB3O-
BaThCA B JadbHEHIIEM, CYIIECTBEHHO pa3awyHul. Eciu A — kBajgpaTHas
Tabnuna, 3AII0MHEHHAA CBOMMM KoadduuuerTamu (OGBIYHO YUCIAMH), TO
onpefequTeNb NOPAAKA 7t KaK Ta ke Tabauna, HO OrpaHu4eHHasA BEpTH-
KaJbHBEIMM 4€PTOYKAMH, — 3TO YMCIO (WM BHIPAXKEHUE), NPUIHCHIBAEL-
Moe MaTpuue A u onpegenréHHOE PopMY401l N0AK020 PA36EPMBIBANUA

det A = Z €501,0102,02 - - - Gn,on- (3)
UESn

HJpyrumu croBamu, onpedesumeaen det A maTpunst A = (a;j) HasHIBaeT-
ca aare6paMvecKas CyMMa BCEBO3MOXHEIX NPOM3BEAEHUH KO3dduLueH-
TOB G;j, B3ATHIX 10 OJHOMY M3 KaXXJIOM CTPOKM M M3 KaxX/Joro croabua. B
KaXXIOM NIPOU3BENEHNM COMHOXUTEIY 32IIUCHIBAIOTCA B [IOPAJKE CIAELOBA-
HHA CTPOK, a HOMepa CTOJGLOB onpeaensioTca obpasamu ol,02,...,0n
HOMEpOB CTPOK NpH nepecTaHoBke ¢ € S,. Bcero nox 3nakoM cyMMhl
B (3) crouT n! craraeMrix; craraeMsle, OTBEYAIOMNE YETHHIM NEPeCTa-
HOBKaM, BXOJAT CO 3HAKOM ILTIOC, 3 OTBEYAIOLIME HEYETHHIM [1ePEeCTaHOB-
KaM, — €O 3HakoM MuHyc. Tex u Apyrux, cornacHo cooTHouenuio (11)
u3 § 8 ru. 1, — oguHakoBoe uucio n!/2.

Kax nokasmiBaeT HeCJIOXHaA npoBepka, ¢opmyaa (3) mpu n = 2 u
n = 3 NpUBOAUT K U3BECTHHIM HaM BHpaxeHuaM. IIycts n = 4, u nycts
o =(12)(34). Torna e, = 1, a 81,0102,0203,0304,04 = 012G21034G43.
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OTO 3HAYMT, YTO B ONpeJeIUTENb YETBEPTOrO NOPALKA ClaraeMoe
G12G21034G43 BXOJUT CO 3HAKOM ILTIOC. B KavecTBe MOJE3HOIO ynpaxHe-
HUsA, PACCYMTAHHOIO Ha MPOYHOE BlajeHNne MaTepuaioM § 8 ra. 1, crour
BHIIACATH BCE 24 WIEHA 3TOr0 ONpeeIuTeNIs ¥ BHUMATEILHO NPOCIe UTh
3a paccTaHoBkoM 3HakoB. KcraTH, yxe npu n = 5 nogo6Hoe 3ajaHue ¢
BhIMMCHIBaHueM 120 wieHoB BHIraaAgeno 661 6eccMBICTeHHEIM. Mex ny TeM,
c1eaya HaBOAALIUM COOGPaXKEHNAM U3 M. 1, MBI XOTesM GBI M3RIEYb U3 MC-
xoaHOM HOpMyaH! (3) BCe HyXHEIE HAM CBOMCTBA ONpeXeJuTeNeH JI060ro
HOPAJKA.

3. OcHOBHBIE CBOMCTBA ONpejeNnTeNed. JDTUX CBOMCTB HEMHO-
ro, HO 411 GOPMYJAMPOBKHM M, MIaBHOE, IJIA UX NOHUMAHUA HYXKHO yCJIO-
BUTBCA O TEPMUHOJIOTMH U 0603HAYEHNAX.

B panbHeiiieM, Kak ¥ B II. 2, CHMBOJAMH

A(,-)=(a,'1,a,-2,...,a,»,,), 1=12,...,n,
A(j) = [alj,azj,. . ,a,,j], j = 1,2,.. o n,

6ynyT 0603HA4YATHCA COOTBETCTBEHHO i-A CTPOKA M j-H CTOI6eL MATPHILL
A = (ajj). Cama marpuna A npejcrapiferca JM60 Kak O0beIMHEHHe
CBOMX CTPOK:

A= [A(l), A(z), ey A(n)]

(cTon6en cTpok), 60 xak 06'beIMHEHHEe CBOMX CTOJIOLOB:
A= (AD AD A

(cTpoka cTON6LOB). YCIOBEMCA BIPELb CTPOKH ¥ CTOJIGLEL 71 X TI-MAT PULE
A Ha3HIBATb TAKXKe CMPOKGMU U CTROAGYaMU onpedesumens |a;j| nopad-
xa n.

Cornacuo onpeaenenuio | | = det (or anra. determinant) — QyHx-
LMA, CONOCTABIAIOMAA KBaAPATHOM MaTpune A HekoTopoe 4ucio |A| =
= det A. Hama 3aja4a — ¥3y4YWTh NOBEJEHUE 3TOM DYHKLIMM NP M3-
MEHEHMHM CTPOK WIH CTOJOHOB MaTpUIH A, paCCMATPUBAEMEIX KaK JJe-
MeHTH (BEeKTOpH) JHUHeHHOro npocrpancTsa R™. Ecau yrogHo, aas Hac
det A — coxpaménnoe o6o3nayenye (B ayxe . 2 § 5 ru. 1) dpynxuuu
det[A(y), ..., A(n)] wm det(AW, ..., A(M) n nepemenHsIx, KOMMH ABIA-
10TCA BeKTOpH U3 R™.

Mpoussonenyio dynkumo D : [Aq),...,Am)] = D(Aay,- s Am)
MEI 6y1eM Ha3bIBaTh NOAusunetnot, eCin OHa JMHEeHHA 1O KaXKIOMY ap-
rymenty A, T-e.

D(A(l), ces ,aAzi) + ﬁAin), ceny A(n)) =
= a’D(A(l),. . ’Azi)" .. ,A(,,)) + ,BD(A(I), . "A?‘)’ .. ,A(,,))

(cp. ¢ n. 1 § 3 ra. 2). Ta xe dyHkuusa D HA3HIBAETCA KOCOCUMMEMPU-



106 Ta. 8. Onpedesumesn

vecxod (cM. m. 4 § 8 ru. 1), ecam

D(A(l), ceey A(g), A(i+l)) cee ’A(n)) =
= —D(A(l), ven ,A(,-.H),A(,-), cen ,A(n)), 1ign-1 (4

3aMeuanue 1. U3 onpegeneHus JuuedHnx ¢yskumia (cM. (4) § 3
L. 2) MOXHO 3aKTIOYHTh, YTO GyHKIMA D NOMMIMHENHA POBHO TOTJA,
Koraa npu UKCHPOBAHHEIX A(1),...,A(i-1), A(i41)s---rA(n) ¥ TPH
Ai) = X = (21,...,Tn) MH HMeEM

D(A(l), . ,A(n)) =017 + a2y + ... + QnZy,

rie ai,...,0pn — CKAIAPH, HE 3aBUCAIIME OT Z1,...,Tn.
3aMmevanue 2. KococuMMeTpUYHOCTD nonmiMHeNHOM GyHKnun D
SKBUBAJEHTHA BLINOJTHEHUIO COOTHOIMIEHHH

D(A(l)v ":A(i—-l)7X7X1A(i+2)"’ -aA(n)) =0, 1€ign-1 (4’)

B camowm nene, nonoxus Ag;) = Agiy1) = X B (4), MeI npugém k (4).
O6patHo, mpu X = A(;) + A(i41) w3 (4') BEITeKaeT B CuIy MOJMINHEHHO-
ctu D cooTHOmeHuE

D(... ,A(,’),A(;),.. D+DC(... ,A(;+1),A(.'+1),...) +
+D(. ’A(‘i)7A(i+1))"') +D(...,A(;+1),A(i),...) =
=D(... yAu) + Ay, Ay + Agit),---) =0.

IlepBrie gBa WieHa paBHH HyTIO (nOJM0XMTH B (4') coOTBETCTBEHHO
X=AynX = A(£+1)), MO3TOMY paBHA HYJIO CyMMa ABYX NMOCJIEFHHX
YIEHOB, YTO ABJIAETCA JHUIIL MHOM 3AIMCHIO COOTHOLIEHUA (4).

Te xe onpenenenus u 3aMedanus oTHocATCA K pynxmm D(AW), . ..
..., A(™) BexTopos-cron6uos. Boxee Toro, ycrosue (2) KococuMmeTpuy-
HOCTH NMPUMEHMMO K m060it dynkmun D: M™ — R, rge M™ — pekap-
TOBA CTeNneHb HEKOTOporo MuHoxecTsa M. HanoMuuM emg, 4T0 cornacHo
JemMMme 2 . 1 npu nepecmanosxe mecmamu 410661 J6YT GPYMENMO6
KOCOCUMMEMPUUECKAR PYNKYUR MERAEM 3HAK KA NPOTHUBONOAOHCHIT.

O6paTuM BHEMaHNE Ha TO 06CTOATENLCTBO, YTO B dopMyry (3) cTpo-
KM ¥ CTONOIE! MATPUOE A BXOAAT, HA MEPBHIM B3MVIAL, “HEPaBHONpPAB-
HEIM” o6pa3oM. Ho ecn B A noMeHATH MeCTaMu CTPOKH ¥ CTOJGLEL, TO
TNOIY4UTCA TPaHCIOHMPOBaHHAA MaTpuna ‘A (cM. . 3 § 3 ru. 2). Crano
6LITH, peub HAET O CPaBHEHMHM ABYX BemuyuuH: det A u det *A. OTBer gaéT

Teopema 1. Onpedeaumeau 410608 xeadpamuott mampuyvi A u
mpancnonuposannol ¢ net mampuyst *A cosnadarom:

det*A = det A.

Noxasarenscrso. [lonoxus A = (a;;), A = (a};), rae al; = aji,
u 3aMeTuB, 9T0 k = w(n~lk) ana mo6oit nepecTaHOBKM T € S, ¥ i
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moboro Homepa k € {1,2,...,n}, MB BUAUM, YTO yNOPAAOYEHUE MHO-
XKUTeJeH IPOM3BEAEHNUA Q) 4, - - - Gy, vy, B COOTBETCTBHUH C NEPECTAHOBKOM
71 gaér

] ] 1 ] _
A1n1 - Cppn = Q=11 w(n=11) * - Cp-1p n(n—1n) =

— ! ! —
= a,r_,m e a,r..ln’n = a,',,-xl .. .a,,’,,-x,,.

Ecu y4ecTs eme, YT0 €x = Ex-1 (ExEx-1 = Exq-1 =€ =1),a{r 1|7w €
€ Sp} = {n|r € Sp} = Sp (mocxonbky T+ 7! — GuekTHUBHOE OTOGDA-
xenue w3 S, B S,), TO 1o popmy.e (3) umeeM

t4 — ! ] — ] ' _
det’A = Z ExQy p1 -+ Opon = Z Ex=10) p-11 - Oy g1y =
TESn wESn

= Z €001,01.--0non =detAd. O
UGS'.

3aMevanue 3. YTeepxheHue TeOpeMH 1 HHTEPNPETHPYETCA TaK:
€CJIM JJA ONpERENUTENEH BHIIOJHEHO KAKOe-TO CBOMCTBO OTHOCHTEIb-
HO CTpOK (CTOAGLOB), TO OHO MMEET MECTO M OTHOCUTEIBLHO CTOJGIOB
(cTpoxk).

Teopema 2. Dynxyus det: A — det A na muoacecmse My, (R) o6aa-
daem caedyouumy c60UCMmeamt.

D1. det A — xococummempuuecxasr Pynxyus cmpox mampuybi A
(m.e. npu nepecmanosxe mecmamu 406z deyr cmpox onpedesumean
MEHAETN 3NAK NG NPOMUBONOAONCHBIY).

D2. det A — noauaunetnas fynxyus cmpox mampuysvt A (m.e. onpe-
deaumeanb sampuybs A ssaremca aunetnod gynxyuet ssemenmos awbod
eé cmpoxu Ay)).

D3. det E =1.

Hoxkazateascro. D1. Ilycte A’ — maTpuua, nonryvaomasncs u3
A mepecTaHOBKOM CTPOK A(;), A(y), T-€. AZa) = Ax), Azt) = A(s), A’(i) =
= A(;) npu i # s,t. Toraa, sanucas mobyio nepecTaHOBKy T € S, B BUOE
m = o7 ¢ TpaHcno3uuxed 7 = (s,t) (cM. B n. 3 § 8 ru. 1 BHIpaxkeHue
(10'), onpegensomee nepecranosky R;), 6ysem umeTsb

det A' = Z ExQ) 1 -+ Oppn =
TESn

— j : ! [ ! ! —
- 6070‘1,01‘1 v ae,ars ct at,art e an,afn -
0ESn

- } : ! l ! ! —
- e“fal,al .. -as'a.t .. .at’d‘ . -anyan -—
UGSn
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— ! _
= E €g7Q1,01 ---Gt,ot -+-Bs,05+--0p gn =
O‘GSn

= - E €s01,61 ---An,gn = — det A.
0ESy
D2. Hycte A = (ai;), u nycTs Ax) = )\'Azk) + z\”A(’k), rje WTPUXK
YKa3hIBAIOT HA BCIOMOTaTENbHEE MATPHUILI
A" =[Aqy, - A1) Alkys A1) - - > Al s
AH = [A(l)’ ceey Azlk), ceey A(”)]
ITo ycaosuio
akj = Nag; + Nag;, §=1,2,...,n.

OcHOBHIBasACHL Ha 3aMe4aHuH 1, cBOMCTBO JuHeHOCTH det A OTHOCHTEND-
HO 2JIeMEeHTOB k-i CTPOKM A () MOXHO YCTaHOBUTS ClIeAyioumM o6pa3oM.
Ilo onpenenenuio

det [A(l),...,A(k),. . .,A(n)] =detA =

o0ESn 0ESn

rie pPo, 0 € Sy, — KO3GGUIHEHTH], He 3aBUCAILINE OT JJEMEHTOB CTPOKH
A(x)- Cobupas nojo6HLE WIEHK!, OTBEYAIOIME TeM 0 € Sy, A7 KOTOPEIX
ok =j,mmonarag o; =) 4 ; Po, TIOIYMM HyXHOE CBOMCTBO JUHEHHO-
CTH

n
det [ . ,A(k),. . ] = Eajakj,
j=1

det[...,)\, zk) +A”Azlk),...] =

n n n
= Zaj(}\'akj + Xag;) = by za,»a;cj + Z N'ajag; =
i=1

j=1 j=1
=Ndet[...,Al),...] + \"det[..., A%, ...].

Kopoue:
det A=XNdetA' +)'detA".

D3. Ouesugno, detE = 3, .5 €601,01---0pnon = €ed1,1...0pn =
=10

N3 TeopeMhl 2 BHITEKAET HECKOJBLKO NMPOCTHIX YTBEPXAEHHM, KOTO-
prle MH COPMYJIMPYeM B BUE CBOMCTB ONpEAEIUTEIeH, HO JOKA3HBATD
nx 6yaeM B Goaee obwent cuTyaumn — A ao6oi dyskuuu D: M, (R) —
— R, o6ragatomen ceoicreamu D1-D2.
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D4. ITyemv A € My(R), A € R. Tozda
det AA = A" det A.

JleficTBUTENBHO, B CHIY CBOMCTBA D2, npuMeHEHHOr 0 NOCIEOBATENb-
HO K CTPOKaM C HoMepamu 1,2,..., umeeM

D(AA) = DAAp), M2y, - - AM(m)] =
= /\D[A(l), AA(z), caey AA(n)] = AZD[A(I),A(Q), e ,AA(",)] =...
RS ARD[A(I),A(g), ooy A(n)] = A”D(A). O

D5. Onpedeaumeadv ¢ nyaesoti cmpoxots pasen nyaw.
Mycrs, nanpumep, Ak = (0,0,...,0). Torga u 24 = (0,0,...,0).
Caegoparensro, mo D2

D(A) = D[A(l), e ,A(k), cee ,A(n)] = D[A(l), oo ,2A(k), ‘e ,A(n)] =
= ZD[A(l), ceey A(k), e ,A(n)] = 2D(A),

orkyna D(A) =0.0

D6. Ecau 6 xsadpamunot mampuuye A dee cmpoxu coénadarom, mo
e€ onpedeaumend pasen HYo.

BepéM onaTe npomsBoiabHy0 ¢yHkmmio D co ceoicrBamu D1-D2.
Iomensas MecTamu jJBe COBIaJalomme CTPOKM A(,), A(y) B A, ME moxy-
4uM Ty xe mMatpuny A. C gpyro# cTopoHH, corsnacuo ceoicTy D1 gus
D snauenue D(A) npuMeT NpPOTUBOMONOXHEIA 3HaK. Takum 06pasoM,
D(A) = -D(A), otkyza 2D(A) =0u D(A) =0.0

D7. Onpedeaumendb ne MEHAEMCR, €CAU HAO €20 CMPOKGMU COBED-
wamb aaemenmapxbie npeobpasosanus muna (II).

JocTaTo4HO PacCMOTPETD CIy4ail IPUMEHEHHA OLHOI'0 JIEMEHTAPHO-
ro npeo6pasosanus. IlycTs nocne npubarieHus K $-i CTPOKE MATPUILI
A eé t-i1 cTpOKM, YMHOXEHHOH Ha A, noiyumiack matpuua A'. Torga B
cooTBeTcTBaM co cBocTBaMu D1 u D6 ana D nmeem

D(A’) = D[A(l),...,A(,) +/\A(t),...,A(t),...] =
=D[A(l),...,A(,),...,A(t),...] +/\'D[A(l),...,A(t),...,A(t),...] =
=D[A(l),...,A(,),...,A(t),...] =D(4). O

3ameuanue 4. [IpoBeaéHHHe JOKa3aTENLCTBA NMOKA3HBAIOT, YTO
mo6aa ¢pynxunsa D: M, (R) — R co ceoitcteamu D1-D2 o6xanaet Takxe
ceoucreamu D4-D7 (3amernts cumBox det Ha D).

Ilpesnoxenue 1. Ilycmo

A= 0 Q3 ... Q2n (5)

...................
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— GEPIMAR MPEYSOALHAR MAMPUYA NOPAdKa n, E — edunuunas mam-
puya u D: My (R) = R — arobasr Pynxyus, obaadarnwas ceoldcmeams
D1-D2. Tozda

D(A) = D(E)a11822 . . . Gnn-

HdoxasaTenscTBo. Corracso 3ameyanmio 4 ME MOX€EM ONMMPATHCS
Ha cBouctea D2, D7. Ha ocHoBanuu D2 Bumecem A,, 3a 3Hak D:

all “ee al,n-l ‘dln
D(a)=annD ..-.-...-.;..........; .....
0 cee a’”-l,ﬂ—l an_l’n
0o ... 0 1

Ipumenum Teneps K A aneMenTapHOe MpeoGpasopanne Tuna (II): Brry-
TeM M3 i-i CTPOKH CTOAMIEH 0 3HaKOM D MaTpHIHI OCIeJHIO CTPOKY,
YMHOXEHHYIO IPEXBAPUTEIBHO Ha Gjy. 1PN 3TOM 3JIEMEHTHI NOCIEIHErO
cToabua o6paTaATCA B Hyab (KPOMe Gny, = 1), a Bce gpyrue 3J1eMeHTH Ma-
TPHMIEI OCTaHYTCA 6€3 uaMeHeHus. [IpuMeHuM TO Xe caMoe PacCy X geHue
K TIPeAnocieHe# CTPOKE BHOBBL NMOMYYEHHOU MATpHMUH ¥ T.J. Kaxanui
pa3 o4YepesHOM 3MeMEHT Gi; BRIHOCUTCA 33 3Hak D u paccyxjJeHue BO3-
obuoniaserca. IIpoaenas ero n pas, MH y6exaaeMCa B TOM, YTO

_ 1 ...0
D(A).—_ann..-al]_'p R )
0 ... 1

a 9TO M eCTh McKOMaA ¢opmyaa. O
Cneacreue. Ecau A — mampuya euda (5), mo

det4 = a11@22 - ..0nn- (6)

Joka3aTesnbCTBO HENOCPEACTBEHHO BHTEKAET U3 PEAIOXKEHNA 1,
eciu 3aMeTuTh, 9T0 det E = 1 (cBosicTro D3). O

Ilonesno npuBecT emé OZMH BHIBOA ¢opMyisl (6), ommparomuics
Ha 6osee obmee yTBEp:KJIE€HHE, KOTOPHIM MHEI BOCHOJL3YeMCA IO3JAHEe.
IIpeaBapuTeabHO ZauM Cleayolee

Onpenenenne. OmpeeauTens MaTPULH, noxydaomeics us A =
= (aij) BLIYEpKUBAHMEM - CTPOKM M j-r0 cTon6ua, 0603HavaeTCa M;;
¥ HA3EIBAETCA MUNOPOM MATPHUL A, COOTBETCTBYIOUIMM JIEMEHTY Gij.
Bemuuuna A;; = (—1)*t7 M;; HasHIBaeTCA as2elpausecKusm Jonosnenuem
SJIEMEHTA Gij.

Ilpegaoxenue 2. Ecau

apy a2 ... QGin
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mo
det A = OnMu = 011.411.

HokasaTeabcTBo. Tak kak det A = det®A (reopema 1) m Tax
KaK G11-— €JUHCTBEHHHIN OTIMYHHH OT HyJ]s 3JEMEHT NepBoro cToabua
AW 100y =0npunl #1m

det A= E ExGx1,10x2,2.-.Cxn,n = Z ExB1,1Gx2,2 - . .C0xnn.
wESh NESq,x1=1

CoBOKYIIHOCTb BCEX IIEPECTAHOBOK T € Sy, OCTABIAIOAX HA MECTE CHM-
BOM 1, OTOXAECTBIAETCA C MHOXECTBOM Sy, IIEPECTAHOBOK, AEACTBYIO-
mmx Ha MHOXecTBe {2,3,...,n}. Takum o6pa3om,

det A = a;; E €¢Gg2,2--:Qon,n =
663'.—1

B npumeHernn K BepXHE#l TPeyroJbHOM MaTpHIle A npepnoxenne 2
naér paseHcTso det A = @;; My;, rae

Gnn
— oIpeeaNTENb TOrO Xe BEAa, HO Ha eAUHALY MeHbmero nopagka. Oue-
BUHOE PACCyXJeHde N0 MHIAYKIUM NPUBOLHUT K (opmye (6).

JoxasaHHEe CBOMCTRA JAIOT BO3MOXHOCTb CPABHATENHLHO IPOCTO BH-
YHUCIUTL ONpeAeNuTeas nopazka n. OZUH U3 METOJOB 3aKIIOYaeTCA B
crenyiomeM. Marpuny A = (aij) clefyeT NpMBECTH 3JeMEHTAPHHIMU
npeo6pa3oBaHMAMHM K TpeyroapHomy Bugy (cM. § 3 ri. 1). Iyers Mu
nonyuum Matpuny A euaa (5). IIpegmonoxmm, 4To B mpomecce mpuse-
JeHus OLLIO COBEPIIEHO ¢ 3eMEeHTapHEIX npeobpasosanmit Tuna (I) u
KaK0e-TO KOIM41eCTBO npeobpasosanun Tuna (II). Tak kak nocregaue ne
MEHAIT onpegeauTens (csoicTso D7), a xaxa0e npeo6pa3oBaHue THNA
(I) ymuHOXaeT ero Ha —1, To det A = (—1)7det A. Ilo dpopmyre (6) Mt
nMeeM

det A = @y;d22 . - - G-
B TakoMm ciyuae
det A = (—1)" 311622 .. .0pnp- (7)

ITO U eCTh 04HA U3 HOPMyYJ A BeYMciIeHus det A.

Teneps, onupaack Ha ¢opmyay (7), MH yCTAaHOBMM BaXKHBHIH (aKT,
xacaronmica ponu ceoicts D1-D3 onpeaenurens. HMenno, umMeeT MecTo
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Teopema 3. ITycmo D: M,(R) - R — dynxyus, o6aadarowas cae-
dyrouwums ceoticmeamy:

i) npu nepecmanoexe mecmamu 4060T J6YT COCEINUT CMPOK MaM-
puytt A € M, (R) anauenue D(A) mensem 3nax xa npomueonosorcxbill;

ii) D(A) searemca aunetinot Pyrnxyuet ssemenmos xaxcdod cmpoxu
smampuybi A (dpyaumu caosamu, D(A) — xococummempuuecxas noau-
aunetinas GYHKYUR CMPOX MAMPUYDY).

Toz2da

D(A) = D(E) - det A.

JokazaTenbcTBo. Kak MH 3HaeM, CBOKCTBO i) 3KBUBAJIEHTHO TO-
MYy, 4T0 D(A) MeHsAET 3HaK Ha IPOTUBONOJIOXKHEIA ITPY EPECTAHOBKE JII0-
6LIX ABYX CTPOK, T.€. IpHU MOGOM 3IE€MEHTAPHOM NpPeoGpa3OoBaHNM THIIA
(I). Janee, cornacuo 3amedanuio 4 D(A) o61agaeT Takke CBOMCTBAMU
D4-D7. B yactnoctH, D(A) He MeHsieTCA, €CIIM CTPOKK MATPUOH A moa-
BEPrHYTH 31eMEHTapHOMY npeobpasosanuio Tuma (II).

[Ipuseném mMaTpuny A mpy noMOIM 3JeMEHTAPHLIX TPeo6pa3oBaHuMit
K TpeyroasHoMy Bugy (5), rje, KOHEYHO, HEKOTOpPHE U3 A;; MOT'YT pas-
HATbCA Hyao. C y4éToM BHIIECKa3aHHOr0 MH uMeeM ¢opmyasl (cM. (7))

det A = (—1)7det A = (—1)%G11822 . . . G,
D(4) = (-1)'D(4),

rje ¢ — 4MCIO 3IeMEHTAPHEIX npeoGpasosauuit Tuna (I), coBepmenHux
npu nepexoge oT A x A. Hyxwuoe mam coornomenne D(A) = D(E) det A
BHITEKAET Tereph HEMOCPEACTBEHHO M3 npeanoxkenus 1. O

Hrak, coucrsamu D1-D3 pynkuus det xapaxTepusyeTcs 0fHO3HAY-
HO. ITo 3TON NpuYMHE MH OTHECIM MX K OCHOBHLIM CBOVCTBAM OIpEAEIH-
Tener. MoxHO GBLIO C CAMOr'0 HaYalla Ha3BaTh OIpefeauTeneM GyHKIHIO
D, obaagaromyio ceoicrBamu D1-D3, HO B TaKOM caydae HYXKHO YCTaHO-
BHTH €€ CyIIeCTBOBaHHME. Y HAC CyLIECTBOBaHME OGECHEYNBAETCA CAMOM
KOHCTpyKuuer ¢pynknun det — dopmynoi (3).

HMes B BEAY JarbHEAIIHe NPUMEHEHUS TEOPEMEL 3, MBI HE BKIIOYHIM
B €€ popMyIMPOBKY HOpMUPOBO4HOE yciosue D(E) = 1.

YIIPA2KHEHHUSA
1. Kococummerpuyeckyio ¢pynknuio A: R® — R Tpéx nepemeHHBIX
Az,y,2) = (y - z)(z - z)(2 — ¥)

3aIMCATh B BH/AE ONPEJENINTENd TPETLero NOPAAKA.

2. Mycts A = (ai5), A' = (agj) — aBe n X n-MaTpuunl, A, A’ — ux onpegern-
rexu. Cpasuuts A u A’ B cryyanx:

3 af; = 2y

6) aéj = @n+1-i,55

B) &}; = Gn4l-intl-j-
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3. IToka3ats, 4TO

e
—_— e N
-
- =
4+ =

§ 2. JarbHeHIIMe CBOMCTBA ONpeJeIuTeaer

1. PasnoxeHre ompejeiuTeNasa IO IEMeHTaM CTOa6Ha HAR
crpoku. CyuecTByeT peryJsapHH CIOCO6 BEMMCJIEHUA ONpeAeInTe-
Jiedl, OCHOBAaHHBIM HA PEJYKIWM K ONPEISIMTENAM MEHBIIEro MOPAAKA.
IIpu >TOM KCIONBL3YIOTCA MOHATHA MUHOPa M;; M alre6pam4eckoro Ao-
nonHeHHs A;j (cM. onpegenenue B § 1).

Teopema 1. ITycmv A = (a;;) € M,(R). Cnpasedauet caedyrowue
dopmyavi:

n n
det A = Z(—l)i"'ja,'ngj = Zaiinj (1)

i=1 i=1

(pasaoacenue onpedesumens no saemenman j-20 cmoabya);

n n
det A = Z(—l)i+jaijMij = Zaiinj (2)

j=1 j=1

(pasaoscenue onpedesumens no ssemenmanm i-ii cmpoxu).

Hrnave 2080pa, onpedeaumenr mampuybt A pasen cymme npoussede-
null 6CET IAEMERTMOB HEKOMOPO20 cToabya (Hexomopot cmpoku) na uz
aszebpatueckue JONOAKENHUS.

loxazareasncTno. 1) Onupasce Ha ocHOBHEIE cBOMcTBA D1 u D2
onpejeuTeneR (CHaYala OTHOCUTEILHO CTONOLOB, 8 3aT€M OTHOCHTEIb-
HO CTPOK), BHINUIIEM IENMOYKY DPABEHCTB:

a; ... Qi ... Qin
det A = ay ... Q@2; ... Q2n =
Qn1 QAnj Qnn
an a1j Q1n a1 0 a1n
_ | a2 0 am | | 6z az; am |,

................................................
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"
]

anl .o a,u “ee ann

a1 ... Q1,5-1 0 @1,j41 ... Qin

n I I I P I I T TIPS

=Yl 6a ... G- G Gija ... Gin |=

Qn1 ... Qpj-1 0 Qnj4+l .- Gnn

0 aiy ... Q@1,j-1 G141 ... Qin
— j—1 —
= Z(—l)" Qi; Qi1 ... Q4j5-1 Qij+1 .- Qin | =
0 Qn1 ... Gn,j-1 Gnj4+1 --. Gnn

n
= Z(_l)(j—1)+(i—l) x
i=1
Q45 Qa1 e Q51 Qj,j+1 SN Qin
0 (3%} e ay,j-1 Q1,j+1 e Qin

x| 0 @11 ... Gi—1j-1 Gi—ij+1 ... Giclp | =
0 @it11 .-+ Gig1j-1 Git1j+1 .-+ Gitln

0 Qn1 aes Qn,j—-1 Gn,j+1 e Qnn
n
=Y (-1)*ai; M;;.
i=1

IlocieaHee paBEHCTBO OCHOBAHO Ha MpeaoXeHuH 2 § 1, npuMeHEHHOM K
MaTpHuue

a;; 02 Q1n
]
A = 0 ay Q2p
! 1
0 Qo Ann

c ay; = aij, G}y = G4y, .. ., G), = Gin, M]; = M;;. OcTaérca BCHOMHUTS,
4To 10 onpegenenuio A;j = (—1)*+7 M;;. dopmyaxa (1) zokasana.

2) Monoxum ‘A = (a};), a}; = a;;. 3aMeTuM ewé, 4TO MEHOPOM, COOT-

BETCTBYIOWUM dJieMeHTy a; B det *4, 6yzer M}, = M;;. Kax 6uuio moka-

- tg — " i+ig M!. = S

3ano B 1), det A = det’A = 3o, (=1) *a}; Mj; = 370, (1) a;; M,
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T.e. MEI nIpUILI K dopmyae (2). MoxHO 6BUI0 pacCyXAaTh npome, Co-
ClaBIINCH Cpa3y Ha 3amedanue 3u3 § 1. O

Creayiompe AB3 NpUMePa CIYyXKAT WUIIOCTPALMEN IOy YeHHEIX HaMK
CBOVWICTB ONpejeauTeIen.

Npumep 1. Onpegenurens

1 1 vae 1
z Tz ... Tn
An=| 2 z3 z2 | = A(z1,Z2,...,Zn),
SLIISITTTSTRRILRLS o
z] 5 z

CBA3LIBAEMHIN C UMeHeM BanjepMoHJa, BEIYHCAAETCA NO GhOpMyIe
an= JI @-=0),
1<i<jgn
i, B 60Mee NOAPOGHON 3amucH,
An = (z2 —z1)(x3 — 21)...(Tn —21)(x3 — 22) ... (Tn — Z2) ... (Tn — Tn-1)

(B cBA3M ¢ 3TOM GOPMYJIOH NOAE3HO BepHYTHCA K ymp. 1 w3 § 1). B wacTHocTH, npu
NONapHO Pa3MMYHEIX JJIEMEHTAX I1,...,Tn ONpeAeruTeas BaHpepMonja oTaMYeH OT
HyJf. DTHM ero CBOMCTBOM 4acTo noab3yorca. Ilo Teopeme 1 § 1 umeem Takxke

1 = zz 2!
n—1

A, = 1 zo z3 z,
1 z, zx2 !

Jnsa pokasareanctsa (opmyan (3) npumeHMM MHAYKUmMIO no n. CuuTas, 4TO
Am,m < n, BuYHCAAETCA 1O dopMyre (3) M onuMpadch Ha CBOMCTBO D7, BhIYTEM
M3 KaX/J0M i-H CTPOKH onpegeauTtens Ap (i — 1)-10 CTPOKY, YMHOXEHHYIO Ha T):

1 1 ce. 1

0 T9 — T1 e Ty — T1
Ap=]|0 z3 — 2211 T — 2nm)

0 23 '-23 7%z ... ozl -2iT2p

HanpammuBaeTcsa MBICIb Da3iOXUTh Tenepb Ap N0 mepBoMy CTOAGLY, a B IOJYYHB-
LIEMCA ONpPEeAENTUTENe NOPAJKa 1L — 1 BLIHECTH U3 j-ro cToabua (j = 1,2,...,n—1) 3a
3HaK ompejenuTend OGIMHA MHOXHTENb Z;41 — Z1 (cBodicTBO D1 Ana cToabumos). Mut
NpUAEM K BHIDAXEHHIO

1 1 1
Bn=(@n = a)@n-—o)@—a) | T o|=
«p~? 37 . apT?
= (¢n — 21)(Tn-1 — 21)...(z2 — 21) - A(x2,23,...,Zn),

cosnajawmeMy ¢ (3), TOCKOAbLKY IO NPEANONOKEHHIO WHAYKIHH

A(za,..nzn) = [] (25 -2).

2€i<jign
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IIpumep 2. Marpuna A = (a;;) Buga

0 a2 Q13 ... Qln
—ai2 0 a23 ... Q2n
A= —-a13 —a23 0 ... Q3n
—QGln —a2n —Q3n cen 0
HA3BIBAETCA KOCOCuMMempudecxod (0 e€ onpejeruTene TOXe rOBOPAT, YTO OH X0-
cocummempuuecxutl). Jpyrumn croBamu, tA = —A. C yuérom Teopemmr 1 u3 § 1
HMeeM

det A = det *A = det(—A) = (—1)" det A,
orkyzaa [1 + (—=1)"~!]det A = 0. IIpu neuéTHOM 1 noxyyaem det A = 0, T.e. onpege-
JUTEAbL M060H xococumuewpuqecxoﬁ MAaTPpHIOBI HEYETHOrO NIOpAJAKa paBeH HYJIIO.

2. Onpejesmarenn cnenMalbHHEIX MaTpuu. Yem Goubiue HyJen
CpeAM BIeMEeHTOB MAaTpuuu A ¥ “yeM aydiie” OHU PaCIOJOXKEHH, TeM
Jerde BHIYMCIATH ompegenuTeas det A. DTO MHTYMTHBHOE NpeCTaBJe-
H¥Ie HAXOAUT B HEKOTOPHIX CIY4asX TOYHOE KOJIWIECTBEHHOE BEIDAKEHHUE.,
Hanpuwmep, mMu 3naem (cM. (6) w3 § 1), 4To onpeseauTens TpPeyroab-
HOM MATpVIEI (BEepXHEH WM HIXKHEH) PaBeH MPOW3BENCHMIO DJIEMEHTOB,
CTOAIMX HA [VIABHOM AMaroHand. [pyroi BaXHE YaCTHHM CIy4ad CO-
JOEpXKUT

Teopema 2. Jas onpedeaumeas D nopadxa n+m, y xomopozo na
nepeceuenuly NEPEHIT N CMOoAbYU08 U NOCAETHUT M CMPOK, CMOAT HYAU,
umeem mecmo dopmyaa

Q11 Ain Gin41 --- Qlantm
Gn1 Gnn  Qpn+l o Oun4m | _
0 0 b1 . bim
0 0 bm1 .. bmm
ai1 ... Qin bll e blm
Qni ... Qpp bml bmm

(onpedeaumeav 6 ae60t uGCIU 3M020 PREEHCTEA HA3LIBAETMCA K6G3U-
MPEY204bKbIM UL ONpedesumenes C Yy2a0m nyaet).
Jokxa3zaTenbcTBO. 3adukcupyeM cHadaua n(n + m) 3IeMEHTOB
@ij ¥ PacCMOTPuM onpegeauTend D kak QYHKIMIO 31eMEHTOB gy, KOTO-
prle 06pa3yloT kBagpaTHyI0 MaTpuny B nopaaka m. Ha nmomydennyio
GYHKIHMIO MOXHO CMOTPeTh Kak Ha ¢yHkumio MaTpuusl B: D = D(B).
ACHO, 4TO MOMMIMHENHOCTH ¥ KOCOCHMMMETPHYHOCTD OIPENEINTENS
D oTHOCUTENEHO NOCJHEHKX M CTPOK 3KBHBAJEHTHA TEM YK€ CBOMCTBAM
D(B) OTHOCHTENBHO CTPOK MATPHUE B. 3HauuT, MpaBOMEpHO mpuMe-
HuTh K D(B) Teopemy 3 § 1, coraacuo koropou D(B) = D(E) det B. Ilo
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onpegenenuio pyaknuu D umeeM

ap Q1n  Q1,n+41 Q1,n+m
Qnl1 :+- Qpn Gun+l - -+ Gunim
DE)=|"7 : ’
(E) 0 0 1
0 0 0 1

Paznoxum D(E) no nocnegnei crpoke (cM. dpopmyry (2)), 3aTeMm no
npeanocaessed 1 T.4. [loBTOpUB 3Ty omepauuio m pa3, MH y6exuMmcsa
B TOM, uT0o D(E) = det A, rze

Oxonvarensno nonyyaem D = D(B) =det A-det B. O

B HOBEIX 0603Ha4YeHUAX GHOpPMyJa M3 TEOpeMH 2 mpuHuUMaeT 6osee
KOMIIAKTHEIA BUJ

det = det A - det B. ()

A C
0 B

3xecs A u B — xBaApaTHEEe MATPUIEL, 3 HyXeBas MaTpuna 0 u MaT-
puua C npamoyroasauie. Onupancs Ha Teopemy 1 u3 § 1 u Teopemy 2 wiu
Ha PacCyXJEeHWd, HCIOJIb30BAHHLIE B XOJ€ NOKA3aTeNbCTBA TEOPEMH 2,
MBI 6€3 TpyJa yCTaHABIMBAEM, YTO

A O

C B =detA-detB. O

det

WHorza nelTaloTCA HAMUICAaTh B TOYHOCTH TAKOE XKe BHIPAXKEHUe JJIA
Cc A .
onpepeanTens det B 0 || XOT# CPady Xe HanpamMBaeTCA MPOCTeH-

WMA KOHTPIPHUMED (1) é ' = —1. Bcé geno B 3naxe. IIpaBmibHEDI pe-

3yJABTAT MOJYYAETCA NYTEM NEPECTAHOBKU CTPOK WIM CTOIGIOB, NPHBO-
Cc A B 0 A C
B 0 Cc A 0 B

Bonee npocThie paccyx JeHUA OCHOBAHEI Ha TOW e Teopeme 3 u3 § 1,
KOTOPYIO MHI HEOJHOKPATHO UCHOJIb30BaIM. [IeiCTBUTEIBHO,

C A Cc A
B 0 E 0

JAIEeR MaTpULY K BUAY Wiy

det = det - det B.




118 I'a. 3. Onpedesumesau

Hanee no ¢opmyae (2), NpUMEHEHHO! M Pa3, HAXOZUM

a1 ... Qin
%
c A
det = Qn1 Gnn | =
N Em 0" 1 0 0 0
0 ...1 0 0

= (__1)(n+2)+(n+4)+...+(n+2m) det A = (_l)nm det A.

OKOHYATENbHO NPUXOUM K BEIBOAY, YTO €l A, B — KBaPATHHE MAaT-
PHLH NOPAAKOB 7L ¥ M COOTBETCTBEHHO, TO

C A
B 0

PDopmyasl (4) u (5) oxBaTHBaloTCA 06mEei Teopemon Jlamwiaca o pas-
JIOXEHNM ONpEXeJuTEeNe. DTa TEopeMa, O4HAKO, ynoTpebiaseTcs Cpas-
HUTENILHO PEAKO, M MH Ha HEM He OCTAHABIUBAEMCS, OTChLIAA JM0603HA-
TEILHOro YUTATEId K YIPaXHEHNAM B KOHLE CAefylomlero maparpada.

HckmounTenbHO BaXXHOE B TEODETHYECKOM ILTIaHe yTBEpXKAeHue o6
onpeneanuTeNsX MATPHUL COAEPXKUT

Teopema 3. Iycmv A u B — xeadpamubie mampuybt nopadxa n.
Tozda

det, = (-1)"™det A - det B. (5)

det AB =det A - det B.

HoxasareabcTBo. CornacHo popmyrnam (7) u (9) § 3 ru. 2, BH-
paxkalomuM KO3GPUINEHTHI ¢ij MATpULH (¢;j) = AB = (ai;)(bij) uepes
koadunmenTr MaTpun A u B, i-a1 cTpoka (AB)(;) 3anuCLIBAETCA B BH e

(AB);) = (A BM, A B®, ... A3 B™M),

n
A(,‘)B(j) = Za,-kbk,-.
k=1

dukcupyem MaTpuny B u g1a m060i1 MaTpRUEL A OJI0XKUM
Dp(A) = det AB.

JoxaxeM, uro ¢ynkuus D = Dp yAOBIETBOPSET YCIOBUAM i), ii)
Teopemnt 3 u3 § 1. B camom perne, nomensem A(,) u Ay mecramu. Tak
KaK $-f ¥ t-1 CTpOoxKu MaTpulul AB uMeloT BUS

(AyBW,..., AB™),
(A(t)B(l)’ Ty A(t)B(n))’
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TO MPHA ITOM OHH TOXE IIOMEHAIOTCA MECTAMH H, 3HA4YUT, TO TeOpeme 1
:D(...,A(,),...,A(t),...) =D(A) =
= det AB = det]....,(AB)),...,(AB),...] =
= -—det[...,(AB)(t),...,(AB)(,),...] = —'D(...,A(t),...,A(,),...).

Jlanee, kak u3secTHO, det AB — nuneiHaA PyHKIMA JIEMEHTOB i~ CTPO-
ku (AB)(;):

det AB = M Ay BM + 034 B® + ... + A Ay B™.
IToaromy

D(A) = Z Aj Z aikbr; = E Gik Z Ajbkj = Z Pk Qik,

j=1 k=1

rae pg = Y v i=1 Ajbrj — CKaJAp, HE JABHUCAIINA OT JJIEMEHTOB i-H CTPOKH
A(;y maTpuust A.

Mu BuguM, uT0 D JMHENHO 3aBUCHT OT 3IEMEHTOB i-M CTPOKH
MaTpUUEL A.

Takum 06pa3oM, BHIOIHEHH 00a ycaoBua TeopeMul 3 § 1, cornacHo
kotropout D(A) = D(E) - det A. Ho no onpegenennio D(E) = det EB =
= det B. O1cioga BrITekaeT uckomasn ¢opmyaa. O

HenocpeacTeenHas mpoBepka TEOPEMH 3, CPaBHMTENBLHO JETKO BH-
MOJHUMAA NPU N = 2, yXke NpA n = 3 CONPAKEHA CO 3HAYUTEILHEIMHU
Tpyaroctamu. OaHaxo u B 06meM ciry4ae MOXHO YKa3aTh OOXOAHOM Ma-
HEeBpP, OCHOBAHHEIN HENOCPEACTBEHHO Ha cBoicTBax D1-D2, a Takxe Ha
npusiedenuu teopeM 1 u 2 (cm. ymop. 3).

YIIPAXKXHEHUA

1. Heante yucna 1798, 2139, 3255, 4867 gerarca na 31. Bes BCAKMX BHIYHCICHHH
MOKa3aTh, YTO ONPEAEAUTENb YETBEPTOrO NOPAAKA

Takxe geaurca Ha 31.

2. ITokasaTb, 4TO MOGOH KOCOCHMMETPHYECKHMH ONpeAeIATelb |a;j| YeTBepTOro
nopAJAKa C a;j € Z ABNAETCA KBAJPATOM ILEJIOTO HCTA.

3aMevanue. DTO BEPHO A KOCOCHMMETDHUYECKOr'O ONPEAETUTENA NPOU3BOJIb-
HOr'0 NOPAJAKaA.

8. Jokasars cooTHomenue det AB = det A - det B (Teopema 3) nmyTém npusege-
HMA 3JEeMEHTapHHMM npeo6pasopanuamu Tuna (II) Hag CTPOKaMH BCIOMOraTeIbHOM
E B E B
-A 0 0 AB
Ykazauue. Bocmoabzosarhcs pasencTBom det C = det C! u COOTHOLIEHUAMH

(4), (5)-

MaTpuun C = ll

| pa3Mepa 2n X 2n K Bugy C' =
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To e A0Ka3aTelbCTBO NPOBECTH, OCHOBLIBAACHL Ha ynp. 17, 18 n3 § 3 ra. 2 u Ha
3aMeYaHMH, YTO l f); g. ” — BEpPXHAA YHHUTPEYroJbHasd MaTPHLA.

4 (3axapos B.M. — Tyxa, 1984). B 3ajga4ax no MOAEIMPOBAHHIO CIYYAHHEIX CTa-
IHOHAPHLIX NMPOLECCOB BO3HUKAIOT ONpPEACIUTENH BHAA

Mg, (z1)
An(k1, 150 km,Tm) = M,':z(zz)
M}, (zm)
rae zi,...,Tm — JaOOHe nepeMeHune; ki,...,km — HaTypalbHmle 4Hcaa, ki+
+k2+ ...+ km = n; M?(x) — k X n-maTpuna suga
1 =z 22 ... zn-1
o1 (Hz ... g";lgzﬂ—"’
MZ2z)=] 0 0 1 O S F
00 o0 (371) e+

Jloka3aTsb, 4T0
An(ky,z15. .. skm,Tm) = H (z: —a:j)"""i.
1€j<igm

Ykasauue Ilpuk; =... = kym = 1, T.e. npu m = n, noay4aeTca onpeaeanTelb
BangepMmonga.
5. IlokasaTb, 4TO

(:) (t:l) (t+:—1)
men=| (3 (G5) - (i) |-
G ) - G

(n+;—1) (n+:—2)”.(n+:—t)'
) -0

Yxaszanue. BumecTu nocreposaTenbHo § + k — 1 u3 k- CTpOKM npu k =
= 1,2,...,n, a sarem 1/(t + 1 — 1) u3 l-ro croabua npu | = 1,2,...,n. Jeiicrso-
BaTh TakK /0 Te€X NOp, IOKa B NepBOM cToA6Ie He OyAyT CTOATHL TOABKO 1.

6. ITycTs

A1 1 0 ... 0 0 0
-1 X2 1 ... 0 0 0
Ca(My- -3 An) = 00 ....... An_z ..... 1 ...... 0
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ITokasaTs, yTo det Cn = Andet Cn—1+detCp—2. lIpr A1 = A2 =...= An = 1 HaliTH
gncaenHoe 3Havenne det Cy,.

¥kaszanue. BecnomuuTs npumep 3 u3 n. 3 § 3 ra. 2 ¥ O6paTATL BHUMAHHE Ha
TOT $aKT, 4To det Cr(l,...,1) = (—1)" det Cn(-1,...,—1).

7. llokasaTb, YTO ONpeeIUTENb N X N-MATPHAIK

2 -1 0 o ... 0 0 0

-1 2 -1 0 0 0 0

A = 0 -1 2 -1 0 0 0

0 0 0 0 -1 2 -1

0 0 0 0 0 -1 2

paBer n + 1.
8. Ilycts A, B — mo6bie KBafpaTHEIE MATPRUK! opaAKa n. [lokas3aTs, 4To
det|| & B || = det(4+ B)- det(4 - B).

9. Iycts X — maTpmna pa3mepa n X k, a Y — paamepa k X n. [JlokasaTs, 4To
det(En + XY) = det(E + Y X).
Y kasanne. Hcnoab3aoBaTh COOTHOIIEHHE

E,+YX O E, Y E, Y
X E, 0 E. 0 E,

E; 0
X E,+XY |’

§ 3. IIpuMeHeHNA onpejeauTeeH

1. Kputrepui HeBHpPOXJeHHOCTH MaTpunul. Ilo Teopeme 5 u3
§ 3 ru1. 2 ycaosue HeBHIpOXAeHHOCTH MaTpuusl A € M, (R) (T.e. paBen-
cTBo rank A = n) sxsuBaneHTHO €€ o6paTumocTu. IIpumensas Teopemy 3
m3 § 2 x coorHomenuio AA™! = A~14 = E, vu1 nonygaem, 4To

det A-det(A™!) = 1.
Crano GHITb, onpedeaumesdb HeLIPOHCIENHOT MAMPUYLL OMAUUER O
HY4R U

det(A™?!) = (det A)~1.

Hapsany ¢ MmaTpuueir A paccMoTpuM eé npucoedurénnyro (WK 63aun-
HY10) MaTDUILY

Yro6rl noryduTs AV, HaJO IOCTABATHL HA MECTO KAX/Or0 JJIEMEHTA aij
MaTpunn A ero anrre6paudeckoe gononnenwe A;; (4,7 =1,...,n), a 3a-
TEeM NMEPEHTH K TPAHCIOHMPOBAHHOU MATPHIIE.
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Teopema 1. Mampuya A € M,(R) nesvipoacdenxa (obpamuma)
mozda u mosbxo mozda, xozda det A # 0. Ecau det A # 0, mo

A7 = (det A)"1AY,
uau, 6 Gosee nodpobrod 3anucy,

N All Anl
a1 ... am |I” detA ' detA
Qpn ... QGpp Ain Anpn

detA "7 detA

Jloka3aTebCTBY TEOPEMBl IPEANOILIEM JeMMY.
Jemma. ITycmo A € M,(R). Huerom mecmo coomuowsenus

a; Ajl + a.'gA,-z +...4 a,-,.Aj,, = 5.'_4,' det A, (1)

a1;415 + a2iA2j + ... + aniAnj = dijdet A, (2)

2de 6;; — cumsos Kponexepa (npu i # j 2080pam o pasaodcenuu onpe-
deaumens det A no uyscod cmpoxe uAu COOMBEMCMBERKO NO YYHCOMY
cmoabyy).

HJokasareascTBo. Ilpu i = j yrBepxeHne JeMMH COBIAJaeT C
TeopeMoit 1 w3 § 2. IloaToMy ocTaércsa paccMoTpeTs CiIydait ¢ # §, Koraa
0ij = 0. C 3T0M neabio BBEAEM MATpPHIY

a1 Q12 G1n
a1 a2 ... Qin
Al-":[A(l),...,A("),...,A(,‘),...,A(n)]= ................... y
Qi1 G52 Qin
Gnl Gn2 ... Qnn
nonysatomyoca u3 A = [..., Ag), ..., A(j),...] 3aMenoit j-i cTpoku Ha

i-10 (i-1 cTpoKa ocTraercs Ha Mecte). Kak u y Beaxon apyroi xeaapar-
HOM MATDHUILH C ABYMA OJUHAKOBHIMM CTpokamu, det A' = 0. C gpyromn
CTOpOHBI, anrepauyeckoe gonommenue Ay, (k = 1,...,n) obpasyerca
yTeM 3a4€PKUBAHMA j-H CTPOKH Aij) = A(;) u k-ro cronbua onpege-
JUTENA, TaK 4YTO A.'ik = Aj;. PopMaTbHOE PaAIOXKEHHE ONPEAETUTENA
maTpunsl A' = (a,;) 1o j-# cTpoOKe AACT HaAM COOTHOMIEHHE

n n
O=detA' =) ajdj =) aunds,
k=1 k=1
coBnajaomee ¢ cooTHomeHueM (1) B popMyaupoBke JemMsl. Bropoe co-
OTHOIIEHME ITONYI3eTCA B3 AHAJOIMIHBIX COOGPAKEHMIt, OTHOCAIIAXCA K
cronbuam. O
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O6pamanch K JOKa3aTeILCTBY TEOPEMEI, MBI IIPOCTO 3aMEYaEM, ITO
neBast 4acTh cooTHomeHus (1) ecTh He YTO MHOE, KAK JNEMEHT Cij MaT-
punn C = AAV:

...........................

Corxacro coorromenuo (1) (ci;) = (i; det A) = (det A)E. Taxum o6pa-
30M,

AAY = (det A)E,

oTkynaa npu det A # 0 noxyyaem
(det A)"1(AAY) = A(det A)"1AY = E.

Jlepas acTh coOTHOmEHNA (2) ABIAETCA BEHIPAXKEHUEM DIEMEHTA Cj;
marpunul C' = AV A. Tak xax npasmue yact B (1) u (2) coBnagator, TO
B crydae det A # 0 MBI HPUXOAMM K COOTHOILIEHAAM

A(det A)"1AY = (det A)"'AVA = E,
oamavatomuM, uTo A™! = (det A)"1AV. O

Caeacreue. Onpedesumendb pasen nyao mozda v moabxo mozda,
x020a €20 cmpoxyu (v CMOAGYHY) AuNeUHO 3GEUCUMDI.

HokazareancTBo. JlunelHas 3aBUCUMOCTB CTPOK (WM cTOIG-
uoB) matpuunl A € M,(R) sxsuBanenTHa HepaBeHCTBY rank A < n, T.e.
BEIPOXIEHHOCTH MAaTPHUHl A, YTO 1O Teopeme 1 PABHOCHIBLHO YCJIOBHIO
detA=0.0

3ameuyanue. Immmukanua rank A < n = det A = 0 saBugercs,
KOHEYHO, HENOCPEACTBEHHEIM CJIeACTBUEM OCHOBHBIX CBOMCTB ONpefelH-
reneit (cm. D2, D6 B § 2).

Teopema 1 umeer ckopee Teoperwdeckoe 3Hadenwe. C BHIYMCIH-
TEeNbHOM TOYKHM 3PEHMA, B OCOGEHHOCTH mp¥ GOJBIIMX Pa3Mepax MaT-
PHII, A1A OTHICKAHMA MaTpunn A~! ygo6Hee MOIBL3OBATBCA METOLOM
(P, Q)-npuBeseHus, ONMCAHHBLIM B 1. 7 Il 2.

2. ®opmyant Kpamepa. BruBegem Teneps GoOpMyJIsl A/ PEIEHAS
CHCTEMBI U3 7 JUHEWHEIX YPABHEHMH C 7t HEU3BECTHBIMH, DAl KOTOPHIX,
B 4aCTHOCTH, 4 ObUIa NEPBOHAYANLHO PA3BHTa TEOPAA ONpeJeInTeNeH.

Teopema 2 (Kpamep). Ecau aunelnas cucmema

a11%1 + ...+ 61T = by,

.............

anlxl + “es + annzn = bn

umeem omauunvitl om nyas onpedesumeadv (m.e. det(aij) # 0), mo e€
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eduncmeennoe pewexue 3adaémes Gopmysamu

ayl ... bl veo Qln
Qn1 b Qnn
oy = ,  k=12,...,n
a1l A1k Q1n
Apnl --- Gpk ... Gpp

(vucaumeavr Dy noayuaemca 3amenot k-zo cmoabua 6 D = det(a;j)
CMoabyoM C80600NBIT 1wAENO8).

HoxasaTeascro. Ilo Teopeme 1 maTpuna A = (a;j) o6paTuma.
IloaTomy, aamucas Haury cucremy B Buge AX = B, Mu, kak u B 1. 8 § 3
ra. 2, 6yzeM uMeThb

z0
1 b
An An ... Anm bl
1 Az A ... A 2
0 l = A-1B= — 12 A2 n2
z.k =ATB= detAl -ooeieiiii, N
: Aln A2n vee Ann bn
e
OTKyA3
n
1:2 = . ZAikbt =
det A &
1
= T aBrdie +bdae + . +badnk),  k=12,..n

VIMeHHO Taxoe BHIPAXKEHHE B YUCAMTENEC MH MOJYYUM, PA3JOXKUB ONpe-
aemureab Dy no k-My croabuy (cMm. (2)).

Brmoanenue Bcex npeoGpasoBanuii B 0GPATHOM NMOPAKE MOKA3LIBA-
eT, uro Habop (Di1/det A,...,D,/det A) aeicTBUTENLHO ABIAETCA pe-
[meHueM Hameu cucreMul. [

3ameTumM, 9To dopmyas! (3), (9) u3 § 4 ra. 1 coBnajaioT Kak pas ¢
dopmyramu Kpamepa npu n = 2 ¥ n = 3 COOTBETCTBEHHO. Y JOGHBIE NIpH
He6oabmux n popmynst Kpamepa HecyT B 0611eM YHCTO TEOPETUYECKYIO
dyukuuio. Hanpumep, ux npuMeHeHUe K JMHEHHOM CHCTEME U3 IpHMe-
pa28n. 58§ 3 ra 1 gaér (c ysérom pasercrea det A = 1) gua gucen
Pubonayuy BHIpaKeHHUE

1 00 0 01

0 10 0 01

-1 -1 1 0 00

fn o R
0 00 -1 10

0 00 -1 -1 0
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TloHATHO, YTO OHO BECHMA JAJNEKO OT TOr'O SBHOTO BHPAXEHHUA AIA fr,
KOTOpO€ Ml Harum B 1. 5 § 3 1. 2.

Hapgo ckasats emé, uTo Heobxoaumoe qia mpuMmeHeHus popmya Kpa-
Mepa. ycaoBue det A # 0 HeycToMuMBO B crefyiomeM cMuicte. Jas peans-
HEIX KBaJPATHHIX JUHEAHEIX CUCTEM C IPHGIMKEHHO BEYMCICHHEIME KO-
3bGUIUEHTAMH YBEIUYEHHE TOYHOCTH BHIYUCIEHMH MOXET PagUKaILHO
M3MEHUTH KapTuHy. Ecim, HanmpuMmep,

-1 10 0 ... 0 O
0 -1 10 ... 0 O
A = ettt GMlo(R),
0 0 0 ... -1 10
e 0 0 ... 0 -1

To det A, = 1—¢-10° (parIOXUTL ONpEJEINTEN: IO INEMEHTAM TIEPBOr0
cron6ua). IIpu € = 10~ umeem det A, = 0. B To ke BpeMs, BHIYHCILAA KO-
3¢ PUIMEHTH MATPHIL BCErO JIHUIIbL C TOYHOCTHIO 4O OAHON MILIMOHHOM,
MEI MOy “He 3aMeTHThb € (T.e. nocunTaTh € = 0, a det Ag = 1). Takum
06pa3oM, yCIoBUA NMpUMEHMMOCTH (opMyt Kpamepa UyBCTBUTENIBHH K
MajoMy “meBeseHMI0” KO3((PULUUEHTOB CHCTEMEI.

3. MeToa oxkaumimiommx MHHOPOB. B § 3 . 2 coamepxwurca
BCE HEOGXOAMMOE IJIA OMMUCAHUA COBOKYNHOCTH PEMIEHMH NPAMOYIOJb-
HOM CHCTEMEI JHHEMHHIX YPABHEHMH. BaXkHeHas pojis B 9TOM OIMCAHKH
[PYHAAJIEXHT NOHATHUIO paHra Marpunul. Ham ocranoch Jaums nepese-
CTH €ro Ha, A3HK TEOPUHM ONpefelUTeNe!, YTOGH NOIYYUTL B CBOE pacmo-
pAXeEHHMe emé OAWH MeTOJ BHIMMCJIEHMA pPaHra ¥ yaoO6HOe CpeaCcTBO AJA
BHIpaXeHNA PaKTa JMHEHHON HEIABUCHMOCTH CHCTEMEI BEKTOPOB JMHEH-
HOro npocrpancTsa R™.

Hrak, nycTs

aiy air . Q1n
A=1| an . Qe ... Qpn
aml coe amr “o amn

— NPOM3BOJIbHAA NPAMOYIOILHAA MATPUIA Pa3Mepa m X n ¢ ko3dduuu-
enTamu a;; € R.

Onpegenenue. DJIEMEHTH, CTOAIIME HA NEPECEYEHUM KAKUX-TO
BBIJEJIEHHBIX k CTPOK ¥ k cTonbuos m X n-marpuus A (k < min(m,n)),
COCTABJIAIOT KB3APATHYIO MATPHILY, ONPEAENUTENb KOTOPOK HA3KIBAECTCA
munoposm k-20 nopadxa nas A. Naoraa rosopart o MEHOpe

(i i),
N oo Ik

€CI# 11,...,% ¥ J1,...,Jk — HOMEPA BBIIEJEHHHX CTPOK M CTOJXOIOB.
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IIpu k = n— 1 MuI NpUXOZAM K paHee BBEAEHHOMY NMOHATHIO MUHOpa M;;
ANA N X n-MaTpuns A.

Miunop M nasnBaeTca oxatluasowus Ans M, ecmn M nomygaerca
u3 M BrépkuBaHMEM OJHOM KpaWHEH! CTPOKM (NepBOM WM NOCJIENHEH)
X OJHOr'0 KpayHero cToabua.

Teopema (MeTox okaiMamommx MUHOPOB). IIpu svinucienuy pax-
2a mampuybt A caedyem nepezodumd 0M MUKOPOE MEHDWLUT NOPATKOE K
MUROPaM 604bwuT Nopadxos. Ecau das A yuce naitden munop M # 0 no-
PAOKG T, O MPELYIOM BLINUCAEHUR SUWD KUKOPLE NOPRIKG T+ 1, oxatim-
asrouue munop M. Ecau ece onu pasnbt vyarw, mo rank A =r.

JdoxasareascTro. PaccyxaeHne 0OCHOBaHO HA MPOCTOM 3aMeya-
HHMH, YTO €CIM BCE€ MHHODH! k-ro mopAfka MAaTPHUE A PaBHH HYMIIO, TO
PaBHHI HYJIIO X BCE MEHOPKI 60see BRICOKHMX NOpAAKOB. s 3TOro cornac-
HO Teopeme 1 § 2 7oCTATOYHO PACCMOTpETH Pa3jIoXeHHe HOG0ro MEHOPA
nopsgka k+1 1o aneMeHTaM Kakoro-HuGy s cTonbua (HampuMep, nepeo-
ro WIK NMOCJAENHEr0, €CIU OrPAHMIUTHCA PACCMOTPEHUEM TONBLKO MHHO-
POB, IONYYEHHLIX OCPEACTBOM OKAWMJIIEHHU), 3ATEM NEPEATH K MUHOPAM
mopAzka k+ 2 u T.4.

JleficTBys Temeph MO CXeMe, YKA3aHHOM B HOPMY.JIHPOBKE TEOPEMHI,
MH JOMAEM X0 Kakoro-tro mMmropa M # 0 nopaaxa r. Bes orpanuye-
HUA OOIIHOCTH CYUTaeM, YTO M OTBedaeT MaTpHUe, CTOAMIEH B JIEBOM
BEpXHEM Y7y Halled MaTPHIH:

a1 ... Q1p cee Q15 ... O1n
Qry ... Qpyp oo Qpj ... Grp
A=l ..o e |l
a1 ... GQir Y/ #7 B *7Y
ami ... Ome cee Gmj ... Gmp

JToro BCerja MOXHO JOCTHYb NEPECTAHOBKOM CTPOK ¥ CTOJAGLOB, He
MEHSIOme#, KaK HaM W3BECTHO, PaHra MaTpuns A.

Brigenum Teneps B A cTpOKy A(i) # cTonGen A ¢ copepmenro mpo-
M3BOJBHBEIME HOMEpaMH i, j (BO3MOXHO, ¢ £ 7 miH j < r). CocraBumM npu
TIOMOILY IEMEHTOB U3 A(;) AY) Munop M nopsagka r + 1, oxaitmisio-
wuis M:

aiy ... G1r Q15
Gr1 ... Qrr Grj
a1 ... Qir Q5

Ecmn M # 0, nepexoaum Kk MEHOpaM, okauMmsommuM M. Kpnruyeckus
MOMEHT HACTYNHT, KOrja Bce oxaimiagiomme M MuHODH OyAyT PaBHHE
HYJIO.
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Hrak, nyctes M = 0 nmpu mo6omM BrIGoOpe 1, j. Pasnaras M no anemen-
TaM nocjiesHei CTPOKH, IPUAEM K COOTHOLIEHUIO

an My +aigMa + ...+ aiy My + a.~,-M =0
¢ Ko PpuuMeHTaMHI

a1 ... QGle-1 Q141 ... G1r Q1j
M,=(--1)""""'1 e,

Qrl ... QGrg—1 Qrg4+l ... Grr Gyj

He 3aBucamuMu oT t. Tak kak M # 0, To
aij = A1 + Aaaig + ...+ Arair

aast ¢ =1,2,...,m cogHMME ¥ TeMH xe Koabduunentamu A, = —M, /M,
1 < s < r. Crano 6uts,

AD = 3 AD £ 2 A 44 A A),

T.e. moGoi cronben AUY) sBnseTca MuHEHHON KOMOMHALMEH NEPBHIX T
cTonbuoB. 1o 3HAYHT, uTo rank A < r. Ho i3 M # 0 BuTexaeT Ju-
HeHHas HEe3aBMCUMOCTBb CTOJOLOB B M u TeMm Gosee — COOTBETCTBYIO-
mux 6osiee JIMHHLIX CTOJA6UOB B A. MBI NpUX0OAMM K 3aKIIOYEHHIO, YTO
rankA =r. 0O

CraepcrTeue. Pane scaxoti Mampuybt cosnadaem ¢ HaAUSHICULUM N0~
PAOKOM €€ OMAUUNBIT O HYAR MUNODPOS.

Jlns creacTBHA MOXHO YKa3aTh KOPOTKOE HE3aBHCHMOE JOKA3aTeNb-
creo. Umenno, nycte paur matpunn A paser r. CormacHo Teopeme 1
§ 2 1. 2 3TO 3HAYMUT, YTO T — MAKCHMAILHOE YHUCJIO JMHEHHO HEe3aBH-
CHMBIX CTPOK M MaxKCHMAJbHOE YUCIO JUHEHHO He3aBUCHMBIX CTOXGIIOB
marpunst A. O6pamascs k Teopeme 6 § 3 ri. 2, Mu 3aMevaeM, 4TO

E. 0
0 o

rge B u C — HeBHIPOXJAEHHHIE MAaTPHUUH MOPALKOB M U 7. COOTBET-
CTBEHHO, 3allICHIBAEMEIE B BUJ€ NPOM3BEJEHNA IeMEHTAPHEIX MaTPHIL.

Tax Kak y MaTpUUH " Eo' g || HMeeTCA OTJAMYHEIM OT HyJA MHUHOD

A=B C,

M = |E,| = 1 nopajgka r, HO HEeT HeHYJeBHIX MUHOPOB IOpAJKa > T,
¥ TaK Kax 3TO CBOHCTBO COXPAHAETCA MPY JEMEHTAPHHIX Npeo6pa3oBa-
HMAX CTPOK K CTOJGUOB, TO MEI IPUXOLUM K HYXKHOMY yTBepXJeHuio. [

MeTox OKAWMAAIOIMX MHHODOB JOCTATOYHO NMPAKTHYEH, OCOGEHHO
TOrZa, KOr4a MHl XOTHM 3HATH HE TOJBLKO DaHTI, HO M T€ CTOJCLE WIH
CTPOKHM MaTpAnH A, KOTOpHE COCTABAAIOT MAKCHMAJIbHYIO JMHEHHO He-
3asucnmyio cucremy. Ilpn aneMeHTapHBEIX npeo6pa3oBannaAX 3Ta HHGOP-
Malus, KOHEYHO, YTPAIUBAETCA.
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YHNPAXKHEHHSA

1. I'onaaa.'rs, YTO BHINOJHEHH! CJeAYIOMNAE COOTHOMEHNA:
(AB)Y = BVAY; (tA)Y =t (AV); (A4)Y = an=14Y;
(AY)Y = (det A)"2A.

2. Buipasuts rank AV uepes rank A.

3. Jloxa3aTb, 4TO KBaJPAaTHAA CHCTEMA JHHEHHHIX OZHOPOAHBIX YPABHEHH! TOC-
4a ¥ TOIbKO TOrAa 061ajaeT HETPHMBHAJILHLIMH DEIIeHWAMH, KO3 ONpeAelnTelb
CHCTeMBI paBeH HYJIO.

4. Onmpasaces Ha pe3yapTaTH I. 8 § 3 ra. 2 m Ha TeopeMy 2, IOKa3aTb, YTO
yHAAMEHTAIbHAA CUCTEMa PemeHN: OXHOPOLHOM CHCTEMBI

a1171+...+a1nTn =0,
Grn-1,1Z1 + ...+ 8n—1,nTn =0
paHra r = n — 1 6yjeT COCTOATb U3 OJHOrO BEKTOPa-CTOI6NA
Xo = [Dl) _D2v D31 ey (—1)n_1Dﬂ])

rae D; — onpepennaTens MaTpanml, monyqaiomenca u3 A = (a;;) BeIuépknBanneM eé
i-ro croabua. Jlio6oe pemenme crcTemel mMeeT BEL X = AX0.

5. Iycts A = (aij) € Mn(R) u (n—1)|ai;j| < |ais| Ana Bcex i # j. JokasaTs, 4TO
det A #0.

Yxkasanue. IIpegnonoxns npoTHBHOE, BOCNOAL30BATLCA KPATEPHEM, CHOpMY-
auposanusm B ynp. 3. Mmenno, ecmm [z9,...,2] — nerpusmatsnoe pemenne 1ruei-
HO¥ cucteMnl AX =0 n :cg — €ro KOMIIOHEeHTA, UMEIOIAaA MAKCHMAJLHEIE MOZAYJb,
TO u3 k-ro ypaBHeHuA

akkzg + Z ak,-:c;) =0
J#k
CIefyeT OLeHKa

(n = Dlorsllef] = (= 1|3 arsa?| < (n = Diawellal,
i#k

[Jalolas HYXHOe [IPOTHBODEYHe.

6. [lokasaTe caepyiomee yTsepxAenne (meopema Bune—Kowu). Ilycts A =
= (aij), B = (bgi) — MaTpHnE pa3mMepoB 1 X M H M X N COOTBETCTBEHHO, H NYCTb
C = AB. Torga

@15, @25, -.- Gnj bji1 bjy2 ... ajyn

detC = Q1j5, @253 .-+ Gnjy x Qja1  Qj2 .-+ Gjon
1€y <E...<j | e T

= n< a1, 62, .- Gnj, 2jn1l Gjp2 ... Qj.n

" m
CyMMEpOBaHue B IIPABOA 4aCTH NPOXOAUT IO BCEM ( n ) BO3MOXXHBIM KOMOHHALMAM

no n anemedToB {j1,J2,...,jn} ¥3 1,2,...,m. B yacTHocTR, det C = det A-det B npn
m=nudetC=0npun>m.
Yxkazanue. Tak kak

m
C=(cij)y  &j= aikbej
k=1
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TO MHOTOKDATHOE NpUMEeHeHHe CBocTBa D2 onpeaeanreneir (TeopeMa 2 § 1) paér

a;kl alkz e A1k,
G2k, G2k, ... G2k
dtC= 3 | h T o E W LIRLEC RN
kyyeenkn=1
PeotnT apky  Gpkg  --c Gnkg
rie CyYMMHPOBaHHe IIPOBOANTCA IO BCEM NMONAPHO PA3JAYHBIM k1,...,kn. Ipum < n
TaKMX MHAEKCOB HeT H, clefosaTeabno, det C = 0. Ecim xe m 2> n, 1o k1,...,kn —
BHIGOPKa 21€MeHTOB {j1,. .., jn}, BAATHX B KAKOM-TO TopAake u3 1,2, ...,m. Cregyer

co6paTh BCe 4ileHh, COOTBETCTBYIOmAe GHKCHUPOBAHHOH KOMOmHamum {ji,..., Jjn}, ®
npu noMomu ¢hopmyasl (3) § 1 nory4nTs HyXHOe BhHIpaXKeHHe:

a‘lkl Qnky Qa1j; Qnjy
................. brp1e-bipan = ceeeeiiiiiinn ‘Ee,bkll bion =
alkn Qnky al]n a’"']n
a1j, Anjy bjy1 bjin
B Ceeeen P T y
Q1jn Gnjn b]nl Qjnn
rae 7 = (g g )

7. Acnoas3aya npeasiaymee ynpaxHeHue, IOKa3aTh, YTO eCIA A — m X n-MaTpHua
Hag R, m 2 n, To
det*AA = M?,
M

m
rae M npo6Geraer mo BceM (n) MHHOpaM NOpAAKa N MATPHOH A.

(B )
N Jk

nopagka k AnA n X n-matpunn A = (aij) (cM. onpesenenue B 1. 3) OTBedaeT JOROANY-

8. [laHHOMY MMHODY

—= (4 ...
meabnbith muxop M (Ji ;: mopAAKa 1 — k, MaTPHNA KOTOPOro HOJy4aeTcs
13 A BLIYEPKMBAHAEM CTPOK C HOMEPAMH 11,. .., M CTOJIGLOB C HOMEPAMH ji,- - -, Jk-
Buipaxenue
1 ... 3 —= (%4 ... i
A ( 1 i ) = (=1)*0DFF ( i k ) ’
n ... Jk Jio-ee Tk
s(M)=(i1+...+4)+ (1 +...+ k)
1 ... 8
Ha3LIBAETCA aqz2efpauvecxum donoarenvem k M (Ji ;: ) Oprk =n-—1wMu
BO3BpAINAaEMCA K OGLIYHOMY ONpejeneHuio. MCnoab3ysa nociefoBaTelbHO Pa3JoXeHne
OonpeReInTeNA MO IEMEHTaM CTPOK C HOMEpaMH ij,...,1k, IOKa3aTh, YTO CIOpaBef-

JINBa Crefyoman

Teopema (Jlannac). Tycmov 6 sampuye A = (aij) € Mp(R) enibpans k cmpox
C HOMEpaMY 11,...,1;. To20a

det A= 2 M(zl tk)A(" 1k)
1< <kingn MU Ik J1oee. dk
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IIpn npousBoasHOM 1 TeopeMa Jlamnaca ¥3BeCTHA HaAM B ABYX 4aCTHHIX CHY4adx:
1) k = 1; 2) A — MaTpuna C yraoM HyJei pasmepa (n — k) X k. B cry4ae Heypaum
MoJNe3Ho y6eAuTHCA B OPABHILHOCTH TeopeMHl Jlamnaca xoTa 6ul mpu n = 4,1 = 1,
12 = 2:

det A= @11 612 a33 G34 a11  a13 a32 Q34
az1 @22 Q43 G44 a21 @23 a42 Q44
a1l a4 as2 as3 a12 a3 as1 Q@34
a21 Q24 G42 @43 a22 Q@23 G41 Q44
a2 G614 as1 ass a13 @14 a3l  G32
az2 @24 a41 Q43 Q@23 Q24 @41 Q42

9. Ilycts A € My (R), B € My (R) — HeBHIpOXAenHHe MATPHUHN, C — Opous-
BOJILHAA N X m-MaTpuna. Hcnonsaya npuéM 6104HOro yMHOXeHAs MaTprn (CM. ynp. 17
n3 § 3 ra. 2), noxa3aTs, 4TO

|2 811 %
B—l

10. ITokasaTs, yro ecan A, B,C,D € My, (R), det A # 0, To

det

g " =det(AD - ACA"B) = (det A) - det(D — CA™1B).
Kpowme Toro, npoBepuTs, 9T0

det

det(AD — CB), ecam AC =CA,
det(DA - CB), ecm AB = BA.

§ 4. K noCcTpOEHHIO TEOpHH OIpeJeJuTeNeH

Teopemsr 2 1 3 w3 § 1 RAIOT N0 CyINeCTBY AKCHOMATHYECKOE OITH-
caHne GyHKIUH det, XOTA HAYMHAIM MH C YUCTO KOHCTPYKTHBHOI'O €€
3ajaHMA. YKaXeM ellé HEeCKOIBKO MOAXOAOB K TEOPHH ONpelelMTeNeH,
KaX Ik pa3 OrPaHUYMBAACH HAGPOCKOM KaHBH paccyxfeHun. (Iloanoe
MX TPOBEJEHME ABIACTCA XOPOIIMM YIPaXKHEHUEM. )

1. IlepBoe akcmomaTH4Yeckoe mocrpoenme. Bysem cuuraTs
onpegeauTeneM mo6yio pyukmuio D: M, (R) = R, o6aaaasomyio cienyro-
IIMMH TPEMA CBOMCTBAMHU:

1.1) D(A) — xococuMMeTprYeCcKas GYHKIHA CTPOK MAaTPHIH A;

1.2) D(A) — nomunHeiHas GyHKINAA CTPOK MATPHUH A;

1.3) D(E) = 1.

Mu srgenn, uro ceoiicrsamu 1.1)-1.3) dyuxuna D ogHo3HAYHO Xa-
PaKTEpPH3yeTCA U COBHajAaeT ¢ ¢pyHkumen det, onpeneaéHHon dhopMyaon
noaxoro pa3séprrBanus (3) § 1. Eauncreennoe, 0 4éM HYXHO 1103a60-
THTBLCA, 3TO AATh HE3aBUCUMOE JOKa3aTerscTso dakry D( 'A) = D(A4).
Cawma dopmyna (3) § 1, ecan yroaso, Takxe HYXZaeTCA B BEIBOJE.
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2. Bropoe akxcmomaTHdeckoe nocrpoeHme. Onpegeanrenem
cunTaeM Jobyio ¢pynxumio D: M, (R) — R, o6aajaromyio Tpemsa CBOKCT-
BaMH:

2.1) D(...,AAq),:-.) = AD(..., A@),. .- ), T-e. €CIH OJHY M3 CTPOK
A(i) MaTpHUIE A yMHOXHTD Ha ), TO 3Hauenne D(A) Takxke yMHOXaeTCA
Ha A;

2.2) D(... yAgy, - - - yAG),--.) = (... A +A(j),...,A(j),...);

2.3) D(E) = 1.

ITocnenosaTeabHO MPOBEPAETCA, YTO:

a) snavenue D(A) He MEHAETCA NPH DIEMEHTAPHEIX NPeo6pa3oBaAHMAX
tuna (II) Hag cTpokamu MaTpuus A;

6) D(A) — nomammHeNHasa GYHKIUA CTPOK MaTPULH A;

B) D(A) = 0 npu paBeHCTBe AByX CTPOK MaTPHUH A H, Clief0BaTeIB-
Ho, D(A) — xococuMmeTpuYeckas QyHKIMA CTPOK.

M BepHYJIHCH, OYEBHAHO, K IEPBOMY AKCHOMATHYECKOMY IIPOCTPOe-
auto. Hopmuposounoe ceoitcTso D(FE) = 1 B 060ux clry4asx Heo6X0AUMO.

3. IlocTpoeHMe MeTOAOM NOJHOHM HHAYKIOHH. Bo3bMéM B Ka-
4ecTBe onpegennTels MaTpuusl (a;;) mopaska 1 uucio ap;. Onpeaenu-
TeIM MATPHL NOPAAKOB 2 U 3 BBOAATCA COOTBETCTBEHHO (opMmynamu (2)
¥ (8) m3 § 4 ru. 1. IlycTs onpegenuTenn MaTpun nopagkos 1,2,...,n—1
yxe BBefeHnl. Hazosém onpenennTenem MaTpuusl A = (a;;) mopaaxa n
BEJIHYAHY

D(A) = a1nMy1 — aa Moy + ... + (=1)"lap My,

rae M;; — “muHOP” MaTpHuLl A, COOTBETCTBYIOIIMA NIEMEHTY G;j M
ABIAIoUiCA onpeaeuTeneM D(A) marpumst A nopagka n — 1, koTopas
[OMy4aeTCAa U3 A BHYEPKMBAHNEM CTPOKH C HOMEPOM % M CTOXOLA C HOME-
pom j. Takum 06pa3oM, B KadecTBe HCXOLHOI'O CBOMCTBA GepéTca paao-
XeHUe ONpeeJUTeN O JIEMEHTaM IePBOro cToabua (YaCTHHIM CIydan
Teopems 1 § 2).

Vcnons3ys MHAYKIOHIO IO N, HyXKHO YCTAHOBHTH cBOMCTBa 1.1)-1.3)
¢yuknun D NpUMEHATENLHO K MATPHUAM NOPALKA 7, IAMATYS, YTO AJIA
M;; 3T CcBOHCTBA BHIIONHEHH. Pearusanua 3T0Od NporpaMMel, 3aKpen-
JIAIOEN HABEIKM B IPAMOTHOM NIPUMEHEHMH METOa MHAYKIUH, He O9eHb
cnoxua. C geTalaMH MOXHO IIO3HAKOMHTBCA IO y4eGHUKY “BBezeHue B
anre6py” (1977 r.).

4. XapakTepH3aoMs MYJbTHIUIMKATHBHHIMH CBOMCTBaMH.
Iycre Mu umeem dynxumio D: M, (R) — R, o6ragatomyio ciesyomuMu
CBOMCTBaMHu:

i) D(AB) = D(A)D(B) pas mobbx MaTpun A, B € M, (R);

ii) D(F,t) = —1 gna kaxgoit aneMeHTapHOM MaTpunsl F, ¢ (cM. m. 6
§ 3 ru. 2);
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iii) D(A) = A ana BepXHUX TPEYTOJBHEIX MATDHI] BUAA

/\1 %
A= . s A€ER
0o . 1

B gactHOCTH, D(F1())) = A
Yreepxaaerca, aro D = det. B camoM jene, BOCIOIB30BABIIKCH
CBOMCTBAMH i) M ii) B IpMMEHEHMM K MATpHLE

F;(A) = R4 - F1()) - F1,4,
MBI TIOJXY UM
D(Fy(A) = (1) A- (1) =,
npu4éM 3TO BEpPHO mpH moboM A € R, a He Toabko npu A # 0, korga no

onpegenenuio MaTpuna F,(\) aneMenrapua. Orcioga aus

E. 0
l 7 o ":F,+1(0)...F,,(0)

D E. 0 — 0, ecm r<n,
0 0 1, esm r=mn.

Cornacno iii) D(Fy¢(A)) = 1 ana anemenTapHO# MaTpuusl Fj 4 (A) cs < t.
Tak xak

Fs,tFa,t(/\)Fa,t = Ft.c ('\);

10 ¥ D(F; 4(N)) = 1, a noaromy
D(F,t(N) =1

npH MO0RX HHAEKCAX S # t.
Hrak,

D(F, ) = —1 =det Fy, D(Fyt(N) = 1 =det F,t(N),
D(Fy(X)) = A =det F,(N).
HNockonbky mobas matpuna A € M, (R) 3anuceiBaeTcs B BUAe

E. 0

A=P00

Q r<n,

rae P u Q — npousBejeHus 3JMeMEHTAPHEIX MATPHL (CM. PacCyXJeHUs
nepes TeopeMoit 6 § 3 ru. 2), CBOKCTBO i) MO3BOJIAET 3aKMIOIATH, YTO
D(A) = det A.
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YIIPAXKHEHHUSA

1 (J. Browkin, Poland). llycts f: R — R — npou3BoabHasA GyHKUMA C yCIOBUEM
f(oy=o.

JloxasaTs, 4TO CymecTByeT, ¥ IPATOM TOJBKO OAHA, dyHkumua D: Mn(R) — R,
o6rajaomas CleylOm¥UMU CBOMCTBAMU:

i) ecan A cogepxuT croxGen Hyaei, To D(A) = 0;

ii) ecin A’ momywaerca u3s A anemeHTapHHM npeoGpadoBaiueM Tmma (II) Hag
croxbuamu, To D(A’) = D(A);

iii) ecin A = diag(,1,1,...,1) — auaronarsnas MaTpuna, T0 D(A) = f(A).

Ilpu f(A\) = X noayyaem D = det, Ho mpom3Box B BEIGope f NOJE3eH B APYTHX
NPUIOXKEHUAX.

2. Yurareno npeanaraeTcAd BRIABUHYTBH ¥ 060CHOBATH COGCTBEeHHEIE BapMaHTH
aKCMOMATHYECKOro onucanusa ¢ynkuuu det.



I'nmaBa 4

I'PYIIIIBI. KOJIBITA. TTOJIA

B npeaniaywmx riaBaX HaKOIMWIOCH AOBOJLHO MHOTO KOHKDETHOTO
MaTepHuaia, KOTOPHM HeOOXOZMMO OCMHBICIUTE C 6onee O6MmMX MO3HMIHIA.
C 3To# menbio MH BBELEM M u3y4uuM (IIOKa Ha JIEMEHTAPHOM yDOBHE),
dbyHzaMeHTaNbHBIE 4IA BCEH anreGphl NIOHATHA Py, KOIbLA U MOJA.

§ 1. MHOXkecTBa ¢ arre6pandyecKuMu ONEpPauAMA

1. Banaprule onepanun. IlycTs X — npouaBosbHOE MHOXECTBO.
Bunapnot, aszebpauvecxot onepayuet (Wi 3axononm xomnoduyuu) Ha X
Ha3HIBAETCA NPOM3BOAbHOE (HO QUKCHpOBaHHOE) oToOpaxenwe 7: X X
x X = X nexaprosa xBaapata X2 = X x X B X. Takum o6pasom,
mo6oi ynopagodeHnon nape (a, b) anementos a,b € X craBurcs B cooT-
BETCTBHME OXHO3HAYHO ONPEAETEHHHINA aaeMeHT T(a,b) TOro xe MHOXe-
crea X. Unorga smecro 7(a.b) mumyT ath, a emté vame GuHAPHYIO Ome-
paumio Ha X 0603HaYAIOT KAKMM-HUOY b CIELHAJIbHEM CHMBOIOM: *, O, -
wiu +. locnenyeM ¥ MBL O TOMY e IyTH, HaseBasi a - b (wim npocto
ab, 6e3 BCAKOro 3Ha9Ka MexJAy a u b) npouseedenues, a a + b — cyx-
Mol saemenmos a,b € X. IlonaTHO, 4TO 3TH Ha3paHuA B GOJBILIMHCTBE
ClIy4aeB YCJIOBHHI.

Ha X moxeT 6HITD 33 4aH0, BOOOLIE M'OBOPSA, MHOI'O PA3HBIX ONepALIMH.
2Kenas BHAETUTD OFHY M3 HUX, HCIOAL3YIOT cKOOKH: (X, %), 1 rOBOpAT,
9TO OHEpaUMsA * OnpeneiseT Ha X a42e6pausecKyo Cmpyxmypy Wik 4To
(X, *) — aseebpauuecxas cmpyxmypa (aazebpauvecxas cucmema). Tax,
HanpuMep, Ha MHOXECTBE Z LeJILIX 9uCe], IOMEMO €CTECTBEHHELIX ONepa-
IMHA +,- (CTOXEHUs M YyMHOXEHHA), JerkKO yKa3aTh NOMy4aloWMecs Ipu
noMomu + (WM —) ¥ - “npousBOAHBIE” ONEpaLMu: nom = i +m — nm,
n*xm = -n—mHu T.5. MH OpUXOZUM K Pa3IMIHHIM ajJreCpandecKuM
crpyktypam (Z,+), (Z,"), (Z,0), (Z,*).

Hapsany c 6nuapHbIMY anre6pau4ecKiMy ONEPaNMAMH He JNIIEHE! HH-
Tepeca ropasso Gosee o6mue n-apHele onepauuu (yHapHHE Opu n = 1,
TepHapHLIe IPX N = 3 ¥ T.J.), PABHO KaK U ¥X KOMOMHanuK. CBA3aHHEIE
C HUMH anreGpamyecKue CTPYKTYPHI COCTABIAIOT CHENNATBHYI0 TEOPHIO
YHHUBEPCaJIbHEIX aare6p. Bnpouem, MEl ymoMuHaeM 06 3TOM TONBKO AJaA
TOr0, YTOOH! JTMITHMA Pa3 MOL4ePKHYTh NPUHIATHATLHYIO BaXHOCTb A4
MaTEeMaTuKH, Ka3anoCh Gbl, 9aCTHBIX Pa3feOB TEOPHH YHHBEDCAIBHBIX
anre6p — atre6paM4eCKUX CTPYKTYP C GHHADHEIMH ONEpAIUAMH.

B nanpasnenuu KOHCTPYyWpPOBAaHMA PAa3HHIX GHMEADHLIX OMEpALMi HA
MHOXecTBe X Takxe, O4eBHJHO, OTKPHIBAETCA HEOTPAHMYEHHEIH MPOC-
TOp An7 panTasuu. Ho 3aa4a H3yyeHuA NPOM3BONBHEIX alre6pandecKnx
CTPYKTYP CIMIIKOM 06IIa, YTOGH IPeACTARIATh PEATbHYI0 NeHHOCTh. [1o
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9TOM NpHYKHe €€ PACCMATPHBAIOT NPH Pa3IMYHBIX €CTECTBEHHEIX Orpa-
HHYEHHUAX.

2. IToayrpynnst ¥ MOHOHABI. BUHApPHAA Onepanua * Ha MHOXECT-
Be X Ha3BIBAETCA GCCOUUAMUBNOT, €CAH

(axb)xc=ax(bxc)
AJ11 BCEX @, b, ¢ € X; OHa Ha3HIBAETCA KOMMYMAMUSHOL, €CITH
axb=>bx*a.

Te e Ha3BaHWA MPUCBAUBAIOTCA M COOTBETCTBYIOMIEH alre6panyeckon
cTpykType (X, *).

Tpe6oBanusa acCOUMATUBHOCTH ¥ KOMMYTATHBHOCTH HE3aBHCHMEL B
CaMOM Jefte, Onepalus * Ha Z, 3aJaHHAA IPABUIOM

nxm=—-n-—m,
O4YEeBMJHO, KOMMYTATHBHA, HO
(1%2)*3=(-1-2)*3=—(-1-2)-3=0#4=1x(2%3),

TaK YTO YCJOBHE aCCONMATHMBHOCTH He BHMOJHAeTCA. [Jatee, Ha MHOXe-
ctee My, (R) Bcex KBaApPaTHEIX MaTpPHUI NOpAAKa n > 1 onpexenena omne-
pallud yMHOXEHHS — aCCOOMATUBHAA, HO HEKOMMyTaTHBHaA (cM. 1. 2 § 3
ri. 2).

OuneMeHT e € X Ha3HIBaeTCA edunuunbiu (WM neldmpasbnbim) OTHO-
CHTEJILHO PaCCMATPUBAEMON GHHADHON ONEPALMH *, €CIIM €*T = T*€ = T
nia Bcex T € X. Ecin e/ — emé ofuH e JUHAYHEIA 3€MEHT, TO, KaK CJle-
ayeT u3 ompegenenud, ¢ = e¢' x e = e. Ctano 66TH, B anre6panyeckon
crpyxrype (X,*) MoXeT cymecTBOBaTh He 60s€e OJHOTO €JHHHYHOTO
J/IEMEHTA.

Mmuoxectso X ¢ 3aJaHHOHM HA HEM OHHADHOH ACCONUATHBHOM ONEpa-
uMed Ha3wIBaeTcA noayzpynnotl. lonyrpymmy ¢ eguswyunEM (HeHTpATS-
HEIM) 2IEMEHTOM NPHHATO HA3HIBATH €MIE Monoudom (WM noayepynnotl
¢ edunuyet).

Kak u Ija BCAKOrO MHOXeCTBA, MOIIHOCTL MOHouaa M = (M, x)
o6o3navaerca cumsoaom Card M wmu |M|. B ciyyae KOHEYHOCTH YHCIa
COJEPXAIIMXCA B HEM JIEMEHTOB MOBOPAT O KOHEYHOM MOHouze M no-
paaxa |M|. IIpuBesém HECKOIBLKO NPUMEPOB NOJYTPYNIl ¥ MOHOMAOB.

Mpumep 1. IIycTs 2 — npomssonsHOe MHOXECTBO ¥ M (§)) — MHOXeCTBO BCeX
¢ro npeobpa3osaunit (oTo6paxenuit 2 B ce6a). U3 cokcTe MHOXECTB M OTO6pa-
XeHuH, oTMeyeHHRIX B § 5 ra. 1, creayer, yro M(2) — momous. Umeerca B Bupy,
KoHe4Ho, Tpoitka (M({2),0,eq) rae o — eCTECTBEHHAA KOMIO3UIMA OTOGPAXKEHUH, &
eq — TOXJAeCTBeHHOe oTo0paxeHue.

BrigenuM TOT 4aCTHHIM Ciyval, korga {3 — KOHeYHOe MHOXECTBO u3 [] = n
3JICMeHTOB, 0603Ha4aeMBIX MPOCTO HATYPaIbHBIMHA YucaaMiu 1,2,...,n. Kaxzgoe npe-
o6pasosanue f : Q — ) onpejenseTcA yxa3aHUEM YNOPAZOYEHHOH MOCTeA0BATENb-
woctu f(1), f(2),..., f(n), rae B xadecTBe o6pa3a f(i) MOXeT CTOATHL JOGOH die-
MmeHT n3 ). He mckmovatorca cosnagenua f(i) = f(j) npx i # j. BuiGupaa Bce-
BO3MOXHBIE MOCIEAOBATENLHOCTH, MBI NIONY4YHM POBHO N npeo6paloBanuil. 3HAYHMT,
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IM(2)] = CardM(Q2) = n™. HycTs, ckaxeM, n = 2. DIEMeHTH e, f,9,h MononAa
M({1,2}) u ux monapHule MPOA3BEAEHHUA NMOJHOCTHIO 3AJAIOTCA CIEAYIOMMUMH IBYMSA
TabaumamMu:

-

TFQ o
Qo
®
>0 oo
T 0 >

Henocpeacreenno BugHo, yTo M({1,2}) — HeKOMMyTaTHBHEIA MOHOUZ.

Ipumep 2. Ilycts cHOBa §) — NPOU3BOALHOE MHOXECTBO ¥ P(f2) — MHOXECTBO
BCeX ero noAMHOXeCTB (CM. ynp. 4 u3 § 5 ru. 1). Tax xak (ANB)NC = AN(BNC) u
(AUB)UC = AU(BUC), To Ha P(f2) onpeseneHnl ABe eCTECTBEHHBIE aCCOLUATHBHbIE
G6uHapHue omepauuu. OgeBugHO, YTo FUA = Aun ANQ = A Mu umeem ABa
KOMMYTATUBHREIX MoHOMZa: (P(Q),U, &) n (P(Q),N, ). Kak masectHo, [P(N)| = 27,
ecru |Q] =n.

Ipumep 3. (Mn(R),+,0) — KOMMYTATHBHH MOHOMA C HEMTPAILHBIM DIEMEH-
TOM — HyneBo# Marpuueit, a (Mn(R),:, E) — HeKOMMyTaTHBHHIN MOHOMA C Hel-
TPAILHHM JIEMEHTOM — eAMHUYHOM MaTpuneit E. DTO HEMOCPEACTBEHHO BHITEKaeT
U3 CBOMCTB CIOXEHHA ¥ YMHOXEHUA MATPHI, C KOTOPEIMYU MEI MO3HAKOMMIHUCH B IiI. 2.

Mpumep 4. lycts nZ = {nm|m € Z} — MHOXECTBO LEARIX 4MCEN, JEALMXCA
Ha n. fcHo, 4ro (nZ,+,0) — KOMMyTaTHBHEIA MOHOMJ, a (nZ, ) — KOMMYTaTHBHAA
noxyrpynna 6e3 eagununnl (n > 1).

Mpumep 5. MHoxecTBO Py (R) CTOXaCTH4eCKHX MaTpHL MOPAAKa 1 (cM. ynp. 4
u3 § 3 ru. 2) ABAAETCA MOHOMJOM C OGLIYHOM ONepanMed yMHOXEHHA MaTpHI.

IoamuoxecTso S’ noxyrpynnu S ¢ onepalmeit * HA3LIBAETCA NOINO-
ayepynnoti, ecu £ *y € S’ ana seex z,y € S'. B arom ciydae roeopaT
eme, 970 nodmnodcecmeo S' C S 3GMENYMO OMHOCUMEADRO ONEPAYUUY *.
Ecmu (M, *) — MoHoOnz, a mogmuoxectsBo M' C M He TOIBKO 3aMKHYTO
OTHOCHTEIBHO ONEPAllN¥ *, HO U COAEPXKUT EIUHMIHEIA 3aeMeHT, To M’
Ha3LIBaETCA nodmonoudox B M. Hanpumep, (nZ, ) — nognonyrpynna B
(Z,-), a (nZ,+,0) — noamonong B (Z,+,0). Beakuit mogMoHOUL MOHO-
uaa M () HasuBaeTca mornoudom npeobpasosanuti (MHOXeCTBa ().

3. O6o6ménnan accoUMaTHBHOCTD; cTemeHd. Ilycts (X,:) —
[IPOM3BOJIbHAA alreGpandeckas CTPYKTypa ¢ GHHAPHOM OmIepaiuen -, KO-
TOPYIO MHl PaAH IPOCTOTH 6y A€M OMyCKATh, 3AIIUCLIBAsA TY BMECTO I - .
Nycrts, ganee, Zj,...,Tn — YHNOPAAZOYEHHAS NOCIENOBATEILHOCTD JJI€-
MeHTOB U3 X. He Menasa nopsaaka, MBI MOXKEM MHOT'MMHM Da3HEIMH CIIO-
co6aMu COCTABIATh mpouaBefeHnA AmHH 1. [lycts I, — 4nMcI0 Takmx
croco60B.:

Iy =1: 129

I3 = 2: (z122)23, T1(T223);

ly = 5: ((122)73)T4, (21(22%3))Z4, T1((T2%3)T4), T1(T2(T324)),

(z172)(T324);

OgeBugno, 4TO, Nepebupas BCEBO3MOXHEE INPOUIBENEHUA I...ZTk,
Tp+1.-.Zn AMH kU n—k, 1 < k < n -1, a 3aTeM coeaunss uxX Hamed
6GUHApPHOM OIepalyed B JaHHOM NOPALKE, MBI HCYEpnaeM Bce [, BO3MOX-
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HOCTEH. 3aMeYaTeNbHO, YTO B MOHOMAAX (M MOIYrpynmax) pacCTAaHOBKA
CKOGOK OKa3LIBAETCA M3MUIIHEH.

Teopema 1. Ecau 6unapnas onepayus na X accoyuamusns, mo
PE3YAbMaAMm €€ Nocaedo8aMesbHO20 NPUMENENUR K Tl IAEHENTNAM MHO-
acecmea X He 3a6UCUM OM PACCMAROBKYU CKO6OK.

HJdoxasareabcrTso. lIpu n = 1,2 gokasuBats Hewero. lIpu n =3
yTBEpPXE€HHE TeOPEMBbI COBNaJaeT C 3aKOHOM accoumaTuBHOCTH. Janee
paccyxaaem nHayKnuen no . [Ipeanosoxum, 94Ton > 3 ¥ 4TO 44 YHCIa
3MIEMEHTOB < 7 CIPaBeJJIMBOCTD yTBEPXAEHUA ycTaHoBIeHa. Ham HyxHO
JIMIIb TIOKA3aTh, 9TO

(z1...zk) (Tht1- - - Zn) = (@1 .- 21) (T1g1. . - Tp) (1)

npu mobux k,l, 1 < k, | £ n— 1. Mu BHIIMCATH TOJNLKO BHEIIHME
napel CKOGOK, MOCKOJIBKY IO NPEATOJNOXEHHWI0 MHAYKUMH PAacCTaHOBKA
BHYTPEHHMX CKOOGOK HeCymeCTBeHHa. B 4YacTHOCTH, I1Z2...Tk =
= (...((z122)x3) . . . Tk—1)Tk — OPOM3BEAEHHE, HABHLIBAEMOE 1€60KOPMU-
posanubim. Pasimnyaem gBa crydad:

a) k=n-1;rorga (z;...2n-1)Zn = (... (2122) ... Tn-1)Ty, — Je-
BOHOPMHMPOBAHHOE MPOU3BEJEHHE;

6) k < n — 1; BBUAY acCOUMATHBHOCTH UMEEM

(z1.- . zk)(Tkt1- - - Tn) = (Z1. - . Tk)((Zkt1- - - Tp—1)Zn) =
= ((zl- .. xk)($k+1. .. Zn_l)):cn =
=(..((..(x122) ... Tk)Tk41) - - - Tnm1) T,

T.e. CHOBa JEBOHODMHPOBaHHOE npousBefenue. K Tomy xe Buay npuso-
AUTCA ¥ MPaBad 4aCTh JOKA3EIBaeMoro pasexcrsa (1). O

Panee 65U BBeASH 3HaX CyMMHUpOBaHuA ), Z;. O4eBHIHO, €ro MOX-
HO MCIOJB3OBATh U B JIOGOM aJAMTHBHOM KOMMYTATHBHOM MOHOHze. B
MyJIbTHILHIKATHBHOM MOHOM /€ aHAJOIOM CIyXHT 3HAK KPATHOI'O IIPOM3-
BeJIeHHUA:

2 3 n n-—-1
Hxi = I1Z22, Hxi = (21%2)Z3, H = ( H mi)mn-
=1 i=1 i=1 i=1
B cuny Teopemsr 1 npu 3anucyu (WIM IPH BHIYUCJICHHH) POU3BEAEHUA
JJIEMEHTOB LT3 . . . Ty, MOHOMAA CKOOKH M3MMMHU. EquHCTBEeHHAA 3260Ta
JOMXHA NPOABIATHCA O NOPAAKE MHOXHTENEH, 12 M TO JHIIL B CIydae,
KOTJla OHHM HE BCe NEPEeCTAHOBOYHEL Mexny cobou. B wacTmocTn, mpu
Ty = T3 = ... = Tp, = T NPOU3BEIEHUE IIT...r OO03HAYAIOT, KAK H
OpM JEMCTBHAX C YUCJIAMHM, CAMBOJOM I, HasHIBad e€ro n-i cmenensvio
aaemenma z. CregcteueM TeopeMul 1 ABIAIOTCA COOTHOIIEHH

z™z" = ™", (™" =2z™", m,neN 2)

B monouge (M, -, e) ara moboro z € M nonarator emé z° = e.
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Crenenam z™ € (M, -, e) B monouge (M, +,0) cooTBeTcTByIOT Xpam-
®blenT = T+z+...+ anemerTa z. [IpaBmia (2) cTaHOBATCA NpaBAIAMHU
JUIA KPATHBIX:

mz + nz = (m + n)z, n(mz) = (nm)z. (2"
OtMmerum emé ofuH noiesntt ¢paxkt. Ecm zy = yx B Monouge M, To
(zy)™ = z"y™, n=0,1,2,... (3)

B uacTHoCTH, 3TO BCera Tak B koMMyTaTHBHOM MoHouge. CooTHOMenne
(3) moxa3nBaeTCA MHAYKIHEH IO n:

(zy)" = (zy)" zy) = (" 1y ) (zy) = @y )y =
= (" oy )y = (" '2) (v ly) = z"y"

Bonee o6mo: npu z;z; = T;Ti, 1,j = 1,...,m, onupasch Ha COOTHOIIE-
Hue (3) ¥ HCHoAB3YA MHAYKLMKIO IO M, MOXY4aeM

(Z1...em)" =2z7...20. (4)

AnanormyHo, M T+ Y =Y+ T U T;+Z; =Tj+z; npus,j=1,...,m,
TO

n(z +y) = nz + ny, n=0,12,..., (3"

n(zy+...+2m) =031 +... +NTyy, n=0,1,2,... (4"

O6rrano MoHoMz (M,-,e) HA3KBAIOT MY4LMUNAUKGTNUGHDIM, &
(M,+,0) — addumusnbim. AgAUTUBHAS 3ANUCH UCIIOABL3YETCA NpPEUMY-
IIECTBEHHO B KOMMYTATHBHEIX MOHOHMAX.

4. O6paTuMble 31eMeHTH. JJIeMeHT a MoHouga (M, -, e) HaswBa-
eTCA 06PamuMbIM, eCIE HaugeTca anemenT b € M, pas xoroporo ab =
= e = ba (moHATHO, 4TO 3neMeHT b TOXe Gyaer o6paTuMuiM). Eciy emé
ab' =e="ba,10b = eb’ = (ba)b’ = b(ab') = be = b. ITo gaér nam ocuo-
BaHWe T'OBOPUTH MPOCTO 08 06pamnom saemerme 0~ ! k (06paTHMOMY)
snemenTy a € M: e la=e =aa"l.

Pasymeercs, (a~!)~! = a. llonaTue 06paTHMOro 3J€MEHTa MOHOHM-
Ja CIYXUT, O4EBUHO, ECTECTBEHHLIM 0606ILEHNEM TOHATHA 06paTHUMOM
MaTpHIH B MyJbTUILIMKATHUBHOM MoHouze (M, (R),-, E).

Tax xak (zy){y~lz~!) = a:gyy‘l)a:"l = zer~! = e m, ananormu-
Ho, (y~'z71)(zy) = e, To (zy)~* = y~lz~!. Crano 6uTs, MHONCECTE0
6cez 06pamumbiz daemenmos monouda (M, -, e) 3axxnymo omrocumens-
HO OTMEPAYUY U COCMaAsAREM NOOMOKNOUd 6 M.
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YIIPAXKHEHHUSA

1. B n. 2 B xavecTBe NpuMepa Ha Z BBOLMIACH OMEPALMA *: T * M = —n — m,
KOMMYTATHBHAA, HO HeaCCONMATHBHAA. B arreGpanyeckon crpyktype (Z,*) Bmmoa-
HAIOTCA COOTHOWEHUA (n*xm)*m = n, mx*(m*n) = n. [lycTs Teneps HaM JaHa Opo-
M3BOJBHAA anreGpauyeckad CTPYKTypa (X, *), B koTopoil (T*y)*xy =z, y*(y*z) ==
41 JOGKIX T,y € X. [IOKA3ATH, YTO T*Yy = Y*T, T.€. ONEPALUUA * KOMMyTaTUBHa. Hu-
KaKMX YKa3aHUM K PElIeHMIO He AAETCHA, MOCKOJIbKY 3TO OXHO M3 C2MBIX 6eCHONe3HBIX
ynpaxueHudt B kuure. Ho Bce-Takn!

2. [ToxasaTb, YTO MHOXECTBO

n
MO(R) = {A = (ai) € Mn(R)| Y e =0, i= 1,2,...,n}
j=1
¢ OGHIYHO# omepaiMell YMHOXEHUA MATDHI ABAAETCA noiyrpynnoi. Hsaserca au
(MS(R), -) monougom?

3. B MyJbTUNIMKATHBHOM MOHOMAE M BHIGHMDAETCA NMPOH3BOJLHLIM JdNEMEHT t u
BBOAMTCA HOBad onepamuaA *: « * y = zty. llokasate, yro (M,*) — moayrpynna u
4YT0 06PaTHMOCTD 31eMeHTa t B M — Heo6X0oAMMOe M JOCTATO4YHOE YCIOBME, DU BhI-
NONHEHUU KOTOPOro (M, ) — MOHOMJA C HEMTPANLALIM (EIUHUYHBIM) 3MeMeHTOoM £~ 1.

4. Tloka3aTs, ¥TO MHOXeCTBO Z C onepauueit o: nom =n+m+nm = (1+n) x
X (1+4m) — 1, ABIAETCA KOMMYTATHBHEIM MOHOMAOM. YTo ciyxuT B (Z,0) HeuTpais-
HuiM anemenToM? Hairru B (Z,0) Bce 06paTUMBie 3MEMEHTH.

§ 2. I'pynne:

1. Onpepenenne n npumepsl. PaccmorpuMm muoxectso GL, (R)
BCEX 1 X N-MATPHI C BEXIECTBEHHHIMH KOD(DODUIMEHTAMH ¥ C OTIMYHEIM
ot Hyus omnpefeauteneM. Cornacuo teopeme 3 ua § 2 rin. 3 det A # 0,
det B # 0 = det AB # 0. Mu Bugum, yro A, B € GL,(R) = AB €
€ GL,(R). Janee, (AB)C = A(BC) u cymecTByeT BHAelIeHHAA MATPALA
E rakas, uto AE = EA = A gna scex A € GL,(R). Kpome Toro, y xa-
xpon marpunsl A € GL,(R) umeercs “antunos” — obpaTHasa MaTpuua
A~!, nns xoropont AA™l = A"'A=E.

M=uoxectso GL,(R), paccMaTpuBaeMoe BMECTE C 39 XOHOM KOMIIO3H-
nuu (6unapuoi onepanueint) (A, B) — AB u HasnBaeMoe noaxct aunet-
not epynnoti cmenenu n Hag R, MOXHO GBLIO GHl KOPOTKO ONPEREIHUTD,
crenys TepMuHoJoruM § 1, xak MOJMOHOMJ BCeX OGPATUMEIX 3JEMEH-
ToB Monouga (M, (R), -, E). Ho 3TOT MOAMOHOM HACTONLKO BAXK€EH, UTO
OH 33CJIYXHBAET CHENUATLHOTO HA3BAHMA M AaéT BECKHUH II0BOJ BBECTH
obmee

Onpegenenne. Monong G, Bce 3IEMEHTH KOTOPOrO OGPAaTHUMEL,
Ha3eBaeTCa 2pynnol. JpyruMu cloBaMu, MPEANONATAIOTCA BHIIOIHEH-
HEIMH CJELYIOIINE AKCHOMBL.

GO0) Ha mnoacecmee G onpedeaena Gunapros onepayus (z,y) — Ty.

G1) Onepayus accoyuamuena: (zy)z = z(yz) das ecex z,y,z € G.

G2) G o6aadaem netimpasonbiu (eOUHUUKDIM) IAEMENMOM €: T€ =
=ex =1z dax 6cez T € G.
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G3) Jas xaxncdozo ssemenma z € G cywecmeyem obpamubit 1
“l=g-lz=e.

M=urBugenu B § 8 ri. 1, 4T0 yKa3aHHEIM aKCHOMaM yAOBJIETBOPAET aJl-
re6pauyeckas cucTeMa Sy, Ha3BAHHAA HAMH CuMMeMpuuecxot zpynnot
nepecmaxoeox cmeneny n. PakTHIECKN ITHM BAXKHEAIIMM NPUMEPOM
MH npeABapuin obmmee onpejejeHne rPYILL.

Y AUBHATENBHO, YTO OJHA M3 CTapedmux U 6oraTedIIuX 0 Pe3yabTa-
TaM o6aacThb anre6psl, urpaomas GpyHIaMEHTAIbHYIO POJIb B T€OMETPHH
4 B NIPWIOXKEHUAX MATEMATHKH K BONPOCAM €CTECTBO3HAHHA, OCHOBHIBA-
€TCA Ha CTOJb NPOCThIX akcnomax. He6oumbion anaiys IOKa3skBAaEeT, 4YTO
KX MOXHO €mé yOpOCTHTB, HO Ta 33a4a4a A HAC HE NPUHUMIHAIBHA.

I'pynma ¢ KOMMYTATHBHOHM ONEpalMedl Ha3BIBAETCHA, €CTECTBEHHO,
KOMMYTATHBHOH, a emé Jame — afeae60t (B 4eCTh HOPBEXKCKOrO MaTe-
maTuxa A6ers). Cam TepMuH “rpymna” npuHagIexuT (HPaHIy3cKOMY
MaremaTnky lalya — mogmuMHHOMY co3gaTenio Teopud rpymn. Wgem
TeOpHH Trpynn “HOCHINCH B Bo3ayxe” (Kak 3TO 4acTO GHIBAET C OCHOBO-
[OJAralOMMHE MaTEeMaTHYeCKUMH Hieamn) 3agoaro xo [arya, u Heko-
TOpHIE M3 €€ TeopeM B HAamMBHOM ¢opMme OBUIM JOKa3aHHI eme Jlarpas-
xeM. [ennanbHeie pa6oThl [allya oka3anuch HEMOHATHIMH, U BO3POXJ€-
HHE MHTepeca K HMM Havyaloch Toabko nocie kuuru K. 2Kopgpana “Kypc
TEOPHH NMEPECTAHOBOK M aarebpaudeckux ypapsenuir” (1870 r.). Jlumm x
kouny XIX Beka B TEOpHMH I'Dynn “COBEPIUEHHO OTKA3LIBAIOTCA OT aH-
Tasuud. BaaMeH 3TOro TImATeIBHO NpenapupyeTca JOrH4ecKui ckeret”
(P. Knein, “Jlexunu o pasputud MaTeMaTnku B XIX crozeTnn”).

[ns 0603HAYEHHA YHUCIIA 2IeMeHTOB B rpynne G (TouyHee, MOLIHOCTH
rpYINEI) MCHOAB3YIOTCA paBHonpasHuie cumBoasl Card G, |G| u (G : e).
TouTH BCé ckaszannoe B § 1 0 MOHOMAAX nMepeHOCHTCA Ha rpynns. Cie-
IyeT JULIb IPOM3BOAMTH HAJIEXAIYIO 3aMeHy CI0B. B wacTHoCTH, mOA-
mHOoXecTBo H C G HasmBaeTca nodepynnot B G, e e € H; hy,hy €
€ H=hhyec Huhe€ H= h~! € H. logrpymna H C G co6cm-
sennas, ecm H # {e} u H #G.

IIpuBesém emgé HECKONBKO IPUMEPOB I'PYIII.

Ilpumep 1. B yxe uaBeCcTHOM Ham NOJHOM JxHeiHOoM rpynne GL, (R) paccmor-
pum nogMuoxecTso SL, (R) MaTpun c onpegennTenem 1:

T

SLn(R) = {A € GLa(R) | det A =1}.
QueBuano, 4ro E € SL, (R). CoranacHo o6mum pesyabraTaM ria. 3 06 onpeaeauTenax

detA=1,detB=1=>detAB=1
det A7l = (det A)"! = 1.
Ioaromy SL, (R) — noarpynna B GL(R); ona HOCHT Ha3BaHMe CTieyuLabROl Aunetnol

epynnui cmenexwu n xad R. E€ HasmBaloT emé ¥ ynumodyssprot rpynmod, XoTa K
nocaeAHe# 4aCTO NPUYUCIAIOT MAaTPUULI C onpeAeauTeneM +1.
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Hago ckasaTs, 4To rpymna GLn(R), 6yAy9# BMECTUIMIIEM MHOIMX MHTEPECHBIX
TPYNIN, ABAAETCA JA MATEMATHKOB PAS3HLIX NOKO- GLa(R)
JeHM# KaK Obl HECKOHYaeMBbIM HCTOYHHKOM HOBBIX "
HJell U HepemEHHHX 3aj34.
Mpumep 2. Ucnonsays panuoHaNTLHHE M-
CJlla BMECTO BemeCTBEHHBIX, MLl IPUAEM K MONHOK
nuHelHon rpynne GLn (Q) crenenu n mag Q u x e
noarpynne SLy(Q). B cBowo odepeas SLq(Q) co- SLa(Q)
AEPXKUT BHTEepecHy!o noArpynny SL,(Z) neroun-
CIEHHBIX MaTpul ¢ onpeaeauTeneM 1. Teopema 1
§ 3 r1. 3, mpeAaaraomas ABHYI0 GOpMyTy AAA KO- SLn(Z)
3¢ duumMeHTOB OOPATHON MATDHIH, NOKA3LIBAET,
4T0 SLn(Z) neiiCcTBUTENBHO ABIAETCA IpYNNOI.
Ipymnet SL,(Q) ¥ SLn(Z) 3anumalor nouérroe e
MeCTO B Teopun uucer. JacTugHo ynopagoienHoe
MHOXeCTBO (CM. m. 4 § 6 ra. 1) paccMOTpeHHHIX Puc. 15
noarpynn rpynnsl GLy (R) m3o6paxaeTca noMem@nHOR 34ech AnarpaMmoin (puc. 15).
IIpumep 3. llonoxus B npumepax 1 u 2 n = 1, Mu NpHAEM, BO-NEPBHIX, K
MYJbTHILTAKATHBHEIM I'DyINaM

R* =R\ {0} =GL1(R), Q" =Q\ {0} =GL,(Q

BEleCTBEHHBIX ¥ DAUMOHAJILHBIX YHCel. DTH CpPYyNNhl, O4eBHAHO, GeckoHeyHHl. Tak
kak B (Z,-,1) o6paTUMBIMI 3eMEHTAMH ABIAIOTCA TOABKO 1 w —1, To GL1(Z) =
= {%1}. Oaxee, SL;(R) = SL1(Q) = SL1(Z) = 1. Ho yxe npa n = 2 rpynna SL2(Z)
GeCKOHEYHA: el NPUHALIEXAT, HAIPUMED, BCe MATDPHIL

I 1 0
b

m 1
OTMeTuM emé GeCKOHEYHHIE aJANTHBHLIE 'PYNIb:
(]Ry +10)) (Qa +a 0): (z’ +r0)'

Ipumep 4. lIycts  — npou3BoIbHOE MHOXECTBO, a S(f) — MHOXECTBO BCEX
GMeKTHBHBLIX (B3aMMHO OJHO3HAYHBIX) mHpeoGpalosanuit f : O — Q. O6paTHBmHCH
K pesyabTaTaM § 5 ra. 1 06 oToGpaxeHnax MHOxecTB (TeopemH 1, 2 u cieacTsme
TeopeMHl 2), MBl HEMEAJEHHO AeJaeM 3akmodenue, 4To S(Q) — rpynna ¢ ecTecTBen-
HOM GUHADHOM onepauuei, ABAAIOMENACS KOMIO3ULHAEHs npeo6pa3oBanuit. Pasymeercs,
S(R2) — nmogmoroMA Bcex OGPATHUMLIX EMEHTOB MOoHOMZA M () u3 nmpumepa 1 § 1,
HO 3TO 06CTOATEALCTBO MH He CKIOHHH mox4épkueaTh. CaMa no ce6e rpynma S(02)
4 B OCOGEHHOCTH DA3NM4YHHE €€ MOArpyInH, Ha3hiBaeMbe pynnaMu npeoGpa3oBa-
HHM, — CTapTOBad IIOWAZK3, C KOTOPOM HAaYMHAIOTCA BCEBO3MOXHHE IPHMEHEHHA
Teopuu rpynn. JOCTaTOYHO YHOMAHYTH O 3HAMEHHTOH “DpIaHreHCKOH mporpamme”
®. Kneitna (1872 r.), nonoxusmel NOHATHE PYNINH Npeo6pPa30BaHUi B OCHOBY KJAaC-
cubUKANME DA3TUYHBIX THIOOB reoMeTpui (6osee moApOGHO CM. MO 3TOMY NOBOZY
[BA II)).

Basas 3a ) auneiHOe npocTpaHcTBO R™, MH npuaéM K “601bmO0i” ¥ MaI00603pH-
mon rpynne S(R™). Ho B S(R™) coaepxuTca noArpynna o6paTuMeX (6MEKTUBHBIX)
JNMHEHHBIX Mpeo6pa3oBaHull @4 : R® — R™, HaxoAAImMXCA BO B3aMMHO OJHO3HAYHOM
COOTBETCTBHM C HEBHPOXAEHHLIMA MaTpunaMu A nopsagxa n (cm. § 3 ra. 2).

Taxum o6pa3oM, moay4yaerca sioxenue GLn(R) B S(R™).

CMBICK 3TOr0 BIOXEHHA CTaHeT sACHee, KOrja GyfeT BBEJEHO BAXHOE NMOHATHE
u3oMopdu3aMa rpynm.

GLn(Q) SLn(R)

m m-1
1 1

1 m
0 1

I

", meZ.
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2. Iuxnugeckue rpynnsl. Ilycts G — MyJbTHILIMKATUBHAA I'PYII-
na (T.e. C omepauMed YMHOXEHUA), & — €€ (PUKCHPOBAHHEIA DJIEMEHT.
Ecau mo6Gok aieMeHT g € G 3amuCHBaeTca B BHAE ¢ = a" 4jd He-
KOTOpOro n € Z, To roBopat, 4to G = (a) — yuxauvecxas 2pynna C
o6pasyiomuM o (WM DMKIMYecKas IPyNa, NOPOXAEHHAA IEMEHTOM a).
AHaNOr¥4HO UMKINYECKAA I'PYINA ONpEeAeNAeTCA B AJUTHBHOM CIydae:
(@) = {na| n € Z}. I10, KOHEUHO, HEe 03HAYAET, YTO BCE NIEMEHTH a”
WIK Na NONApHO Pa3TMYHH. YcIoBUMCA 0603Ha9aTh (1) = a~* u y6e-
IUMCA B CIIPaBEAIMBOCTH CIEAYIOMEr0 YTBEPXK ACHNA.

Teopema 1. Kaxoews 6bv wu 6biau m,n € Z,

a™a® = am+n’ (am)n = q™"

(coomeemcmeenno ma + na = (m + n)a, n(ma) = (nm)a).
JokasaTeascTBo. Ilpu HEOTPUNATENLHEIX mM,n CM. COOTHO-
mernsa (2), (2') w3 . 3 § 1. Eom m<0, n<0, o m'=-m >0,
n=-n>0mn
a™a" = (a7H)™ (a7 = (a7H)™ Y = gm (M) = gmn,

Ipum’ = —m > 0, n > 0 umeem

’ - !
a™a" = (@ )™a"=(g"'...a7Y(a...a) =a® ™ = o™,
m’ n

Ecma m' > n, 1o @™ ™ = (a~1)™ -7 = gm+n,

Ananornuso paccmarpupaercsa caydau m > 0, n < 0. Pasencrso
(a™)® = a™" BHITEKaeT M3 NpeALAYIEro ¥ ZOCTATOYHO OYEBHJHO H3
onpezxenenus crenexen. [J

IIpocTedmuM npuMepoM UMKINIECKOH I'PYNNLI CIYXHT a1AMTHBHAA
rpynna neasx wucen (Z,+,0), nopoxaénHas 06MHOA equHMIed 1 win

—1. Jlerko mpoBepuTh, ganee, 4YTO MATPHUA (1) i TIOpOXAaeT B

SL3(Z) Geckoneunyio umkimdeckylo noarpymmy. Mmoxecrso {1,-1}
ABJIAETCA 10 YMHOXKEHUIO NKIAIECKOM IPYIION nopsaaxa 2.

TlpuMep UMKINYECKOH TPYNNE INOPAAKA N NOJYYAeTCA, €CM PACCMOTPETh BCE
BpAIeHHA Ha ILIOCKOCTH BOKDYT HEKOTOPOM TO4kM O, coBMemalommue ¢ COG0M mpa-
BHJBHHIA n-yroasHEK P, ¢ uenTpoM B Todke O. O4eBngHO, 9TO TR BpalleHusa o6pa-
3Y10T IpYNIy: NOA MX IPOU3BEACHAEM CIEAYET HOHUMATH NOCAENOBATEABHOE BLINONHE-
Hue npeoGpasopaHmit. Hama rpynna Cp COZEPXHT BDAIIEHHA (0, Pl,-..,Pn~1
NpOTHB 4acoBOi CTpeakm Ha yrau 0,27/n,...,(n — 1)2w/n. Hpu aToM @, = ¢f,
a M3 FeOMeTPHYECKHX COOGDAXeHHH ACHO, 9TO ;b = P B ot = @o (enunmy-
Hoe mpeoGpa3osanne). Hrak, |Cn| = n u Cn = (p1). 3aMeTuM, 4TO DHKIMYECKAA
rpynna C, ABAAETCA COGCTBEHHOM MOArpynnoi rpymnnl Dy BCEX Npeo6pa3oBanHMi
CUMMeTpHUH n-yroasHuka Pn (T.e. coBMemenuit P, ¢ co6oi).

IIycTe cHOBa G — NpPOM3BOABLHAA PYINIA, @ — HEKOTOPEIA €€ aJe-
MeHT. IMeloTCa ABe BO3MOXHOCTH.

1) Bce cTenenn aneMeHTa G Pa3JUYHH, T.e. M # n => a™ # a™. B

9TOM CIydae OBOPAT, YTO dIeMeHT a € G uMeeT Gecxoneunviti nopadox.
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2) Nmeworcsa copmagenus o™ = o™ npu m # n Ecmm, nanpumep,
m > n, To a™™" = e, T.6. CYIECTBYIOT HNOJOXHUTEILHLIE CTEIEHN Jie-
MeHTa a € G, paBHHE eJUHAIHOMY vieMeHTy. IlycTs ¢ — HamMeHbIAR
MOJIOXKMUTENbHEIR I0Ka3aTelb, A1 KoToporo a? = e. Torga rosopar, uro
@ — DJIEMEHT KONEYN020 NOPAIKG q.

B koneunoit rpymne G (CardG < 00) BCe 3/eMEHTHI, pasymeeTcH,
OyAyT KOHEYHOr'O HOPAJKA.

Ipexnocrepexenue. CroBo “nopaaok” B MATEMATHKE MHOTO3HAY-
HO. MBI roBOpI/IM DaHbIIE O KBAPATHRIX MATPHNUAX NOPAAKA 1t (MaTpH-
Iax pasmepa n X 1), HO HeBHPOXAeHHAA MaTpuua A, paccMaTpuBaeMas
Kak aunemenT rpynnn GL,(R), umeeT Taxxe nopagok (BoaMOXHO, Gec-
KOHEYHHI) B TOJNBLKO YTO YKa3aHHOM cMuicre. Kaxawut pas 6ygeT acHo
¥3 KOHTEKCTa, O Y€M HAET pedb.

Ha ¢one npuBeAEHHOr 0 BHIIE NPUMEPA NUKJINIECKOR MPYIIIEL NOPAA-
Ka N Clegyiolmee YTBEepX AeHHe IIOYTH OYeBHIHO.

Teopema 2. Ilopadox 4106020 asemenma a € G (G — abecmpaxm-
nax 2pynna) pasexn Card (a).

Ecau a — aaemenm xoneunozo nopadxa g, mo {a) = {e,a,...,a?"},

a*=e<=k=1lg lek.

HokxazareascTBo. B cuyyae aneMeHTa GECKOHEYHO'O HMOPAXKA
JAOKa3HBaTh Hedero. ECIM a — 2ieMEHT mopajaka ¢, TO MO ompenene-
HHIO BCE DJIEMEHTH €,a,a?,...,a?! pasmaunet. Jlio6as Apyras creneHb
a* cosnagaer c ogHEM W3 >THX dJIeMeHTOB, T.e. (a) = {e,a,...,a97!}.
B camom jgese, BOCIOJB30BABIIMCH AIrOPATMOM fgedeHus B Z (o. 3 § 9
ra. 1), 3anumem mokasarens k B Buje

k=lg+r, 0gr<r-1,

NOCJIE Yero, ONepHUpyA CO CTENeHAMH IO NPABWIAM, M3J0XEHHKIM B TEO-
peMe 1, momyyuuM
a* = (a%)'a" = ea” = a".

B wactHocTH, @* =e = r=0=k =1g. O

3. Uaomopduramel. Kax yxe oTMedanoch paHee, TpH BpalleHHs
©0,P1,P2 HPOTHB YACOBOM CTPEIKH HA YIVIBI
0°,120°,240° COOTBETCTBEHHO INEPEBOAAT IIpa-
BWIbHEIM TpeyroasHuk P3 B ceba. Ho mmeror-
CA emé TPH 0CesHiT NPeolPa306anus CuMme-
mpuu (ompancenus) P;,¥2,%3 ¢ yKa3aHHEIMH
Ha puc. 16 ocamu cammerpum 1-1', 2-2', 3-3'.
Bcem mecTu npeo6pa3oBaHuAM CHMMETDHH COOT- Puc. 16
BETCTBYIOT NEPECTAHOBKM Ha MHOXECTBE BEpIIMH TPeyroJbHUKa. Mu
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HOJIyYaeM
wo ~ e, w1~ (123), w2~ (132),
P~ (23), 2 ~ (13), Y3 ~ (12).

Tak Kax APYTMX NepecTAaHOBOK CTENEHM 3 HeT, TO MOXHO YTBepXJIaTh,
yro rpymna Dj; Bcex mpeo6pa3oBaHU# CHMMMETPHHM MPABIWILHOI'O Tpe-
yroJbHHKa OGHAPYXHMBAeT GONBINOE CXOACTBO ¢ CHMMETPUYECKOH I'PYII-
mou S3.

B ToM xe cMuicie GIM3KM ApYT K APYry nmkawdeckue rpymnu Cy
(cm. mpumep B 1. 2) m ((12... n)) C Sp. OTn daxTH, a Takxke obmue
Pa3MHIILIEHUSA O I'DYNNAaxX He MOT'YT He NPHBOJUTH K BeCbMa eCTeCTBEH-
HOMY BONpOCy 0 HauGoJsee CymieCTBEHHHX cBoiCcTBax rpynn. Ha nepshui
B3IV, MOJHAA MHGOPMAIMA COAEPXKUTCA B TAOIHIIE YMHOXKEHUSA I'DYNITB
G, HasuBaeMoH mabauyett Kaau:

g1 g2 ..« gn
9| NN 9192 -.. G1gn
92 | 9291 9292 --- 929n
gn | Gng1 Gn92 ... Gngn

JeAcTBATENLHO, MHOIME 3aKOHOMEPHOCTH I'PYINH MOXHO YJIOBHTH
U3 paccMoTpenusa e€ Tabummel Kaum wim, 9To TO Xe caMmoe, MaTpH-
ot M = (m;j) (pasmepa n x n, ecm n = (G : e)) ¢ aueMeHTaMu
mij = gig; € G. Mul 3aMeqaeM, HADUMED, YTO CPEJH DJIEMEHTOB KaX-
JOM CTPOKHM M KaXJO0ro cToi6ma MaTpunul M moGo# 3JEMEHT rpYIIIkl
G BCTpeYaeTCs POBHO OJUH pa3 (CM. HHXe JOKA3aTEIbCTBO TEOPEMBI
4). I'pynna G abeneBa TOrja ¥ TOILKO TOrJA, KOr'Ja MaTpuma M cum-
MeTpHdecKas, T.e. Mij = Mjj. ITOT CIOHCOK CBOHCTB MOXHO GBLIO GhI
IPOAOIKATH, HO BCE-TaKW CPAaBHHBATH ABe TabuuMnH i rpymn G,G'
OMHAKOBOI'0 OPAJKA JOBOJILHO 33TPYSHATENLHO, IOTOMY YTO BHJ MAT-
puusl M 3aBHCHT OT HyMepauuu (PacHOJOXEHHA) JIEMEHTOB I'PYIIIL, a
yX B ciaydae 6€CKOHEYHRIX IPYII CUTyauus emeé 6ojiee yCIOXHASTCA.

CaMmplii NpaBUILHHM I CAMBIA PaIMKAJILHEIM OOAXOA K PAIIUICHUIO
(mnu, HApOTHB, K OTOXAECTBIeHMIO) rpynn G # G' npejnaraeT nouaTue
u3oMopdu3Ma.

Onpegenenne. [pe rpynnu G u G' ¢ onepauuamu * 1 o Ha3kBa-
IOTCSH U30MOPPHNbIMY, eClIH cymecTByeT oToGpaxenue f: G — G' Takoe,
4T0:
i) f(a*b) = f(a) o f(b) Ana Bcex a,b € G;

ii) f 6uexTHBHO.

dakT m3oMOpGUM3Ma IPYIN YaCTO OGO3HAYAETCA CHUMBOJUYECKU
G=G'.

OTrMeTnM npocTeAmme CBOMCTBa H30MOphU3Ma.
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1) Edunuya nepexodum 6 edunuyy. [JeACTBUTENBLHO, €CIM € — €UHMU-
ua rpynns G, To exa = axe = a, u, 3Ha4uT, f(e)o f(a) = f(a) of(e)
= f(a), oTkyna creayer, uro f (e) = ¢/ — egunuua rpymnu G'. B atom
PacCyAeHHHA HCIIOJL30BAHEI, XOTA M 1aCTHYHO, 06a ceoicTea f. [ i)
9TO OYEBHAHO, 3 CBOUCTBO ii) 06ecrevnBaeT COPHLEKTUBHOCTD f, TAK ¥TO
onementamu f(g) ucyepnrBaerca ca rpymma G'.

2) f(a~') = f(a)~1. B camom pgere, cormacro 1) f(a) o f(a™!) =
= f(axa™!) = f(e) = ¢ — egununa B G', oTKy 2

f(@)™' = f(a)7 o€ = f(a)" o (fla) o f(a™)) =
=(f(a) " o f(a)) o f(a™!) = €' 0 f(a™!) = f(a™).

3) O6pammnoe omobpaxcenue f~1: G' = G (cywecmsyrowee 6 cu-
4y ceoticmea ii)) mooce séaremcs udomopdusmom. B cuny crexcrsus
Teopembl 2 § 5 ri. 1 Hajo yGefUTHCA JUIIL B COPAaBERJIMBOCTH CBOM-
crea i) gua f~1. dycrs o', b’ € G'. Torga BBUAY 6HEKTUBHOCTH f UMeeM
a = f(a) b = f(b) ana xaxux-to a,b € G. Hockoarky f — maomop-
duam, a' o b’ = f(a)o f(b) = f(a*b). Orcrona umeem a*b = f~1(a' 0 b'),
a TaKk Kak B CBOIO odepeab a = f~1(a'),b = f~1(¥), To f~1(a' o ¥') =
= f7Ha") * f71().

3amevanue. HecrnoxHas npoBepKa NOKAa3HBAET, YTO yCTAHOBIEH-
HOe HaMH COOTBETCTBHE ~ Mex Ay rpynnamu Ds u S; aBiseTcsa Ha caMoM
Jejie U30MOPGHU3MOM.

B kagecTse m3oMOpdHOro orobpaxkeHus [ MyJIbTHILIMKATHBHON
rpynnsl (Ry,-) MONOXHUTENbHBIX BEWECTBEHHBIX YUCEJ HA aJJHTHBHYIO
rpymny (R,+) Bcex BemeCTBEHHBIX 4MCea MOXeT CIyxuTh f := In.
HasecTroe cBoMcTBO JorapudMa Inab = Ina + In b kak pas mMozernpy-
eT CBOMCTBO i) B onpegenenuu maomopduama. O6paTHEIM K f CIHyXHT
orobpaxenue T — e*.

JloxaxxeM Tenepb ABe O6LINE TEOPEMEI, WILTIOCTPHPYIOLIME POJIb H30-
MopdHu3Ma B TEOPHH CPYIII.

Teopema 3. Bce yuxauueckue 2pynnvi 004020 4 M020 Hce NOPAIKG
(6 mom wucae u Gecxoneunozo) uzoMopPHroe.

DoxaszaTeanscTBo. B camom gere, ecin (g) — GeCKOHeYHas M-
KJIM9eCKas Ipylmna, TO BCe CTeneHy g o6paayxomero g DA3NUYIHEI, X MBI
HOJay4uM H30MOpGU3M f: (g) - (Z,+), nonaras g" — f(g™) = n. Buek-
THBHOCTB f O4eBHHA, a cBoucTBO f(9g™g") = f(9™) + f(g™) BHITEKAET
U3 TeopeMmH 1.

[ycrs reneps G = {e,g,...,99" 1} u G ={¢,¢,...,(9 )‘1‘1} — nBe
LMKIMYecKHe rpynnsl nopaska g (omepanud B G u G' He pasmudaem).
Onpegenum 6ueKTUBHOE 0TOOPaXKeHUe

f: g* = (), k=0,1,...,q- 1.
HNonarasn+m =lg+r,0<r < ¢-1, gma mobrx n,m = 0,1,...,¢g—1
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H paccyXJad Kak NpH JOKa3aTeIbCTBE TEOpeMH 2, 6yaeM EMEeThb
f@™*™) = £g") = (g')" = (@)™ = (¢")"(¢"™ = f(g™)f(e™). O
Teopema 4 (Komm). Jhobas xoneunas 2pynna nopadxe n uso-
sopdna nexomopoti nodepynne cummempunecxots 2pynnbt Sp.
JokaszareabcTBo. llycrs G — Hama rpynna, n = |G|. Moxso
CYHUTATDb, 4TO S, — I'pynna Bcex GMEKTHBHEIX 0TOOPaKeHHHA MHOXECTBA
G Ha cebs, Tak Kak [PUPOAA 3JIEMEHTOB, IEPECTABIAEMBIX JIeMEHTAMHA
u3 S;,, HeCYECTBEHHA.

Jas mo6oro anemeHTa a € G paccMoTpuM oTobpaxenue Ly,: G — G,
onpegeaéHHoe GopMyIon

Lu(g) = ag
(o9eBmaHO, MBI nosTOpseM onpegeienue w3 0. 3 § 8 ru. 1). Ecm e =
= g1, 92,---,9n — BCE IeMeHTH rpymnH G, TO a,ags,...,ag, OyAyT

TEMH Xe 3JIEMEHTaMH, HO PACIIOJIOXKEHHEIMA B KAKOM-TO APYI'OM MOPALKE
(sciomuuM Tabmuny Kamm). 3T0 ¥ MOHATHO, MOCKOJBKY

agi = ag; => a"'(agi) = a7 (ag;) = (a7la)g; = (a'a)g; => i = g;.

3uaunr, L, — GuexTupHOEe oToGpaxenme (IepecTaHOBKa), OOPATHHIM
k xoropomy 6yger L7l = L,-1. Eguawansiv oTo6paxenneM Apaserca,
ecTecTBeHHO, L.

Hcnonbays BHOBB aCCONMATHBHOCTH YMHOXeHMs B G, noaydaem
Lab(g) = (ab)g = a(bg) = La(Lsg), T-e. Lap = Lo Ly.

Hrax, maoxecrso L, Lg,, ..., Ly, obpasyer nogrpymmy, ckaxem, H,
B rpynne S(G) Bcex 6HEKTHBHHIX OTOOpaxeHHH MHOXecTBa G Ha cebs,
T.e. B S,. Mu nmeeM Bkmodenne H C S, m umeem coorsercrsue L :
a = L, € H, obnajgaomiee n0 CKa3aHHOMY BhLIIe BCEMH CBOMCTBAMH
u3omopduama. O

Teopema Kann, HecMOTDPA Ha CBOIO NIPOCTOTY, MMEET BaXXHOE 3Ha-
4yeHne B Teopud rpymn. OHa BHAENAET HEKHA YHHBEPCAILHHIM OGHLEKT
(cemeiticTBo {Sp| n = 1,2,...} cuMMeTpHdecKUX rpymn) — BMECTHIR-
e BceX BOO6IIe KOHEYHLIX I'PYII, PACCMATDUBAEMEIX C TOYHOCTBIO [0
u3omopduama. Ppasa “c TOTHOCTHIO A0 M30MOpdU3Ma” OTpaXKaeT Cym-
HOCTB HE TOJBKO T€OPHH I'PYIII, CTPEMAMENC OO LEINHUATE B OAKH KIACC
BCe U30MOpGHEIE MPYIIILL, HO ¥ MATEMATHKY B L[eJIOM, KOTOpaa 6e3 Takux
060061erny 6uuta Gl JUIIEHa, CMBICTA.

Tlonoxus G' = G B onpefeneHnE M30MOPPUIMA, MBI IOJLYIHM H30-
Mop¢uoe orobpaxenue ¢ : G — G rpynnel G Ha ce61. OHO Ha3LBa-
erca asmomopdusmom rpyunnl G. Hanpumep, eaunndnoe oTobpaxenue
eg : g — g (Bamee o6o3HayaeMoe npocTo yeped 1) — aBTOMOpPdHU3M,
HO, Kak mpaBwio, G 061ajaeT U HEeTPUBHAIBHHEIME ABTOMOP(U3MAMH.
CrorcTBo 3) M30MOpPOHEX O0TOGPAXEHHH MOKA3LIBAET, YTO OTOOpaXe-
Hue, o6paTHOe K aBTOMOpdu3My, Toxe 6yaer aBToMopduamoM. Ecux,
Aaxee, ¢, — asroMopdusmMbl rpymmst G, To (yp o P)(ab) = ¢(¥(abd)) =
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= p(¥(a)y(d)) = (p o ¥)(a) - (p o ¢¥)(b) Ara mobex a,b € G. Craino
6uTh, MHOXeCTBO Aut (G) Bcex aBToMOpduamoB rpynmsl G obpasyer
rpynny — moarpynny rpynnkl S(G) Bcex GHEKTHBHHIX OTOGpaXXeHWH
G-G.

4. Tomomopduamel. B rpynne aBromoppuamos Aut(G) rpynnst
G coaepxuTca ogHa ocobasa noarpynna. OHa 0603HAYAETCA CHMBOJIOM
Inn(G) ¥ nasmBaeTcs epynnot enympennuz asmomopduamos. E€ ame-
MEHTaMH gBIAITCA 0TOOpaxeHus

I,: g~ aga™l.

HeGoabmoe ynpaXHeHNe NOKa3HIBAET, 4TO I, AeHCTBUTENLHO YAOB-
JIETBOPAET BCEM CBOMCTBaM, TpeGyeMhIM OT aBTOMOP(H3MOB, IPHYEM
I7Y =1,-1, I, = 1 — egunw4nsnt asToMopdusm, I, o Iy = I, (Tak Kak
(Ia 0 Ib)(9) = Ia(Is(g)) = Ia(bgb™") = abgb~'a™! = aby(ab) ™' = Ius(9))-

Ilocneanee COOTHOmMEHHUE MOKA3LIBAET, YTO OTOOpaXKeHne

f: G > Inn(G)

rpymnnl G Ha rpynny Inn(G) ee BHYTpPEHHHX aBTOMOPGU3MOB, OIpe-
neaénnoe popmyion f(a) = I, a € G, 061agaeT CBOUCTBOM i) H30MOpdh-
Horo oro6paxenus: f(a) o f(b) = f(ab). Oanako cBoMCTRO ii) npu 3TOM
He 0043aHO BHNOAHATHLCA. Ecau, nmanpumep, G — abenesa rpymna, TO
aga~! = g ana Beex a,g € G, Tak yro I, = I, ¥ Bca rpymna Inn(G) co-
CTOHT M3 OZHOr'O €TUHUIHOrO IEMeHTa I,. DTO 06CTOATENBCTBO AEIAET
€CTEeCTBEHHRIM cjegyromee obmee

Onpeaenenune. Orobpaxenue f: G — G' rpymn (G, *) B (G',0)
HA3BIBAETCA 20MOMOPPUIMOM, ECITH

Ya,be G f(axb) = f(a)o f(b)

(ApyraMM CIOBaMH, BHIIOJHAETCA TOJBKO CBOMCTBO i) M3 OmpeAeleHus
u3omMopduama).

Adpom romomopduaMa f Ha3HIBAETCA MHOXECTBO
Kerf = {9 € G| f(g9) = ¢ — egquuuna rpymma G'}.

Tl'omoMopdHOE 0TOGpaxKenue rpynnkl B CeOa Ha3HIBAETCA emE e€ an-
doMmOpPHUIMOM.

B >ToM onpegenennu ot f He TpeGyeTcsa He TOJLKO GHEKTUBHOCTH,
HO M CIOPBEKTHBHOCTH (T.e. GHITEL 0TOGpaxeHueM “Ha”), 4YTO, BIPOYEM,
He OYeHb CYINECTBEHHO, IOCKOJLKY BCErja MOXHO OIDAHHYHTHCA Pac-
cMmoTpennem obpasa Im f C G', asnsomerocs, 04eBHAHO, MOArPYIIION
B G'. 'naBHOE OoT/IMYME roMoMOpduaMa f OT M30MOpGhHU3Ma 3AKII0YALT-
¢ B HAIMYU® HeTpuBnaisHOro agpa Ker f, asnaiomerocs, Tak cka3aTs,
Mepoit nemnbexTuBHOCTH f. Ecaim xe Kerf = {e}, T0o f: G = Imf —
H30MOpdHU3M.
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3aMeTuM, 9TO
fla) =¢€,f(b) =¢ => f(axb) = f(a)o f(b) =€ o' =¢,
f(a—l) - f(a)—l - (el)—l - el.
TloaTomy aapo Kerf — moarpynna B G.

5. CaoBapuk. IIpuMepsi. CTOHT OTMETHTB, YTO TEPMHUHEL CIOPB-
exmuenoe omobpaicenue (oToGpaxenne “Ha”), unvexmusnoe (0To6pa-
XeHde BIOXEHNA), 6uexmuenoe (B3aMHO OJHO3HAYHOE OTOGpaKEHHE),
OpUMEHMMEIE K OTOGPaXKeHNAM JI06IX MHOXeCTB (6e3 omepanui), B CIy-
Yae rpynn (4 B cydae APYrux anreGpandecKux CTPYKTYD) 3aMeHAI0TCA
COOTBETCTBEHHO TEPMUHAMH 3numopPuss (romomopdusm “Ha’), mono-
smopPuam (roMoMOpPHU3M C €AMHAYHBIM AAPOM), u3omopduas (B3aUMHO
OJHO3HAYHHIM MOMOMOPPH3M — 3MUMOPPU3M B MOHOMOP(DH3M OZHOBpE-
MeHHO). MIMeeTca TeHAeHIMA K 3aMeHe MOMOMOPGHU3Ma TEPMHUHOM MOP-
¢U3M. JtoT CJIOBAPHK II0JIE3HO UMETH B BHAY IIPDH YTEHHH MATEeMAaTH-
YEeCKOH JUTEPATYPHI, HO HA IEPBHIX IOpPAaX XeJAloUe MOryT 0G0HTHChH
OBYMs TE€DMMHAMH: M30MOpGHU3M n roMoMopduaM ¢ gobapieHusmu “B”
4 “Ha”.

B xonosnende K pacCMOTPEHHBIM BHINE NPUBEAEM €II€ HECKOIBKO
NIp¥MEpOB MOP(}HU3MOB I'PyIII.

Mpumep 5. AxauTuBHAA rpynna ueIux ducea Z roMoMOpdHO O0TOOpaxaeTcsa
Ha KOHEYHYIO LMKIKYECKYIO rpynmy (g) mopaixa ¢, ecliu MOAOXKHTh f: n — g" (cM.
TeopeMy 2 § 2). B aToM cayyae, ovesugHo, Ker f = {lg| | € Z}. B camom gene, acuo,
ato {lg} C Ker f. O6paTHOe BKIIOYeHHe CIeAyeT M3 TeOpeMHl 1.

Ilpumep 6. Oro6paxenue f : R - T = SO(2) apAATHBHO}A rPYNNH BemeCTBEH-
HBIX 4ucen Ha rpynmy T BpallleHHH IIOCKOCTH C HeMOABMXHON TOYKOM 0, 3aj4aBaeMoe
dopmynon f(A) = &) (P — Bpamenne NpoOTHB YACOBOH CTPEIKH Ha yroa 2w)), ro-
momopdHO, Tak kaK Py o &, = &y, ,. Bpamenne Ha yroa, neJOYHCIEHHO KPATHLIMA
27, COBNajaeT C eMUHHYHHIM BpameHdeM (Ha HyJeBo yroa), moaromy Ker f = Z.
ToBopaT TaKxe, 4To f — roMomopcduam R na okpyxHOCTh S! eguRMMHOrO pajmyca,
IIOCKONILKY MMEeTCs B3aHMHO OJHO3HAYHOE COOTBeTCTBMEe Mexay ¥ u Toukoi Ha S!
¢ moaapHHME koopAuHaTaMu (1,27A), 0 K A< 1.

Ilpumep 7. [lonnas auneinas rpynna GLm, (R) BewecTsennnix matpun A (T.e.
MaTpul ¢ koadpduuuenTamu B R ¢ He paBHBIM Hy.1I0 onpegeauTenem det A romomopd-
HO 0TO6PaXaeTCA Ha MYTLTHILINKATABHYIO rpyniy R* oTAM4HEIX OT HyJs BelmecTBeH-
HBIX 9@CeN, ecay Noa0XuTh f := det. YcaoBue romomopdusma f(AB) = f(A)f(B) —
QML MHaA ¢popMyauposka Teopembl 3 § 2 ra. 3. Ilo onpeaenennio SLy, (R) = Ker f.

Ipumep 8. PaccMoTpuMm nukmuveckyio rpymmy Cz = (—1) = {1, -1} nopag-
xa 2. Eciu yroaso, eé MOXHO 3a4aTh aGCTPAaKTHO Tabauuen Kaam:

OTob6paxenne S, — C2 NpU MOMOIIA M3BECTHOW HaM (GYHKUMM € = SgN : T W €y
(3Hax mepecTaHOBKM ) ABAAETCA MOMOMOP(HU3MOM CHMMETDHYECKOH rpynnH S, Ha
Cs. flgpo Kere = A, nopagka n!/2 (cM. 0. 3 § 8 ru. 1) HasuBaeTCA 3naxonepementod
rpyIIoH.
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IIpnmep 9. BeckoHewHasd rpynna MOXeT ObITh H3OMOPdHA CBOEH MCTHHHOM
(co6cTpennoit) noarpynne. B camom gexe, agaurusnas rpynna (Z,+) coaepxnT co6-
cTBennylo nogrpynny nZ = {nk| k € Z}, rae n > 1 — ¢ucupoBaHHOE HATypaIbHOE
4yKci0. Jlerko nposepsaeTcs, YTO 0OTOOpaxkenue gn : Z — nZ, onpefeséHHOe COOTHOMe-
HueM gn(k) = nk, aBnserca uaomopduamom. IlonyTro 3ameTuM, 4To Z u nZ — Gec-
KOHEYHHI€ LUKJINYECKHE I'DYNIH, B KOTOPHIX 06GDa3yIOMMH CIYXXHT COOTBETCTBEHHO
1 wm ~1 ¥ n wIm —n; NOITOMY gn M OTOOpaxeHue k — —nk HCYEepPHHBAIOT BCe
u3oMoppusaMu Z — nZ.

Mpumep 10. I'pynna Aut(G) u gaxe OTAENbHBIA HEEAMHHYHLIA JMEMEHT @ €
€ Aut(G) MoryT CIyXWTb MCTOYHMKOM BaXKHHIX CBejeHmi o rpymne G. Bor apkmit
npuMep Takoro poga. Ilycts G — kKoHeyHad rpynmna, Ha KOTOPOH JeHCTBYeT aBTO-
mopdu3M ¢ nopazka 2 (p? = 1) Ge3 HENOABMXKHEIX TOYEK:

a #e= yp(a) #a.

Tlpegnonoxum, uro @(a)a~! = p(b)b~! ara xakux-to a,b € G. Torga mocxe
YMHOXEHHA 3TOr0 paBeHCTBa creBa Ha ¢(b)~! u cnpasa ma.a nmomyunm p(b)~p(a) =
=b"la, Te. p(b~la) = b~la, orxysa b~la = e n b = a. rax, p(a)a~! npoGeraer
BMeCTe C a BCe IEeMEeHTH rpynns G, WiM, YTO PaBHOCHILHO, M060H d1eMeHT g € G
sanmucwBaeTca B Buge g = p(a)a~!l. Ho B Taxom ciywae ¢(g) = ¢(p(a))p(a=!) =
= p?(a)p(a~?) = ap(a)~! = (p(a)a—!)~! = g—!. ¥rak,  coBnagaeT c 0OTOGpaxenu-
eM g — g~ 1. 3ran aro, nonyyaem ab = p(a~1)p(b~!) = p(a~ b~ !) = (a~ b~ 1)1 =
= ba, T.e. rpynna G oka3nBaeTcsa abenesor. Kpome Toro, (G : e) — HeuéTHOE YHCIO,
460 G COCTOUT U3 € ¥ HENePeCceKAIOMMXCA Map JEMeHTOB gi, §; 1= ©(g:)-

Ipumep 11. HacKONBKO MOXHO M3MEHHTH ONEPAUMIO Ha rpynne, He MeHAA B
CMbIC/e H30MOPGM3IMa CaMO#l I'pPYNIH, NOKA3HBAET CleAyOmMH mpumep (CM. Takxe
yop. 3 u3 § 1). Ilycts G — npoK3BosbHAsA rpynna, ¢ — eé KakOM-TO PUKCHPOBAHHLIR
aneMeHT. BeegéM Ha MHOXecTBe G HOBYIO OIEPANMIO

(9,h) — g * h = gth.

HenocpegcTserHo npoBepaeTcs, 4To (g1 * g2) * g3 = g1 * (g2 * gs3), T.e. onepauua *
acconuaTuHa. Kpome Toro, g+t~ =t~ lxg=gu gx (t~1g- 1t~ = (t~1g= 1t~ 1)«
xg = t~1, a 310 3Ha4MT, 4TO (G, *) — rpynna ¢ e MHHYHBLIM JMEMEHTOM €, = t-1.
DneMenToM, 06paTHHM K g B (G, *), cnyxut gi ! = t~1g~1t~1, Orobpaxenne f :
g+ gt~! ycranasiusaer usoMmopdusm rpynn (G, ) u (G, *), T.e. f(gh) = f(g)* f(h).

Bce ykasaHHEIe IPUMEDH CIyXaT, MEXAY IIPOYHM, WILTIOCTPALMEN K
OZHOMY O6IIEeMYy NpPaBWIy: M3yIeHHe MOPGM3MOB rpynnet G 1aéT 3HAYHM-
TeNbHYI0 HHGOpMaLMo 0 caMou rpymne G.

YIIPAKHEHUA

1. loxasaTs, uTo nepecevenue [, Hi; mo6oro cemeiictsa {H;|i € I'} moarpynn
rpynnsl G ABAAETCA NMOATPYINONA.

2. 'oBopaT, 4T0 rpynna G MOpOXA3eTCA MOAMHOXECTBOM S CBOMX JIEMEHTOB,
# mamyT G = (S), ecru nepecevenue Bcex noArpynn H, coaepxamux S, coBnajaeT
¢ G (gpyrumu croBaMu, B G HeT XOTA 6B OfHOM COGCTBEHHOM NOACPYNIHI, COAEP-
wameit S). IlokasaTs, 4To B ciyqae G = (S) KaxAwi saemeHT g € G HMeeT BUJ
g=tita...tn,n=1,2,...,rpeambo t; € S, mbo t;" € S, 1 Lt L n.

3. IlokasaTh, YTO MEPECTaHOBOYHLIE JIEMEHTH a,b npomspoasHOM rpynnu G,
HMeolIKe B3AUMHO NPOCTHE HOPAAKH $, ¢, TOPOXKAAOT B G NUKIAYECKYIO NOATPYIIY
nopazka st : (a,b) = (ab).
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Ykasanue. Biroyenne {(ab) C (a,b) = {a'b/ |0 i<s-1, 0K jgt-1}
oyeBuHO. BMecTe ¢ TeM, cormacho n. 3 § 9 ra. 1, w3 HO/(s,t) = 1 cregyer, uTO
tk+ sl = 1 aaa nexoropuix k,l € Z. IToaToMy ¢ yuérom Teopemut 1 a = a!~% = otk =
atkbtk = (ab)tk € (ab). Ananoruuno, b € {ab), u, cTano 6uTH, (a,b) € (ab).

4. TloxasaTs, 4To ecis M = (S) — MOHOMJA, MOPOXAEHHLIH MHOXeCcTBOM S, ¥
KaX bl 31eMeHT 8 € S o6paTuM B M, To0 M — rpynna.

5. I'pynna — 3T0 MoHOMA G, B KOTODOM YpaBHEHMA BuJAa aT = b, ya = b ogHO-
3HAYHO pa3pemuMul NpHu MoOLIX a,b € G. [Joka3aTh 3TO yTBepXJeHHe.

6. IlokasaTs, uTo MHOXecTBO A)(R) Tak HasnBaeMbix afPunnbic npeobpazosa-
wutl pgp: T+ ar +b (a,b € R; a # 0) BemecTsennoit npamou R o6pasyer rpynmy
C 3aKOHOM YMHOXEHHA Pg bPe,d = Pac,ad+b- B rpymne A;(R) cogepxnres noarpyn-
na GL;(R), ocrasrsoman To4ky £ = 0 Ha MeCTe, ¥ MOArpynna “YHCTLIX CABHroB”
T+ T+ b

01 0 1
-1 0 -1 -1
pagkoB 4 u 3 coorBercTBeHHO. Iloka3aTh, 4T0 (AB) — GeCKOHEYHad LUKIKHYECKAA
noxrpynna B SL2(Z). Takum o6pa3oM, npou3BeJeHMe ABYX 3JIeMEHTOB KOHEYHOrO Io-
pagxa B rpynne G He 0643aHO GHITH JEMEHTOM KOHEYHOr'0 NMOpAAKa. A Kak 06CTOMT
Aeno B aGexepou rpymmne?

8. JlokasaTs, 4To rpynna G yérHoro nopaaxa |G| = 2n 0643aTeIbHO COAEPKHT
JJIeMeHT g # e mopajAka 2.

Y xa3zauue. PaccmorpeTs pasbuenne G na naput g,9~ 1.

9. Joxasats, 4To Sn = ((1 2),(1 3),...,(1 n)).

10. floxa3aTk, 4T0 Sy = ((12),(123 ... n)).

11. [loka3aTs, YTO 3HAKONMEPEMEeHHAA Ipynna An, n 2> 3, NOPOXKAAETCA UMKIAMHA
AAUHBL 3, MpU4EM HA CAMOM Jele

7. I'pynna SL2(Z) coaepxuT areMenTH A = , B = no-

An=((123), (124), ..., (12n)).

12. JoxasaTs, 4TO k-a cremens 7* muxsa 7 = (1 2 ... n) € S, sABmAeTCA
npounssesennem d = HO/Jl(n, k) He3aBUCHMHIX LMKJOB, KAX/JLIA U3 KOTOPhIX HMEET
ansHy ¢ = n/d.

138. Iloka3aTb, YTO NOPAJAOK MEPECTAHOBKA T € Sy ( MOPAZOK LMKIMYECKOH NMOA-
rpynns (7)) paBeH HaMMEHbIIEMY oOmeMy KDAaTHOMY AJMH HE3aBHCHMBIX LHKIOB,
BXOAAIIMX B Pa3JIOXKEHHe 7.

14. Ilycte A, B € Myp(R) n (AB)™ = E And HeKOTOPOro uexoro 1ucia m. Bepuo
am, uyro (BA)™ = E?

15. loka3aTs, YTO HelycTOe MOAMHOXeCT30 H xoHewHOM (MyIbTHILIMKATHBHON)
rpynns G ABIAETCA NOArpynnoi, ecin H 3aMKHYTO OTHOCHTEIbHO YMHOXEHHA. 3HA-
YMT, B JAHHOM CiIy4ae TPeGOBaHMA CymecTBOBaHMA B H eJUHMYHOrO JIEMEHTA € M
o6paTnoro h~! gua xaxgoro h € H wannmux.

16. Kakyio cucTeMy 06pasyiolIuX MOXHO NMPERJIOXUTD AAA MYJAbTHILIAKATABHOMK
rpynosl (Q4,:) MOJOXHUTENBHBIX PAMOHANBHBIX YHCen?

Ykazaunne. YcnoasaoBaTh OCHOBHYIO TeopeMy apudmeTuku 3 § 9 ra. 1.

Cymectsyet a# B (Q4, ) KOHe4HaA cuCTeMa 06pa3yomux?

17. Joka3aTk, 4TO C TOYHOCTHIO A0 H30MOPGH3MA CymeCTBYeT JHIL KOHEYHOE
4yucno p(n) rpynn JAHHOrO MOPAZKA .

Ykasanue. OueHnTh CBEPXY YHCJIO PadauYHHEIX Tabaun Kaam nopaska n. dop-
MaJbHBIE PACCyX/JEHHA C MCHOJAb30BAHHEM TEOPEMH! 4 OrPaHUYHBAIOT p(n) YHCIOM

'
(';‘) Pa3AMYHLIX MOJMHOXECTB B Sy, W3 n aieMenToB. Ha camom gene p(n) 3navu-
TEeNbHO MEeHbIe, HO XOPOIE# OLEHKH, UPUOIMKAIOMENHCA K TOYHO’, NIOKa He HAHEHO.



§ 3. Koavya u noas 151

18. Ucnoasaysa yop. 10, mokasaTs, YTO KaX/JaA KOHEYHaA I'PYNNa MOXKET GHTh
BIOXKeHa (T.e. 1A Heé CyImecTByeT MOHOMOP(U3M) B KOHEIHYIO IPyHIy C AByMA o6pa-
3YIOIMHAMH.

19. Monpo6yuTre y6eAuTHCA, ITO Ha AMArpamme (puc. 17) uao6paxensl BCe MOA-
rpynfsl 3HakonepeMeHHOM rpynnnl A4. CumBonom Vy 0603HaveHa TaxX HA3LIBAEMad

Ay

(14)(23)

Puc. 17

uemeepHas rpynna (uam 2pynna Kaetina) Vi = {e,(12)(34), (13)(24), (14)(23)}, a
BO3JIe APYTHX BEPUIMH JHArDAMMBI IOCTABIEHB! 06Pa3yIomue UMKINYECKHX NOAT Py,

20. IToxasaTs, 4TO BCe rpynnH nopsaika 4 abereBrl U C TOYHOCTHIO A0 M30MOD-
¢$uaMa nCYepnLBAIOTCA rpynnaMu nepecranosox U = ((1234)), V4, uiu xe rpynnamu
MaTpHL:

A N S N | P

1 0 -1 0 -1 0
o (X AT A L

BuinucaTs B ABHOM Buae uaoMopduamul U — Ly, V4 — La.
Ykaszanue. Ecm 22 = e auxa mo6oro anementa £ € G, T0 abab = ¢ => ab =
=b"ta"! = b(b~1)%(a"!)%a = beea = ba.

1 0
0 -1

§ 3. Koabna u moas

1. Onpepenenre ® o6muEe CBOMCTBa Kojem. Aure6pamdeckue
cTpykTyps (Z,+), (Z,-) BHCTYyDAMM y HaC B Ka4eCTBE CAMBIX NEPBRIX
NpPUMEPOB MOHOKJOB, Npr4éM Ha (Z,+) MBH CMOTpEIM NO3JHEE KaK Ha
aqIATUBHYIO abeneBy (DaKTHMYECKHM UMKIMYECKylo) rpymmy. B mosce-
[OHEBHOM XW3HM, OZHAKO, 3TH CTPYKTYDH dalne BCEr0 O0BEAMHAIOTCA
¥ [OJNY4YaeTCA TO, YTO B MAaTEMATHMKE HA3HBAeTCA KOAbLOM. Baxuas
KOMIIOHEHTA 3JEMEHTAPHOM apU(PMETHKH 3AKTIOYEHA B JUCTPUGY TUBHOM
(mnm pacnpegenuTensroM) 3akoHe (a + b)c = ac + be, kaxymemca Tpu-
BHAJILHEIM TOJbKO B CHIY NpUOGpeTEHHOM mpuBH4YxH. IlommTapumce,
Hanpumep, 06beuHUTh anre6paudeckue CTpykTypH (Z, +), (Z, o), rae
nom =n+m+ nm, MH yXe He 3aMETHUM CTOJIb XOPOIIE! COrJacOBaH-
HOCTH MeXAy AByMsa GuHapHbMu onepamuamu. [Ipex e yeM nepexoquTs
K JaJbHEMIINMM NPHMepaM, JaJUM TOYHOE ONpEAENeHre KOMbLA.
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Onpegeaesume. Ilycte K — HenmycToe MHOXECTBO, Ha KOTOpPOM
3afaHnl aBe (6uHapHule aareGpaudeckue) onepanun + (ClIoxeHwe) # -
(yMHOXe€HUE), yAOBIETBOPSAIOMNE CIEAYIOMMM YCIOBUAM:

K1) (K,+) — abenreBa rpymumna;

K2) (K,-) — nomyrpymma;

K3) omepaimu CIOXKEHMA M YMHOXEHMA CBA3AHE AUCTPUGYTHUBHEI-
MM 3aKOHaMM (ADYT'MMH CJOBaMy, YMHOXEHHE AUCTPUGYTHBHO IO CJIO-
XEHHIO)

(a + b)c = ac+ be, cla+b)=ca+ch

ons Bcex a,b,c € K.

Torga (K, +, ) Ha3EIBAETCA KOALYOM.

Crpykrypa (K,+) HasmBaeTca addumuexoti 2pynnoti xoavya, a
(K, ) — ero smyapbmunauxamusnot noayzpynnotl. Eciu (K, -) — monom g,
TO roBopaT, 410 (K, +,) — %oabyo ¢ edunuyet.

EfvHEYHEL 3MeMEHT KOAbLA NPHHATO 0603HA4ATL OGHIYHON eIuHHM-
ne# 1. CymecTBoBanue 1 4aCTO BHOCHTCA B ONpeJeIeHNe KOIbLA, HO MBI
3TOr'o JejaaTh He OyaeM.

B nmpuioxenuax ¥ B o6meit Teopur xouer (a Takas TEOpUSA, U NpH-
TOM YPEe3BRIYAlHO PA3BUTadA, CYMECTBYET) PACCMATPHBAIOTCA alrebpan-
9eCKue CTPYKTYPH, B KOTOpEIx akcuoMma K2) nu6o cosceM ycTpaxsercs,
an60 3aMeHAEeTCA APYrOM — B 3aBHCHMOCTH OT KOHKDETHOM 33Ja4d. B
TaKMX CIy4asx FOBOPAT O KEACCOYUGMUBNLIT Koabyar. Iloka y Hac 6y-
AYT TOJNBKO OGLIYHEIE (GCCOYUAMUBHDIE) KOMBLA. DTO 3HAYUT, YTO MBI
MOXEM OnupaThCA Ha Teopemy 1 u3 § 1 u He 3a60THTLCA O PACCTAHOBKE
Ck060K B NIPOM3BEAEHAH @1Q3 - . . G JIOG0ro YMUCIA k 3IEMEHTOB KOJBIA.

IloamuoxecTBo L xonbua K Ha3EIBAE€TCA N00K0AYOM, €CIH

z,yeL=z-yeL, zyel,

T.e. ecid L — moArpynna aJAATABHOM MPYNIK ¥ NMOANOAYTPYINA MY JIb-
TUILTMKATUBHOMN HOJYTPYIIIL KOJAbLA.

Acuo, 4TO nepeceyenue J06oro cemeuctsa noaxonen B K asiger-
€Al TOAKOABLOM (PacCyXJAeHus Te Xe, YTO U B ynp. 1 u3 § 2) u, crano
6HITE, UMEET CMEICHI MOBOPUTE 0 nogkoasne (T') C K, nopowcdéxnnon nod-
snoncecmeon T C K. Ilo onpegenesmio (T)) — nepecedeHme Bcex Tex
nogxonen B K, xoroprie cogepxar I'. Ecau ¢ camoro Hagana T 6110
noaxkoasuoM, o (T) = T.

KosbI0 Ha3HIBAETCA KOMMYMAMUBHIIK, ECIU TY = YT AJIA BCEX T,y €
€ K (B oTiau4me OT I'pPyni, KOMMYTATUBHOE KOJBUO HE NPUHATO HA3Hl-
BaTh a6eJeBEIM).

IlonaTne xoabUa B TOM BHJE, KAK OHO BBEJEHO HAMH, ABJIAETCA BECh-
Ma mupoxuM. Bosee TOro, kracc KOMMYTATHMBHHIX KOJEH, KaXyIIMACA
HA, MEPBHIH B3MIA] JOBOJBHO COENHATLHEIM, 6BLT MPEAMETOM YCHIEHHOr'O
M3y4EHHA B Te4eHWE MHOTMX JEeCATWIETHH, ¥ B HACTOAIIEE BPEMA TEO-
pHUs KOMMYTATUBHBIX KOJIELl NEPEILIETAETCA ¢ aare6pauyeckoi reoMer-
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pHeil — KPacHBOY MATEMATHIECKON JUCUMILINHON, HOrPAHNIHOR MEXIY
anre6poit, reoMeTpHER U TONOJOTHEH.

Ipumep 1. (Z,+, ) — %X04b%0 YEAKZT YUCEA C OGBITHBHIMH ONEPAIMAMY CJIOKEHUA
¥ yMHOXeHMA. MHOkecTBO MZ Neanlx 4uces, ASNAMUXCA HA M, 6yAeT B Z MOAKOJb-
uom (6e3 eauHMuB mpH M > 1). AHAJOrHYHO, KOABLNAMM C efMHMNEH asagoTca Q
¥ R, npuuém ecrecrnenunie Bkaodenua Z C Q C R onpeaeasioT menouxu moaxosern
xoabna R.

IlpuMep 2. CBOMCTBA Omepauuil CIOXKEHHA B yMHOXEHHA B My (R), BBeaénune
¥ NOAPOGHO U3ydYEeHHLIE HAMH B I'l. 2, NO3BOJAIOT yTBEPXKAATh, 4TO My (R) — xoxsuo
¢ eqununest 1 = E. OHO HA3LIBAETCA NOANbIM MAMPUUKbIM K0abyom Had R, a Takxke
KOABYOM KE6AIPAMHLIT MOMPUY Nopadxa n (WM pasmepa n X n) Hag R. DTo ogun
M3 CaMBIX BaXXHbIX NpuMepoB Koden. Tak Kak mpu n > 1 MaTpunsl, Kak IPaBHIO,
HenmepecTaHOBOYHH, TO My (R) — HexomMyTaTuBHOE KOabLO. OHO COAEPKUT B Kade-
cTBe mogxonen koasna Mn(Q) u My (Z) xBaspaTHHX MaTPHI TOTO Xe NOPAAKA HaJ
Q u uag Z coorsercTBeHHO. Boob6me, Mp(R) HACHIMEHO BCEBO3MOXKHLIMM MOAKOMb-
uamu. BpeMsa oT BpeMeHH HEKOTODHIE U3 HUX GYAYT BOSHHKATH y HAaC €CTECTBEHHRIM
o6pa3oM. 3aMeTHM euw€, YTO MOXHO PACCMATPHUBATHL KONBLUO KBAJAPATHBIX MATpHL
My, (K) Haj DpPOM3BOABHBIM KOMMYTATHBHHM KOJABLOM K, HOCKOALKY HDH CIOXKEHHH
¥ yMHOXeHUH AByx maTpuu A, B € My (K) GyaeT CHOBa NOJy4aTHCA MATPHLUA C KO-
a¢pdunuentTamu u3 K, a 3aKOHE AUCTPUOYTHBHOCTH B My (K) ABAAIOTCA CIGACTBUAMM
AHAIOrMYHLIX 32KOHOB B K. BCE 3T0 npaMO BHITeKaeT U3 (POPMAILHLIX MPABUI LEH-
CTBUM C MAaTPHUAMH, NOAKTOXEHHLIX B . 2 1 5 u3 § 3 ra. 2.

IHpumep 3. Hapagy ¢ KoIbIOM MATPHI B Pa3JAMYHBLIX PA3jeNaX MaTeMaTHKH
IOKPOKO MCHONL3YETCA TaKXKe %04byo Pynxyutl. Umenno, nycts X — mpouaBonb-
HOe MHOXecTBo, K — mpowssoaenoe koisuo. Ilycts, garee, KX = {X — K} —
MHOXeCTBO BCex (yHKuAM (MM, 9TO TO Xe camoe, orobpaxennuit) f : X — K, pac-
CcMaTpuBaeMOe BMeCTe C ABYMA OMHADHLIMH ONEPAMAMH — nNOMoueunot cymmott
f + g 1 nomoueunbin npoussedenuesm fg, ONpeACNEHHEIMH CAEAYIOMHEM 06Pa3OM:

(f + 9)(z) = f(z) ® 9(z),
(f9)(z) = f(z) © g(z)

(® 1 © — omepauunu cIOKeHuA U ymHOXeHus B K). 3To, 09€BHAHO, HE Ta KOMIO3ULUA
(cynepnoaunusa) dyHKuMH, KOTOPad NPUBEIa HAC B CTydae JHHEWHEIX OTOOpaKeHHH K
koasny My. Ckopee MBI CTAHOBHMCA 3/€Chb HAa TOYKY 3PEHMA, NIPHHATYIO B MaTeMa-
THYECKOM aHamu3e, korja, Hanpumep, npu X = R, K = R npoussegennem dyHknui
tg u sin Gyaer tg-sin: z > tgx - sinz, a He tgosin: z — tg(sinz).

Jlerxo nposepserca, yro KX ynocnersopser Bcem akcuomaMm koabla. Tak, BBUIY
AUCTPAGyTHBHOCTH onepanui B K umeem

[f(z) ® 9(2)] © h(z) = f(z) © h(z) @ 9(x) O h(z)

Anf 406kX Tpéx dbynkumit f,g,h € KX u moboro £ € X, a 3T0 10 ONpeJelcHHIO
notoveynsx onepauuu gaér (f + g)h = fh + gh. CnpaBeaausocTs BTOPOro AMCTpH-
GyTHBHOTO 3aKOHa yCTAaHABIMBAETCA aHIOrHIHO. Ecau 0, 1 — HyneBOM ¥ eqMHAYHBIN
anemeHnTs B K, TO
Ox:z+—0, 1x:zm1

— nocmoanxbie GyHKIMH, HTPalOIIHe ponb HylA M equuuuu B KX. B cayyae kommy-
rarussocTi K xoasuo dyuxumii KX Takke KOMMYyTaTHBHO.

Koasno KX comepxuT pasHooGpasubie nonxo.rxbua, onpefenseMbie ClENHATbHbI-
Mu cpoitcTBamu dyEkuui. IlycTs, Hanpumep, X = [0,1] — 3amxuyTH# MHTepBa® B
R 1 K = R. Toraa xoasuo R(%!) pcex emecTsemnnix dynxumit, onpegeséurx Ha

[0,1], corepxuT B KavecTBe MOAKOKEN KOABIO Rorll,l BCEX OT'PaHMYCHHEIX (YHKUMH,
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KOAbIO RE.?Q‘%(IP BCEX HENPEPHBHLIX PYHKIMHE, KOABIO Rﬁ;g BCeX HeNpepuiBHO Aupde-

PeHUMpYeMuIX PYHKIMH U T.A., OCKOABKY BCE OTMEYEHHLIE CBOMCTBA COXPAHAIOTCA
[pH CI0XEHUH (BRIMMTAHMHM) M yMHOXEHHH QYHKLME.

Kaxzgomy uncay a € R oTBeyaeT nocmosaxnas GyHkuus ax : T — a, ¥ oTo6paxke-
HHe BIOXKEHMA @ — ax TO3IBOJAET paccMaTpuBaTh R kak moaxonsmno B RX. Cuosowm,
MOYTH KaXAOMY €CTECTBEHHOMY KJIACCy (PYHKLHMH COOTBETCTBYET CBOE HOAKOIBIIO
B RX.

Ilpumep 4. Ha mo6okt agguTusHOi abereBod rpymme (A,+) coOTHOmIeHMeM
zy = 0 zna BceX T,y € A YCTAHABIMBAETCA CTPYKTYPA KOAbYUQ C HYAEObIM YMHO-
HCENUEM.

MHorze CBOMCTBA, KO ABLAIOTCA NepedOPMyINPOBKAMHA COOTBETCT-
BYIOUIAX CBOMCTB I'PyNN ¥ BOOGINE MHOXECTB C OHOM aCCOLMATHBHOU
onepauuent. Hanpumep, a™a® = a™*", (a™)® = a™" g1a BCeX HEOTPH-
UATeNbHBIX LEJIBIX M,n ¥ Bcex a € K (cp. ¢ coorHomenuem (2) § 1).
Jpyrue cBoicTBa, 601ee cenupuIecKue 1A KOJel ¥ BEITEKAOIHE IIps-
MO K3 aKCHOM KOJbLA, MOJEIHPYIOT 1O CymecTBy cBocTBa Z. OTMeTHM
HEKOTOpHIE 3 HUX. Bo-mepBhix, a1 Bcex a € K

a-0=0-a=0. (1)

Heitcrurensuo, a+0=a=>a(a+0) =aa =>a’+a-0=a? =
=a’+a-0=a%>+0=> a-0=0 (ananoruuno, 0-a = 0).

Teneps, npeanoaoxuB Ha MOMEHT, 4T0 0 = 1, MH nonyuyuM a = a1 =
=a-0=0 guaBcexa € K, r.e. K cocTONT TOALKO U3 Hysa. CTano 6uITh,
B HeTpuBMaabHOM koubne K Bcerga 0 # 1. Janee,

(-a) - b =a(-b) = —(ab), ()
NOCKOJBKY, HarpuMep, 13 (1) ¥ akCHOMH AUCTPUGY TUBHOCTH CIEAYET
0=a-0=a(b-1b) =ab+a(-b) = a(-b) = —(abd). (3)

Tak kak —(—a) = a, To u3 (2) noxyyaem paseHcrsa (—a)(—b) = ab
(manpumep, (—-1)(-1) =1), —a=(-1)-a.

Axcuoma gucTpuly THBHOCTH HMeeT CBOMM CJIEICTBHEM 00wutl 3aK0H
ducmpubymuenocmu

(a1+...+a,.)(b1+...+bm)=Zn:§:a.~bj, (4)

i=1 j=1

B 4éM HETPYAHO yOEUTHCA PACCyXAEHUEM IO MHAYKIMM CHadaaa, (npH
m = 1) no n, a 3arem no m. Ucnoaways reneps (1), (2) u (3), moayyuum

n(ab) = (na)b = a(nb)

maBcexn€Zuabe K.
Haxowen, orMeTuM 6uHOMHUANBHYI0 popmyny (6uHoM HepioToHa)

(@a+b)" = i (’:) aib"s, (5)

=0
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CpaBefauBYyIO A1 BeeX a,b € K, HO TONLKO B KOMMYTATHBHOM KOJbIIE
K. Ilpu poxasarenscTse (5) HyXHO, Onupasich Ha (4), AeHCTBOBATL TaK
xe, Kak 1 B § 7 ri. 1, rae paccmoTper yacTHRA caydan K = Z.

2. Cpasaenns. Koapno kiaaccoB Bm4eToB. Ilycte m — ¢mk-
CHpPOBAHHOE HaTypajibHOe 4mcio, m > 1. MHoxecTBO mZ, 04eBHAHO,
3aMKHYTO HE TOJbKO OTHOCHTEJILHO ONEPAlMy CJOXEHHA, HO B OTHOCH-
TeNbHO ONEPAlM¥ YMHOXEHHS, ¥ YAOBIETBOPAET BCEM TPEM aKCHOMAaM
KOJIbLIA.

Teneps, ucnonbays nogkoasno mZ C Z, DOCTPOUM HERYJIEBOE KOJb-
110, COCTOsINEE U3 KOHEYHOI'O YKHCJIa 3AeMeHTOoB. C 3TOM nenpio BBEAEM

Onpegenenue. [Ba Denbx YACIa 1, n' HA3EIBAIOTCA CPABHUMbIKY
10 MoIYA10 M, €CIIU [IPY JEJECHAU Ha, 7 OHM JAlOT OJAMHAKOBEIE OCTATKH.
Ilpu sToM mumyT n = n'(m) wmm n = n'(mod m), a UCIO M Ha3LIBAIOT
MOOYAEM CDAEHEHUA.

Ionyyaerca pa3buenue Z Ha KJACCH YMCENT, CDABHUMEIX MEXJAY CO-
60if IO MOAYJIO M ¥ HA3LIBAEMBIX KA4GCCAMU 6bIYEMO06 IO MOXLYJIIO M.
Kax A k1ace BEIYETOB MMEET BUJ

{rYm=r+mZ={r+mk| k€ Z},
TaK 4TO

Z = {0}mU{1}mU...U{m—1}n. (6)

Ilo onpeaenenmio n = n'(m) <> n — n' genarca a m. Ya06cTBO
3anucu n = n'(m) A1A OTHOMEHU AeTUMOCTH m|(n —n') COCTOKUT B TOM,
9YTO C TAKAMM CPABHEHMAMM MOXHO ONEPMPOBATHL COBEPLIEHHO TaK X,
KakK ¢ OOKIYHBIMA DABEHCTBaMHu. A uMeHHO, ecid k = k'(m) u |l = U'(m),
Tokt!=k'£l'(m)n kl = k'l'(m). B wactHocTH, k = k'(Mm) = ks =
= k's(m) gaa moboro s € Z.

Takum 06pa3om, KaxeM AByM kaaccaM {k}m u {I}m He3aBuCcUMO OT
BHIGOpa B HUX mpeACcTaBATENeH k,! MOXHO COMOCTABATD KAACCH, ABIAIO-
IIMeca MX CYMMOH WIM MPOUM3BEJEHUEM, T.e. Ha MHOXeCTBe Z,, = Z/mZ
KJaCCOB BEIYETOB IO MOAYJIO M OXHO3HAYHHIM 06pa3oM MHAYUMPYIOTCA

onepauuy @ u O:
{k}m ® {{}m = {k + 1}m, (7)
{k}m © {l}m = {kl}m.

Tax kak onpejeneHus STUX ONepPauuil CBOAATCA K COOTBETCTBYIOAM
onepauuaM Haj YUCIAMHA U3 KJIACCOB BHIYETOB, T.. HAJ DJIEMEHTAMH K3
Z, 70 {Zyp,®,®} Gyser Takke KOMMYTATHUBHBIM KOJBLUOM C €AMHULEA
{1} = 1 + mZ. OHO HA3HIBAETCA KOALYOM KAGCCO8 BLINEMOB NO MOOY-
a0 m. IIpu He60IbIIOM HABHIKE (1 puKCHPOBAHHOM MOAYJE) MHIEKC M
onyckator u numyT k BMecto {k}m, Tak 4To

ko
k

=%+,
Kl

]
el=Fk
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Bricomi 3Tan 0CBOEHRA € Zyy, KaXKYITHHCA Ha MEPBLIM B3IVIA KOIIYH-
CTBEHHKEIM, HO NPEJCTAB/LIIONMN ABHEIE TEXHNYECKNE IPEUMYIIEeCTBa, 3a-
KJII04aeTCA B TOM, YTO OTKA3HIBAIOTCA OT 4EPTOYEK M KPYKOIKOB M Ore-
PHPYIOT ¢ KAKMM-HHOY b PUKCUPOBAHHHIM MHOXECTBOM IPeACTaBUTeIeH

0 MOAYJIIO ™, daime Bcero — ¢ MHoxecTBoM {0,1,2,...,m—1} (oHO Ha-
3LIBAETCA Npusedénnotl cucmemoti ebiuemos no moaymo m). Ckaxewm, B
COOTBETCTBHH C 3TUM COrviamenueM —k = m—k, 2(m—1) = -2 =m-2.

HTak, KOHe4YHBIE KOABLA CYmECTBYIOT. IlpuBeséM TpH mpocTedmux
MPHUMEPA, YKa3KIBaA OTAENBHO TaOMUIEL CJIOXKEHNA B YMHOXEHNU:

+
[«=}
[

N
%]

= O W NN O N = = O

COwN KRk vMRoo =Oo

N
w
—

Zy :

W N = O N = Ol = Ol

w N = Ool+

W R oo O+

MO Ww ~Rony oR
LRl N

coocolo coole oolo
MO O - ol

- N W O|lWw

Konbuo Bur4eros Z,, 3 1aBHA OPUBIEKAI0 BHUMAHNE TEOPETUKO-IUC-
JIOBHKOB, a B aire6pe CIyXWIO OTIPABHHM IIYHKTOM [JS PA3HOrO pojJa
0606meHnn.

3. Fomomop¢dmamet koten. OroGpaxenwue f : n — {n}n, obaasaer
B cuny (7) caepyommMu CBOMCTBAMH:

fk+D)=fEK)® f(1),  f(kl) = f(k) O f(D).

JT0 faT HaM OCHOBaHHME I'OBOPHTH O roMoMopduame xonen Z 4 Z,, B
COOTBETCTBHUH C OOILIMM OIpeeICHUEM.

Onpegenenne. Ilycts (K,+,-) n (K',®,®) — xoasua. Orobpa-
xenue f : K — K' HasBIBaeTCA 20MOMOPPUIMOM, €CTH OHO COXPAHAECT
BCE OIEpalVH, T.e. eCIH

fla+b) = f(a) ® £(b),
f(ab) = f(a) © f(b).

Ipu 3TOM, KOHeuHO, f(0) = 0’ u f(na) =nf(a), n € Z.
Adpos romomopduama f Ha3LIBAETCA MHOXECTBO

Kerf={a€ K| f(a) =0}.
HAcuo, yro Ker f — nogxonsuno B K.
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Kax u B cxyvae rpynn (cM. croBapuk B 1. 5 § 2), romoMopduam
f: K=K

HaA3HIBALTCA:
smonomopduamom, eciu Kerf = 0;
anunmopPuamom, ecmu o6pas cosnagaer ¢ K', t.e.

Imf = f(K) ={d' € K'| & = f(a)} = K";

u30M0pPuamom, eciu orobpaxerre f MOHOMOPMHO ¥ ANUMOPGHO.

daxT usoMopdpHu3IMa KoJel KPATKO 3amucwBaloT B Buge K = K'.

Paccmorpennoe Bumme otobpaxenme f: n — {n}y, asigercs, oge-
BUIHO, aruMopbuaMoM Z — Zy, ¢ aapom Ker f = mZ.

Ecin paccMaTpuBaTh TONBKO KOJABIA C €IAHMLEH, TO B ONpefeIeHue
romoMopduama f: K — K' nenecoo6pa3Ho BHECTH yCJIOBHE

fQy=1.
IIpu snnmopdu3aMe 3TO yCIoBre, KOHEYHO, ABTOMATHYECKH BHITOJIHACTCA.

H3oMopdHEE KOMbLa TOXAECTBEHHHI MO CBOMM ajarebpamdecKum
CBOMCTBaM, ¥ NOAJIMHHO MATEMATHIECKUH UHTEPEC NPECTABIAIOT TOb-
KO Te CBOMCTBA KOJell, KOTOPEIE COXPAHAIOTCA ITPH U3OMOPQHEIX 0TO6pa-
xeHuax. IMeHHo 3T0 06CTOATENBECTBO MMEJIOCh B BUAY, KOI'IA KOJBLO Ly,
MBICJIMIOCH TO KaK MHOXECTBO KJIACCOB BHYETOB MO MOAYJIIO M, TO KaK
MHOXECTBO NMPOM3BOJBLHEIM 00pa30M BHIOPAHHBIX MPEACTABUTENEH 3THX
KJIaCCOB.

4. Tunm xouen. ITose. B xopo1no u3BeCTHRIX HAM YUCJIOBHX KOJIb-
max Z, Q u R w3 ab = 0 caeayer, uro au6o a = 0, aubo b = 0.
Ho xoabo xBaapaTHEIX MaTpun M, Hajg MOGHM M3 YKAa3aHHEIX KOJELl
3THM CBOHCTBOM yxe He oGmajaer. Mcnombays marpunst Ejj; (cMm. go-
Ka3aTeIbCTBO TeopeMH 4 u3 § 3 ru. 2), ME NpUXOAUM K PaBEHCTBAM
EijEx; = 0 mpn j # k, xors, xoneuno, E;; # 0 u Ei; # 0. 3amerum,
410 Eix Exj = Eij # 0. MoxHO 6b110 6B IPUIMCATE CTOXb HEOOLIYHBIA
[JIA BJIEMEHTAPHON apuPMETHKM (PEHOMEH HEKOMMYTATHUBHOCTH KOJbLIA
M, Ho 370 He Tak. Kakx MH Bugenn B m. 2, B KOMMYTaTHBHOM KOJbLE
Z4 BRIIOJHEHO PaBeHCTBO 2 O 2 = (), Bompeku OGILEM3BECTHOR HUCTHHE
“nBaXaH ABa — 4eThpe”. Bor — emé ABa npumMepa.

Ilpumep 5. Yucaossie napwt (a,bd) (rae a,b € Z, Q, R) co croxennem u yMHO-
JKEHHEeM, ONpefeléHHNME POpMyaaMu

(a1,b1) + (a2,b2) = (a1 + a2,b1 + b2),
(a1,b1) - (az,b2) = (@102, b1b2),
06pa3yioT, 04eBUAHO, KOMMYTATHBHOE KOABLO C eAuHKnei (1, 1), B KoTOpOM MEI CHOBA
BCTpedaeMca ¢ TeM xe asrenuem: (1,0)-(0,1) = (0,0) =0.

Hpumep 6. B xorsue RR semecTsennrix ¢pynkumit (cM. mpumep 3 3 m. 1) dbyHk-
ue f:z — |z|+ T4 g: x> |z] —  TakoBw, 910 f(z) =0 gz z < 0 m g(z) =0 gan
z 2 0, a mOTOMY HX IOTOYEYHHIM NpOM3BeeHHeM fg GyaeT HyneBasd QYHKUHA, XOTA

f#0ung#0.
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Onpenenenne. Ecomab=0nopu a # 0 n b # 0 B xonbue K, T0
@ Ha3KIBAETCA 4€6biM, & b — npasvim desumeses nyas (B KOMMYTaTHB-
HoM KoJble K roBopAT mpocTo o Aemrensx Hyad). CaM HyJb B KOJbLe
K # 0 — TpuBHaJIBHHN JeauTenb Hyad. Ecim apyrux genaresned HyJs
et (xpome 0), To K HasHIBaeTCA xoabyoMm 6e3 deaumedetl nyas. Kom-
MYTATHBHOE KOJBLO ¢ equnaunei 1 # 0 u 6e3 genmrenedl HyJIA Ha3HIBAIOT
YEAOCINHLIM KOADUOM (KOALYOM UEAOCTIHOCTIY WA 064GCTLIO 4EAOCT-
nocmu).

Teopema 1. Hempusuaavnoe xommymamuenoe Koavyo K ¢ edunu-
yetl ABAREMCA YEAOCTNIHBIM M020a U MOALKO M0206, k0208 6 HEM 6bIN0A-
HEN 3GKOH COKDPOUEHUA

ab=ac, a#0 = b=c

das ecez a,b,c € K.

B camom gene, ecim B K uMMeeT MECTO 33KOH COKPAINEHHA, TO M3
ab=0=a-0 creayer, aro aub0o a = 0, 160 a # 0, vo b = 0. O6paTHo:
ecn K — 06aacTh HEIOCTHOCTH, TO

ab=ac, aZ0=a(b-c)=0=>=>b-c=0=b=c O

B konene K ¢ eguHMIEH €CTECTBEHHO PACCMATPHUBATEL MHOXECTBO
06pATHUMBIX DJIEMEHTOB. DJEMEHT G Ha3HBaeTCA o6pamumbisu (Wim deau-
meaes eJunuybl), ECTH CYmMECTBYET JEMEHT a~}, a1 KoToporo aa™! =
= 1 = a~'a. Tounee, crenoBano 66 ropopuTh 06 3MEMEHTaX, 06pamu-
MblZ cnpasa win cae6s (ab = 1 mwmm ba = 1), HO B KOMMYTaTHBHBIX
KOJIbIIAX, & TAKXKe B KOAbLax 6e3 feauTenedl HyJia 3TH NOHATHSA COBMaja-
1oT. JleiicTBuTeNBHO, ¥3 ab = 1 caegyer aba = a, oTkyxa a(ba — 1) = 0.
Tax xak a # 0, 0 ba — 1 =0, T.e. ba = 1.

HaMm u3BecTno, Hampumep, 4TO 6 xoabye M, obpamumvie daemen-
MbL — IMO 6 MOUHOCTIU MAMPUYbL C OMAUNHIM O HYAA ONpedesume-
aes. O6pATHMBEIA IEMEHT @ HE MOXET GHIThL AEJIATeNeM HYJIA:

ab=0=>a"1(ab) =0= (a7 la)b=0=1-b=0=b=0

(amanoruuno, ba = 0 = b = 0). HeyzuBurensHo noaToMy, 4TO MMeeT
MECTO

Teopema 2. Bce obpamumvie asemenmut xoavya K ¢ edunuyet
cocmasasom 2pynny U(K) no ymnoscenuo.

B camoMm pgene, Tak kax mHOXecTBO U(K) coxepxur egununy, a €
€ U(K) = a™! € U(K) u accoumaTuBHOCTbL IO yMHOXeHMIO B K BHI-
HOJHEHA, TO HAM HYXHO TOILKO YOEANTHCA B 3aMKHYTOCTH MHOXECTBA
U(K), T.e. npOBepUTb, 4YTO HPOM3BEJeHME ab JIOGLIX ABYX 3JEMEHTOB
a u b us U(K) 6yaer cuoBa npunagrexars U(K). Ho aro ouesngso,
[OCKOJIBKY

(ab)*=b"ta"! (ab-bla'=add e l=a-1-a"l=aa"l=1),

o, 3Ha4uT, ab o6paTum. [
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Herpyauo Bugers, uro U(Z) = {+1} — umxiamyeckas rpynna mo-
paxka 2.

Mu nony4uM BeCbMa MHTEPECHHIM KIACC KONl — TaK HAa3LIBaeMbIe
K04bUa ¢ dedexues, WIH MeAa, 3AMEHNUB B ONPEJEIeHAN KOIbLA aKCHOMY
K2) Ha cymecTBeHHO 6oJlee CIIBHOE yCI0BHE

K2') orsocurensso onepanun ymHOXeHus MHoxecTBo K = K \ {0}
ABIAAETCA TPYIINON.

Koubuo ¢ genenueM, cTano GHITh, Becerga 6e3 JelInTelel Hyad, 0 Kax-
[BIA HEHYJIEBOM 1eMEHT B HEM o6paTuM. Onepanun CI0XKeHNA X yMHOXe-
HHUs CTAHOBATCA MOYTH MOJHOCTBIO CHMMETPUYHEIME B KOMMYTaTHBHOM
KOJIBLIE C JEJEHNEM, KOTOPOE HASHBAETCA NOAEM.

Hrak, gaguM emé pas

Onpeaenenne. Ilone P — 3TO KOMMYTATHBHOE KOJABUO C €IH-
Hued 1 # 0, B xoTopoM kaxAwm 3neMeHT a # 0 o6parum. [pynna
P* = U(P) Ha3HIBaeTCA KY4bMUNAuKamusol epynnotl noax.

Ilone mpeacrasiser co6oi rubpuf ABYX abeleBRIX IDYNI — ajiu-
THBHOU ¥ MYJbTHILIMKATUBHON, CBA3AHHAIX 3AKOHOM AMCTPHGY THBHOCTH
(Teneps yxxe OOHUM BBHAY KOMMYTATHUBHOCTH).

Iponssenenne ab~! aamuceBaeTCAa O6HIYHO B BUAE APO6M (WM OT-
HOLIEHUsA, YACTHOL'O) %, KOTOPYIO Al DKOHOMMM MeCTa Ha Gymare 3amu-
CHIBAIOT €wIé C MOMOMIBIO KOcou depThl: a/b. CaegoBarensuo, 1pobs a/b,

MMEIOIAs CMEICI TOJMBKO mpH b # 0, ABNIAETCA eTUHCTBEHHRIM pelIeHueM
ypaBHenus bz = a.

JencTeua ¢ ApO6AMA MOSIMHAIOTCA HECKONBKUM MPABUIAM:

%=-§4=>ad=bc, b,d #0,
a ¢ ad+be
3ta™ e 2470
a -a a
_Z-T":gs b¢01 (8)
a ¢ c
'I; E—b—d’ bsd¢0,

§) =t wire

OT0 — O6Br4HbEIe, “IIKOILHEE” MPABMJIA, HO UX HAJO HE 3aIIOMHHATH,
a BBIBOJUTDb M3 AKCHOM IOJA, YTO, BIPOYEM, HE NMPEACTABIACT HUKAKUX
TpysHOCTed. BoT paccykpgeHns, A0CTATOYHHIE 1A NOJYYEHHA BTOPOro
n3 npasua (8). Ilycts £ = a/b n y = ¢/d — peruenns ypaBHenu# bz = a
u dy = c. A3 aTux ypasseHui cieayer

da + be

dbxr = da, bdy =bc = bd(zr +y) =da+bc=t=c+y = T

— eJUHCTBEHHOE pemenne ypasuenus bdt = da + be.
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ITodnoses F nons P Ha3HBaeTCA HNOAKONBLO B P, caMO ABJIANI-
meeca noaeMm. Hanpumep, nose panuonansreix ynces Q — noanone noss
BeIIEeCTBEHHBbIX umcen R.

B cayyae F C P roBopaT Takxke, 4TO noie P ABIAETCA pacusupe-
nues csoero noanosis F. U3 onpenenenus noanons CjaefyeT, 4TO HyJb
¥ eauHuna noaa P 6yayT comepxaTbca Takxke B F' u cnyxnrs gia F
Byném ¥ eqnuuuen. Ecm Baats B P nepecevenne F] Bcex MOAMONEH, Co-
aepxaumx F' ¥ HEKOTOPHIA 3jJeMeHT a € P, ue npunagnexamui F', To
F; 6yxer MUHMMaJbHEIM MOJeM, COAepxammm MmHoxecTBo {F,a} (pac-
CyX/J€HHE TAKOe e, KaK i rpynm B yup. 1 u3 § 2).

ToBopsaT, uTo pacumpenue F) nonsa F nonydeno npucoedunenuvem x F
JJEMEHTA @, ¥ OTPaXAIoT 3TOT ¢akT 3amucei0 F; = F(a). Ananoruuno
MOXHO roBoputh 0 mognoae Fy = F(a;,...,a,) noas P, nmonyyensom
npucoesuHeHueM K F' n 31eMeHTOB aj, . . ., a, noas P.

HeGosbuian npoeepka mokasmsaet, 9To Q(v/2) coBmagaeT ¢ MHOXECTBOM HMCen
o+ bv2, rae a,b € Q, mockonsky (vV2)2 =2 u

1 a b
a+b/2 a?—262 a2—2bz\/§
npu a + bv/2 # 0. To xe camoe ornocutea x Q(v3), Yv5) u T.a4.

Tlons P u P' Ha3LIBAIOTCA U30MOPPHHOIMY, €CIH OHU U30MOPGHEL KAK
konbua. ITo onpegenenmio f(0) = 0' u f(1) = 1’ gna moboro maomopd-
HOro orobpaxenus f. He mmeeT cMEICIa rOBOPATHL O rOMOMOPdHU3MaX
noJIed, TaK Kax

Kerf#0= f(a) =0, a #0 =
= f(1) = f(aa™!) = f(@)f(a™) =0-f(a™!) =0 =
= Vb fb)=f(1-b)=f(1)f(b)=0-f(b)=0=>Kerf=P.

HanpoTus, aemoxopduambi, T.e. #30MopdHue oToGpaxenus nons P na
ce6s, CBA3AHH C CAMEIMH I'TyGOKMMH CBOMCTBAMH IOJEH M SABJIAIOTCA
MOIIHEIM MHCTPYMEHTOM [JIA M3Y4EHHA 3TUX CBOACTB B PAMKAaX TaK Ha-
auiBaeMon Teopun lanya.

TlonaTHe pacmapeHua MOAEH BIOJHE CO3BYYHO M3BECTHOMY CTpeMJe-
HMIO 4€IOBEYECTBA YBEIMYUBATH 3aMaC MCIOAB3YEMBIX Yucel. JIOBOJIBLHO
MeJICHHEIA ITPONECC, KOTOPHIHM YCIOBHO ¥306pakaeTca AMarpaMMon

{oanu} ~ {oauu na ogus ects ABa} ~» N~ {N,0} ~

¥ KOTOPHIY IIPOAONXKAJICA BILIOTD JO HalllMX JHEH, IPUBET K YPE3BRIYAAHO
Pa3BETBIEHHOK CETH MOJeH, BeCbMa JAJEKAX OT NMPUBHIYHEIX YMCJIOBHIX.
He Bce sTanu 3T0ro npouecca 6eumu 4ucTo anrebpamdeckumu. Ckaxew,
nepexos OT PAlMOHANLHEIX YMCEI K BEMECTBEHHHIM (WIM IE€ACTBUTEIb-
HEIM), OCHOBHIBAIOIIMACA HA MOHATUM HENPEPHIBHOCTH U MOJHOTH (Cy-
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IIeCTBOBAaHME NPeJEIOB ¥ mociefoBaTeabHocTel Komm), 1 noHume pas-
6upaeTCa B KypCcaX MaTeMaTHIecKOro aHaimm3a. B To xe Bpemsa cosep-
IIEHHO AHAJOrMYHAA KOHCTPYKUHMA HOJEH P-aJUYEeCKHX HUCel, KOTOPOi
MBI 3/1eCh He KAcaeMCA, U BRIDOCIUMYA Ha €€ OCHOBE COBPEMEHHBIN p-afu-
YeCKHH aHAIM3 — JOCTOMHEIE JeTHINa TPEX 061acTel — TEeOpPUM YHCel,
axre6phl ¥ aHATH3A.

5. XapakTepacTHKa OoJig. B m. 2 GHJIO HOCTPOEHO KOHEYHOE
KOJIbLIO KJIACCOB BEIYETOB Zyy, C J€MEHTaMHU

0,1,2 ..., m—-1
u omepammamn k 4+ 1 = k+1, k-1 = kl cioxenus u ymHOXeHMn (MBI
OTKa3LIBAEMCA OT 3HAYKOB @ u ©). By m = st, s > 1,t > 1, To
5-t=m=0, r.e. 5 u{ — gemremu Hy1a B Zy,.

IIycre Temeps m = p — mpocToe 4uCI0. YTBEpXKAaeTCA, ITO Zp —
nose (#3 p snemenTos). Jas p = 2,3 3TO HENOCPEACTBEHHO BHAHO M3
TabJIML YMHOXEHMA, BRUIIMCAHHLX B 1. 2. B o6meM ciay4ae gocraTodHo
YCTaHOBUTb CYIIECTBOBaHME AJA KaXJOro § € Z, 06PaTHOrO JIEMEeHTa

§' (ueanle uncaa s 1 8' He JOKHHI, O4EBULHO, NEJINTHCA HA D).
PaccmoTpum anemeRTH

5, 25 ..., (p—1)s. 9)
Ony Bce OTJAMYHH OT HYJIA, TaK KaK
8 #Z 0 (modp) = ks # 0 (modp)

npu k = 1,2,...,p — 1. (3zecs ucnousayercsa npocrora p.) Ilo Tou xe
npuunHe 3eMeHTH (9) BCe PadIMYHEL M3 ks = Is, k < I, cregoBano G
(k—1)s = 0, yro mesepro. MTax, mocresoBaTeIbHOCTE 31eMeHTOB (9)
COBIOAJAET C MOCIEeJOBATENBHOCTBIO IEPECTABICHHEX KAKUM-TO 06pa3oM
3JIEMEHTOB o
1,2, ...,p—1
B gacTrOCTH, Haiigercs 8',1 < 8’ < p— 1, a4 koroporo s's = 1. Hoato
3HAYAT, 9TO 8'3 = 1, T.e. 8 — O6paTHHIA K § anemenT. Hamm goxasana
Teopema 3. Koavyo xaaccos sbinemos Z,, 364%€Mca noses mozda
U MoavbKo mozda, K020a M = P — NPOCMOE YUCAO.
Caexcreue (Maraa Teopema Depma). Jas 4106020 yea020 wucaa
m, Ke JeARULE20CA HG TPOCTNOE YUCAO D, UMEET MECTRO CPABHENUE

m?~! = 1 (modp).
NMoxaszareanscTro. Kak Mu Buemm,
{m,2m,...,p-1)m}={1,2,...,p—-1}

(samennTs B (9) S Ha M U OPUHATL BO BHMMaHWE DaBEHCTBa km =
= km,k = 1,...,p — 1). HosTomy, mepeMHOXas IO OTAEALHOCTH BCE
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3JIEMEHTHL B JIEBOM M NPABOM YACTH, IOXYIUM

p—-1 p—-1
[[5|m-t=]]*
k=1 k=1

Tockoabky Zp, — k0OabLO 6€3 JeluTelelt Hyls, 0 TeopeMe 1 MHOXHUTEDb
b~k # 0 moxuo coxparuts: P! = 1. Ha assike cpaBHenuit nmeeM
TO, 94T0 HyXkHO. (J

Copasegnusa Gosee o6mas TeopeMa Jiuiepa, HO HEOGXOAUMOCTH B
Heil BosHUKHeT Jumb B [BA III].

Hona Zy,Z3,Zs, ..., CTOIL HE NOXOXHE Ha M3pecTHHIe HaM moma (Q,
Q(v2), R, 3anam B antre6pamyeckoil MEPapXHM IOJMeH MECTO, BIOIHE
CONOCTAaBUMOE II0 CBOEMY 3HAYEHHIO C MECTOM, ZaBHO OTBeAEHHEIM A Q.
leno 3gecs Bor B 4éM. Ilycts P — mose. Kak Mul yXke ormeuanu, ne-
pecedenre [); P; mo6oro cemeitcra mognonen {P;li € I} Gyger moa-
moaeMm B P.

Onpegeanenne. Ilone, ne o6nagaromee HUKAKUM COGCTBEHHBIM IO -
[OJIEM, HA3LIBAETCH NPOCTILIM.

Teopema 4. B xaxwcdom nose P codepacumeca 0010 u moavxo odxo
npocmoe noae Py. Imo npocmoe noae uzomopdro aubo Q, aubo Z, das
HEX0MOoPo20 NPOCMO20 P.

Joka3zareascTBo. JOnycTHB CymecTBOBaHME ABYX DPasIMYHLIX
npoctex nognoteir P, P" C P, Mu Hen36eXXHO NPHAEM K BHBOLY, 9TO
ux nepeceyenue P' N P" (ouernagHo, HemycToe, mockonsky 0 u 1 cogep-
xatca kak B P', rak u B P") Gyger moneM, oramuumm ot P' u P,
3T0, 0ZHAKO, HEBO3MOXHO BBHAY ¥X npocToTh. Ctano 6uTh, IpOCTOE
nognone Py C P eqMHCTBEHHO.

B P, Hapaay ¢ eZMHMYHEIM 3JeMeHTOM 1 cofepXaTca BCe ero KpaT-
Heen-1=1+...+ 1. W3 o6umx CBONCTB OmepaIyil CIOXKEHH!A ¥ YMHO-
XeHUsA 3JIEeMEeHTOB B KOJbLax (CM. KOHen m. 1) caeayer, 4To

s:1+t-1=(s+2)-1, (s-1)(t-1)=(st)-1; s,t € Z.
IoaToMy oTo6paxenue f xoasua Z B P, onpegenénnoe npasmiom f(n) =
= n - 1, ABIAeTCA roMOMOPPU3MOM, AAPO KoToporo umeer Bug Ker f =
=mZ. Ecou m = 0, o f — morOMOp®m3M, ¥ gpobu (s-1)/(t-1), umero-
mue cMmuica B P (mockoasky P — mosne), o6pasyior moae Py, uaomopd-
Hoe Q. OHo u 6yger nmpocTeM moamonem B P.

Ecmr xe m > 0, TO, o4eBHAHO, oTOGpaxkeHue f*, ompenenéHHoe mo

IpaBWIy _
£ k= {k}m ~ f(k),
6ygeT m3aoMOpdHEIM BiIOXeHUeM Z,, — P. IIo Teopeme 3 3TO BO3MOXHO
TOJILKO TOT'Aa, KOTAa m = p — npoctoe qucao. Crano 6uts, f*(Zy) —
npocroe nognoae 8 P. O
Onpegeaenne. I'oBopar, uTo mose P mMmeer zapaxmepucmuxy
Hyab, ecau ero npocroe nogmone Py usomopduo Q; P — mosne npocmot
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(m1m xomeunod) zapaxmepucmuxu p, ecit Py = Z,. CooTsercTBenno
muyT charP = 0 wm charP = p > 0.

Bwmecro Z, o603HaenneM “abCTPAKTHOrO” HOJSA U3 P 3IEMEHTOB CIy-
kuT 0661480 Fy, wm GF (p) (Galois Field — noae I'aaya). Cregyer nmers
B BUJAY, 9TO cylecTByeT koHeuyHoe note GF(g) ¢ ¢ = p™ anemenramu, rae
p — TpOCTOE, a n — J060e LeIoe NOJIOXKUTENbHOe Yucio. K aTomy unre-
pecHoMy Bompocy MH BepHEMca B [BA III], a ceitsac orpanuumcs aumb
IpUMepOM ToaA U3 4eTHpéx anementos {0,1,a, 8}

+/0 1 a B |0 1 a B
0{0 1 a B 0{0 0 0 O
GF4): 1|1 0 8 « 1{0 1 a 8
ala B 0 1 al0 a 61
BlB a 1 0 Bl10 B 1 «a

Yem apasioresa a u B, Hac NOKa He MHTepecyeT. PekoMeHAyeTcsa mpoBe-
PUTH BHINOJHEHHE 3aKOHA AUCTPUGYTHBHOCTH.

Huoraa HynaeByl0 XapaKTepUCTHKY HA3HBAIOT 6ecxoneunot B COOT-
BETCTBHH C €€ UHTepIpeTaluyell KaK NOpAAKa 31eMeHTa 1 B a1 ANTUBHON
rpymme noas P. ABaloru4mo, KOHEYHAasA XapaKTEPUCTHKA p — O6ImiA
HNOPAZOK JIO60r0 HEeHYJIEBOI'O JIEMEHTa B A JUTUBHON rpymnme:

pr=z+...+z=1l-z+...+1-z2=(1+...+Dz=(p-1)z=0.

6. 3aMevaHHe O JHHEHHHIX CHcTeMaX. Hacrana nopa OKMHYTb
MEICJIEHHEIM B30POM M3JI0XKEHHYIO B NIPEILIAYIIUX [JIABAX TEOPUIO CHCTEM
JHMHENHKIX YpaBHEHHH M BHIDOCIIYIO U3 Heé Teopmio onpegeanTenei. Ko-
3¢ddHUINEHTAME B JUHEHHEX YDABHEHHAX M 3JEeMEHTaMH MaTDHI y HAC
6buUn uyMcha (pAIMOHANBHEIE WIM BEIIECTBEHHHIE), HO CHELMUKA 3THUX
YKucel HUKAK He MCHOAB30BaNach. HeT HMKAKMX NPENATCTBHU K TOMY,
4TOGH B3ATH Telepb BMECTO YMCeJ 3IeMEeHTH GUKCHpOBaHHOro moas P.
Ilpu 3ToM n peayabTaTH JOMKHE POPMYJIRPOBATHCA B TEPMUHAX IMOJA
P: XOMIIOHEHTHI peIleHUs JUHENHOM CHCTEMEl M 3HavYeHusa PyHkuuu det
6yayT nexars B P. Merog I'aycca pemenuit cucTeM JNMHEAHBIX ypaBHE-
HHH, TeOPHA ompegeauTeselt, npaswio KpaMepa ocraiorcsa cnpaBejiuBh-
My (6e3 CymecTBeHHBIX W3MEHEHMI) AJiA OPOM3BOILHOrO noas P.

Mpumep 7. [IycTs HaM AaHA OZHOPOAHAA CUCTEMA JMHEHHHLIX ypaBHeHHH AX =
= 0 ¢ KBaAPaTHOX MaTpHuEH

1 2 3 4
-10 13 14 15
12 -9 14 15
12 13 -8 15

u cToabumoM HeuwssecTHHX X = [z1,Z2,23,Z4]. IIpAMBle BHYHCACHHA NOKA3LIBAIOT,
uro det A = 28 - 113. Cnegoparensho, npu aij,z; € P, rge P — mo6oe noxe xa-
PaKTEPHCTHKM HyIb WIH XapaKTepHCTHKK p # 2,11 (B 3TOM ciydae menmle 4mcaa
1,2,3,4,-10,...,15 3aMeRAIOTCA Ha COOTBETCTBYIONME KJIACCH BLIYETOB), CHCTEMA
ABIAETCA ONpEAeNEHHON M MMEeT TOAbKO TpUBHAIbHOE pemenue X = 0.

A= (aij) =
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Ecau char P = 2 (ckaxeM, P = Z3), TO U3 CpPaBHEHMA

1 2 3 4 101 0

-10 13 14 15)_J0o 1 0 1
12 9 14 15(=]o 1 o 1 [(med?)
12 13 -8 15 010 1

MBEl 3aK/II09aeM, YTO PAHT CHCTEMH! PaBeH 2 M CHCTeMa JONYCKAaeT ABa HEe3ABMCHMLIX
pemenua X) = [1,0,1,0], X2 = [0,1,0,1]. Bo m3Gexanue Hejopa3yMeHMii Cref0Ba-
10 6w mucars X = [1,0,1,0), X2 = [0,1,0,1], Ho Mu cumurTaem ce6a gocraTouno
NOATOTOBAEHHBIMM K BOCIIPHATHIO YIPOIMIEHHOR 3AMHKCH.

Ecau charP = 11, To #3 cpaBHeHHA

1 2 3 4
-10 13 14 15
12 -9 14 15
12 13 -8 15

BBITE€KAET, YTO CHCTE€MAa MMEET TPH HE3aBUCHMEIX pDelleHHA
X1 =[9,1,0,0], Xz=[8,0,1,0], Xs=][7,0,0,1].

2
2
2 (mod 11)
2

L

|
e
wWwww

Kak MH BHINM, OTBET O YHMCJE PEIIEHHH CYIIECTBEHHO 3ABHCHUT OT
paccMaTpUBAEMOro nouA P, HO aHATH3 CHCTEMH HHYEM He OTIMYaeTCA
ot o6ergHOoro. Crano GuITH, OQHO M3 OpPEeMMYINECTB mepexoxa oT R u
Q x OpOM3BONBLHOMY IOMIO 3aKMIOYAETCA B YCTPaHEHMH AyGaMpoBaHUs
cxomHBIX paccyxaeHui. Ho umeloTca k ToMy u 60Jee BeCKMe IPUIHHEL.

ToBOps 0 MONMHOR AMHEHHON rPYIIIe, MEI 10 CEX IIOP CYMTANHM €€ rpyn-
1ot BCEX HEBHIPOXKAEHHKIX MaTpHI ¢ KoaddunuerTamu 13 Q wmm R. Co-
BOKYITHOCTb KBaIPATHLIX MATPHN HOPALKA N C KO3 PUIUEHTAMH B IIPO-
u3BOALHOM mone P cocrasaser xoasno Matpun My, (P), a mogMHOXeCT-
BO BCeX HeBHIPOXJAeHHEx MaTpun A € My, (P) (marpuu c det A # 0)
[PUBOAUT K IOHATHIO NONHOM JuHeunou rpynne GL,(P) nag moaem P.
Bapeupys none P, ranpumep, monaraa P = Fp, MOXHO ecTeCTBeHHHIM
myTeM NOJYYHTH paj BaxHbex rpymn (cm. [BA III)).

Mlona tuna R,Q,Q(v/2) u npoune HA3KBAIOTCA OGEIMHO “UCA08bIMY
noasmu. ITone F, — npuMep Heunca0BOro MOMA: 6BLIO GBI HEIPABHILHBIM
Ha3bBaTh €r0 3JEMEHTH YMCJIAMHU JHMIIb Ha TOM OCHOB3HUM, 4TO OHM
9aCTO OTOXAECTRIAIOTCA C dnemeHTamu MHOXectsa {0,1,...,p — 1}.

B § 2 r. 1 craBmaack 3a4a4a (o4 HOMEPOM 3) MO KCIIONL30BAHUIO KO-
HEYHBIX [OJIel B TeOPHM KOAUPOBaHHMA. MEI mpuBeéM celyac MaJeHbKHUiA
OPHUMEp Ha 3Ty TeMmy.

NIpumep 8. [Qas nepegaum nosynra MUPY MHP B npuHumMne AOCTATOYHO
MOBTOPEHUA YeTHIPEX dNEMEHTAPHKIX COOOIEHHH

M=(0,0), H=(1,0), P=(0,1), ¥Y=(1,1),

MHTEPIPETHPYEMBIX KaK BEKTOPHI-CTPOKH JBYMEDHOTO IMHEMHOTO MPOCTPaHCTBa F3
Haj mosem Fy & Zy = {0,1} u3 gByx anemenToB. Ho Bo Bpems mepeja4u B KaHaixe
CBA3M BO3HMKAIOT moMexH (3aMeHsl cumBoaa 0 Ha 1 mam 1 Ha 0), B peayabTaTe KO-
TOpPHX Ha MPUEMHHIH KOHEIl KaHANa MOXET IPHHTH, HalnpuMep, coobmenne PUMY
PHM. CoraacHo ¢pyHzaMenTanbHoi TeopeMe IlleHHOHa 3a CYéT yBeAM4YeHHA AAMHKI
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3/eMEHTApHHIX COOGIEHMH (T.e. 3a CIET CKOPOCTH MNepeAadd) BIMAHME NOMEX yCTPa-
HuMoO. ITycTs, ckaxem, U3 yCIOBHI Mepefayd H3BECTHO, YTO B KAXOM 3IEMEHTAPHOM
COOOIIEHMH JAMHH 5 NMPOMCXOZMT He 6ojee OJHOrO0 MCkaXeHMA. BoabMéM Torga B
auneitioM mpocrpancrse S = F§ nogmuoxecrso

So = {M =(0,0,1,1,0), H=(1,0,0,1,1), P=(0,1,1,0,1), ¥ =(1,1,0,0,0)}

TaK Ha3LIBAEMBIX K0J06HZ 6exmopos. V3 Tabruusl

KogoBrie BekTOpH 00110 10011 01101 11000
BekToph, nonydaemble n3 00010 00011 00101 01000
KOAOBHIX BEKTOPOB B pe- 00100 10001 01001 10000
3yAbTATE MCKAXKEHHA 00111 10010 01100 11100

01110 10111 01111 11001
10110 11011 11101 11010

BHAHO, YTO MHOXECTBA MCKAXEHHBIX BEKTOPOB M3 pa3HbiX CTOXGLOB He mepeceKka-
I0TCA, H, CTaIO0 OLITh, BO3MOXHO NpPAaBUIbHOE AEKOAHPOBAHHE, T.e. BOCCTAHOBJEHNE
MCTHHHOI'O COOOIIEHNnA.

Mu nony4unu xog Sp, ucnpasasiommit oAHy omu6ky. [lepexoga x npocTpascTBaM
F% ROCTaTOYHO GONBLIION Pa3MEPHOCTH 7, MOXKHO CKOHCTDYMPOBATEH AHAJOTHYHBIN
KOJ, CIIOCOGHBIK 6e30IMGOYHO NepeAaTh BeCh PYCCKHH aidaBHT, T.e. MOGOH TeKcr.
Yro6H AexkoAMpOBaHME He CBEJNOCh K AMMUTENLHOMY M O4eHb MeJJeHHOMY nepeGopy,
So NPUXOANTCA BHIGUPATH CeHaIbHBIM 06pa3oM. [J1g 3TOro CymecTByeT MHOXECTBO
NpHUEMOB, B TOM YMCIE M YHCTO aJIre6panveCcKMx, OCHOBAHHBIX H3 MCMOJb30BAHMH KO-
HeyHBIX noxei Fy.

YNPAXKHEHUSA

1. PaspuBaa ujgeio npuMepa 2 u3 § 1, nokasars, 4ro MHoxecTBo P(2) ¢ onepa-

HUAMHU
A+B=(AUB)\(ANB), AB=ANB, A,Beq,

ABJAETCA KONBLOM C €AUHMIIEH, BCE 3N€MEHTH aJAUTHBHON PYNIKL KOTOPOro KMEIOT
OpAAOK 2.

2. YCTaHOBHTh KOMMYTATHBHOCTH MPOM3BOJBHOrO KOJBLA, B KOTOPOM KaXAbIX
3NEMEHT I YAOBIETBODAET ypaBHeHMIO T2 = r. BepHo nu 3T0 npu yciosuu 3 = z?

8. Maomopenmt au noxa Q(v/2), Q(v5)?

4. IokasaTk, 4TO AMUMOPOHLHA 06pa3 KOMMYTATHBHOrO KOJBLA ABIAETCA KOM-
MYTATHBHBEIM KOJBIIOM.

5. IlokasaTe, 4TO A1060€ KOHEYHOE IeJOCTHOE KOAbLO K ABAAETCA MmoJeM.

6. IIycts p — mpocToe 4ucao ¥ K — KOMMYTaTHBHOE KOJABIO C eAMHHUIElH TaKoe,
4yro pz = 0 gaa Bcex = € K. IlokasaTs, 4To Torga

m m m
(z+y)P =z +y*, m=1L2...

Y ka3zauue. Hcnons30BaTh HHAYKIMIO [I0 M K TO OGCTOATEALCTBO, YTO GHHO-
MHAIBHBH KO3 PUIHMEHT z , 0 < k < p, geaurcsa Ha p.

7. DoxasaTs, 4To koubuo K, CocTOAmeEe K3 NMATH IJIEMEHTOB, JM60 H3OMOPPHO
Zs, iu60 ABIAETCA KOABLOM C HYJEBHIM yMHOXEHHEM.

8. DaemenT = # 0 koabua K HaSHBAaETCA HusbnNomenmubiM, eciu z* = 0 gas
HekoToporo n € N. ITokasaTs, 4To:

1) HUABMOTEHTHOCTH 3MEMEHTa T BACYET OGPATHMOCTH 3AeMeHTa 1 — = B mo60M
KOJbLE C efUHULEH;
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2) k04ib10 Zm = Z/MmZ CORePXUT HUALINOTEHTHLIE JNEMEHTHI B TOYHOCTH TOrAA,
KOTja M REIMTCA Ha KBaJpaT HATYpPalbHOro 4dMcia > 1.

9. JloxasaTs, 94To B koabue K ¢ eaunuuen u GeckoneuHou MomHocTh |K| He
MOXeT ObITh KOHEYHOro 4ucaa n < 1 Heo6paTHMBIX 3AeMeHTOB # 0.

Ykasanue. Hcrnons3osaTs paccyxpenue oT nporusHoro. Ilycte N = {a1,...
...,8n} — MHOXecCTBO BCex # 0 HeOGpaTHMEIX dJeMeHTOB Koasna K. OToGpaxenne
pz: G; > za; aBaserca Guexunes N — N paa moboro z € K \ (N U{0}). slapo Kerp
0TOGPaXEHHUA p: T — pr GECKOHEYHO.

10. Ilycts K — npoX3BoabHOE aCCOLMATHBHOE KOABLO C eauHunen 1 u a,b — ero
asemeHTH. [Ioka3aTh, 4TO

(1 —ab)c=1=c(1l —ab) = (1 —ba)d =1 =d(1 — ba),

rae d = 1 + bca, T.e. o6paTuMocTh 1 — ab B K Bieyér o6paTuMocTb 1 — ba. Yemy
pasBeH 3zeMmeHT 1 + adb?

11. Ilokas3aTe, 4TO MATPUAIK , rae b € Z3, o6pa3yioT moae U3 AEBATH

a
-b
3/EMEHTOB ¥ YTO MYJAbTHIUIMKATHBHAA MPYNNa ITOTO MONA LMKIHYECKAA MOPAKKaA 8.

12. Cnoco6Gen au xox So (3 mpumepa 2 B KOHLE naparpacda) MCOPaBATb gBe
omubxu?




I'maBa 5
KOMIIVIEKCHBIE YANCJIA
N MHOI'OYJIEHBI

B 5Toit riaBe OyAyT PAaCCMOTPEHH! BIIOJHE KOHKPETHHE anrebpau-
YECKMe CHCTEMhI, YaCTHYHO M3BECTHHIE U3 IIKOJLHOM MaTeMaTHKH, HO
3aCIyXHMBAIOMMEe TOr0, YTOOKI OCTaAHOBUTHCA Ha HUX HECKOJIBKO NOAPOG-
Hee. Touka 3peHns, BHIPaOOTAaHHAA B NPEALIAYILEN IUIaBe, IO3BOJIUT HAM
6pOCHTL CBEXMH B3IVIAA HAa TPAAULHMOHHOE “mOjNe AEATEALHOCTH’ ai-
re6GpHl IPOILTHIX BEKOB. B TO e BpeMaA Ha MpuMepe MHOI'OWIEHOB CTaHy T
6oJlee MOHATHHIME U OCA3AEMBEIMH TaKue Opo6aeMbl, KaK pacIlipeHue Ko-
Jiell ¥ OZHO3HAYHOCTh Pa3JIOXKEHUA Ha IPOCTHIE MHOXKHUTENH B LIEJIOCTHRIX
KoIbLax (06MACTAX LEJOCTHOCTH).

§ 1. Ilonre KOMILIEKCHBIX YHCEN

Hcropus MaTeMaTHKH OTMe4YeHa NIUTEILHOM GOpL6OH CTOPOHHHKOB
¥ NPOTHBHHUKOB “MHHMBIX” 4HNCEN, MCTOYHMKOM KOTOPHIX CIyXHT aJ-
re6pauydeckoe ypaBHEHHE

2 +1=0. (1)
MOXHO 3aHATH YIPOIIEHHYIO IO3MIMIO M OrPaHMYNTHCA GOPMAILHOM 3a-
MHCLIO pemmennit ypasHenus (1) B suge £+/— 1. Ho Takoe HemyapeHO GELIO
cheaaTs u B Gosee JaJa€Kue BpeMeHa; OCTABAIOCH JUINb NPAJATH CMBICT
yKa3aHHOM 3anmuc. MH GygeM pemaTts 3Ty 3334y Ha PasHEIX YPOBHAX.
Bravase npuBseéM HEKOTOPHIE 3BPUCTUYECKUE COOGPaKEHUA.

1. BcnoMoraTenbHas KoHcTpyknma. Ham xogercs pacumputs
ToJe BEmECTBEHHHIX 4ucen R Tak, 9TOGH B HOBOM moJe ypasHenue (1)
o61agano pemeHneM. Mogenblo TAKOro pPacCIIMPEHHMA MOXET CIYXATH
MHOXeCTBO P Bcex KBaAPAaTHEIX MaTDHIL

a b
-b a
Yrpepxgaerca, uro P — noxe (cp. ¢ ynp. 11 u3 § 3 ru. 4).

B camom gene, B P cogepxarca Hyas 0 u eqununa E xoasua My (R).
Jlanee, 13 COOTHOMMEHMIA

€ Mz(R). (2)

a b ol ¢ dif _|| a+c b+d
-b a —-d cf|| || —=(b+d) a+c|’
a b -a -b
-t o= -(-b) -af’ 8)
|l a b c d| _|| ac—bdd ad+bc
l =b allll-d c|| || -(ad+bc) ac-—bd
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BLITEKAET 3aMKHYTOCTh P OTHOCHTENLHO Omepanuit CIOXKEHNS M YMHO-
JKeHuA. ACCOLMATHBHOCTD 3TUX ONEPALMHA ABIAETCA CAEACTBHEM HX aC-
counatusHocTH B M2(R). To xe caMOe OTHOCHTCA K 3aKOHaM AMCTDH-
GyTHBHOCTH M KOMMYTAaTHBHOCTH cJOoXeHud. Takum o6Gpasom, P —
nogkonso B My(R). KoMMyTaTusHOCTE yMHOXeHUA B P BHITEKaeT U3
TpeTseit popmysl (3), B ocTaérea 4OKa3aTh JMIIL CYHMECTBOBaHME B P
MATDHIH, 05paTHOM K Jo6oit MaTpuue (2) ¢ onpegenureneM a2 +b? # 0.
IIpsamo no popmyne A1A K03dPUIUEHTOB O6pATHOR MAaTPUUH (CM. Teo-
pemy 1 w3 § 3 ru. 3) Wil myTEM peleHUA JMHEAHON CHCTEMEI

a:v—by:l,
br+ay=0,
BO3HUKAIOWIEN M3 YCNOBUA
a b Ty 10
b alll-y z|| O 1}
HAXOAUM, YTO
-1
a b c d
—-b a _“ —d c||’ (4)
rae
a -b
c

= —— d:—,
a? + b2’ a2 + b2

Hcnonsays npaswio (5) u3 § 3 ru. 2 yMHOXeHHMs MaTpHI Ha YUCIA,
MEI 0600 3neMeHT nois P sammmeM B Buje

4 Ml=aB+bs,  abers=| ) (1)" (5)
Hose P cogepxut nognoae {aE| a € R} = R, a cooTHOmeHuMe

JE+E=0

[IOKA3LIBAET, YTO 3JeMeHT J € P “c TOYHOCTBIO 0 u3oMopdusmMa” ABA-
ercsa pemeHueM ypaBHeHuA (1). Hu o kakoi MuCTHKE BOKpYr “MHHMOM
BEeIMYMHH J” 34ech He MOXeT OHITb M PEdH.

He none P, oanako, Ha3HBAETCA IIONEM KOMIUIEKCHEIX YHCEN, a HEKUH
¥30MOP}HEI eMy OOBEKT, IEMEHTH KOTOPOro M306paxXalnTca TOYKa-
My 1ockocTn. 2Kenanne MMeTh MeOMETPHYECKYIO peald3auuo moias P
He CJIy4alHO, eCIM BCIOMHHUTD, 4TO ¥ ojie R 11a nac He oTgennmo ot “Be-
1IeCTBEHHOU NPAMOI” ¢ GUKCHPOBAHHOMN Ha Hell TOYKOM, N306paXkalomen
0, ¥ GUKCUPOBAHHBEIM MacIITab0OM, ONpeAeideMbIM MOJOXKEHnEeM Yucia 1.

2. IlnockocTs KOMILIEKCHBIX 9mMcel. MTax, MBI XOTUM HOCTPO-
uth noxe C, ameMeHTH KOTOpOro 6uumi 6m TouKamm miaockocTu R?, a
CJIOXKEHNEe W YMHOXEHHe TO4YeK, NOAIMHAACH BCEM IPABHIAM Olepamui
B IIOJIe, pelnajy GH Hamy 3aJa4dy. Bei6epeM Ha 4eKapTOBOM ILUIOCKOCTH
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IPAMOYT'OJBHYIO CHCTEMY KOOPAMHAT C OCBIO aGCUMCC T ¥ OCHIO OPSUHAT
y. Byaem mucars (a,b) ana Todkm ¢ abeumccoit a u opamHaToM b. Jna
Touexk (a,b) u (c,d) onpeseaum cyMmy M NPOM3BEJEHUE IO IPABUIAM
(a,b) + (¢,d) = (a +¢,b + d), ©)
(a,b)(c,d) = (ac — bd,ad + be) )
(ncmonp3opanme Tex xe 3HaKOB +,-, YTO # B moie R, He JOMXHO mpu-
BOAUTL K myTaHuue). IIpaMas, HO ZOBOJBHO yTOMHTENBHAA IPOBEpPKa
y6eauna 6B HAC B TOM, YTO TaK ONpeelEéHHEIE ONePAlUM Ha AT MHO-

XKeCTBO nap (ToYeK ILIOCKOCTH) CTPOEHHEM IOJA C HYXXHLIMH CBOMCTBA-
mu. B aroit nposepke, k cuacThio, HeT Heob6xoguMocTH. Conocrabnenne

a b

@] 4 2

To4YKkaM IIOCKOCTH C 31eMEHTOB MOCTPOEHHOr0 paHee nois P u Gerasm
B3raAg Ha dopmyist (3) u (6) y6exga10T HaC B TOM, 9TO MEI HMeeM [0
C U30MOpPGU3MOM M 4TO, CIeZOBATEILHO, MHOXeCTBO C aABIfeTCA monem.
OHo 1 Ha3HBaETCA OOGBIMHO No4eM KOMNAEKCHBIZ vucea. IMesa B BUAY reo-
MeTPHYECKYI0 peaau3aluio 3roro noud, C HA3KBaIOT emé niocKocmvio
KOMNAEKCHLIT wucea (@ Jalle, XOTSA X HECKOJBKO ABYCMEICIEHHO, — XOMN-
aexcuotl naocKocmsv).

BriGpaHHas HamMu OCh abCLHCC, T.€. MHOXECTBO To4eK (a,0), HudeM
He OTJINYaeTCs [0 CBOMM CBOMCTBAM OT BELIECTBEHHOHM NPAMOMN, M MBI
noxaraem (a,0) = a. Hyas (0,0) u eaununa (1,0) nons craHoBATCA npH
3TOM OOGBIYHBIMM BelleCTBeHHHIMM wucaamu. [Jna Touxkm (0,1) Ha ocu
OpAMHAT BBOZUTCAH, CO BpeMéH Jwmiepa u aycca, o603HaveHune i “MHE-
MOl efMHMIE , ABAAIOWENCS KopHeM ypasrenua (1): i2 = (0,1)(0,1) =

= (-1,0) = -1. IIpou3BOIBbHOE KOMILIEKCHOE YHCI0 2 = (z,y) = (z,0) +
+ (0,1)(y,0) sanumerca Teneps B TPaJULMOHHOM BHAE
z=z+iy, T,YyER, (M

BecbMa GmuakoMm K Buay (5) anementos mons P. 3amernm, uto Q C R C
C C. Moaromy C — noxe HyneBoi xapakTepucTuku (cMm. 1. 5 § 3 ru. 4).

3. 'eoMeTpHYeCcKOe HMCTOJKOBaHHe JAE€HCTBHHM C KOMILIEKC-
HeMHA SaciaaMmd. Ock abeuuce miockocTs C  0GHIMHO HA3HIBAETCA
sewjecmeennot (wim deticmeumeavnot) ocelo, Y
OCb  OPAMHAT — MHUMOU OCBIO, & IUCIA 1Y,
JIeXAIHUE Ha Hell, — YUCTRO MHUMbLKY TNCTa- i
MH, XOTA CJIOBO “MHMMOe” M yTpaTWioO CBCH
NEepPBOHAYATLHEIN CMHICI. COOTBETCTBEHHO B
samucu (7) z = Re z — sewecmeennas wacms,
ay = Imz — mnumas vacmbv KOMILIEKCHOT'O .
yucaa z. PaccMoTpuM 0TOGpaXkeHne, KOTOpoe Puc. 18
CONMOCTABNAET KAXJAOMY KOMILIEKCHOMY 4HCIY z = I + iy KOMILIEKCHO

z

<@

11 ¥

(=]
|
€
R ¥ S
o

z
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CONPsXEHHOE C HUM YMCIO Z = T — iy (ONEepayus XoMNAexCcHo20 CONpA-
acenus). [eomMeTpuyecku OHO CBOAMTCA K OTpaxkeHmIo mwiockoctu C or-
HOCHTENLHO BeruecTBeHHON ocu (puc. 18). BecbMa mpumeyaTensHO, 4TO
CpaBejIMBa

Teopema 1. Omobpaxcenue z — Z K6AKEMCA GBMOMOPPHUIMONM
nopadka 2 noas C, ocmasasowum Ha Mecme 6ce 6eueCNBENRbIE YUC-
aa. Cymma u npou3eedenue KOMNAEKCHO CONPANCERRBIT YUCEA RBAROMNCA
6EUECTNEENHDIMU YUCAGMY.

JdokaszareancTBOo. YrBepxjieHue T = z, ¢ € R, oyeBnaHo n3
onpejeneHns KOMILIEKCHO CONpsXEHHOro uucaa. B wacrHoCcTh, 0=0
n 1 = 1. Cronb xe 09eBHIHO yTBepXjeHme o mopagke: (Z) = z. Ham
OCTaETCA IPOBEPUTH COOTHOMIEHUA

2n1+22 =721+ 7, 2123 = Z1 23, (8)

HO OHH OPAMO CIAERYIOT U3 popmya (6), KOTOpHE HYXHO TONBKO HEpenu-
caTh B BUjAe

(z1 +iy1) + (72 +1y2) = (21 + 2) +i(y1 + 32),
(z1 +iy1) - (22 + 1y2) = (T122 — 1y2) + i(T1y2 + T2y1).

(9)

YacTHeM crydaeMm ¢opmyn (9) sBIdeTca yTBepXAeHHE O CyMMe M
[POM3BEJEHUH YMCIA Z = T + iy M KOMILIEKCHO CONPAXEHHOrO C HUM
amcma z: z+zZ =2z, 2z2=22+y%. 0

3ameyaHue. ABTOMOPGHM3M z — Z BHJEIAETCA CPEAM MHOIHX
Apyrux asromopduamos moiaa C TeM, 4TO OH — eJMHCTBEHHHIH Hempe-
PHIBHHIA aBTOMOpdu3M (mepesogamui Gruskme ToukM miockocTH C B
6au3kue). MBI He yTO4HAEM M He JOKA3LIBAEM DTO YTBEPXKJAEHHE.

Modysem KOMILIEKCHOTO YMCJIA 2 = T+ 1Y HA3KIBAETCA HEOTPULUATEb-
HOe BemlecTBeHHoe WMo |z| = v2Z = /22 + y2. llonoxenue TouKH 2
Ha IUIOCKOCTH, KAK M3BECTHO, BIIOJHE ONpPeAeIAeTCA 3aJaHHeM €€ MoJp-
HEIX KOODJMHAT: PACCTOAHMA T = |2| OT Havana KOOPAMHAT [0 Z ¥ yria
 MeX[y MOJOXUTENLHEIM HAIIPAaBICHHEM OCH a6CIMCC M HAIIPABJICHUEM
U3 Hadasa KOOPAMHAT Ha z (cM. puc. 18). Yroa ¢ HaskBaeTcs apeymen-
mom 9HCIa z U 0603HavaeTca arg z = . Ilo onpeaenenuio arg z moxer
OPUHUMATS JIO6LIE IOJOXUTENLHEIE B OTPHIATEIbHEIE 3HAYeHNA, HO IPH
33JaHHOM T YIVIHI, OTJINYAIOIINECH Ha eN0e KPaTHOe 27, COOTBETCTBY-
I0T OJHOMY M TOMY € 4YuCIy. ApryMmeHT He ompegenéH A yucia 0 c
moayxem 0] = 0.

Ornowmenusna “6ousine” win “MeHbme” 6eCCMBICJIEHHH B IIDUMEHEHHH
K KOMILTEKCHEIM YMCIaM, T.e. MX HENb3sA COeJUHATH 3HAKOM HepaBeH-
CTBAa: B OTJINYHE OT BELIECTBEHHEIX YHCEJ, aPI'yMEHT KOTOPBHIX HPHUHH-
MaeT JUIIb ABa IVIABHEIX 3Ha4YeHuA — 0 (DOJMOXKMUTEIBHEIE YMCIA) B 7
(oTpHUIATENbHEIE YHCHA), — KOMMAEKCHDIE YUCAG HE YNOPAIOUENDL.
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Boaee Touno, Ha C He CymecTByeT OTHOLIEHUS > CO CBOMCTBAMHM:

iyecmz€C,102>0,2=0mm —2 > 0;

ii) m3 u > 0, v > 0 crexyer, yro u+ v > 0 m uv > 0.

JeficTBATENBHO, B IPOTHBHOM ClIy4iae n3 z # 0 cregoBaso 6u (kak
B R) 22 > 0. B wacTnoctn, 12 > 0, i > 0 u cormacroii) 0 = i2+1 >0 —
IPOTHBOpEYHe.

TloaspHEIe KOOPAMHATHI T ¥ (p ONPEJENAIOT T ¥ Y 110 U3BECTHHIM (HOp-
Mynam

=rcosy, y=rsing, 2=r(cosp+ising). (10)

ITO — TaK HA3LIBAEMAA MPUZOHOMEMPUUECKAR HOPMA INCTS, 2.

Onepan;nx CJIOKE€HMA KOMILUIEKCHRIX YHCeJ 2, 2z IIPOCTO BHIpAXaeTCa
B JOEKapTOBRIX KOODAMHATAX, 3 iya

HMEHHO 1O TPABWIY NAPALIEIO-
rpamMma, Wid, 9TO PaBHOCWIBHO, e N

IO NPABUIY CJIOXEHUA HAPABJIEH- - 7
HEIX OTPE3KOB (BEKTODOB), BHI- z
XOIAIMX X3 Hayala KOODAMHAT

¥ COOTBETCTBYIOIMX YHCIAM 2,2’ 0
(puc. 19). Ua puc. 19, cpasausas
CTOPOHH TPEYTOJbHUKA C BEpIIX-

Hamu B Toukax 0,z m z + 2' (m -z
OTOXIECTBILAA MOAYJIN KOMILIEKC- Puc. 19

HEIX 4YHCeJ C COOTBETCTBYIOIIMMH eOMETDMYECKHMH ,zumnamu), noJay-
4aeM BaXHO€ HEPABEHCTBO

|z +2'| € |2| + 2| (11)

3ameTnM, uTo HepaBeHCTBO (11), KOTOpOE MOXKHO 6BLIO 61l 3aMUCATHL
B Gonee obmen dhopme

|2l = 2] < |2 £ 2| < |2] + 121,
COBEPIIEHHO AHAJOTMYHO COOTBETCTBYIOIEMY HEPaBEHCTBY [JIA Belle-

CTBEHHBIX 4MCeJ.

Onepauys yMHOXEHHUS KOMILUIEKCHBIX 4MCEN YOOOHO BHIPAXKAETCA B
TIONAPHBIX KOOD JMHATAX.

TeopeMma 2. Modyav npouseedenus KOMNAEKCHHIT wuces 2, 2 pasen
npouseedenutc modysell, G GPSYMER — CYMME APSYMENTNOB MHONCUME-
aet:

z+2

8V

|22'] = |2| - |2'], argzz' = argz +argz'. (12)
Anaaoz2uyno,

z _|z| z _ '
= arg —; = argz — argz'.

2]’
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JokasaTenbcTBO. JeACTBATENBLHO, IYCTh TPATOHOMETPHIECKON
dopmoit (10) ana 2 u 2’ Gyger

z = r(cosyp + isiny), 2 =7r'(cosy’ +isiny').
HenocpeacTBeHHEIM YMHOXEHUEM WIK Xe 10 dhopmye (9) moryyaem
2z’ = rr'[(cos p cos ' — sinpsin ') + i(cos psin ¢’ + sin @ cos¢')],

a 3TO COOTHOLIEHAE IPHK IOMOIIM U3BECTHRIX GOPMYJ] HPUBOJAT K TPH-
FOHOMETPHYECKOH dopMe Yncaa 22':

2z = |z] - |2'| - [cos(p + ¢') + isin(p + ¢)].
Ecnn, panee, 2" = z/2', To z = 2'2". Iloaromy, mCnoOAB3ys KOKa3aHHEIE
ita o dopmyant (12) ans npowssegenus z'z",
-7 MEI TIOJIY4YMM U3 HEX (OpMYJHI Aiasa Apobu
- z[2'. 0
-7 B uacrHOCTH,

Ky 2 271 = |27 [cos(~¢) +isin(~¢)].

\ Yrobn moaydMTh 2! HAa KOMILIEKC-

HOM Iutockoctu (puc. 20), Hamo, cae-

IOBATENbHO, NPUMEHUTL K 2z HMHBEPCHUIO

OTHOCHUTEILHO OKDYXHOCTH EXUHMYHOIO

Puc. 20 paguyca ¢ meatpom B 0 (3TO gacT TOY-

Ky 2'), a 3aTeM — OTpakeHWe OTHOCHUTEJLHO BeleCTBEHHOM OCH (WIH
aBToMOpduaM z' H Z').

DaxTHYECKH YTBEPXKACHHUA O MOAYJ]E NPOM3BEJCHUA U MOZLYJE CyM-
MBI JIETKO BEITEKAIOT 6e3 O6palleHus K [eOMEeTPUYECKOM MHTYMIMM H3
TeopeMH 1. B camoM gene, Bo-niepBhIX,

’2

z=1

|22'|? = 22'22" = 22'77 = 27Z2'7 = |2)}|2'?,

oTKyaa |22'| = |2|-|2|. Janee, 3aamerns, 4ro |z| = /22 + y2 2> Vz? = |z|,
MHI TIOJTY93eM
N+zl=1+2)1+2)=1+(2+2) +22=
=142z + |22 <1+ 2/z] + 2> = (1 + |2))?,
orkyaa |1+ 2| < 1+ |z|. Ecam Teneps z # 0 1 2’ # 0, T
lz42'| = |2(1+2712")| = |2| - 1 + 271| €
<lal- L+ 2712 = 2|1+ 2] 2) = J2] + 2],

W3 nony4eHHLIX pe3yIbTATOB ME MOXKEM U3BJIEYDb HEKUit OOIIUH IPpUH-
uun: 06uryHasA popMa (7) KOMILIEKCHBIX YHCEJ IPHCIIOCO6GIeHa K BRIpaXe-
HMIO WX aJJATUBHEIX CBOMCTB, a TPHroHOMeTpHdeckasa ¢opma (10) — x
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BHIPAXXEHMIO MYJIbLTHILIMKATHBHEIX cBoucTB. Hapymenue sToro npuumm-
[Ia TPUBOAMT K YPE3BEIYAWHO CJOXHEIM (OpMYJaM, 3aTyMAHMBAIOMAM
CYTb AeJa.

4. Bo3Begenne B cTeneRb ¥ H3BJedeHrne KopHA. W3 dopmyus
(12) pas yMHOXeHMA KOMILIEKCHBIX YMCEJ, 33JaHHEIX B TPHI'OHOMETPH-
yeckou ¢opMe, BHITEKAET Popmysa Myaspa

[r(cos ¢ + isin)]™ = r™(cos ny + isinny), (13)
cnpaBeauBad giaa Bcex n € Z (B uHoOM 3amucm |z"| = |z|*, arg2™ =
=n-argz). YacTuui cryyan popmyant (13) npu r = 1, 6uHoMBAANTLHAR
dopmyaa (1) ua § 7 rn. 1 m cooTHOmIEHUA

?=-1, ¥=-i, =1, *=d

JAl0T BO3MOXHOCTL MOJNYYATH BHIDAXEHHMA NLIA CHHYCOB M KOCHHYCOB
KPaTHOT'O yIIa:

n —2k . 2k
cosny = E (-1)* cos™ 2k . sin?* ¢,
vt (Zk)

: n —-1- s 2k+1
sinnp = Z(—-l)" ( ) cos™ 172k gin2k+1
>0 2k +1

(14)

CrpaBeIMBOCTH PAJH CTOMT 3AMETHTh, 9TO YaCTHRIM ClIydaeM ¢op-
Myx (14) upu n = 2 MH BOCHOIL30OBANHCHL PaHee — B XOJ€ JOKA3ATENb-
CTBa TEOPEMH 2.

3ameuanne. Ilycts €® = limpo0 (1 +a/n)". B anamae, myTém
pas3noxeHusa GyHKUMA KOMILIEKCHON [IEPEMEHHON B CTENEHHBIE PALHL, KO-
Ka3uBaeTca gopmyasa Idaepa

e = cosy +isingp, (15)

¥3 KOTOPO# BHITEKAIOT BCE MOJIy4eHHHEe HaM¥ pe3yabTaThl. CTOMT TOMB-
KO 3aMeTHTb, YTO

. : ! : ! :.
eiPei?’ = ilptv ), (€)™ = i,
Tpurornomerpudeckan GpopMa KOMILIEKCHOI'O YUCIA Z CBOSUTCA K 3aIHCH
z=|z|-e*.

Janee, MKl X0oTean GH HAYYATHCA UIBJEKATH KOPHH IPOM3BOJBLHOM
CTENeHM ¥3 KOMIUIEKCHBIX UMCe], ¥ OCHOBHOM BOIPOC, KCTOPHIM 34eCh
BO3HHUKAET: BCErja JX 3TO MOXHO aenaTh? Okas3nBaeTcd, 4TO BCeraa, u
¢dopmyna Myaspa aéT no CymecTBy NOJHOE pEIleHHe 3TOr0 BOIPOCA.
IlycTe HAM JaHO KOMILIEKCHOE 9HMCIO 2 = 7(COS ¢ + Siny), a MB XOTHM
HauTu gucio 2’ = r'(cosy’ + ising') Takoe, uro (z')" = z. Bupaxas
(2)™ no popmyne Myaspa, a 3aTeM CPABHUBAA B 0G6EHX JACTAX PABEHCTBA
(2')® = z Moxynu n aprymenTH, MH Haxonuum (r')® =r nny' = ¢ + 27k
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(cmaraemoe 2wk — IIaTa 3a HEMNOJHYIO ONPEJENEHHOCTH ApPryMEHTa).
Nraxk,
R N, i
n
(mox {/r nogpasymeBaeTcs apudMeTHIECKOe 3HAYEHHE KODHA N-# CTeme-
HH M3 NOIOXHUTENILHOrO BemecTBeHHOro 1ncaa). Kopens {/z, crano 6uTs,
CYWEeCTBYeT, HO onpeAetéH Heoguo3naqro. lIpr k =0,1,...,n—1 qua 2’
6yaeT IHOJIYYEHO N PA3IMIHEIX 3HAYEHUH, NPUIEM MMM MCYEPNIHIBAIOTCA
BCE KODHH, IOCKOIBKY M3 k =ng+r, 0 < r £ n — 1, creayer
(p’ = (p_”?r_r + 27rq.
n
Hamn poxasana
Teopema 3. H3sseuenue xopHa n-il cmenexwu u3 XOMNAEKCHO20
wucaa z = |z|(cosp + isinp) ecezda s03moncno. Bce n 3nauenut xopus
n-i cmenexu u3 2 PaCNOAONCEH! 8 8EPUUHAT NPABUALHOZ0 N-Y20AbHUKGE,
BNUCAGHNR020 8 OKPYICHOCTMb C YEHMPOM 6 Hyse u paduyca (/lz_l :

V7= VP (cos ﬁi}’-" +isin "°—+n2—”’°) , (16)

k=0,1,...,n-1.
Caepcreue. Kopnu n-d cmenenu u3 1 svipascaromesa dopmyaott

2rk . . 2wk
?/i=ek=cos%+zsm—;—r—, an
k=0,1,...,n—1. Onu pacnosodcenbt 6 6EPUWUNART NPGEUILHO20

N-Y204bHUKG, BNUCGHRO20 6 OKPYICHOCTNL C YERMPOM 6 Hyse U Paouy-
cal.
M3 (16) u (17) HenocpeaCcTBEHHO BUAHO, YTO BEMECTBEHHBIX KOPHER

W ¥/z GyaeT HyJb, OZMH WIA B3, & KOPHEH

il € = cos72° +sin72° Y1 — ogum wm aBa (Ha puc. 21 moka-
’ 3aHH KOpHHU ¥3 1 creneny 5).

Kopenb n-it crenenn u3 1 HasnIBa-
eTCa npumumuenbis (WX nepeoodpas-
HbIM), €CTH OH He ABIAETCA KODHEM W3
1 BMKakoi MeHbmen creneHn. TaxoBH-

mu O6ynyT, HapmMep,

8w

2r ., 27w
E=€ =COS— +18SIn—, Ep_1.
n n

Prc. 21
Jlio6oit APYTOR KOPEHB £) ABIAETCA CTENEHBIO NPUMUTUBHOIO

_ ok
Ek =€ 1»
9YTO ONATL-TAaKM BHAHO M3 dopmyasl Myaspa. Boaee Toro, exe; = x4,
eciu k + | 6paTs no moaymo n. B 9acTHOCTH, e;l = Ep—k, €0 = 1. Yxke
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NCKYIUEHHBIE B TEOPHH IPYII, ME 3aMe4aeM, TaKUM 06Pa3oM, YTO KOPHU
n-i cmenenu u3 1 cocmasastom yuxauvecxyo epynny (€) nopadxa n.

Tem cambM TOJgydeHa emé OfHA DeaIM3AUMA UAKIMIECKOM I'PYIIH
nopagka n. Qua xaxgoro dln B (€) WMeeTca pOBHO OfHA MOArpymIa
(e™?) nopagxa d. Kopexb £m 6ydem npusmumusnbiu mozda u mMoAbxo
mozda, xo02da (em) = (€), m.e. Card(e™) = n, a 3M0 603M0HCHO MOALKO
npu m, 63aumno npocmoim ¢ n. Hanpumep, npu n = 12 npuMATHBHEL-
MM KODHAMH GyayT &,€%,€”,e!l. B ciyyae mpocToro n = p Bce KOpHH
¥3 eAMHANH, OTIMYHEE OT 1, mpuMuTHBHHE. C anre6panyeckoi TOIKA
3penus, 6e3 yuéTa reoMeTPHIECKOro W306paxXeHus, BCe UPEMATHBHEIE
KODHH JAHHOM CTENEHH N PABHONPABHHI.

Bosspamancs x BOmpocy 06 W3BJEYEHNH KOPHA CTENEHH N U3 mPOu3-
BOJILHOI'O KOMILIEKCHOrO 4uciaa 2 # 0, 3aMeTnM, 4T0 ecau z' — xaxot-
nubyov Puxcuposannvitl xopenv (ckaxewm, z' = {'/m (cos £ 4 isin %)),
mo ece dpyaue xopnu umerom eud z'ex, k=0,1,...,n—1. IT0 yTBEpX-
JeHne HaXOJUTCA B COOTBETCTBHH C dopmyaon (16).

5. Teopema eguHCTBeHHOCTH. IIpemmymecTso moms C mepex R
MEI CMOX€EM OLEHHTh NOJHOCTHIO JMIIb BIOCIEICTBHHA, HO yXKe OZUH TOT
¢daxT, 4To C CofepXuT BCE KOPHHU U3 1, ONIPABALIBAET NOBHIIEHHEA HH-
Tepec K KOMILIEKCHEIM YMCIaM. 3aMeTHM, 4T0 1o nocrpoenmio C — apy-
MepHOe BEKTOpHOE MPOCTPaHCTBO Hag R (B cMuICKe onmpeaenenus u3 m. 2
§ 1 ru. 2) ¢ 6asucunME anementama 1,i: C = (1,4)g.

BosnukaeT eCTeCTBEHHRIM BONPOC, HACKOMBKO IMMPOKO CEMEMCTBO HO-
Jeit, 061aJaloMMX aHAJTOTHYHKIMA cBoicTBaMu. OKa3kIBaeTCs, CpaBes-
JMBa CJIEAYIOMAA TeopeMa, eJRHCTBEHHOCTH TIONA KOMILIEKCHBIX THCe.

Teopema 4. Kawcdoe accoyuamusnoe xommymamuenoe xoavyo K
¢ edunuyetl 1 6e3 deaumenetl HYAR, K6AROUEECA JBYMEDHLIM BEKTTLOPHIM
npocmpancmeom nad R, uzomopgno noawo C.

JoxasaTeabcTBo. Be3 orpaHm4yeHns OGMHOCTH OTOXIECTBEM
1-R ¢ R u cuuraem R Bnoxennmim B K. Tak kak dimgp K = 2, T0 cy-
mectayer e € K \ R Tako#, 9410 1 1 e cocTapnAoT 6a3muC IPOCTPAHCTBA
K nan R. Ouesugno, 2 = a-1+28-e ¢ a,B € R. [l1a anemenTa
f=e—PB ¢R nmeem f2 = v, rae v = a+ B% € R. OueBrgno, v < 0,
nockonbky muade (/Y € R, m Mu umemn 6u1 f = *,/7. Takum o6pa-
3oM, cymectsyeT § € R, ana xoroporo §2 = —y~1. Temeps j2 = -1
nia j = 6f, u nerko npoBepserca (kax npu noctpoenun C), 4To Ka-
Kbl HeHyneBol aneMeHT w3 K o6patuym, T.e. K — noae. OTo6paxenue
p: C = K, onpegenéHHoe COOTBETCTBHEM T + iy —> T + jy, ABIgeTCA
HCKOMBEIM M30MOp¢u3MoM mnouen. O

Cne B oTOM 0Ka3aTeIbCTBE MEL HCIOIL3OBAJIM yCIOBHe, 4To K —
KoJbIO 6e3 penmreneit Hyaa? Bo-nepBBIX, MOIVIO GBI CIYYATHCA TAK, YTO
e2 =0, Torga a = B =0 => v = 0. Janee, paxTHIeCKn yTBEPKLa-
ercd, uro v 2 0 == f = +,/7. OTO JEACTBHTEILHO TaK, MOCKOIBKY
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O0=f2—y=(f-vNf+v7)=f-7=0mm f+,7=0.

B none C, xpome Q u R, cogepxknrca Maoro apyrux nozmoaen. Oco-
6eHHO MHTEPECHH pacmupenua nous Q, noryyamomuecs npucoesMHEHHEM
kakoro-au6o anemenrta u3 C, He cogepxamerocs B Q.

Ilpumep 1 (xeadpamuunoe nose). IlycTs d — OTAM4HOE OT Hy/IA LIOE HHCIO,
BO3MOXHO, OTPRIATENLHOE, TaKoe, uTo Vd ¢ Q. Iloxe Q(\/E) C C uasmBaeTca ee-
wecmeenKbin Keadpamuunbis mpu d > 0 1 MuuMbiM Keadpamuunbis pu d < 0. O
none Q(v/2) ynmommmanocs B § 3 ra. 4. Paccyxjenne, JOCIOBHO NOBTOPAIOMEE XOA
JAOKa3aTeNbCTBa TeOpeMH 4, €CIH 3AMEHHTh TaM j Ha \/3, a coornomenne j2 = —1 —
#a (Vd)? = d, noxasmBaer, 4TO

QVd) = {a +bVd| a,b € Q}.
B u4acTHOCTH,
(a1 + b1Vd) + (a2 + b2Vd) = (a1 + 62) + (b1 + b2)Vd, (18)
(a1 + b1Vd)(az + b2Vd) = (a182 + b1bad) + (a1bz + agb)Vd.

Hanee,

a -b
a2 — db? "'az_d,,z\/a

npu a + bvVd # 0 (T.e. npx a u b, OXHOBPEMEHHO He PABHHIX HYJIO).
Toxs3syace (18), Jerko npoBepuTs, YTO OTOGpaXKeHuUe

f:a+b\/¢7r—>a—b\/¢_i

ABnserca asroMopduamom noxs Qv/d) (aHANOr KOMILIEKCHOrO CONPAXEHHS).

Hopsmott wucaa a = a + bv/d HasmBaeTCa 4uCIO

N(a) = a® — db? = af(a).
OuesngHo, 4To N(a) = 0 <= a = 0. [anee, Tak kak f — aBTOMOpP}U3M, TO
N(ep) = aff(aB) = aff(a)f(B) = af(a) - Bf(B) = N(a) - N(B).

B wacruoctu, N(a) - N(a~!) = N(aa~!) = N(1) = 1. IlosTomy HOpMa 06aagaeT
CyINeCTBEHHBIMH CBOMCTBaMM (KBajgpaTa) Moayas B moue C.

6. DieMeHTapHa#s reoMeTpPHA KOMILIEKCHEIX IHMceJ. Bemect-

BeHHOe BeKTOpHOe mpocTpaHcTBo C = (1,i)r ABIAETCA €BKARIOBEIM: OHO
CHA6XEHO TOJOXATEILHO ONPENEIEHHEIM CKAIAPHEIM IPOU3BENCHEEM

(a+bdvd)~' =

(21]22) = Re21Z3 = 122 + n192,

rhe zr = Tk + iy, k= 1,2.
Cnpasegnnso nepasencmso Kowu—DBynwaxoscxozo—IMlseapya

[(21122)] < |21] - |2),

nockoasky |(21|22)| = [Re z1Z2| < |2172| = |21]|Z2] = |21]|22]-

JIBa BekTOpa (KOMILIEKCHEIX 9MCJIA) 21,22 HA3BIBAIOTCA 0PMO20KAAL-
HOWMU A nepnenduxyaspuoimy dpye dpyey, ecd (z1)z2) = 0.

M3 cooTHOmenus (12) HEMOCPEACTBEHHO BHITEKAET, YTO 064 6eXKMO-
pa z,cz € C* opmozonaavubt 6 mounocmu mozda, xK02da ¢ — HUCMO
MHUMOE YUCAO.
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IIpamas, npoxogsmas yepes Toukm u,v € C, 3agaérca napamerpy-
YeCKH
w=u+(v—-ud, teR.

IoaToMy OPTOrOHAIBHOCTD ABYX OPAMBIX W = u+ (v—u)t, w' = u'+(v' -
—u')t BeIpaxaerca cooTHomenueM (v — ujv’ —u') = 0. fcno Taxxe, uTO
TPH TOYKH 21, 22,23 € C, 21 # 29, 1eXKAT Ha OZHOM IMPAMON B TOYHOCTHU
TOrAa, KOTAa

23— 2

o €R (19)

T.e. 23Z9 — 23Z1 — 2122 € R.

BoT ManeHbKOe pacCyx/eHue Ha TeMy OpTOrOHATLHOCTH. Ecin pac-
MOJOXHTL NPOM3BOJBHEI TPEYTOJLHAK TAK,
4TOGH €ro ABe BEePHIMHH @, 3 OKa3aJuch Ha
BEIUECTBEHHOM OCH, & TPETbA BEDHIMHA iy —
Ha MHUMOH, TO JEerko OpOBEPAETCA, YTO MpU
6bICOMbI MPEY20ALHUKG NEPECEKAIOMCR 6 00-
wetl mouxe id, 2de § = —afB/y. Hanpumep,
(—a+ i8] — B +ivy) = 0 (puc. 22). Puc. 22

BaxHy10 poIb BO MHOTMX I'eOMETPHYECKMX BONPOCAX HIDAET INOHA-
THE 0601UN020 OMNOWENUR [21, 22, 23, 24] UEMBIPET MONExK 21, 22, 23,24 € C
C 21 # 24, 22 # 23 (meramm cm. B [BA II}). ITo onpegenennio

21 —Ry 23— 29
[z1,22,z3,14] =— 1 =
21 —R4 R3— 24
_(nn-z)(zm—2) (21— 2)(2s —24)(Z1 — Z4)(Z5 —
(21 — 24)(23 — 24) |21 — za|? - |25 — 24|
— KOMILIEKCHO€e 4HCJO, 3aBucdIIee or nopAgKa B nocjie0BaTeJbHOCTH
21, 22, 23, 24. IIpn UKIMYECKOM IepecTaHOBKE MMeeM

[22, 23,24, Zl] = [zla 22,23, z4]_l-

3amernM, 4TO B COOTBETCTBUH C (20) ABOMHOE OTHOLIEHHME HE MeHA-
erca npu capurax T, : 2z — z + a. IlpeacraBam cebe, 4TO TPH TOYKH
21, 22, 23 HE JEXAT HA OJHOM NPAMOHK. DTO CBOMCTBO TOXE HHBAPHAHTHO
OTHOCHTEILHO CABHroB. II03TOMY HEHTP OKPYXKHOCTH, B KOTOPYIO BIHZ-
CaH TPEYroJLHEK C 3aJaHHBIME BEpPIIMHAMH 2, 22,23, MOXHO CYMTATH
(npm BHIYMCHeHUME [21, 22, 23, 24]) PACHOJOXKEHHHIM B Ha4ale KOOPAMHAT.
Ho rorga |z;| = |22| = |23|, # aerko y6eanrnea B TOM, 94TO

(21 — 22)(23 — 24)(Z1 — Z4)(Z3 — Z2) —
- i(|z3|2 - |z4|2) -Im(23Z2 — 237 — 21Z2) € R

(pexoMmenayeM uMTaTEMO NPOJEIATH 3TO B KavecTse ympaxHenus). Co-
rnacHo (19) ZOMKHO BHIOAHATHCA ycaosre Im(23Z; — 23%) — z1%2) # 0,
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a B TAaKOM CiIy4ae npomaBegenue (z) — z2)(23 — 24)(Z1 — Z4)(Z3 — Z2) Gy-
IeT BEmECTBEHHO, WIH, YTO SKBHBaIEHTHO (cM. (20)), [21, 22,23,24) € R
TOTJa ¥ TONBLKO TOTAa, Korga |z3|2 — |z4)? = 0, T.e. |23] = |24|. 3naunr,
2k, 1 € k € 4, — umcia, paBHHE [0 MOAYJIIO H, CTAJO OHITE, Jexalue Ha
OJHOM OKPYXKHOCTH.

To xe paccyxjeHne ZeACTBYeT M TOrAa, KOrAa Ha ONHOM NPAMOM
He JIeXaT KaKue-TO ZPYrde TPH TOYKM u3 4eTHpéx. Jocrarouno same-
THTB, 4TO BEIMECTBEHHOCTD [21, 22, 23, 24) COXPAHAETCS NPH UUKIXYECKON
nepecTaHoBke. MH I0Ka3aly CleAyiolee yTBePXK AeHHeE.

Teopema 5. Yembipe mouxu 21,22,23,24 € C ¢ 23 # 24, 22 # 23,
He Aedcawue Ha 00HOT NPAKOT, AeHCam NG 00HOT OKPYNICHOCTNU 68 MOY-
nocmu moada, xo2da ur deotinoe omuowenue 6eweCMBENNO.

OTO JMIIbL OAHA M3 MHOT'MX KOHQWIYDAlUMil, CBOMCTBA KOTOPHIX Bhl-
PaXkaloTCA Ha A3LIKE ABOMHLIX OTHOLICHUH.

B 3axmoyenne MH IOCTPOMM MeOMETPHYECKUMH CPEACTBAMHA HOBHIE
YHCJIOBHIE MOJIA, 3aHAMAIOIME BAJHOE MECTO B UCTOPHA MATEMATHKA.

NMipumep (xoncmpyxmuexbie wucaosbie noas). Ha gexaprosoit miockocTu R2
cunTaem 3agaHEHIME ToukH (0,0) ¥ (1,0). Bce mocresyiomme KOHCTPYKUHHM OCYyIe-
CTBJIAIOTCA TONBKO IPH HOMOIMM LHUPKyJA ¥ JuHeHkH. [locTpous Touku P u Q, MmI,
€CTeCTBEHHO, MOXeM CHHTATh NOCTPOCHHLIM M COEAMHAIOMMNA uX 0Tpe3ok PQ. Ecan
NOCTPOEHH TOYKa P M OTPE30K T, TO CTPOUTCA TaKXe OKPYXHOCTb PAAMYCa T C eH-
TpoM B Touke P. [lonapubie nepece4eHus yxe NOCTPOEHHHIX NPAMHX (OTPE3KOB) M
OKDY>XHOCTe! KOHCTPYKTHBHHI B TOM Xe CMBICJe.

KomruiexcHoe 9uCiIo a + ib Ha3EIBAETCA KOHCMPYKMUBHDIM, ECIH TIDK
HIOMOIIY KOHEYHOH MOCIeJOBATENLHOCTH YKA3aHHBIX BHIIE ( JOIIYCTHMEIX)
KOHCTDYKUHMH MBI MOXEM NIOCTPOUTH, oTnpasiaics ot (0,0) u (1,0), Tou-
Ky P = (a,b). HeTpyaHo BHAeTh, YTO KOHCTPYKTHBHOCTD @ + ib 5KBUBa-
NeHTHa KOHCTPYKTMBHOCTH |a| 1 |b]. MHOXecTBO TOYeK IIOCKOCTH, KO-
TOpHIE CTPOATCA NPH MOMOIIM UEPKYJA M JHHEHKH, a CIeJOBATEILHO, H
MHOXECTBO BCEX KOHCTPYKTHBHEIX KOMILIEKCHBIX 4Mces o6o3nadnm CS.

Teopema 6. Mnowcecmso CS ssasemca nodnosenm noas C.

JokazaTrenncTno. HemocpeacTBeHHO 3 OnpefeNeHUs KOHCTPYK-
TUBHOCTH YHCEJ ClIefyeT 3aMKHYTOCTh C'S OTHOCHTENBLHO OIepaluy CJI0~
xeHua (Touka z+ z' CTpOUTCA Kak NepecedeHune JByx OKpyxHocTel (pa-
Zuyca |z| ¢ nenTpoM B 2' m paguyca |2'| ¢ uenTpom B z) ¥ mepexoga OT
z=z+iy€ CSx —z=—zx —iy.

b e

0| 1é6=a/B of 1 l+a
6 6
Pnc. 23
OTkiagbiBag HA OCAX KOODAMHAT OTPE3KM KOHCTPYKTMBHBLIX MJIMH
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1,0,8 m paccMaTpuBad MOAOGHHIE TPEYTrOJLHUKM, W306DaKEHHBIE Ha,
puc. 23, a, 6 (IUTpUXaMn NOKA3aHBI HOBHE KOHCTPYKTHUBHEIE OTPE3KH),
MHL y6ex JaeMCA B KOHCTPYKTHBHOCTH NIPON3BeJeHuA ¥ = af M YaCTHOro
0 = a/B. Tax xak nocTpoenue

zz' = (z +iy)(e' +iy') = (zz' —yy') +i(ay' +2'y),

1 =z .Y

: TR+ B+
CBOAUTCA B KOHEYHOM CYE€Te K IOCTPOEHMIO BEIWYMH THIA Y B §, TO
KOHCTPYKTMBHOCTb IIPOM3BEJEHMA 22’ ¥ 4aCTHOrO 1/z Takxe ycraHoBIe-
Ha. BMecTe ¢ TeM goxazaHa 3aMKHYTOCThL MHOXecTBa C'S OTHOCHATEILHO
Bcex onepaunit B moe C. O

3ameuanue. 1) C'S MHBApHAHTHO OTHOCATENLHO ABTOMOp(HU3Ma
COTIPAXKEHUA z > Z.

2) Ha puc. 23,6 nokasaHo, 4T0 M3BJEYEHNE KBAAPATHOI'O KOPHA v/a
¥3 KOHCTPYKTHBHOI'O BEIIECTBEHHOr'0 4Mcia ¢ > 0 xoHCTpykTmBHO. Ha
CaMOM fefie 3TO BHICKA3HIBAHME OTHOCATCA K JIOG0MY KOHCTPYKTHBHOMY
YuCIy 2.

Bceakoe nognone F' C C'S NPHHATO HA3KHBATDL KOKCMPYKMUGCHIM YUC-
a06bim nodem. Ilonarro, yro Q C CS u 4To Mmo60e KOHCTPYKTHBHOE
ToJie ABJIAETCA IOJeM HyeBoi XapakTepucTuku. CoraacHo samMeyanuio 2)
BCAKOE KBaAPATHYHOE MoJe (CM. NPUMED B 1. §) KOHCTPYKTHBHO.

YNPAXKHEHUSA

1. HaiiTi BCe KOMILIEKCHBE YHCIa Z, IO MOAYMIO PaBHLE 1, IpH KOTOPHX 22 +
+ (1 4+ %)z npuHEMaeT YUCTO MHMUMBIe 3HaYeHnA. H306pa3nTsL COOTBETCTBYIOMEe reo-
MeTpH4ecKoe MecTo To4ek Ha miockoctu C.

2. Yro MoxHO cka3aTh 0 noxe R(§), koTopoe noay4yeno u3 R npucoexnHeHHeM
KOMILIEKCHOTO 4HCiIa §, yAOBIETBOPAIOMEro paBeHcTBy 4 = —17

8. Ilycts A, B € My (R). Onupascs Ha TeopeMy 1, xokasaTs, yro det(A + iB) =
= det(A — iB) (4epTa O3Ha4YaeT CONpPANKEHHE).

4. Ilycts A, B € Mp(R),

A B
o=| 4 B emmm
Ilpumenss k BemecTBeHHOH MaTpume C 3JeMEHTApHHE NPeo6pPa3OBaHHUA HEPBOro M
BTOPOI'0 THMAa Haj NOJEM KOMILIEKCHBIX 4yucea C, mokas3aTh, YTO
det C = | det(A + iB)|?.

5 (T". Moana u I'. Ceré). Ucnoassys ynp. 3 u 4, JaTh 06BACHEHHE CreAyIOMeMY
“crpanHoMYy” ¢dakTy. OAHOPOAHAA KBaApATHAA JUHEHHAsA CHCTEMa

dinz1+...+dinzn =0,
............. (%)
dn121+ ...+ dpnzn =0
C KOMILIEKCHBIMH KO3(ddunuenTaMu di; = ag; + iby; ¥ HeMsBeCTHHMH 2; = T; + ;i
HMeeT HeTpMBHAIbLHOe pemeHue (21,...,2Zn) B TOYHOCTH TOrAa, kKorga det(dy) =
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= a+ib = 0 (cm. O6m¥e 3aMeyaHHA IO ITOMY NOBOAY B 1. 6 § 3 rua. 4). ITo ycrosre
IPHBOZHT K ABYM ypaBHeHuam a = 0, b = 0, cBa3siBaiomum 2n? BemeCTBeHHLIX Benu-
YMH G, b C APYro#t CTOpOHHI, cUCTeMY (*) MOXHO NPEACTABHTH B BUAE CHCTEMBI
2n NHMHeAHBIX OAHOPOXHBLIX YPaBHEHMH C 2n BeIEeCTBEHHLIMH HEM3BECTHHIMH ITji, ¥;.
Tenepsb ycli0BHe HETPUBHAILHOCTH peIIeHHA IANMINETCA B BHAE PABEHCTBA HYJIO OX-
HOr'O BEIIECTBEHHOI'O ONpeAeNUuTeNA pa3Mepa 2n X 2n, 9T0 AaCT JHIIbL OAHO yPaBHEHHE
MeXAY @i, bri. Kax cormacoBaTs Mexay co60il aTu gBa pesyabTaTa’

6. Mimea B BHAY, 4TO aBTOMOPOUIME KBagpaThuHoro noxs Q(v/d) AomxHe: oc-
TABIATh Ha MECTE PAUMOHANbHBEIE YHCIA, HAUTH aBTOMOPPU3MH ITOrO MOJA.

Orser. Egunnunoe oTo6paxenne u a + bv/d — a — bvd.

7. Yemy paBHa CymMMa BCex KOpHed cTeneHu n > 1 u3 17 YTo MOXHO CKa3aTh O
CyMMe NPUMUTHBHLIX KOpHe# cTeneHnu 12 u crenenu 15 u3 17

8. Mokasars, 4T0 { = (2 + 1)/(2 — ¢) He ABAAeTCA KOpHeM u3 1, xora [¢| = 1.

Ykazanme. ("=1=> (2—i)" = (2+i)" = (2—i+2)" = (2—i)" + ...
oo (20" = (2—1)(a+bi) = (2i)" = 5(a%+b%) = 22" = 5|22® — npoTuBOpeNKe.

9. Muoxectso S! = {e¥|p € R} (oOKpyXHOCTL eAMHE4HOrO pagmyca) o6pasy-
eT oTHOCHTenbHO ymHOXeHuAa B C moarpynny rpymnu (C*,:). Beakoe R-ammeitnoe
oroGpaxenne f: C — C Ha3mBaeTCA opmozoxasvwbis, eca (f(2)|f(2')) = (z|7'),
T.e. €CIM OHO COXPAHAET AAMHH BEKTOPOB (PacCCTOAHMA MexJAy Toukamu). [Joka3ars,
410 oTo6paxenue f: C — C B TOYHOCTH TOrAa OPTOrOHAABHO, KOrAa f(z) = cz wim
f(z) = cZ, rae c € S

10. I[IoxasaTs, 4TO

To 1 2 ... Tp-1

Tn-1 9 ]y ... Zp-2 n—-1

Ta-2 Ta—1 T0 ... Tn-3 | = [] (@0 +¢Fm+(HFaa+.. 4 (VR ),
.............................. k=0

1 T2 z3 Zo

rae ( — NPUMHUTHBHHI KOPEHb CTENeHH 7 u3 1.

§ 2. Konpno MHOrowieHoB

Hapsaay c AMHEHAHEIMM CHCTEMaMH, PACCMOTDEHHBIMH HaMH B Il 2
B IVI. 3, MHOPOWIEHHK COCTABJAIOT CTAPHM ¥ XOPOIIO M3Y4E€HHHH pa3jen
TpaJuIuOHHOMK anre6prl. Ha A3mike MHOOWIEHOB (hOPMYJIHDYIOTCA WIH
PELIAIOTCA CaMble PA3IMYHBEIE 33a4M MaTeMaTHKUA. ToMy eCTb MHOXe-
CTBO IPUYHMH, X OXHA M3 HUX 3aKMI0OY3ETCA B CBOMCTBE YHHBEPCAILHOCTH
KOJIbIIa MHOT'OWIEHOB, Ha €M MBI KOPOTKO OCTaHOBMMCA B 1. 1.

IIycts K — xoMMyTaTHBHOE (¥, KaK OGHIYHO, ACCONUATABHOE) KOJIb-
1o ¢ egnuunueir 1, A — HekOTOpOE €ro MoZKOJBLO, cofepxamee 1. Ecin
t € K, To nanMeHniee noaxoaslo B K, conepxamee A u t, 6yzer, oue-
BHJHO, COCTOATDH U3 JIEMEHTOB B

a(t) = agp + ast + ast® + ... + ant®, (%)

rae a; € A, n € Z,n > 0. Mu 0603Ha4uM ero A[t] u HazoBeM KOIBLOM,
NONy4YeHHHM 3 A TNpHCOEeIWHEHMEM IIeMEHTa t, a BRIpaXeHWe (x) —
MHOI'OWIEHOM OT t ¢ ko3¢p¢puumentamu B A. YTo NoOHMMATEH mOA CyM-
MOH# M MpOU3BEJEHNEM MHOI'OWIEHOB, BUAHO M3 NPOCTEUINX HPUMEPOB
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(cxaxeM, mpu n = 2):
a(t) + b(t) = (a0 + a1t + agt?) + (b + byt + bat?) =
= (@0 + bo) + (a1 + b1)t + (a2 + b2)t?,

a(t) - b(t) = aobo + (aoby + a1bo)t +
+ (agbz + a1by + azbo)t? + (a1b2 + aghy )t® + agbyt?.

OueBugHO, 4TO mMpUBeJeHUE HOOOGHHIX WIEHOB OCHOBAHO HA MONAPHOM
IepeCTAaHOBOYHOCTH BCEX JIEMEHTOB aj, bj, t*.

Teneps HacTalO BpeMA BCHOMHETB, YTO ¢ — HAayraj B3ATHIA 3Je-
MeHT Koubua K, H mo3TOMy BHeEIIHe Da3/MyHbE BHIDAXEHHA (%) MOrYyT
Ha CaMOM feJe CoBmajaTh. Ecim, ckaxem, A = Q, t = /2, To t2 = 2
u t8 = 2t — COOTHOmeEHHMA, KOTOPHIE HUKOMM O6Da3OM He BEITEKAIOT
u3 GOPMANBLHEIX OpaBmi. ITOGH OIPUATH K NPUBEIYHOMY HOHATHIO MHO-
rowieHa, Heo6X0AuMO OCBOGOIUTHCA OT BCEX TAKMX NOGOYHEIX COOTHO-
MeHMH, JIA 4ero Hoj ¢t ciefyeT NOHMMATL IPOM3BOJILHEIA CHMBOJ, HE
obs3aTensHo cogepxammica B K. OH mpu3BaH UrpaTh 4UCTO BCHOMO-
raTelbHylo poib. I'opaszno Goabmee 3HaYEHHE MMEIOT NpPABMIA, IO KO-
TOPHIM COCTaBJMIOTCA K0(pduLMeHTH Bhpaxenu#t a(t) + b(t), a(t)b(t).
HMes B BUAy 5TH NpeaBapHTEIbHLIE 3aMEYaHMA, MEPeRaEM K TOYHOMY
OIpeeeHuIo alre6panyeckoro 06beKTa, Ha3hIBAEMOI'0 MHOI'OWIEHOM, K
CO6paHUA TAKMX OGBEKTOB — KOJbLA MHOI'OWIEHOB.

1. MHorowreHs oT oaHOM nmepeMeHHon. Ilycte A — mpoms-
BOJIbHOE KOMMYTATHBHOE KOJBILO C equuuned. [locTpoum HOBOE KOIBLO
B, anemeHTaM# KOTODPOrO ABIAIOTCA GECKOHEYHEIE YHOPAZOYEHHHE MO-
CJIeJOBATEILHOCTH

f=(f07.f1:f2"'°), fiGA, (1)

Takue, 9YTO BCe f;, KpOMe KOHEYHOrO MX 4iCia, paBHH Hymo. Onpeaenum
Ha MHOXeCTBe B omnepanuu cioxenusa ¥ yMHOXEHHA, HoJarasd

f+g= (fo,fl’fh'“)+(go7gl1g2$"‘) = (.f0+gOaf1 +gl$f2 +g2:"')s

f'g=h=(hl,h2:h3,"°),
rae

he= Y figir k=012,
i+ji=k
AcHo, 4TO B pe3yIbTaTe CJIOXKEHNA X YMHOXEHUA IIONYJAIOTCA CHOBA
H0CIeA0BATENLHOCTH BUAa (1) ¢ KOHEYHHIM YMCIOM OTAMYHEIX OT HYJA
4IeHOB, T.e. aneMeHTH u3 B. IlpoBepka Bcex akcuoM kombua (cM. § 3
ra. 4), kxpoMe, pa3Be, aKCHOMHBI aCCOLMATUBHOCTH, OYeBHAHA. B camom
JeJie, TOCKOAbKY CJIOXEHHe ABYX 3JeMEHTOB U3 B CBOAMTCA K CJI0XKEHMIO
KOHEYHOI'0 YMCJIa MeMeHTOB m3 koibua A, (B, +) ABngeTca KOMMYTa-
TUBHOM rpynnou ¢ HyaesniM aaemeaToM (0,0,0,...) u anemenToM —f =
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= (—fD’ —flv _f27 e )7 OGpaTHHIM K IPOU3BOJIBHOMY f = (fOs fla f2a oo )
Jlanee, KOMMYTATHBHOCTb YMHOXEHHs CJeIyeT HENOCPEACTBEHHO u3
CHMMETPUYHOCTH BHIDAXKEHHUA BJEMEHTOB hp depes f; M gj. OTO XKe
BLIpaXK€HME II0KA3LIBAaET, YTO B B BHINOIHEH 3aKOH JUCTPUOYTUBHOCTH
(f+9)h = fh+ gh. UTo Kacaerca acCOLMATUBHOCTH ONEPALMH YMHOXeE-
HUA, TO MyCTh

f=(f0af1’f2’°")’ g=(go’gl7g2"'°)’ h=(h0,h1,h2,...)

— TPH OPOM3BOJLHHIX eMeHTa MHOXecTBa B. Toraa fg = d = (do, ds,
dy,...), rae d = ZH_,.:,f.'gj, 1 =0012...,a(fg)h=dh =¢ =

N

= (eo,e1,€2,...), A€ € = Doy h  dthe = Yy ype, (Zi+j=l figj) hy =
=3 +j+k=s Ji9jhi. Berancienue f(gh) naér Tor xe pesyabrar. Hrak,
B — xoMMyTaTHBHOE aCCOLMATUBHOE KObLo ¢ eaununen (1,0,0,...).

IocnenoBarensrocTH (a, 0,0, . .. ) CKIAAHBAIOTCA ¥ YMHOXAIOTCA TaK
ke, KaK 3JEeMEeHTH KOabla A. DTO N03BOAAET OTOXAECTBUTH TaKHe IO-
CJIeTOBATEILHOCTH C COOTBETCTBYIOIMMHE 3JIEMEHTaMH M3 A, T.e. mnouo-
xuTh a = (a,0,0,...) a1 Bcex a € A. Tem caMbiM A CTaHOBUTCA MOA-
KOJILIIOM KoJabla B.

O6o3nauum, ganee, (0,1,0,0,...) gyepes X u HazoBem X nepemen-
noti (umn neuseecmuot) Han A. Ucnonbays BBeséHnyio Ha B onepanuio
YMHOXEHHs, HaXO UM, YTO

X =(0,1,0,0,...),

X?=(0,0,1,0,...), @)

............

Kpowme Toro, seuay (2) u eBugy Bkmovenus A C B uMeem
(0,0,...,0,q,0,...) =aX" = X"a.

Hrak, ecnu f,, — DOCAEIHUE OTAMYHLIA OT HYJIA WieH HOCJIe[0BaTelb-
Hoctd f = (fo, fi,---5fn,0,0,...), TO B HOBRIX 0603HaYEHUIAX

f= (fO,«--,fn-—l,O,o,-n)+ann =
= (fO:"', n—2’070:‘°')+f'n—1Xn—1 +ann =
=fo+ AX + X2+ ...+ faX™

Taxoe npeincTaBleHHe dMeMeHTa [ OZHO3HAYHO, NOCKOABKY fo,..., fn B
npaBoy 4acTH (3) — 3TO WIEHH NOCIeA0BaTeAbHOCTH (fo, ..., fn,0,...),
KOTOpas paBHA HYJIO TOrJa M TOALKO TOrja, korga fo =...= f, =0.

Onpexnenenue. Beexénnoe Bumme konsno B 0603HavaeTcs depes
A[X] 1 Ha3EIBAETCA KOAbYUOM MHO20UAEN0B Had A OT OAHOM IEepeMEeHHOM
X, a ero 3MeMeHTH — MKHO20UIEHAMY (IWIH NOAUKOMAMY).
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Koneuno, npucsoenue duxcuporannoi 6ykse X Ha3BaHUA HepeMeH-
HOM WIM HEM3BECTHO! He OYeHb yAaJHOE TEPMHUHOJOIMYIECKOe H3o6peTe-
HE€, HO OHO IIPUBIIOCH, HOCKOABKY HE NPUBOAKT K HEJOPa3yMEHHAM.

MH HaMepeHHO BBeJM 3arJjaBHyI0 OykBy X, 4TOGH OTAMYHMTH Hall
CHEIMATBLHO BHIAEJCHHEI MHOrowieH f = X OT TeopeTmko-hyHKIHO-
HaJBHOM HepeMeHHOH I, Mpoberaouen Kakoe-TO MHOXECTBO 3HAYeHUH
(4McTO BpeMeHHOe COrJalleHue, MPUAEPXUBATHCA KOTOPOro B OyaymeM
He 06s3aTeabHO). Bojee MPUBLIYHOM ABIAETCA 3allMCh MHOrOWIEHa f B
BHJE

fX)=aX"+a: X" 1 +... +ap,

T.€. 110 y6rBaromuM ctenedaM X . B ganbHeimeM Mut 6yaeM MIHCATh Tak,
KaK 3TO IPEeACTABUTCA yIOGHLIM.

OneMmenTH f; (¥ a;) HaswIBalOTCA K03PPuyuenmamu MHOrowIeHa f.
M=orowren f nysesoil, korga Bce ero K0a¢h@duuMeHTH paBHH Hy0. Ko-
addunuent fo npu X B HyJEBOU CTENEHU HABKIBAETCA EIIE NOCTNOANNDIM
yaenon. Ecin f, # 0, To f, Ha3mBaOT cmapwius KOdbOHUIUMEHTOM, a
N — cmenenbio MEHOrowieHa u numyT n = deg f. HyzeBomy MHOrOwIeHy
NPUIMACHIBAETCA CTENeHb —o00 (—00 + (—00) = —00, —00 +n = —00,
—00 < n pas kaxgoro n € N). Muorourenn crenenu 1,2, 3,... HasmnBa-
IOTCA COOTBETCTBEHHO AUNEUNbIMY, K6aIpamuynbimy (WIH x6adpammubi-
MU), KYOUNHBIMY B T.1.

Pous egunuunt xonsua A[X ] urpaer e MHUYHBN 37eMeHT 1 koabna A,
pPacCMaTPHBAaEMEIM KAK MHOrOWIeH Hyneoil crenenu. Hemocpeacrsenno
U3 OlpeJeJieHNs ONepalMii CIoXeHus U yMHoxeHus B A[X] cregyer, uTo
AJLA JIOGLEIX ABYX MHOT'OWIEHOB

f=fo+ AX +...+ f X", g=go+nX+...+gnX™ (4)

CTeeHe’ N ¥ M COOTBETCTBEHHO MMEIOT MeCTO HEPABEHCTBA

deg(f + g) < max(deg f,degg),  deg(fg) < degf +degg. (5)
Bropoe u3 HepaBeHCTB (5) Ha CaMOM [JeJie 3aMEHAETCA PABEHCTBOM

deg(fg) = deg f +degg

BCAKHMM Pa3, KOrja Ipou3BefeHue fngm, CTAPMMX KO3(GUIMEHTOB MHO-
rowieHoB (4) OTJAMYHO OT HYJs, HOCKOIBKY

f9=fogo+ (fog1 + f190)X + ... + (fagm)X™+™. (6)

Ho 3T0 3HauuT, 4TO BepHA

Teopema 1. Ecau A — yeaocmuoe Koavyo, mo u xoavyo A[X]
ABAREMCA YEAOCTIVHOIM.

MecCTo KOJIbIIa MHOI'OWIEHOB Cpel¥ KOMMYTATHBHEIX KOJel OTYacTH
HOACHAET CJIelyIoIman

Teopema 2. IIyemv xommymamusnoe xoavyo K codepacum A s
xavecmee nodxoabya. Jas xedxcdozo ssemenma t € K cywecmeyem
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eduncmeennviti comomopdusm xoaey Iy : A[X] - K maxod, umo
VaeA 1II(a)=a, IL(X)=t. )

JoxazaTeabcTso. IIpeqnonoxuM CHa4yaIa, 9TO TAKOK MOMOMOPD-
¢usm II; cymecrsyer. Tax kak IL;(f;) = fi ana xaxzgoro xoadpdurueH-
Ta MHOTOWIEHa f, 3aMCAHHOro B cTamgapTHOM Buge (3), u I (X*) =
= (II;(X))* = t* (cBosicTBO roMomopduama u ycosue (7)), TO

L(f) =M(fo+ LX +...+ faXn) = fo+ i X +... + fat", (8)

r.e. II;(f) onpeaenén oano3na4Ho u BrIpaxaeTrca ¢popmyon (8). O6par-
Ho: 3a1aB oTo6paxenue IT; dopmynoi (8), ME, OYEBHIHO, Y AOBJIETBOPHM
ycaoeuio (7) ¥ MoXyYuM roMoMopdu3M Kojer. DTO ACHO AJfA 0TOGpaxe-
HMA afJUTHBHLIX CPYIH KOJeL, & YTO KACAETCA YMHOXEHUS, TO IpUMe-
Henue II; k npoussegermo (6), a 3aTeM ucnoabL30BaHKeE (06IIEr0) 3aKOHA
AUCTPUOYTHBHOCTH AT

;(£9) = fogo + (fog1 + f190)X + ... + (fagm)t"T™ =

=(i:f,-ti) Zgjtj =IL(f)-M(g). O

=0 j=0

PeayabTaT npnmenenus orobpaxenns II;, onpesenénnoro popmynon
(8), xk MHOrounerny f = f(X) Ha3mBaeTca nodcmanoexoi t B f BMecTo
X nim (C HEKOTOPOH HATAXKOM) MPOCTO 3Ha4eHueM f mpu X = t, Tak
gyro II,(f) = f(t). Snars II;(f) — 3Ha4UT yMeTH BEIYUCAMTL 3HAYEHUE
f npu X = t. Fomomopdpuamu II;, T € A, ciyXaT CBA3yIOmMMM 3BEHOM
MexJy PYHKIHOHAJILHOM M aire6paMyecKod TOYKAMM 3PEHMA Ha MHO-
rouneH. ITo onpegenenuto muHerHE MHOrOWIeH X — ¢ = (—¢,1,0,...)
HMKOr'1a HE PaBeH HYJIIO, HO AaCCOLMUPOBAHHAA C HUM GYHKINA T + T — C
IPUHEMAET HyJeBoe 3HaYeHue 1pu z = ¢. JIpyroit npumep: OTINYHEIA OT
Hyaa MHOTOWIeR X2 4+ X ¢ xoaddunuenTamu w3 nousa Fy (rae 141 =0)
n%)e,qc'ra.mxe'r HyneByio dpyakmmio f : F3 — Fy, mockomexy 02 +0 =0 u
12+1=0.

daeMenT t € K HasnBaeTca aszebpauvecxum nad A, ecm II;(f) =0
ana Hekotoporo f € A[X]. Ecm xe II, : A[X] - K — mu3oMopdHoe
BIOXeHHe (MOHOMOPDH3M), TO t — mpancyendenmubitl #ad A dJeMeHT.
B cayyae A = Q u K = C roBopaT IpoCTo 06 a42e6paUsecKus ¥ mpaKc-
yendenmuoiz qucnax. Hanmpumep, uucia e ¥ 7, onpefeiseMLle B aHAIH3E,
ABIAIOTCA TPAHCIEHJSHTHHMH, a uucia v/2,v3,v/2 + v/3 — arre6pau-
4ECKUMH.

Tomomopduam II;, COGCTBEHHO rOBOPSA, CIYXHT BEIPDAXKEHUEM YHU-
sepcaabnozo ceoticmea Koabua MHorowieHoB A[X]. Boxee nonasM o6pa-
30M YHHBEPCAJLHOCTH KOJIbIA MHOT'OWICHOB BUJHA M3 CJELYIOMEro yT-
Bepx JeHus, o6o61malomero TeopeMy 2.
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Teopema 3. Ilyembv A u K — npou3eoavrbie KOMMYMAMUBHbIE
xoabya, t — aaemenm u3 K up: A = K — 2omomopduam.

Tozda cywecmeyem, u npumom eduncmeennoe, npodoadcenue ¢ do
2omomopdusma p: A[X] = K xoavya mrozouwaenos A[X] ¢ K, nepeso-
dawezo nepemennyro X 6 t.

JloxasaTeisCTBO ABIACTCA HE3HAYMTEIbHEM BHLOM3MEHEHUEM JOKa-
3aTEILCTBA TEOPEMEl 2 M OCTABIACTCA YATATENI0 B Ka4eCTBe yHpaxKHe-
Hua. O

2. MHOrowieHsl OT MHOI'MX HepeMeHHEIX. Ecau B cuTyaunuu
A C K, paccMaTpHBABIIENCA B HagaJe Naparpada, B3ATh IPOU3BOJILHEE
T 3JIEMEHTOB ty,...,t, € K u paccMoTpeTh B K mepeceveHue BCeX HOJ-
Kozen, coaepxamux A,ty,...,t,, TO ME HoxyuuM Koabuo Alty,...,t,).
dopMaTbHaA 3aIIKCh ero JIEMEHTOB HOJCKA3LIBAET, KaK X B CIydYae n =
= 1, Re06X0AUMOCTb BBEeJeHMA B OOMXOJ KOJbIa MHOIOYWIEHOB OT 1 Ie-
peMerHuIX. JenaeTca 3TO OYeHb OPOCTO. BCHIOMHUM, YTO KOHCTPYKIMsA
koaba B = A[X] Bkmoyaia npousBoIbHOE KOMMYTATUBHOE KOILIO A C
exuHKIEeR. MBI MOXEM Temepb 3aMEHMTH B HaIled KOHCTPYKIMU KOJBLO
A Ha B u nocrpouts xomso C = B[Y], rae Y — HoBas HesaBucm-
Mas MepeMeHHas, MrpPaloIas N0 OTHOWEHMIO K B Ty e poab, 4To B X
o oTHOmeHuo K A. DieMeHTH n3 C' 0AHO3HAYHO 3ANMCHIBAIOTCA B BH-
xe Y. b;Y?, bj € B, npuuém B oToxAecTBaseTca ¢ nogkoasuom B C,
a MMEHHO C MHOXeCTBOM 3JemenToB bY? = b - 1. Tak xak B CBOIO O%e-
peab bj = Y a;; X* — oaHO3HA4HAA 3aIACH eMeHTOB b; € B, T0 M0G0k
anemenT u3 C uMeeT BUJ

E o1
E Z ain"Y], aij € A,
i=0 j=0
NpUYéM NOLPa3yMeBaeTcA (IO CMEICTY KOHCTPYKIMH), 9TO a;; IepecTa-
HoBouHH ¢ X u Y, a nepemennas X mepecraHosousa ¢ Y. Koasuo C
HA3EIBAETCA KOAbYOM MHO20u4ex068 nad A OT JBYX HE3aBUCHMEIX Iepe-
MEeHHEIX (OT IByX Hew3BeCTHHX) X m Y.

TloBTOpHB AOCTATOYHOE YHCIO Pa3 3TY KOHCTPYKUMIO, MK IONYIHM
konbuo A[X),...,Xn] MHOrOWIEHOB (IOMMHOMOB) HaJ A OT N HE3aBMCH-
MEBIX IepeMeHHBIX (Wi Hem3BeCTHHX) Xi,...,Xn.

Ha6op (i1,...,in) € N 3 n nensx HEOTPHUATENIbHBIX YHCeN i1,. ..
..yin (N=NU{0}) ycroBumcs coxpaménro 0603Ha9aTh CUMBOIOM (1).
Toraa mo6oi aneMeHT f € A[Xy,...,X,] 3anumercs B Buge

f= Z a(i)X(i), ag) € A, (9)
(1)
rae X&) = X' ... X}» — ognownen (wm MOHOM), Tak 4TO f — JMMHEH-

Hasg KOMOMHAIMA OJHOWIEHOB C Ko3ddunuentamu u3 A. B cooTBeTCTBUH
C ompejeieHneM MHOIOWIEHOB BCe KOI(HUIMEHTH! a(;) B (9), 3a uckmoge-
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HHEM KOHEYHOrO MX YMCJIa, PaBHH Hymo. EguncTBennocTs 3amucu (9)
HENOCPEACTBEHHO BEITEKAET U3 CJEAYIOMEro yTBEpXK AeHMA.

Mnozouaen f pasen nyswo mozda u moabxo mozda, x020a Pasnbi
nymo ece e2o xoafPuyuenmut a;, . ;, . IIpu n = 1 310 yxe orMedanocs B
X0Ae NOCTpoeHus Koabua A[X], a npu n > 1 mpole BCEro UCNoabL30BaTh
uHAYKOMO 110 . IMEeHHO, MEL MOXeM 3aIlUCaTh

f=) o 0 XP . Xp =) b Xi,

‘a—-
z Qi .. 'n-l'nXl e Xn—l

i1, 8n—1

rae

— MHOI'OWIEHE! OT MEHbIIEro YMCIa IePEMEHHEIX. YTBepX AeHue M n =
= 1 ¥ npeanonoXeHue HHAYKIUK HOKA3KIBAIOT, YTO

f =0 <= Vi, bi,. =0 V(il, v ,in) Qiy.oiprip = 0.

Tenepb eCTeCTBEHHO CYMTATh 1B MHoOrowreHa f,g € A[Xy,..., Xy)
PG6HBIMY, €CIU COBNAJAIOT WX KO3(PHUIUEeHTH HpH OJUHAKOBLIX OJHO-
wieHaX (COIVIaCHO  BBINECKAa3aHHOMY  (i1,...,%n) # (J1,--.,Jn) =>
= XP... X £ XD X,

Ilox cmenemvio muozousena f OoTHOCHTENBHO X HOHMMAETCA HAHU-
6oabluee Lenoe YucIo, o6o3HadaeMoe degy f, KOTOPOe BCTPEYaETCA B Ka-
JecTBe mokasaTend npu Xi B a(;) X ¢ a¢i) # 0. Hanpumep, MHOrOwIeH
14+ X + XY3 + X%Y? umeer crenens 2 0THOCHTENBHO X M CTeleHb 3
OTHOCHTEJBHO Y.

~Ienoe wmeno i1 +. . . +ip, HA3HBaETCA (noanot) cmenenvio odnovaena
IY;I s X:;" .

Cmenenvro deg f (Wi noanott cmenenvio) mnozowaena f 6yaeT Mak-
CHMaJIbHasl U3 MTOMHHIX CTerneHen ero oqHowieHos. [lomraraem deg0 = —oo.
O cTapuiem 10 CTeNeHH WieHe MHOrOWIeHa f He uMeeT CMHBICIA MOBOPHTD,
HOCKOABbKY TAKUX WIEHOB (OJHO4IEHOB) MOXET GHTh HECKOJBKO.

Ha koasuo A[Xi,...,X,] nepeHocaTcs MHOrHMe pe3yabTATHI, HOJTY-
4eHHHle Hamu B 1. 1 aaa A[X]. Hampumep, onupasce Ha Teopemy 1 u
KCIOAB3YA MHIYKIMIO IO 1, MBI CPa3y e y6eXJaeMCA B TOM, YTO CIpa-
BEJJINBA,

Teopema 1. Ecau A — yeaocmnoe xoavyo, mo u xoavyo A[Xy,...

.+, Xn] A8asEMCA YeAOCTINOIM. B %GCMHOCTIY, KOADYO MHOSONAEN0B OT
N NepeMeRNbis nad A0bbim noses P yeaocmuo.

TloneantM yTouHennem TeopeMut 1’ cryxuT

Teopema 4. ITycmv f u g — NPoU36OALKBIE MHOZOUAERDI O T
nepemenwbiz nad yeaocmubim xoavyom A. Tozada

deg(fg) = deg f + degg.
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Hoxa3zatenbcTso. HazoBéM 0dropodnbim mnozousenonm wiu dop-
sotl crenern m mHorowned h(Xi,...,X,), Bce WIEHH KOTOPOr'o MMEIOT
OfHy M Ty Xe noauyio creneHr m. DopMmul crenenei 1, 2, 3 naswmBa-
I0TCA COOTBETCTBEHHO aunelinot, xeadpamuunod u xybuunot dpopmamu.
O6benunsas BMecTe BCe Bxoaamue B f (WiM, Kak emeé rOBOPAT, BCTpPe-
YAIOMMUECA, MMEIoIUe HeHyJeBhe K03(PPUUMEHTH) OAHOWICHE OJHOM M
TOM Xe CTeleHu, MBI OFHO3HAYHO PEACTABUM MHOTOWIEH f = 3 a(;) X ®
B BUJI€ CYMME! HECKOJBKNX GOPM fy,, PA3IMYHBIX CTEHeHel

f=fo+tfi+...+ [ k=degf.
Ecan Teneps

9=g+qn+...+a, l =degg,
TO, OYEBUAHO,

f9 = fogo + (fog1 + f190) + ... + fra

(a0 moxoxe Ha cooTHomenue (6), HO f;, g; MMEIOT TaM APYroOM CMBICIH),
otkynaa deg fg < k+1. Ilo Teopeme 1’ u3 fi # 0, g # 0 creayet frgi # 0,
r.e. deg(fg) = deg(frgi) =k + 1 =deg f + degg. O

3. AinropuTM pesenus ¢ ocraTkoM. B 3 § 9 ru. 1 aaa ueasix
ymucel OLUI BBEIEH AIMOPHUTM [JeJeHUs C OCTAaTKOM. OKa3HIBa€TCs, YTO
COBEpIIeHHO AHAJIOTWYHEIA ATMOPHTM HMeeT MecTO u B Koubue A[X] nag
nenoCTHHM KoabuoM A (aasa A = R 310 u3BecTHO paKkTHIECKH U3 Kypca
2JIEMEHTAPHON aJAre6pH: BCIOMHHUTE JeleHHe YIOMKOM).

Teopema 5. ITycmv A — yeaocmuoe KoabYyo 4 g — MHO20UAEN B
A[X] co cmapwum xospduyuenmomn, obpamumviu 6 A. Tozda xancdo-
My mnozouaeny f € A[X] conocmasasemca odna u moavxo odna napa
mnozouaenos ¢, € A(X), dasr xomoptiz

f=q9+r, degr < degyg. (10)
MoxazareabcTBo. IllycTh
f=aX"+a X" 1 +...+ay,
g=boX™ + b X"+ ... + b,

rae agbg # 0 u bo|l. Ipumenum umugykumio mo n. Ecm n = 0 u
m = degg > degf =0, To nonoxum ¢ = 0, r = f,aecun =m =0,
Tor =0uq=apby !, llonycTuM, 94TO TeopeMma JOKa3aHa s BCEX MHO-
rowreHos crenes < n (n > 0). Bea orpannyenns o6GIIHOCTH CYMTaEM
m < n, DIOCKOIbKY B TPOTHBHOM Ciiy4ae Bo3bMéM ¢ = 0 u r = f. Pa3 aTo
TaK, TO _

f=agbg X" ™. g+,

rge deg f < n. Ilo mEgyximu MBl MOXeM HaiTH § ¥ T, JIA KOTOPHIX
f = gg + r, npuuém degr < m. Ilonoxus

¢ = agby X" +7,
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MEI OPHAEM K Nape MHOI'OWIEHOB C HYXXHBEIMH CBOMCTBaMH.
O6pamadch K CBOMCTBY €AWHCTBEHHOCTH YaCTHOT'O ¢ M OCTaTKa T,
NpeaIoJOXHEM, 9TO
gg+r=f=qg+r'".

Torga (¢' —q)g = r —r'. Ilo Teopeme 1 umeem deg(r —r') = deg(¢' — q) +
+ deg g, 4TO B HAIIMX yCJIOBMAX BO3MOXHO Toarpko mpu r' =ru g =g¢q
(namomuuM, 4T0 deg0 = —00 M 94TO —00 + M = —00).

Haxonen, npueegéHHBIE PACCYXJEHHA NTOKA3HBAIOT, YTO K03¢dduuu-
EHTHl YaCTHOI'O ¢ M OCTAaTKa T INPHUHALIEXAT TOMY Xe LEIOCTHOMY
koasny A, Te. f,g € A[X] =>¢q,r € A[X]. O

3ameuanue. MHOrOWIEHH CO CTapmuM KO3dduumMeETOM 1 4acTo
HA3BIBAIOT NOPMAAU30GANNLIMY (CIUE NOPMUPOSAHNDIMY, YNUIGPHbIMY).
YKa3aHHBA BHIOIE IPOLECC JEJEHNSA MHOrOWIeHa f Ha ¢, HAa3LIBAEMKLIA
€6%.4ud06biM, HECKOJABKO YIPOIIAETCA, €CIH § — HOPMAIM3OBAHHEI MHO-
rowieH. [oBopaT, 4T0 f desumca na g, €CIM OCTATOK T PaBeH HYIIO

(cm. (10)): f = qg.

YIIPAXKHEHHA

1. Muorowrenn f(X) = X5+3X4+X3+4X2-3X~1, g(X) = X2+ X +1 moxno
CYMTAaTh NpHHAANEXAmMAMH KoabLy Z[X) man, ckaxeM, koasny Zs[X] B 3aBuCHMOCTH
OT TOro, KaK HHTEpPNPEeTHPOBATh HX K03 dunueHTHl. [IpHMeHAn AIrOpATM AeNeHns C
ocTaTKOM, A0Ka3aTh, YTO B eppoM ciaydae f(X) He zemnrca Ha g(X), a BO BTOPOM —
aeanTcA. Bo3aMOXHA am pearmsauua OPOTHBONONOXKHOIO BAPHAHTA?

2. JlokasaTh NpH NOMOMHM TeopeMuw 3, 4To ecim F — moJe, TO rpynma Bcex
asroMopduamMoB koabna F[X], ToxaecTsennnix Ha F, m3omopdHa rpynne npeoGpa-
3oBannit X — aX + b, rzea,b€ Fna#0.

8. IlokasaTk, 9To MHorowren f € F[X1,...,Xn) aBuserca dopMoit crenenn m
(cM. Roka3saTersCTBO TEOpeMhl 4) TOrAa M TOAbKO TOraa, xorga f(tXi,...,tXn) =
=t™f(X1,...,Xn), rie t — HOBad EpEMEHHaA.

4. TIoka3aTh, YTO YHCIO PA3AMHHLIX OZHOLIEHOB OT 1 HE3ABMCHMEIX TIEPEMEHHEIX
MOJHOR CTENEHH 1 PABHO ("' +,:: - 1).

Ykaszaune. Ycnoas3aoBaTh HPHHUMN IBOKHOM MHAYKIHMM IO N M M, ONHPAACH
Ha COOTHOMEHHe

(m+(n"-l-1)—l)+ ((m—nll)_-l-1n~1) - (m+”r:—-l).

5. Bosspamasch x onpegerermaM m. 1, paccMoTpaM coBokynHocTh A[[X]] Tak
HadbIBAEMHIX FOpMasbNLZ cmenewnnic pados f(X) = 3.5 a; X or nepemennoi
(nensBecTHo#t) X mam, eci yrogHo, nocrefosaTeabHocTex (ao, 1,62,...) C MOOHIM,
BO3MOXHO, GECKOHEYHHM, THCIOM KO3hIHIOHEHTOB a; # 0, IpHhAANEKAMAX KOMMY-
TaTUBHOMY Koabmy A. JeitcTma ¢ ¢hopMalbHEIME cTemeHHnIMM pagamu w3 A[[X]]
NPOBOAATCA MO TEM Xe IPABRAAM, YTO H AEHCTBHA C MHOrOWICHAMH:

(o axt) + (L bix) = Yo(ai + 80X,
(z:a.'X") . (Eb;X‘) = chX", cx = z aib;.

itj=k
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Tlokasare, 4To MHOxecTBo A[[X]], paccMaTpuBaemoe BMecTe C 3THMHM omepa-
OMAMH, ABJAETCA ACCOUMATHBHBIM M KOMMYTATHBHBIM KONBIOM C eguHMunen 1 = (1,0,
0,...).

Taxk xax B cTenenHoi pag f = 3 a; X* BXOZAT CKOIb YroZHO BHICOKHE CTeneHH X'
nepemerHont X, TO BMeCTO creneHy deg f, He MMelomel Tenepb CMBICAA, €CTECTBEHHO
paccMaTpHBaTh 10pAdox w(f) — Ueroe IACIO, PABHOE HAWMEHbINEMY MHAECKCY N, LA
KOTOPOro Gy # 0 (noaarator emé w(0) = +00).

IlokasaTs, 4TO:

i) w(f - g) > min{w(f),w(9)};

i) w(fg) > w(f) +w(g).

Ecim A — nenoctHoe koabno, T0 w(fg) = w(f) + w(g). B wacTHOCTH, BMecTE ¢
A nenocTHuM asaserca k koasuo A[[X])].

TlokasaTs Takxe, 4To A[X] — mogkomsno B A[[X]).

6. MHOrO4JIeHE! M CTENeHHBIe PAALI YACTO MCIOAL3YIOTCA B Ka4eCTBE NPou3soda-
wuz Pynxyut pa3ANIHBIX YACIOBLIX BendnH. CMBICH ONepHPOBAHMA C HEMH MOACHAM
Ha JBYX NMPOCTBHIX NPHMepax.

a) YCTaHOBHTbL COOTHOIIEHHE

f:(m) ( n ) _ (m+n)
. . - )
e} k-1 k
MCXOAA u3 GuHOMMANbHOM dopmyast 3 () X! = (1 + X)* B Z[X] u oveBmanOro
pasnoxenus (1 + X)™(1 + X)* = (1 + X)™+n.

6) Haitti 4nciao !, BCEBO3MOXHBIX PACCTAHOBOK CKOGOK B MPOM3BEAEHHH AJIHHEI
7 3IEeMEHTOB MHOXECTBa C OZHOM GMHAPHOMH onepaument. C 3TOK neAbI0 YA06HO BBECTH
NPOH3BOAAMYIO PYHKIMIO — (POPMANLHLIH CTENeHHOH pAx

(X)=Y X" =X +X>+2X3+ ...,
n21

HavyalbHble KO3pGHUUHEHTH KOTOPOro GbuIM BeIMMCIeHH emé B m. 3 § 1 ri. 4. Ma
OYEBHAHOIO PEKYPPEHTHOr0 COOTHOMEHMA

n-1
Ih= Z llpn—k

k=1
suiTekaeT, 4To [(X)2 = I(X) — X. Pemas 5T0 KBaApaTHOE ypaBHEHHe, HAXOAHM
i(x)= Lo Vi=4X V;"“X

(snax nepex pagMKalIOM ONpejeaseTcA ycCaoBHeM ln > 0). Ho ecam crenemHoit pag
f(X) Taxos, 9ro fT =14+ AX,r €N, T0

oo [k—1
f(X)=1+Z[H (%—z)} 9%)1

=1 Li=0

(pasnoxenne B paa Teil1opa, KOTOPOEe MOXHO NMPHHATDH MOKa Ha Bepy). B Hamewm cay-
4ae r = 2, A = —4, H NPOCTad NOACTAHOBKA AAET OKOHYATeAbHOE BhIPaXKEHHe

1 /2n-2
ln=—-
n\n-1
(3ameTnM, 9T0 lp = Cp—1 — Kknaccuyeckoe uucao Karanana).
TIpegnaraeTca MpoBeCTH BCe NPOMEXYTOYHBIE BLIKIALKH.
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§ 3. Pasnoxenne B KOJbIIE MHOI'OWICHOB

1. DreMeHTapHBIE CBOMCTBA AeTAMOCTH. B Pa3HEIX MeCTax, Ha-
YMHAA C M. 1, MBI 3aTPArMBATH BOIPOCH JETHMOCTH B KOJbIE Z LeIsX
4YKCel, HO TaK Ha3LIBAEMasA OCHOBHAsA TeopeMa apU(dMETHKH y HAC OCTa-
BaTach IOKa HefoKasanHou. Temeps HacTala HOpa He TOJBKO 3AIIOIHATD
2TOT npobei, HO ¥ PaCIPOCTPAHUTH COOTBETCTBYIOMMUE YTBEPXK ACHUA HA
60Jee MUPOKUH KJIacC Kosel. B mepByio o4epenb HAC HHTEPECYET KOJBIO
mHOrowieHoB P[X] Hax noxem P.

Hauném ¢ npou3BoABLHOrO HeJoCTHOro xouasua K. O6paTuMule aie-
MeHTH B K GLLIH Ha3BaHLI HAMU JeJUTeNAMY eJUHALEL. JacTo uX UMeHy-
10T emé peayasprbimy dneMeHTaMu. COBEpPIMEHHO OYEBHIHO, ITO MHOIO-
areH f € A[X] o6paTuMm (peryispeH) B TOYHOCTH TOrAa, korga deg f = 0
1 f = fo — OOpaTHMEIM dIeMEHT Koabua A, mockoasky fg = 1 =
=> deg f + degg =degl =0.

Tosopar, uro aneMenT b € K deaumcs Ha a € K (umu b xpamen
a), eCId CymeCTByeT Takou diaeMeHT ¢ € K, 4To b = ac (310 0603Ha-
vaeTca alb). Ecau alb u bla, TO a u b HA3HIBAIOTCA GCCOYUUPOBAHHLIMY
anemenTamu. Toraa b = ua, rae u|l. B cuny caenarHOro Bhme 3ameda-
HUA aCCOLMMPOBAHHOCTbH MHOrOwWIeHOB f, g € A[X] osmadaer, 9T0 OHM
OTJIMYAIOTCA JUIIb OGPATHMEIM MHOXHUTENEM u3 A.

AaeMeHT p € K HasHIBaeTCA NPOCMbis (IIM HEPEIA0HCUMbIM), ECTA D
HeoOGpaTHM H ero Helb3sA NPeACTABUTD B BUAE p = ab, rae a,b — Heobpa-
THMEIE 37eMeHTH. B nose P xaxAbli HEHyJeBOX 3JeMeHT O6paTHM H B
P mer npoctrix anementoB. IIpocToit anement koasua A[X] HaswBaeTcsa
Yallle HenPusoJUMbIM MHOSOUAEHOM.

OTMeTEM CleIyIONIMe OCHOBHEIE CBOKCTBA OTHOIIEHMSA AEIMMOCTH B
LeJOCTHOM Koabne K.

1) Ecau alb, blc, mo a|c. JeicTBurensHo, M uMeeM b = ab’, ¢ = bc/,
rae b', ¢’ € K. Iloatomy ¢ = (ab')c’ = a(b'c).

2) Ecau cla u c|b, mo c|(a £ b). B camom gene, o ycaouio a = ca’,
b = cb’' ana HekoToprx a’,b’ € K, ¥ BBHAY AMCTPHOYTHBHOCTH a + b =
=c(a’ V).

3) Ecau alb, mo albc. Acno, uro b = ab' = bc = (ab')c = a(b'c).

KoMm6unupys 2) u 3), nonydaem

4) Ecau xaxcovit u3 asemenmos by, by, ...,bn € K deaumca na a €
€ K, mo na a 6ydem deaumvca maxace saemenm bycy+baca+. . .+bpmem,
20€ €1,C2,...,Cm — MPOUBOALNBIE IAEMENTILE.

Onpepnenenue. I'oBopar, 4o wenocTHoe kouabuo K — xoabyo c
00H03KAUNbIK PA3A0dHCENRUEM Ha Npocmbie mrodcumeau (mm K — dax-
MOPUGALHOE KO0AbYO), eCiIH MOo60H aneMeHT a # 0 w3 K MOXHO mpejcTa-
BATb B BHJE

=up1ps...Pr, (1)

rie U — O6PATHMEIH 3IEMEHT, a P1, P2, - - - , Pr — HPOCTHIE DIEeMEHTH (He
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0643aTENLHO NONAaPHO PA3IMYHEIE), IPUYEM U3 CYIIECTBOBAHUA JPYTOro
TAKOr'O PA3JIOXKEHUA @ = VUq1§2 . . . §s CIEAYET, YTO T = $ ¥ MpPHU HajIexa-
el HyMepaluu 3J1eMeHTOB p; u gj GyaeT

q1 = U1P1y .- -y gr = UrPr,

rae u,..., Uy, — OOPATHMHIE JJIEMEHTHI.

Homyckas B pasencTse (1) anavenue r = 0, MBI IPEHAMAEM COTJIAITe-
HHMe, 4TO o6paTUMBIe 3IeMeHTH B K TOXE MMEIOT PalJoXeHue Ha mpoc-
THe MHOXHTeH. SICHO, 4TO eciM p — HPOCTOM, a ¥ — OGPATHMEIN dJIe-
MEHT, TO aCCOLMKPOBAHHBIA C p MIEMEHT up TOXe NpocToir. B xoabue Z
¢ o6paTHMEIMH dleMeHTam# 1 m —1 oTHomeHne nopsagka (a < b) xpaér
BO3MOXHOCTb BHICTUTL R0A0HCUMEALKOE IPOCTOE YUCIIO P H3 ABYX BO3-
MOXHBIX IPOCTHIX 3JeMeHTOB 1p. B xonbue P[X] yao6Ho paccMaTpuBaTh
HOPMAJIM30BaHHKIE (CM. 3aMe4yaHue B KOHIE § 2) HeNMPHBOAMMEIE MHOI'O-
“WIEHH.

Crpasegiusa clegyomas o6man

Teopema 1. ITycmv K — npoussoabroe yeaocmuoe x04b4o ¢ pas-
A0dcENUEH KA npocmbie muodcument. OIxo3KauROCTb Pa3aodcerus 6 K
(Paxmopuaavrnocmv K) umeem mecmo moada u moavxo mozda, xo20a
w0601 npocmott ssemenm p € K, deaswutt npoussedenue ab € K, deaum
no xpained mepe odun u3 mnoxncumeaets a,b.

JoxasareascTBo. lIycte K ¢axkropuaibho, u nycTh ab = pe.

Ecin
a=Hai, b=Hbj, c=Hck

— pa3JIoXeHus a,b, ¢ Ha MPOCTHE MHOXMTENM, TO U3 PaBeHCTBA || a; X
x [Tb; = p[]cx cremyer, 4To 3neMeHT p accOUMMpPOBaH C OAHAM U3 a;
nm bj, T.e. p feanT @ nam b.

O6paTHO: yCTaHOBUM OJHO3HAYHOCTH pasioxenus B K, rae plab =
= pla wm p|b. Paccyxaaa no uHAyKIMn, AOMYCTUM, YTO PA3NOKEHHE
BCex ay1eMeHTOB B3 K C 9ncioM < N IPOCTHIX MHOXHTENEH eAUHCTBEHHO
(xoHeYHO, C TOYHOCTBIO JO MOPAAKA MHOXHTENEH M WX aCCOLIUMPOBAH-
HocTn). Jokaxem Teneps 31O AnaA moboro anementa a # 0, KOTOPHI
MOXeT GHITh Pa3joXeH Ha 1 + 1 npocTrix MHOXuTenen. iMerHo, mycTh

n+1l m+1

a=[]p=]]r ()
i=1

i=1

— [Ba Pa3JIOXEHHA JIEMEHTA @ C M 2 N. YCIOBUE TEOPEMBI, IPUMEHEHHOE
K D = Pnt1, AAET HAM, YTO P,y AONKEH AEIUTH OAMH U3 3IEMEHTOB
T1y.+.,Tm+1. D3 orpanmyeHus o6muocTH (460 3TO BONPOC HyMEPALMH)
CYMTAEM, YTO Pnt1|rm+1. HO i1 — IPOCTOM 3IEMEHT, IOITOMY T4l =
= UPp41, DAE u — O6paTHMEL 3nemeHT. OMuUpasch Ha 3aKOH COKpalle-
Hus B K (Teopema 1 m3 § 3 ru. 4), nonysaem n3 (2) pasencrso [, pi =
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=u H;’;l r;. B I1eBo# ero YacTH CTOUT NpOM3BeJeHHe N MPOCTHIX MHOXH-~
Teneit. IIo npeAnonoXeHnIo MHAYKIMK M = n, X 063 Pa3IoXeHNsA OTIH-
YaJ0TCA JUIIb NMOPAZKOM NPOCTHIX 3JEMEHTOB, CHa6XEHHBIX, BO3MOXHO,
KaKMMH-TO OGPATHMBIME MHOXHTeRaMu. [J

B npoussonsHOM nmenocTHoM Koubne K aneMeHT a # 0 BoOGmEe He
06a3aH AomycKaTh pasnoxenue Tuna (1). Yro 60nee unrepecHo, umeroTcs
IIEeJIOCTHRIE KOJIbIIA, B KOTOPHIX PA3JIOXKEHNEe Ha MPOCThIe MHOXHUTENH XO0TA
H BO3MOXHO, HO He ABJIAECTCA OAHO3HAYHEIM, T.€. YCJIOBHE TEOpPEMEL 1,
KaxXyuieeCsa TPUBHAJBHEIM, He BCErja BHIIOJIHAETCA.

Mpumep 1. PaccMoTpuM MuMMOe kBajapaTuyHoe nore Q(v/—5) (cM. npumep
Bm 5 us § 1), a B uéM menoctoe xonsuo K = {a + by/=5| a,b € Z}. Hopma
N(a + bv/=5) = a® + 5b% xaxj0ro OTIMYHOrO OT Hy1s dnemeHTa a € K — nence
nonoxurensuoe yucio. Ecm o o6patum B K, To (N(a))~! = N(a~1) € Z, orxyza
N(a) = 1. 9To BoamoxHO aums npu b = 0,a = *1. Takum o6pa3om, B K, Kak H
B Z, oO6paTHMHMH 3IEMEHTaMH ABIAAIOTCA TOAbKO *1. Ecam a = eajaz...ar # 0,
e = %1, ro N(a) = N(a1)...N(ar). Tak xak 1 < N(a;) € N, To npx 3agasHoM a
YHCJIO MHOXHTENEH! T He MOXET HEOTDAHHYeHHO pacTH. CTano GHITh, PA3JNOXKEHAE Ha
npOCTHE MHOXHTENH B K BO3MOXHO.

BumecTe ¢ TeM yHCI0 9 (43 M He TOIBKO OHO) JONMYCKAeT ABa CYMECTBEHHO pa3-
JMYHEIX Pa3NOKEHUA HA MPOCTHIE MHOXATEIN:

9=3.3=(2+vV=5)(2 - VvV=5).

HeaccomnpoBanHOCTs ueMenToB 3 H 2 + /=5 ouesmgua. Jaree, N(3) = N(2 &
+ /=5) = 9. [loaToMy U3 pasnoxenus a = ajaz 414 o = 3 wik 2 + /=5 ¢ Heobpa-
THMBIMHA Q1,2 ciegosano 66 9 = N(a) = N(a1)N(az2), T.e. N(o;) = 3, i+ = 1,2,
4TO HEBO3MOXHO, IOCKOALKY ypaBHenue 2 4 5y2 = 3 ¢ z,y € Z nepaspemuMo. DTHM
JOKa3aHa MPOCTOTa deMeHTOB 3 H 2 & v/—5.

PacCMOTpPEHHEI TNIDUMED COAEPXHT B 3apoALIme GOJLIION KPYr BONDOCOB,
4aCTHYHO OCTAIONMMXCA IOKA HEPEMEHHEIME, 0 KBaAPATHIHKX noaax Q(v/d). Ux uay-
YeHHe BXOJHT B KPYT BONPOCOB G42€0PGUYECKOt Meopuy wuces.

IIpexje 4eM ycTaHAaBIMBATHL NPH OOMOWIM TeopeMH 1 dpaxTopHaIb-
HOCTb T€X WIM MHBEIX KOJeIl, ME BBEAEM BaXKHHIE BCIIOMOraTeIbHHE I10-
HATHA, NPEACTABIONIME HE3ABNCHMBIA HHTEpPEC.

2. HOJ n HOK B xoasnax. Ilycts K — nenoctroe koanlo. Ilog
nauboavwum ob6wum deaumeses ABYX djieMeHTOB a,b € K Mu Gymgem
nounMaTh aneMeHT d € K, o6osmavyaement HO/(a,b) n o6ragaiommi
OBYMs CBOMCTBaMHU:

i) d|a, d|b;

ii) cla, c|b=> c|d.

fAcHo, uTo BMecTe ¢ d cBoucTBaMH i), ii) o6ragaer mobou acconun-
poBaHHHM ¢ HuM aviemeHT. O6paTHO: e ¢ u d — ABa HaMOOILIIMX
JenTels 31eMeHTOB a u b, To 6yaeM umets c|d, d|c, Tak 9To ¢ u d acco-
uuupoBansl. O6o3navenne HO/l(a, b) oTHOCKHTCA K MIO60MY U3 HHX, T.€.
B TOU 3aIMCH aCCOLMMPOBAHHLIE JIEMEHTH He pasdimyaiorca. C yuérom
TAKOr0 COIVIAlleHMsA K ONpeXeJAIONmUM CBOMCTBaAM i), ii) mamGoawmero
obmero genutenas f06aBATCA CIeAYIOMIMe:

iii) HOA(a,b) = a <= alb;
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iv) HO(a,0) = a;

v) HOA(ta,tb) = tHO(a, b);

vi) HOA(HO(a, b), ¢) = HO(a, HOA(b, c)).

Ilposepka ux He BEI3HIBAET HUKAKWUX TPYAHOCTEN M OCTABIACTCH TH-
TaTemo. CBOMCTBO Vi) N03BOJIAET TaKXe PacupocTpaHuTsh nowarre HO
Ha NPOM3BOJLHOE KOHEYHOE INCIO 3JIEMEHTOB.

Io ananormm ¢ HO/l(a,b) BBOAMTCA AyatbHOE NOHATHE HaUMERbULE-
20 obwezo xpamnozo0 m = HOK(a,b) anementos a,b € K, Takxe onpe-
HENEHHOrO C TOYHOCTHIO A0 ACCOUMMPOBAHHOCTHY AByMA CBOMCTBAMH:

i') alm, bm;

ii') alc, blc => mjec.

B wacTHOCTH, nonaras ¢ = ab, norysaem m|ab.

Teopema 2. Ilycmbv das saexmexmos a,b yesocmuozo xoavya K
cywecmeyrom HO(a,b) » HOK(a,b).

Tozda:

a) HOK(a,b) =0<=a=0 usu b=0.

6) a,b# 0, m = HOK(a,b), ab=dm => d = HO(a, b).

Joka3aTenlbCTBO. YTBEpXJEHHE a) BHITEKAET HENOCPEACTBEH-
Ho w3 onpeaenenns HOK(a,b). Jna gokasaTenscTea 6) HaM HyXHO y6e-
GUTBCA, YTO JIEMEHT d, ONpeleléHHEN paBeHCcTBOM ab = dm, o6aagaeT
coucTBamy i), ii). B caMom gere, i') => m = a'a, m = b'b. 3ua-
4ut, ab = dm = da'a, OTKyJa mocie COKpAIlEHNA HA G, HOILYCTHMO-
ro B moGOM LEJIOCTHOM Koable, nMeeM b = da', T.e. d|b. Aranoruyso,
ab =dm = db'b => a = dV', T.e. d|a. Mu1 npumum x i).

Hanee, nycts a = fa”, b = fb". llonoxum ¢ = fa"b". Torga ¢ =
= ab" = ba" — obmee kpaTHoe a u b. CornacHo coucTBy ii') ¢ = dm
nna Hexkoroporo ¢ € K, orkyaa fdm = fc = f2a"b" = ab = dm, Te.
d= fcd u f|d. Mu npumum x ii). O

Onpegenenue. DJIEMEHTH a, b UETOCTHOrO KOJIbLIA, B KOTOPOM Cy-
mecteyer HOJI, HasuBaloTca 63aumno npocmuismy, ectu HOd(a,b) = 1.

Hs ceoitcts i), ii), i), ii') wm us TeopeMn 2 Heab3s M3BIEYL HH
cnoco6a BEIMMCIECHHA, HU AOKa3aTenbcTsa cymectsoBanus HOM(a,b) n
HOK(a, b). Teopemoix 2, 6) yCTaHABIMBAETCA JUNIL COOTHOWIEHNE MEX Y
HUMH.

TpeanonoxnM Tenephb Ha BpeMs, 4T0 K — ¢axToOpHAIbHOE KOIBIO.
O603na4uM depes P MHOXKECTBO MPOCTHIX aiaeMeHToB B K Takoe, 4TO
BCAKMH MPOCTOM 1eMeHT u3 K acCOnMMpOBaH C OJHUM M TOJHKO OJHMM
anemeHTOM M3 P. PaccMaTpuBas passnioXeHHs ABYX dJAeMeHTOB a,b € K,
YAOGHO CYMTATh, YTO B HUX BXOAAT OAMHAKOBHIE JJEMEHTH U3 P, HO
HEKOTOphIe, BO3MOXHO, C HyJEBHIMH NOKA3aTENIAMH, T.€.

a=upf‘...pf, b=vp’1‘...pf.*,
ull, w|1; k>0, ;>0 pi € P; 1<igr.

Ipu noMommu TeopeMu 1 MOMY4aeTCA JErKO 3allOMUHAIOMMANAC

3)
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Ilpusuak geaxumMoctn. Ilycms a,b — ssemenmsr gaxmopuaan-
no20 xoavya K, aanucannvie 6 eude (3).

Cnpasedausol ymeepiicdenus:

1) a|b moada u moavxo moada, xo2da k; < l;, 1 =1,2,...,7;

2) HOA(a,b) = p{* ...p%r, 2de s; = min {k;,;},i=1,2,...,7;

3) HOK(a,b) = p¥* ...pt, 2de t; = max {k;, i}, i =1,2,...,r.

Taxum 06pa3oM, B Ka4eCTBe S; HYKHO 6paTh HAaMMEHLIUMH M3 ABYX
nokazaTened k;,l;, a B xavecTBe t; — HamGoabmmit. B wacTHOCTH, 2ie-
MEHTH a,b € K B3aMMHO IPOCTH B TOYHOCTH TOrAa, KOr[a MPOCTHIE

MHOXHTEJH, BXOJAIIME B Pa3/IOXKEHHE OHOI'O JIEMEHTa, He BXOJAT B pa3-
JIOXXeHue Apyroro.

HegocTaTox 3TOr0 nNpusHaka JeIMMOCTH 3AKIIOYAETCA, KOHEYHO, B
TOM, 4TO Ha OPAKTUKe ObIBaeT BeCbMa TPYAHO MOIYYUThH PAa3NOKEHHE
Buja (3). Jaxe B cryyae K = Z (3TMM He IPeABOCXMINAETCA (PaKTO-
PHAIBLHOCTD Z) NPUXOAUTCA JOBOIBCTBOBATHCA HE3BHAYUTENbHEIMH BapHa-
LMAMHA METOJ3 HPAMOro mnepe6opa NMPOCTHIX 4MCET, MEHBIIMX AAHHOI'O
yuciaa n. Tem Golee NPUATHO, 4TO B HAKTOPHAIBHEIX KOJBIAX, O KOTO-
pHIX MOMAET peyb HMXKe, UMeeTCA 3¢GEKTUBHEIA COCO6 BHIYUCIIEHHS
HO/(a,b) ® HOK(a,b).

3. ®aKTOPHAIBHOCTDH EBKIMAOBHIX KOJel. AIrOPUTM JEIEHHUS C
octaTkoM BZ ¥ P[X] (cMm. . 3 § 9 . 1 mni. 3 § 2) genaeT ecrecTBeHHBIM
PacCMOTpeHHE LEJOCTHOrO Koibla K, B KOTOPOM KaXAOMY 3JIEMEHTY
a # 0 NoCTaBNEeHO B COOTBETCTBUE HEOTPHUATEIbHOE Lenoe Yucio §(a),
T.e. OIpeJeeHo 0TO6paKeHne

§: K\ {0} =K* -+ Nu{0}

TaK, 4YTO IIPX 3TOM BBINOJHAIOTCA YCIOBUA:

E1) 6(ab) > 6(a) dax 6cer a,b # 0 us K;;

E2) xaxosvt 6b1 nu 6viau a,b € K, b # 0, natidymes q,r € K (g —
“wacmmnoe”, r — “ocmamox”), dax xomopuiz

a=gb+r; 0(r) < 6(b) uau r=0. 4)

IleroctHoe xoabno K C 3THMHM CBOMCTBAaMM Ha3BIBA€TCA e6Xaudo-

ebin xoavyom. Ilonaras d(a) = |a| gna a € Z u d(a) = dega aas

= a(X) € P[X], Mnl npuxoauM K BEIBOZY, 4T0 Z u P[X] — eBkIMA0OBH
KOJIbLIA.

B eBkINAOBHIX KOABLAX CywECTByeT crocob Haxoxaenua HO(a, b),
HA3LIBAEMBIN G20PUMMOM NOCACI06GMEADHO20 JEAEHUR WIK AA20PUM-
smon Eexauda u saxmovarommiics B cregyiomeM. Ilycts gann Henyaennie
3JeMEHTH a, b eBkim goBa koabua K. [pumenss goctaTouso Goasiuioe (HO
KOHEYHOe) YHCJIO pa3 npeanucanne E2), MuI nory4um cucTeMy paBeHCTB
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Tuna (4) C NOCTEAHEM HYJEBHIM OCTATKOM:

a=q1b+r11 5(7‘1) < d(b)i
b=gor1 + 12, 6(r2) < é(m),
Ty =q3r2 + T3, 6(1‘3) < 5(1‘2), (5)
Th-2 = QkTk—1+ 7k,  O0(rk) <d(ri-1),
Tk—1 = Qk+1Tk> Tk+1 = 0.
OTO AENCTBHUTEILHO TaK, MOCKOJLKY CTPOro yOHIBAIOMAA HENOYKa,
HeoTpunaTerbHex neawrx gucea §(b) > d(ry) > 6(r2) > ... momxua

060pBaThLCA, a OOPHIB MOXET IPOM3OUTH TOJBLKO 33 CYET O6palleHns B
HYJIb OJHOI'O M3 OCTATKOB.

YTBepXAaeTca, 4TO NOCIEAHNA OTINYHEI OT HyJIA OCTATOK T ABJS-
eTcA KaK pa3 HauboabmmM OOIuMM JeauTeleM 1eMEeHTOB a u b B CMEI-
clle ompejAejeHns, naHsoro B I. 2. B caMom gere, mo ycioBmio ri|rg—;.
[surascs B cucreMe (5) CHU3Y BBEPX M MCIOJIB3YA CBOUCTBO 4) OTHOMIE-
HHS [JEIMMOCTH, CHOPMYJINPOBAHHOE B . 1, MOXY9AM LENOYKY Tk|rk—1,
Tk|Tk=2, - - ., Tk|T2, T|r1 1, HakoHew, 1 |b, 7k |a. CTan0 6HITH, T} — OOIIAI
IeInTeab 31eMeHToB a ¥ b. O6paTHO: myCcTh ¢ — M0G0H APYrod JeTUTEND
TEX Xe NIEMEHTOB; TOrAa C|r1, U, ABUrasaCh Teneps B cucteme (5) ceepxy
BHM3, MBI IIOJTYYMM LIENOYKY OTHOUIEHNH JEIUMOCTH C|r, C|r3, ..., C|rk.
[ocneanee u3 HUX OKOHYATENIBHO y6exjaeT Hac B ToM, yro HO/(a,b)
CyIECTBYeT, NPUYEM UMEET MECTO PABEHCTBO

rr = HO/l(a, b). (6)

O6paTuM, jajee, BHUMaHWE Ha TO OOGCTOATEIBCTBO, YTO KaXABIN
OCTAaTOK T;, B cucTeMe (5) BHpaxaeTca B BUAE JUHEHHOX KOMOMHAIMK
¢ koapduunentamu B K AByx npenigymmx OCTATKOB 75— ¥ Ti—g. llpu
9TOM 71 BHIpaXkaeTcs depe3 a u b: r; = a — q1b, a r2, BRIpaxasach yepes b
K 71, TEM CaMBIM ABJAETCA ONATH JUHEHHON KoMOuHanuen a u b. Iocre-
JOBaTeNbHAA NOACTAHOBKA B T BRIPAXEHMH ;1 M T5_o 4epe3 a u b gact
HaM NpH 1 = k BRIpaXKeHHE

e =au+bv (7

C KaKHMHU-TO JJIEMEHTaMH u,v € K.

Conocrasias (6) u (7) n npuruMas Bo BHUMaHue TeopeMmy 2, 6), no-
JAy4aeM clefylomee yTBepXKAeHue.

Teopema 3. B esxaudosom xoavtie K mobvie dea saemenma a,b
umerom xaubosbwutl obwull deaumendb u naumenvwsee obuee Kpamuoe.
IIpu nomowu aszopumma Eexauda moxcno xatimu maxue u,v € K, umo
Oydem 6bINOAKENRO COOMNOUENUE

HO[(a,b) = au + bv.
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B uwacmnocmu, asemenmot a,b € K 63aumno npocmovt moada u moav-
%0 mozada, xo2da cywecmeywom asemenmvt u,v € K, das xomopuix

au+bv =1

CaencrBue. I[Tycmo a,b,c — asemenmol eéxaudosa xoavya K.

i) Ecau HOH(a,b) =1 « HOd(a,c) = 1, mo HOA(a,bc) = 1.

ii) Ecau a|bc w HOI(a,b) = 1, mo alc.

iii) Ecau b|a, cla « HOH(b, c) = 1, mo bc|a.

HdoxaszarenbcTso. i) CornacHo Teopeme 3 uMeeM PAaBEHCTBA QU +
+bv; = 1, aug + cvp = 1. llepeMHOX3s1 COOTBETCTBEHHO X JEBHIE ¥ IIpa-
BhIE 9aCTH, HaxoauM a(au) ug + bugv; + cuyve) + be(vyv2) = 1, 9To 7 gaér
HYXHOE yTBEpXIeHHE.

ii) Ameem au+bv = 1, otkyaa ac-u+ (be)v = ¢. Ho be = aw, nosTomy

= a(cu + wv), T.e. alc.

iii) Coraacro csoitcrny ii') HOK

bla, cja => HOK(b, c)|la = bc]a,

nockouasky be = HOZ(b,c)HOK (b, c) u HOA(b, c) = 1 no ycaosuro. O

YnraTens Jerko paCpoCTPAaHAT YTBEPXK JEHUE TeOpeMH 3 Ha CiiydJau
IPOM3BOJBHOIO KOHEYHOI'0 YHCIA JIEMEHTOB €BKIHA0BA KOJIbLA.

HenocpeAcTBEHHHM maroM K YCTAHOBJEHHIO (haKTOPHAILHOCTH
€BKJIMA0BA KOJNbLA CIIyXAT

JlemMma. Beaxoe esxaudoso xoavyo K seasemes xoav%om ¢ pasao-
acenuem (m.e. 410601 saemenm a # 0 us K 3anucvieaemca 6 sude (1)).

HokaszareabctBo. Ilycts anemenT a € K obnagaer co6CTBeH-
HEIM JeauTeneM b: a = be, rae b u ¢ — HeoGpaTnMEle daeMeHTH (APyTEMI
cioBaMy, a u b e accomunponann). Jokaxem, 9to §(b) < 6(a).

B camom pgerne, cornacuo E1) menocpeacrsenno nmeem d(b) < d(be) =
= 0(a). Ilpeanonoxus Bunoanenne pasencrsa d(b) = d(a), Mu BoCnoIL-
ayeMca ycaosueM E2) u maitgem q,7 ¢ b = ga + r, rae 6(r) < 6(a) wn
xe r = 0. Cayqait r = 0 oTnagaeT BBUAY HeaCCOLMMPOBAHHOCTH a ¥ b.
ITo Toit ke npuuune 1 — gc # 0. Crano 6uiTs, cHoBa no E2) (momenaTs
MecTaMu a ¥ b) umeeM

§(a) = 8(b) < 6(b(1 — gc)) = 6(b - qa) = 6(r) < §(a)

— npotusopeure. Hrax, §(b) < 6(a).

Eciu Temeps a =a103...a,, rae BCe a; HEOGPATHMH, TO
Gm+1Gm+2 - - - Gn — COGCTBEHHBI JEIATENb QrGm4] - -Gn, ¥ 1O AOKA-
3aHHOMY

d(a) = d(a1a2...a,) > d(az...an) > ... > 6(an) > 6(1).
ITa CTPOro yOhBaOImas LENOYKa HEOTPULATENLHEX LEILX THCE] UMe-
eT gauHy n € 0(a). 3HaunT, g1a aneMenta a € K uMeerca pasnoxeHne

MaKCHMAJIBHON JUIMHKI, KOTOPOe i 6yJeT PasjioXeHHeM Ha IPOCTHIE MHO-
xuremun. O
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Teopema 4. Besxoe esxaudoso xoavyo K daxmopuasvno (m.e.
o6aadaem c60UCME0M 00KOIHAUROCTNU DAIAOHCENUA NG NPOCTMbIE MHO-
acumenn).

JokasateabcTno. C yIéToM neMMBI 1 KpuTepus GaKkTOpHAIb-
HOCTH, COJAEePXalllerocs B TeopeMe 1, HaM OCTa€TCA NOKa3aTh, YTO €CIH
p —- NpOCTOK ayieMeHT Koabna K, nendmmu npowspefgeHne bc KaKux-To
aneMeHnToB b, c € K, To p aesut aubo b, 6o c.

Hdencreutensno, npu b = 0 wiu ¢ = 0 goxasnBaTh Hedero. Ecin xe
be # 0 u d = HOJ(b, p), To d, GyAyI™ AenuTeseM IPOCTOrO IEMEHTA, P,
au60 paseH 1 (To4Hee, ABIAeTCA AeauTeneM 1), mbo accounuposas ¢ p. B
[epBOM caydae b ¥ p OKa3HIBAIOTCA B3AMMHO NPOCTHIMH, H YTBEPX JeHHe
ii) cregcTBus TeopeMH 3 MO3BOAAET 3aKMIOYNTH, 4TO plc. Bo BTOpOM
cayyae d = up, u|l n, sHaumt, p|b. O

Caepcreue. Koavya Z u P[X] faxmopuasvnvi (P — npoussoas-
noe noae).

HokasareabcTBo. Kak oTMeyaloch HENOCPEACTBEHHO IOCIE
onpejeneHns eBKINAOBOCTH, Ha KaXaoM u3 xosen Z, P[X] sagana ecre-
cTBenHasa yukuua § ¢ Hyxuumu csoicramu E1), E2), Tax uro ocra-
érca cocnaThca Ha Teopemy 4. O

O4eHb peKOMeHJyeTCs NPOBECTH OTAeIbHO AiA Z u aaa P[X] mo-
Ka3aTeIbCTBa (AKX TOPHAILHOCTH, YTOGH YCTPAHUTD BCAKYIO BUAMMOCTD
KaKoro-1mbo Haykoo6pas3usa B 9TOM BOIIpoOCe.

DaKkTOPHATLHOCTb KOJbIa MHOrowieHoB P[Xy,..., X, ], n > 1, yxe
He ABJAIOLIEroca eBKIXAOBHM, ycTanaBmuaerca B [BA III]. Tam xe npn-
BOJATCA AONOJTHUTENbHEE MPUMEPH eBKINAOBLIX KOJEIL.

4. HenpuBoAuMBble MHOT'OWIeHHl. Crienquatnmsupysa naHHOE pa-
Hee ONpejeJeHre IPOCTOr0 NVIEMEHTA, elIé pa3 MOoAYEePKHEM, YTO MHOI'O-
wieH f HeHyneBOH cTemeHn 3 koubua P[X] HasuBaeTCa nenpusodumbis
6 P[X] (mn nenpusodumbis xad noses P), eciivt OH He JEINTCA HU Ha Ka-
Koit maorowien g € P[X], y xoroporo 0 < degg < deg f. B wacTHocTn,
BCAKMN MHOI'OYWIEH IEPBOM cTeneHy HenpueozuM. CoBeplIEHHO OYEBHA-
HO, YTO HENPUBOJAUMOCTb MHOIOWIEHA CTENEHH > 1 WiM pa3joxeHue ero
H3 HENpPHUBOJUMEIE MHOXHUTENIX — IOHATHSI, TECHO CBA3aHHHIE C OCHOB-
HEIM noJieM P, KaK 3TO MOKa3KBAET yXKe M3BECTHHA HaM 0 IOCTPOEHMIO
KOMILTeKCHEIX yncen MHorowre X2 + 1 = (X + i)(X — ). Muorowren
X* + 4 npusoanm Hag Q, XOTA 06 STOM M HENErko JOraAaThCs:

Xt+4=(X?-2X+2)(X?+2X +2).

O6a MuEOXMTENA COpaBa HenpMBOAMMEL He Tonbko Hajg (Q, Ho u Hag R,
6yayun npuBogMMEIMHE, OfHAKO, Hag C.
Kak npoctex aucen B Z (cm. § 9 ri. 1), Tak M HOPMBAU306GHNLIT

nenpueodu.ubw MHO20%4€%08 Had NPOU3BOALHLIM TNOACM P Gecxoneuno
MHO020.
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B cry4ae 6eckoneqnoro noas P 3T0 ACHO: AOCTATOYHO PACCMOTPETH
HeNnpUBOAMMEIE MHOrOWIeHH Buga X — ¢, ¢ € P.

Ecan xe mone P xoHe4yHo, TO rogurca paccyxaenue Esknupa. Umen-
HO, IYCTb yXe HaWAE€HH 1. HEIIPUBOAUMEIX MHOT'OWIEHOB P, . . . , Pn. MHO-
rowred f = p1p2 ... Pn+ 1 uMeeT XOTA 6B OJUH HOPMAIKM3OBAHHLIA [IPOC-
TOH AeruTens, nockoasKy deg f > n. O603nayum ero 4epes pp41. On
OTJINYEH OT Pi,.-.,Pn, MOCKOIBKY U3 Pny1 = Ps AJIA KAKOT'O-TO $ < 7
caeoBato 66t ps|(f — p1...pn), Te. ps|1. O

Tax Xak MHOI'OWICHOB 3aJaHHOM CTENEHH HAJ KOHEYHEIM MOJEM KO-
HEYHOEe YHMCJIO, TO MOXHO CAENaTh ClefyIoliee MOJe3HOe 33KIIOYEHHE.

Haod 106bi4 X0HEUNBIK TLOACK CYUIECTREYIOM HENPUBOIUMBIE MKO20-
YAEHDL CKOAL Y200K0 6bICOKOY cmenenuy.

JTO yTBepXJeHHe KAa4YeCTBEHHOI'O XapakTepa OyAeT yTOYHEHO B
[BA III).

HenpusoauMeie MHOrOwieHH Hag moaeMm Q mrparot oco6yio poas B
TeOpUH NoJel aarebpandecknx Iucel. Tak Kaxk yMHOXEHHEM Ha, IOXXO-
Adlliee HATYPAIbHOE YMCIO OT MHorowieHa w3 Q[X] Bcerga MoxHo me-
peiiTi K MHOrowieHy u3 Z[X ], TO eCTECTBEHHO yTOYHUTH CHAaYANa CBA3b
Mexay coicTBamu npusogumocTy Hax Q u Hax Z. Umes B Buay apy-
r¥e IPWIOKEHNUs, MEl JOKAXeM OIHO obIee YTBEPX JeHNe O MEOrOLIeHaX
HaJ (paKTOpPHAJILHEIM KOoJabuoM K.

HazoBéMm codepacanuen MuHOrouneHa f = ag+ a1 X + ... +a, X" €
€ K[X] nan6oasmmix o6mmit aeantens d = d(f) Bcex ero xoabdunnen-
ToB. Jo cux nop Mul rosopuix 0 HO[(a, b) aByx anemeHTOB, HO CBOMCTBA
i)-vi) HOJl nosBoasioT Ge3a TpyAa PaCHpPOCTPAHUTH ITO NOHATHE HA JIO-
60€e KOHEYHOE YHCJIO DIEMEHTOB HEJOCTHOIO KOIbIA.

Ecmu d(f) — o6paTumeni anemeHT B K, TO MHOrOWIEH f HAa3HIBAIOT
NPUMUMUBHDIM,

Jemma I'aycca. IIyemv K — daxmopuasvroe xoavyo u f,g €

€ K[X]. Tozda
d(fg) = d(f) - d(g)-

B wacmxocmu, npoudsedenue 06YT NPUMUMUSHLIT MKO20UAEROS CHO-
6a 6ydem NPUMUMUEHLIM MKO20uaenoM (3dech u Kudce R 03NaNaEM Pa-
6EHCTNEO C TMOUNOCTILIO 00 GCCOYUUPOBANKOCTRY).

JdokasaTeascTBo. HauynéMm ¢ nocieanero yreepxgenus. Ilycts

f=a+aX+...+a, X", g=bp+ b X +...+bpX™

— OpuMATHBHEE MHOrowieHn u3 K|[X], npoussesenue fg xoTopsx He
ABIAETCA NPUMUTHUBHEIM. CylecTByeT, CTal0 GHITh, IPOCTON 3JE€MEHT
p € K, pensumit d(fg). BribepeM HaumeHbIINE MHIEKCH S,t, AIA KOTO-
prx p fas, p fb:. Taxue unaexcH HaMAYTCA BBHAY NIPEMUTHBHOCTE f K
g. Koaddpuumentom npu X4+t 8 fg 6yzer

Coqt = Qsby + (as4+1be—1 + Qgp2bio+ ... ) + (a,-lbt+1 +az_2byo+... )
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Tak xak a,—; ¥ bs—; npu ¢ > 0 geaATCA Ha P MO YCJUOBHIO M P|Csqt 1O
NpeANoa0XEHNIO, TO MBI HMEeM COOTHOMIEHNE

pu=a, bt + pv,
U3 KOTOPOr'o CleAyeT, 4To plasb;. Beugy dakropuansnoctr K umeem
plas nom plb; — npoTHBOpeune, JOKAILIBAIONIEE HALE YTBEPXK ACHHE.
Ilepexoas x o6meMy Cry4alo, 3alMiIeM NPOM3BOJLHLIE MHOIOWIEHE
[,9 € K[X] B Buge

f=d(f)fo, g=d(g)g,

rae fo,go — npumuTHBHEE MHorowieHnl. Tak xak fg = d(f)d(g) - fogo
n no gokasannomy d(fogo) = 1, To, cTano 6uiTH, d(fg) ~ d(f)d(g). O

CaeacrTBue. Mrozousen f € Z[X|], nenpusodumviti xad Z, npodoa-
acaem ocmasambcs nenpusodumbix u xad Q (deg f > 0).

JokasatenscTno. CornacHo clegcTBmio TeopeMu 4 Z — dax-
TOPHAJIBHOE KOJBLO, no3ToMy K Z[X] npumenuma semma [aycca. Ilpea-
nosoxum, 2to f = gh, rae f € Z[X], a g,h € Q[X]. YMuoxas obe
YaCTH 3TOr0 PaBEHCTBA Ha HaWMEHbLIee oblIee KPaTHOE 3HaMeHaTeNleH
Bcex K03¢p¢duuneHTOB y g ¥ h, Mu nepenumeym ero B Buge af = bgohyg,
rae a,b € Z u gy, hg — npuMuTUBHEIE MHOrOWIeHH Haj Z. ITo semme
Taycca a - d(f) = b (B ganHOM Cuy4ae 6€3 OrpaHUYeHHA OGIHOCTH acco-
LYMPOBAHHOCTH 3AMEHAETCA Ha PaBEHCTBO), TAK YTO MOSYYaeTCA Pasno-
xenue f = d(f)goho Hag Z. OcTaéTCa BCHOMHUTDL O HENPHUBOAKMOCTH f
BZ[X]. O

Kputepni HenpusogumocTtu (Jisenmrenn). Tycmo

fX)=X"+a X" ' +...+a,1X +an

— HOPMGAU306GHNbIT MHO20UseN Had Z, 6ce KodPPuyuenmbl ay,...,0y
KOMOP020 JeARMNCA HG HEXOMOPOE NPOCTNOE YUCAO D, KO Gp HE JEAUACR
na p?. Tozda f(X) nenpusodum xad Q.

B camoM gene, NpeANOJOXWB NPOTHBHOE ¥ BOCMOJL30BABIIKCH
caeacrueM JeMMH l'aycca, MbI 3anumeM f B Buje NPOU3BEAEHUS ABYX
MHOT'OWIEHOB Ha g Z:

) =X +u X T+ +b)( X +aX +.. . +e), st>0.

OTO pa3IoXKeHHe COXPAHUTCA U B Koable Zy[X ], a1eMeHTH KOTOpPOro no-
JYYAIOTCA U3 LEJIOYUCIEHHEX MHOI'OWIEHOB B3ATHEM KX KO3(DDUIHEHTOB
o Moaymo p. Ilo ycrosmio @; = 0, rge @ — K1acC BEIYETOB IO MOAYJIO
P, COOTBETCTBYIOIMHM HenoMy 4ucay a;. Ho koasuo Z,[X] dpaxTopuaisso
(cnregcTBme Teopemnl 4). CpaBHuBadA ABa PA3JIOXKEHUN:

XXt =X+ X P+ ) (Xt +a X+, s+t=mn,
MHE! HeM3(eXHO NMPUXOZMM K 3aKMOUeRmio, 4To b; = 0 = ¢j, T.e. Bce
Koaqxpnunen'rbx bi,c; menaTca Ha p. B TakoMm caydae a, = b,c; gemmTca

Ha p? — NPOTHMBOpEYMe, YCTAHABIMBAIONIEE CIPABEJINBOCTh KPATEPUA
Oizenmreina. O
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Npumevanue. Kpurepuir geiicTByeT ¥ B TOM CIy4ae, KOTAa CTap-
ik K03pPUIUEHT ag OTJINIEH OT 1, HO He JEIMTCA Ha P.

Hpumep 2. Muorounen f(X) = XP~! 4 XP~2 4 . 4+ X + 1 HenpuBoguM Haj
Q npu a1060M NPOCTOM p.

JocTtaTo4HO 3aMeTHTH, ¥TO BOonpoc O HenpusogumocTH f(X) skemBaneHTEH
BOMIPOCY O HENPHUBOAKMOCTH MHOTOYJIEHA

f()»f+1)=i(-)j{—t%f—l1 x»-1+( ) xP=2 4. +(Pf2)x+(pfl),

BCe KO3PUUEEHTH KOTOPOro, KpOMe CTapliero, AEIATCA Ha p B NEPBOH CTENEHH
(cBoitcTBO GMHOMHMATLHEIX KO3 HUHEHTOB, OTMe4eHHOe B ynp. 6 u3 § 3 ru. 4) u x
KOTOPOMY, CI€J0BaTelbHO, IPUMEHAM KPHTEPHH DH3EeHmTeHHaA.

YIIPAXKHEHUA
1. TlokasaTs, 4TO

nZ + mZ =7 - HOA(n,m),
nZNmZ=1Z -HOK(n,m).

2. Mycts f,g — HOpManu3oBanHmle MHOrowieHs u3 Z[X]. Ilokasats, 4TO
B suipaxennun HOH(f,9) = fu+ gv ¢ u,v € Z[X] moxHo cunTaTs degu < degg,
degv < deg f.

8. fsnmorca au xoxbua Z[v/—3) n Zs[X] bakTopuarsHEMU?

4. Pa3noxuTh Ha HeNpUBOAUMEIE MHOXHUTerd B Z[X] muorowrenst X™ — 1 npu
5<ng12

5. Jloxa3aTh, YTO HENMPUBOZAMBIE MHOXHKTEIH OSHOPOLHOIO MHOI'OWIEHA

(X, Y)=aX"+a1 X" 'Y +... 4 an1 XY™ ! +a, Y™ € Q[X, Y]

oxHOpoxHH u f(X,Y) HeNpMBOAMM TOTAa U TOJLKO TOTAA, KOI/a HEMPHBOAUM MHO-
rowrten f(X,1) = aoX™® +a1 X" 1 +...+an-1X +an € Q[X].

6. Mycts P — noxe u f(X) = E'-?o a; X' — GOpMaibHEIA CTEMeHHOH pAX M3
P[[X]] (cM. ynp. 5 u3 § 2). Ycaosxe ap # 0, win, 970 3xBUBaIEHTHO, w(f) = 0 HEOGXO-
AMMO M AOCTATOYHO AIA cymec'rnonaﬂnx crenenHoro paaa g(X) € P[[X]], o6paTHoro
K f: fg = 1. Hanpumep, (1 — X)~! = Z‘>0X C TOYHOCTBHIO A0 ACCOLMHMPOBAHHO-
cTH X — egMHCTBEHHHIX npocToil anemeHT B P[[X]]. Koapuo P[[X]] daxTopuansHo.
O60CHOBATb 3TH yTBEDXACHUA.

7. ToxasaTs, 470 det(Tij) = P e, ExTx(1),1 - - Tn(n),n — HEIPHBOAUMELA OJ-
HODOJHBIA CTENEHH T MHOFOWJIEH OT T2 He3aBMCHUMBLIX NIEPEMEHHBIX Tij.

Y ka3aHnue. PaccyxAas OT NPOTHBHOrO, NPEATIONCKHATH, YTO

det(zij) = g1(---» Zij,-..) X g2(. . ., Zij, .. .)-

Tak kak det(z;;) — JMHEHHBIA 0JHOPOAHEIE MHOIOWIEH OT NEPEMEHHBIX, CTOAMX B
ONHOM (HKCHPOBAHHOM CTOJGIE, TO OAMH M3 MHOXHUTENEH g1, g2 ABILAECTCA JUHERHEIM
OABOPOAHLIM MHOTOYIEHOM OT Zj, 1 < 1 < N, NPH GUKCHPOBAHHOM j, B TO BDEMA KaK
APYToif CORCEM He 3aBUCHT OT Zj, 1 £ i  n. AHAOrHIHEIE PACCYX ACHHUA COXPAHAIOT-
CA NpH 3aMeHe CTOXCLOB Ha CTPOKH. IlycTh, ckaxeM, 11 BXOAHT B g;. Torga g2 He
COJEPXHUT 15, 1 < J < n, OTKyAa CIEAYeT YTO g2 He COZEPXMT Tij, 1 < ¢, j < n,
T.e. g2 — KOHCTAHTA.
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§ 4. ITone oTHOmMEHHN

1. HocTpoenne mo/iS OTHOMIEHHH IEJIOCTHOrO Koabna. B mpe-
AEIAYIMX ABYX naparpacdax GELIO0 YCTAHOBIEHO MHOI'O CBOMCTB, OGIIMX
Ana Z u P[X). Hama Gmmxalimas uea» — BI0xuTh P[X] B mose, npuuém
CeNaTh TO HYXHO CAMEIM 3KOHOMHEIM CHOCOG0M, 06pasuoM Oas KO-
TOpOro MoOXeT CIyXHuTh BroxeHue Z B Q. dakTHUeCKM HUCKOIBLKO HE
CJI0XHEe PeIIaTh TOYHO TAKYIO Xe 334ady [JA MPOU3BOILHOrO LEJ0CT-
HOro Koubla A.

Paccmorpum MHOXecTBO A X A* (A* = A\ {0}) Bcex nap (a, b) ane-
MeHTOB a,b € A ¢ b # 0. 3TO MHOXECTBO pa306béM Ha KIACCHI, NO-
aaraa napu (a,b) u (c,d) npuHaAIEXaMMMHE OZHOMY W TOMY Xe Kiac-
cy, xak Toabko ad = bc; B samucu: (a,b) ~ (c,d). Acuo, yro Bcerga
(a’ b) ~ (a7b)' Hanee, (aa b) ~ (c)d) i (C,d) ~ (a) b) H, HaKOHel,
(a,b) ~ (c,d), (c,d) ~ (e,f) => (a,b) ~ (e, f). HentcTBhTENLHO, HME-
I0T MeCTO paBeHCTBa ad = be, cf = de, oTkyga adf = bcf = bde, T.e.
d(af —be) = 0. Ho d # 0, 1 B city neslocTHOCTH Koiblia A momydaem
af = be, yTo u oanavaer (a,b) ~ (e, f). Hrak, oTHOmeHne ~ pedaek-
CHBHO, CHMMETPHMYHO ¥ TPAaH3XUTMUBHO, T.e. (cM. § 6 ru1. 1) ono aAmiserca
OTHOILIEHUEM SKBHUBAJEHTHOCTH Ha MHOXecTBe A X A* u, cieoBaTeILHO,
onpegeaser pasbuenue A X A* Ha HemepeceKalomMecs KIaCCHL.

Iycts Q(A) — MHOXeCTBO BCEX KIACCOB SKBUBAJIEHTHOCTH, WK, YTO
TO e camoe, Q(A) ects pakTopMHOXKECTBO AX A*/ ~ MHOXecTBa AX A*
10 OTHOIIEHHIO SKBUBAJIEHTHOCTH ~. ByjseM 0603Ha4aTs cuMBoaIoM [a, b]
KJIACC, B KOTOPOM JIEXUT yNopsAaoYeHHas napa (a, b). ITo onpexenenuio

[a,8] = [¢,d] <= ad = be. (1)
Ecau Ha MHOXecTBe AX A* 331aTh ON€pALMY CIOXKEHUA U yMHOXEHUA
dopMyraMu
(a,b) + (¢,d) = (ad + be, bd), (a,b)(c,d) = (ac, bd)
(a 37O BoaMOXHO, mockoabky B A 3 b # 0,d # 0 cregyer bd # 0), To

3T GMHapHBIE ONepalMyi MOXHO nepeHectu Ha Q(A). B camom aene, Ham
HYy>XHO NOKa3aTh, 4TO

(a,b) + (c,d) ~ (a',¥') + (c,d),
(a) b) ' (C, d) ~ ((1’, bl) ' (C, d)

To xe camoe BHIPAXKAETCA COOTHOMEHUAMHI
(ad + be)b'd = (a'd + ¥ c)bd,
ac-b'd=a'c-bd,

HCTHHHOCTD KOTOPHIX NPAMO BRITEKAET K3 yciaoBus a'b = ab'. Ananorny-
HEI PE3yJbTAT NOay4uM, 3amenas (c,d) Ha (¢,d'), rae ed' = 'd. Mu
NPUXOAUM K 3aKII0UEHHIO, YTO Ha (J(A) onmepanuaMu CIOXeHUs U yMHO-

(@,b) ~ (a,8) = {
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JKEHHNsA, He 3aBUCAIIMMA OT BLIOOpA NPEACTABUTEJNEN B KJIACCAX 3KBHBA-
JEHTHOCTH, 6y Ay T

[a, 8] + [c, d] = [ad + be, bd], [a, B][c, d] = [ac, bd]. 2)

3aecs crexoBado 66 mucaTs [a, b)®[c, d] u [a, b]®[c, d], Ho Ge3 ymep6a ans

AcHOCTH @ ¥ © 3aMEHEHH OOLIYHEIMA 3HAKAMM CYMMEI ¥ IIPOHN3BEJCHMUA.
Y6exumcs Teneps B TOM, 4T0 Q(A), paccMaTpuBaeMoe BMecTe C ole-

pauuamu (2), ecTs noxe. JeHCTBUTENLHO, HAIPUMED, U3 COOTHOIMIEHHH

[a,8] + ([, d] + [e, /]) = [a,b] + [cf + de, df] = [adf + bef + bde, bdf],
([a,8] + [c, d]) + [e, f] = [ad + bc, bd] + [e, f] = [adf + bcf + bde, bdf]

BBITEKAET 3aKOH ACCOLMATHBHOCTHA IJIA Olepaluy CJIOXEHud. Accouna-
THBHOCTb YMHOXXE€HHA O4YE€BHIHA. I[a.nee, COOTHONIEHNA

([a,8] + [c,d]) ; [e, f] = [ade + bee, bdf],
[a, blle, ]+ [c, d][e, f] = [adef + beef,bfdf] = [(ade + bee) f, (bdf) f]

n yciaoBusa (1) paBeHCTBa KIaCCOB 3KBUBAJEHTHOCTH MOKA3HIBAIOT, YTO
BRITIOJIHAETCA 3aKOH JUCTPUGY THBHOCTH.

CToab xe IpoCTO NPOBEPAETC KOMMYTATUBHOCTH ONEPALMM CJIOXKE-
HuA ¥ ymHoxeHus. Hyném gna croxenns ssasercs xaacc [0,1] ([0,1] +
+ [a,b] = [a,b]), a egununenr ans ymuoxenns — kaacc [1,1]. Haree,
—[a,b) = [-a,b], mockoasky [a,b] + [—a,b] = [0,b%] = [0,1]. Bcé aro
BMECTE B3ATO€ 03Ha4aeT, 4T0 Q(A) — KOMMYTAaTHBHOE KOMBLO C €Xu-
aunen. Ecm [a,b] # [0,1], To a # 0 B A, cTano 6urts, [b,a] € Q(A)
[a,b][b,a] = [1,1], Tak 4TO MyILTUILIMKATHBHEIM OGPAaTHHIM K [a,b] #
# [0, 1] cxyxur [b, a]. Tem cameM nokazano, 4ro Q(A) — noze.

Conocrasnenne a — [a,1] onpejeinseT MHBLEKTUBHOE OTOGpakeHHe
f: A = Q(A), xoropoe Ha caMOM gese sABaserca MopduaMom ((MOHO-
mopduamom) xoaent (f(a +b) = f(a) + f(b), f(ab) = f(a)f(b); a # b=
= f(a) # f(b)). Jax mo6oro anemenTa = = [a,b] € Q(A) nmeem

[b, 1)z = [a, 1],

Tak 4To0 = ectb “orHomenue” f(a)/f(b) amemenroB m3 f(A). Ilo aron
npuunne Q(A) HasHBaeTCA noses omuowenui xkorsua A.

Y 206HO OTOX JECTBATH KaX KB 31eMeHT a € A ¢ ero o6pasom f(a) =
= [a,1] € Q(A), T.e. 3amMenuTs A Ha f(A). MOXHO NOCTYIMTH HECKOMDb-
KO MHa4e: 3aMEHMTb KaXALI U3 anemeHTOB [a,1] € Q(A) Ha a € A,
ocTaBuB 6e3 M3MEHEHUs BCe ApyTrue daeMeHTH nous Q(A), u npoussectu
HaJuexalnye 3aMeHH B popMyaax (2). Amenno, cregyer NONOXuTHL

a+[bc] = [ac+ b, alb, c] = [ab, c].

B peayabTaTe ues0CTHOE KOO A OKaXeTCA ¢ CAMOro Ha4alla IMOLKOIb-
LOM 1oJ1A, k30MOpdHOTo ((A) 1 ¥306paxaeMoro OGEIYHO TEM Xe CUMBO-
aom Q(A). Tocre Taxoro 0TOXAECTBICHUA Pa3yMHO HAa3KIBATD JNEMEHTH
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[a,b] dpobamu u macaTs KOpPOUe U B IIPUBHIYHOM POpMe
a
[a, b] = E.

BgegéHHbIe Bhe NpaBmia AEHCTBMMA C KiaccaMH [a,b] moBropsior, kak
HETPYAHO JOrajaThCA, NpaBumiIa JeMCTBHH ¢ apobamu B moxe (cM. (8) B
n. 4 § 3 ru. 4). Hamu gokasana

Teopema 1. Jas xadxdozo yeaocmuozo xoavua A cywecmeyem
nose omuowenutl (usu nose uacmunir, nose dpobet) Q(A), asemenmo:
xomopoeo umerom 6ud a/b, a € A, 0 # b € A. feilcmeus ¢ dpobamu
noduunsomes npasusan (1), (2), ede caedyem nosoxcums [a,b) = a/b.

KoHCTpyKIms noei OTHOIIEHHH JOBOIBHO YaCTO UCIOIL3YETCA B Ma-
remaTuke. E€ eCTeCTBEHHOCTD OIP2BALIBACTCA XOTA 61 TeM, 4To noje Q
€CTb He YTO MHOE, Kak moue oTHomeHu# @(Z) xoabua Z. Jlerko BugeTn
(mpoBepbTe 3T0), uTe Q(A) = A, ecitm A — mouze.

3amedanue. MOXHO Z0Ka3aTh, YTO €CIN LEJOCTHOE KOIBLO A eCTh
MOAKOABLUO moia P ¥ Kaxiaei sneMeHT r € P s3anuchiBaeTca B BHJAe
orHomeHus a/b anementoB a € A, 0 # b € A, To P = Q(A). Hanpumep,
Q(Vd) = Q(Z[vd).

2. Nose pammonarsuEBIX ApoGen. IIycts P — noxe, P[X] —
koo MHOrowreHoB Hag P. Iloxe ornomenmit Q(P[X]) xoasna P[X)
o6o3na4aercs cumsoaom P(X) (cmeHa KBagpaTHHIX CKOGOK Ha KPYIVIbIE)
U Ha3HIBAETCA NOJEM DGUUCHAALNLIT dpobeti oT mepemerHon X ¢ K03g-
¢unuerTamu B P.

Crenyer 3aMeTUTh, YTO NIOJE PAUMOHANBHEIX Apobeir P(X) Bceraa
cogepKuT 6ECKOHEYHOE YUCIIO INEMEHTOB, 8 €r0 XapaKTepPUCTHKA, COBIIA-
Aaet ¢ xapaktepuctuxon noas P. Ilone Fy(X) mocraBiser npumep Sec-
KOHEYHOr'O I10JiA XapaKTepucTHka p > 0.

Kaxaan paumoHansHas Apo6s nmoas P(X) samuckiBaerca (mpUTOM

MHOrumm crnocoGamu) B Buge f/g (wim g» €C He CTPEMHTBCA K JKO-

Homuu Gymarm), rae f,g — MHorowieHn n3 xoasua P[X], g # 0. Ilo
ompegenennio f/9 = fi/¢n <> fg1 = fig. EcrecTsenno nassath f
ucaumenem, a g — 3namenamenem spobu f/g. Ipo6s He MeHAETCA, €CIN
€€ YMCIMTENb ¥ 3HaMEHATEeNb YMHOXAIOTCA Ha OJMH ¥ TOT e HeHYJIEBOH
MHOI'OWIEH WM COKPAIIAIOTCA Ha J000M 06muit MHOXUTENL. B yacTHO-
CTH, Lenoe 9UCIO (HOJOXHMTeNbHOe WiM oTpumaTensHoe) deg f — degg
He 3aBMCUT OT IPEACTABIEHUA HEEYJEBOH DAlMOHANLHOM IpO6GHM B BAJE
oTHOmeHHA (4aCTHOrO) f/g ABYX MHOCOWIEHOB. DTO YUCIO HA3LIBAETCA
cmenenbo dpobu. PanuoHaabHas apo6b OT mepemeHHOH X HasHBaeTCA
necoxpamumotl, eClu eé YUCIUTEIb B3AUMHO IIPOCT CO 3HaMeHaTeneM. C
TOYHOCTBIO JO MHOXUTENA U3 P, o6mero A YnciuTena ¥ 3HaMEHATeN,
ao6as paluoHaJIbHAA ApO6b f/g OAHO3HAHHO ONMpPEXESeTCS HEKOTOPOM
HECOKDPAaTUMOM Apobbio. B camoMm gene, aenenne f u g Ha HOJI(f, g) npu-
BOZUT K HECOKPATUMOK Apo6u, a paseHCTBO f/g = f1/g1 AByX Hecokpa-



204 Tar5. Komnaexcrvie “uUcCAG % MKO2044ERD

THMBIX Zpo6ell, BEIpaJKeHHOE B BuAe fg = fig, faér f = cfy, c € P,
g = ¢g1 (MCronB30BaTE CreACTBUE TeopeMul 4 u3 § 3).

Ecmu deg(f/g) = deg f — degg < 0, To (necoxpaTnmas) apo6s f/g
Ha3KBAETCA NPAsuUIbHoY (HyIeBOK MHOIOWIEH IPAINCIAETCA K IPABUIB-
HEIM ApO6AM, MOCKOILKY MBI YCJIOBIIKCH CYBTATh deg( = —00).

Teopema 2. Kaxdas payuonasvras dpobv u3 P(X) odnoanauno
npedcmasuma 6 6ude CYMMbL MHOSOUAERE % NPABUALNOT Ipobu.

JokazaTeasCTBO. AIrOpATM AEIEHHA C OCTATKOM, IPUMEHEHHBIA
K YMCIUTENIO ¥ 3HaMeHaTeNo Apobu f/g, naer pasencTeo f = qg + 1,
rae degr < degg. Teneps f/g = q + r/g ecTs UCkOMas 3amuch, Cpas-
HEHHEe KOTOPOH C JIOGOH APYIOM 3alUChio TOro xe tuna f/g =G+ 7/g
(g,7,9 € P[X], degT < degg) npMBOAUT K COOTHOIIEHHIO

Tak kak §— ¢ € P[X], a

deg(rgg— rg) = deg(rg — 7g) — degg — deg§ < 0,

TO 3TO BO3MOXHO JMIb B ciy4ae § —q=0ur/g=7/g. O
3aMeuanue. MuoxecrBo Po(X) Bcex mpaBRIBHEIX ApoGed, pac-
CMaTpUBaeMOe BMECTE C ONEpalUAMHU CJIOXKEHUs ¥ ymMHOXeHua B P(X),
ABIACTCA KOAbIOM 6e3 eauHuE 1.
JeicTeurensHo, nycTsb f1/91, f2/g2 € Po(X). Tak kak

deg f1f2 = deg fi + deg fa < deg g; + deg g2 = deg 9192,

TO
(£)(2) = & e oo,
Hanee,

H h_fieshe € Py(X),
9 92 9

IOCKOJIbKY CTEIEHM KaX/O0r'o U3 CIAraeMuX figs ¥ fogi CTPOro MeHbIIE
CTeneHH 3HaMeHaTens g; gz. Kak MH ycroBwmMCh nepes ¢pOpMyIupOBKOK
reopemu 2, 0 € Py(X). B To xe Bpems 1 ¢ Pp(X). O

o cux mop M BCé BpeMs NOL4EPKUBAIN, HACKOIBKO [OX0XH KOIbIA
Z v P[X]. Ilpu nepexoe K UX NOJIAM OTHOLIEHKI NOABIAETCA CyIIeCTBEH-
HO€ pap/M4Ke: MpaBWIbHEIE Apo6u B Q He 06pa3yioT xonbuo. Hanpumep,

2 3 19

5 + g = -i-g

3. IlpocTenmme aApo6n. I[IpaBwibHas paunoHadbHaA Zpobs f/g €

€ P(X) naseBaerca npocmetwed, ecm g =p", n > 1, rxe p = p(X) —
HENpUBOAUMEIA MHorowieH, npn4uéM deg f < degp.
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OCHOBHO# TEOPEMOM O PALMOHAILHHX APO6AX ABAAECTCA

TeopeMa 3. Kawcdas Npasutbnas payuonasbxas dpobv moxncem
6biMb PA3A0NCERG, U NPUMOM COUNCTIBENNLIM 00PA30M, 6 CYMMY NPOC-
metiwuz dpobei.

HokaszateascTso. Ilycts f/g € P(X) — naHHas HaM IPaBRIbL-
Had PalMOHAJIbHAA ApO6b, B KOTOPOH 6€3 OrpaHMYeHHA OGIIHOCTH MHO-
FOWIEH g MOXHO CYMTaTh HOpMaru3oBaHHEIM (ecim A # 0 — crapommn
KO3(UILMEHT MHOrOWIEHa g, TO CIefyeT mepeuTH oT f/g x paBHOM
et 1pobu A~! f/A~1g). JanbHeimme paccyXfeHua PacnajaloTCA Ha PAL
3TaIoB.

dran 1. lIpegnonoxuMm, 410 g = g1go — NPOUIBELEHUE ABYX B3a-
KMMHO IPOCTHIX HOPMAIM3OBAHHHIX MHOrowieHoB. Toraa

S ALk

9192 91 92 ®)
npuuéM o6e 1pobu B NPaBOM YaCTH MPAaBWILHEIE, 8 CaMa 3AIMCh B BHIE
CYMMBI €JMHCTBEHHA.

B camoM gene, 3 B3aMMHOW NPOCTOTH g1,g2 caexyer (Teopema 3
u3 § 3), uro 1 = u19; + u2g2 ANA HEKOTOPHIX uy,uy € P[X]. YMHOXMB
06e 4acTH 3TOro CooTHomenus Ha f, moayauM f = fuyg) + fuags. Ecan
Teneps fuz = qg1 + f1, deg fi < degg; (menenue fu; Ha g; ¢ ocTaTKOM),
10 f = figs + fog1, vAe fa = fu; + qg2. Pasgenun o6e yacTu 3TOr0
COOTHOIIEHMA Ha g1, T.€. PACCMOTPEB ApO6M CO 3HAMEHATENeM ¢ g,
MBI MIPHAEM K MCKOMOMY DPasOXeHHIo (3), MOCKOILKY IO HMOCTPOEHHIO
fi/g1 € Po(X) (MHOXeCTBO MpaBUIBHEIX APOGEH) X B COOTBETCTBHUH C
3amedaHueM B KOHIE I 2 fa/g2 = f/g9— fi/g1 € Po(X).

Mycts Teneps Hapagy c (3) umeeTca emé paanoxenue f/g = fi/g1 +
+ f3/92 B cymmy npasmiabHeIX ApoGeit. Toraa ma paseHcTBa fi/g1 +
+ f2/92 = fi/91 + f3/92 Gynem nmeTs

(fi = f)g2 = (f2 = f)a.

W3 genmmoctu (f1 — f])g2 Ha g1 ¥ U3 B3aMMHOM IIPOCTOTHI g1, g2 CIEAYET,
9TO pas3HOCTh fi — fi JomxHa gemuThea Ha g1 Ho deg(fy — f]) < degg, x,
crano 66Tk, fi — fi = 0. EauHcTBeHHOCTD pasnoxenus (3) ycTaHOBIEHA.
Aran 2. [IycTs B MpaBUILHOM panMOHANLHOU Apobu f/g nns (mop-
MaM30BaHHOI0) 3HAMEHATENA § UMEETCs KAaHOHUIECKOE PalJIOoKeHue

— 1, T .
g=p'p3?...p0" 4)
B nponaae,qeune c'reneHeﬁ nonapno panlH‘IHBDC HOpMaJIKBOBaHHI:D( He-

npuBoAUMEIX Hajg P muOrowrenos p;(X),p2(X),...,pm(X). Torza cy-
IIECTBYET OJHO3HATHO ONIpeleJEHOe PassIoKeHue

I Zfip?‘
9 O
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B CyMMy NPaBHIBLHBIX ZpoGeit fi/pl (3T Zpo6u Ha3HBAIOTCA elwE npu-
MADHBIMY).

Hame yTBepXaeHue Jerko NOJNy4aeTCA MHIAYKUMEH no m, 6a3y aua
KOTOpOH aaéT atam 1:

f_ A fo f1 ( f2 fm )

tEmm b =t (5
g pit P...pmr P \py o

Tak kax f, u fo onpegeaeHH OFHO3HATHO, TO IO IMPEAIOIOKEHNIO HHAYK-

UM 3TO BEPHO M OTHOCHUTEJIBHO fa,..., fm-

Sran 3. Beakas npaBwibHAA NpUMapHas Apo6b a/p™ mpexcTamia-
€TCA, ¥ MPUTOM EJWHCTBEHHHIM O6pa3oM, B BHJE CyMMHI IIPOCTEMIINX
apoGen.

JeicTBuTenbHO, Tak Kak no yciosmio dega < ndegp, TO €BKIMIOB
ICOPUTM [JEJEHUA C OCTATKOM NMPUBEAST HAC K CUCTEME PABEHCTB

a=qp" "t +m, degr; < (n —1)degp,

r1=gqp" 2 +ry,  degr; < (n—2)degp,

Tn—2 = @n—-1P + Tn-1, degr,—; < degp,
Tn—1 = (Qn,

rae deggq; < degp AjaA BCeX ONHO3HAYHO OMPEAEJEHHBIX YaCTHEIX ¢, . . .
.+ +yQn. MuI BRAMM, 9TO

a=qp" ' +@p" 1+ ...+ ao1p+

OTKyAa

a qa , q

— ==+ =4+

 p P
Tak xak degq; < degp, To npobu g¢;/p' asnmorca mpocrermmmu. Ilo
IOCTPOEHUIO OHM OJHO3HAYHO ONpeleleHH (aHAIOr Pa3OKEHUA LeJoro
9MCIa B 2-aUYECKYIO WIM B JECATUUHYIO APO6L).

A ran 4. Paccyxaeuns sranos 1-3, coequHéHnLIe BMECTE, JAIOT BCE,
YTO HyXHO.

M3 goxa3aTenbcTBa TeOpeMhul 3 BUAHO, 4TO eci f/g — mpaBuwibHAs
PaLMOHANLHAS APO6b, TO 3HAMEHATENAMH COOTBETCTBYIOIIMX IPOCTEH-

mux Apobell mpy 33JaHHOM KAHOHMYECKOM pasnoxkenuu (4) nias g 6yayT

ny ,ni—1 . . pflm -1
Dy Dy PERERY % HEEEE pmm)p?nm yo++yPm-

Tema npocrermmx gpobed, HE OYEHb aKTyalbHad NI alre6pur
(xoTs ¥ KaroWaa HOBHE IPUMEPH KOJEN), HAXOAUT BAXHHIE NPUIOXEHUA
B aHaJau3e. ITO O0yCIOBIEHO CHENHANbHEIM BUAOM HEMPUBOLUMBIX MHO-
rowrenoB Hajg noiamu C u R, o 4éM Gonee noapo6Ho GyaeT rOBOPUTHLCA
B 1. 6.

n-1 , 9n
pn-l p" *
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YIPAXKHEHHUA

1. IMocrponts noxe orHomenuit R((X)) xoasua R[[X]] dopmarbumx cremennnix
pagoB oT X ¢ xo3dduuuentamu B noae R. Onupasce Ha ynp. 6 ua § 3, moxasaTs, 4To
KaX/AHM 3neMenT noas R((X)) uMeeT Buj Tak HA3LIBAEMOTO MePOMOPPHO20 cmenen-
%020 pada

WX)=amX ™t aempa X ™ 4L

...+a_1x-l+ao+0.1X+02X2+..., a; € R,
B KOTOPOM ROMYCKAeTCA KOHEYHOE YMCJIO OTPMIATENLHREIX oKa3aTenel. JIpyruMu cio-
Bamu, p(X) = X~™ f(X), rae f(X) — o6nunuii cTenenHon pag u3 R[[X]].

2. IlycTs GeckoHEYHAA MOCIEAOBATEILHOCTH BELECTBEHHRIX HCEN GQ,B],G2,- ..
NEepUOAMYHA, HaYWHAA C HEKOTOporo 4ieHa. IlokasaTs, uTo crenmenHo#t pas f(X) =
=ao +a1X +a2X2 +... 3anucLBaeTCA B BUAE PanMOHATLHOK Apo6u u3 R(X).

3. IloxasaTs, 4TO MHOXECTBO NpocTedmux xpoGei Buaa f/p™, n > 1 (u ux au-
HeHHEIX KOMOMHAIMNA), ABIAETCA NOAKOALIOM Koabla Po(X) (cM. 3aMeyanne B KoHue
n. 2).

4. MokasaTs, YTO B COOTBETCTBUM C ynp. 3 npocreimue Apobu Hag P = Z3

a1 X +b a2X + b2
2 + 53 2
XZ+1 | (XZ+1)
06pa3yioT Koasio K ¢ 6eCKOHeYHO yOLIBAIOMIEN LENbI0
K=K, DK2D...OKnD...

noaxonen K, HaTauyThix na gpo6u (aX +b)/(X%2 +1)"*,n > N.

+..0, ai,b; € Z3,
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KOPHU MHOI'OYJIEHOB

3aimMéMCs TeM, PaJu 4ero B NPOILIOM M3ydaiu aare6py, — KOPHAMU
MHOI'O4JIEHOB. DTa 06J1aCcTh nepecTala 6HTh JOMHHEpPYIOMEHR B anrebpe,
HO €€ BaXXHOCTb HUKEM He ocmapuBaeTci. [leso B TOM, YTO MHOI'ME 3a-
[a4i MATEMATHKM B KOHEYHOM CYETe CBOJATCA K BHYMCIECHHMIO OTeNb-
HEIX KOPHEM KOHKPETHEIX MHOI'OWIEHOB WA K Ka4E€CTBEHHOMY ONUCAHUIO
ux coBoxkynHocTn. HaM yaacTcs 3aTpOHYTB JMIIb IPOCTENIIME CBOUCTBA
KOpHEH, HO MX BO BCAKOM ciy4ae 6yAeT AOCTATOYIHO, YTOGH B IOIHOU
Mepe OLeHnTb 0co60e MecTo, 3aHuMaeMoe nojieM C KOMIUIEKCHEIX Yncel.

§ 1. O6mue cBOMCTBa KOpHEH

1. Kopan u JMHelHBle MHOXHTeNH. IlycTh KOMMyTaTHMBHOE
KOIBLO A C eIUHMIIEH COAEPXKHUTCA B UEJOCTHOM Koubue K.

Onpepgenenue. dueMeHT ¢ € K HasmBaeTca xopres (WM HYsEm)
snozouaena f € A[X], ecim f(c) = 0. ToBopaT Takxe, 49TO ¢ — KOPeHb
ypasuerus f(z) = 0.

Heo6xoguMOCTh paccMOTpeHNA KoJen, cogepxamux A co6CTBEeHHEIM
06pa30oM, CTaHEeT MOHATHOM, €CIM BCOOMHATH, 4TO MHorowreH f(X) =
= X2+ 1nax R me umeer nyneit B R, no f(i) = 0, i € C = R[i]. Crauana
MH DacCMOTPHMM, OIHAKO, ciydan K = A.

Teopema 1 (Teopema Beay). Juemenm ¢ € A seasemca xoprem
mnozousena f € A[X] moeda u moavxo mozda, x02da X — ¢ deaum f 6
xoavye A[X].

JoxasaTeabcTBO. JTa TeOpEMa — 4acTh Gosee O6IIEro yTBEPXK-
HEeHWs, KOTOpOe MH MOriu Oh AOKa3aTh AaBHO. A MMEHHO, alrOPUTM
Jeqenns ¢ octaTkoM (Teopema 5 m3 § 2 ru. 5) rumacut, uro f(X) =
= (X - ¢)g(X) + r(X), rae degr(X) < deg(X — ¢) = 1. 3uauur,
r(X) — xoucranTa. Ilogcranoska ¢ BMecTo X (T.e. mpuMeHeHue 0TO6-
paxenus II, us Teopemn 2 § 2 ru1. 5) gaér f(c) = r, Tak 4To Becerga

f(X) =(X - 0)g(X) + (o). (1)
B wacrHoCTH, f(c) = 0= f(X) = (X —)q(X). O
Jenenue muorowrena f(X) ¢ xoapdunmeHTaMu B LETOCTHOM KOJbIIE
A Ha J¥HENHE MHOrowIeH X — ¢ yA06HO OCYIMIECTBIATD IIO TaK Ha3ki-
BaeMmou czeme I'opnepa, Gosee MpOCTOM, YeM OGIIUM AITOPUTM IEJEHUI
¢ ocratkoM. MMenHO, nycTs

fX)=aX"+uX" ' +... +a,, @ €A
Cornacro ¢popmyae (1)
2(X) =boX" ' + b1 X" 24 . +bpoy,  bj€A
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HNoacrapnsa Teneps B (1) aTu Burpaxenus aaa f(X) u ¢(X) u cpaBauBas
K03 HUIMEHTHI NPM OJMHAKOBEIX cTemeHAX X (Ha4uMHAA CO CTApHIMX),
MBI TIOCJIe HEGOIBIIOro TpeoGpa3oBaHus MOJY UM

Ibo=ag | [ by =bk_1c+akJ
I bpo1 =bp_sc+an_ I f(c) =b,_1c+ay, ], (2)

TaK 4TO 3304HO BHIMUCAAeTCA 3Ha4deHMe f nmpm X = c. PekyppeHTHEIE
¢dopMmynnl (2), B KOTOPHX M 3akmo4aerca cxeMma ['opHepa, yI06GHE mpn
cuére.

Beugy Teopemeur 1 ecrecTBeHHO BBeCcTH clegyiomee Gonee obmee

Onpegenenne. DiaemeHT ¢ € A HasmBaeTCA k-Kpammbim Koprem
(ama k-xpamuvin nysem) mHorouwneHa f € A[X], ewm f gemmrca Ha
(X — ¢)*, o ne gemarcs ma (X — c)¥+!. Kopenn kpaTsocTn 1 Hasm-
BaETCA NPOCMbIM KopHes (COOTBETCTBEHHO npu k = 2 ¥ k = 3 roBopat
0 dsotinom U mpoiinom xopue).

Hrak, c € A — kopeHsb kpaTHOCTH k MHOrowreHa f € A[X] Torga u
TONBKO TOrAa, Korga f(X) = (X —c)*g(X), rae HOA(X —¢,g9(X)) = 1.
Ilocnennee ycuosue B cury ¢popMyInl 1 BHIpaXaeTCs Takxke HEpaBEeHCT-
BoM g(c) # 0. Janee, BBuay Teopemsl 1 § 2 ru. 5 saameqaeM, uro deg f =
k + degg, orkyza k < deg f.

Hmeer mecTo BaxkHAA

Teopema 2. ITycmv A — yeaocmuoe xoavyo, f # 0 — mnozousen
uz A[X] u ¢1,...,cr — €20 xopxu 6 A xpamnocmetd coomeemcmeenno
ki,...,kr.

Tozda

fX)=(X =" ... (X - ) rg(X),
9(X) € AX], gla)#0, i=1,...,r.

B wacmnocmu, wucao xopred mnozouaena f € A[X], paccuampusae-
MBIT BMECTNE C UT KPGMHOCTNAMY, KE NPECOCTOIUM CMENERY MHOSONAEHE

ki+ks +...+ ke < degf. 3)

JokxasarenscTBO. JIOCTATOYHO NEPEMTH K MO0 OTHOIIEHUH
Q(A) (ecmn xompuo A He GBUIO NOJEM C CAMOr'0 HAYajaa) U BOCHOJB3O-
BaATbCA OJHO3HAYHOCTBHIO PA3NIOKEHMA Ha NMPOCTHIE MHOXUTEIM (B JaH-
HoM caydae Ha X —¢;,...,X — ¢,;) B komsue Q(A)[X] (pesyasTaTh § 3
u § 4 r1. 5). OgHAKO HEOGXOAMMOCTH B CTOJIb MOIIHOM ODYXMH CEH4ac
HeT. Bygem paccyxaaTe npsaMo.

Tak kak degf = (k1 + ... + k) + degg, To HepasencTBO (3) —
cnencraue gemumocty f Ha (X —¢p)* ... (X — ¢,)*r, xoTopyIo Mu ycTa-
HOBMM HHZAyKImen 10 r. [Ipu r = 1 goxasuBaTh Hevero. IlycTs Mu yxe
3HaeM, 9TO

fX)=(X —c))F ... (X = cpm1)fr-1R(X).
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Taxk kax yHac ¢, —¢; #0,...,¢r—Cr—1 # 0 1 A — mesoCcTHOE KOJIBLO, TO
3IEMEHT ¢, He ABIAETCA KopHeM MHorowreHa (X —c¢; )¥t ... (X —¢p—1)kr-1.
Ho ¢, — k,-KpaTHHI KopeHb MHOroweHa f, T.e. f(X) = (X — ¢;)% x
x u(X). Ilosromy h(c,) = 0. Coorsercreenno h(X) = (X — ¢ )*v(X),
8 £ k,. Ameem

(X —er)bu(X) = f(X) = (X — )™ ... (X = er1)* (X = ) 0(X).

Hcnonsays 3aKOH COKpAINEHMA B INEJOCTHOM Koabue A[X], mpuxogum x
3aKJIOYEHHIO, 4To 8 = k. O

Be3 mpeanonoxeHusa 0 LeJOCTHOCTH Koabla A Teopema 2 mepectaér
6LITH BEpHOM, KAaK IOKa3hBaeT mpuMep Mmuorowrena f(X) = X3 man
xombuoM Zg : f(0) = f(2) = f(4) = f(6) = 0. Pasnoxenue f Ha mpocThie
muOXuTenn B Zg(X) Takxe HeogmosHauno: f = X3 = X(X - 4)? =
= (X -2)(X?+2X +4) = (X -6)(X?-2X +4).

W3 TeopeMHl 2 BHITEKAET

Caexcrsue. Jea mnozouaena f,g € A[X] cmenenu < n, npunu-
Marwue 00UNAKOBbIE INAYENUR NIPY ROJCManoeKe N+ 1 PassusKbiz Ise-
MENTMO6 U3 ueaocmnoz2o xoavya A, pasnoi: f = g.

NokazareabcTBo. lomoxum h = f — g, Tak 4ro degh < n. Ilo
ycaoeuio h(c;) = ... = h(cp41) = 0 0J1a DONApHO PA3NMYHBEIX TEMEH-
TOB C1,...,Cn41 € A, T.e. MHOrOWIEH h CTemeHM N UMeeT He MeHee
n + 1 kopsen. Ilonydyennoe npoTuBopedne ¢ HepaBeHCTBOM (3) MOXHO
YCTPaHUTb, JUIIb IpU3HaB, 4To h = 0. O

2. NommueoMuansabie GyHKIuH. CireAcTBHE TEOPEMEI 2 MO3BOLA-
eT pemmMTh 3aTparuBaeMuli padee (cM. n. 1 § 2 ru. 5) Bompoc 0 coOTHO-
HIEHKH TEOPETHKO-(PYHKIXOHAIBHOMN U aNre6paudeckon TOUYEK 3PEHMA Ha
mHOrowiennl. Kaxnomy Muorowreny f € A[X] crasurca B cooTBEeTCTBHE
dyHKIMNA B

fi A=A, aw f(a).

MuoxecTBO Bcex Takux GQYHKIMA COCTABIAECT KOABLO Apol noauno-
MUGALHLIT (WM 4eqablT PAYUONAALRLIT) PYnKyull, ABIAIOMEEC NOAKOIb-
nom kombua dymxumit A4 = {4 — A} c HOTOYeHHIM CrOXEHHMEM H
ymHOXeHueM (cM. npumep 3 B 1. 1 § 3 ru1. 4 u Teopemy 2 § 2 ru. 5). Co-
BEpIIEHHO aHAJOIMYHHEIM O6Pa30oM BBOAATCA NMOJIMHOMUAIbHEIE (DYHKIMN
OT HECKOJBKHX HE3aBMCHMKEIX IIEPEMEHHBIX.

Kak yxe 0TMeYanoch paHee, OTIMYHHIA OT Hynsa MHOrouwreH X2 + X € Fa[X]
onpefenser HyaeBylo dyukmuio. Boobme, ectn f(X) = (XP — X)g(X) — muoro-
YNMeH HaJ KOHEYHLIM TOJEM W3 P DIEMEHTOB, TO f — HyJepad GYHKIMA, IMOCKOILKY
2P —z = z(zP ~ 1) = 0 gaa Bcex = € Fp. Jlums B cayyae deg f < p — 1 MHOro4nex
f € Fp[X] onpegenserca cpoeit dynkumei f. Tipoussonsumit Muorounen f € Fp[X]
MOXHO 3aME@HUTH OJHO3HAYHO ONPENENEHHHM PEYYUUPOBAHHLIM MHO20UMEHOM f* cTe-
nenu < p—1, BasB B Kayectse f* ocraTok OT genenus f na XP — X. Torga, oyepusaHo,

— -
d é cayyae GECKOHEYHHIX TOJNEeH WIM LENTOCTHHIX KONeI] CUTYalud 3HAYUTEILHO
npome.
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TeopeMma 3. Ecau A — yeaocmuoe K04bYo ¢ GECKONEUNDIM UUCAOM
34EMENTO06, MO 0OMObPaICERUE KOAbYUG MHO20%seR08 A[X] Ka xoabyo no-
aunomuaabnbir Pynxyul Apol, onpedessemoe coomeemcemeuenm f — f,
ABAREMCA UBOMOPPUBMOM.

Co6cTBeHHO I'OBOpA, 3TO eCTh NepedOpPMYIUPOBKA CIELCTBUA TeO-
peMbl 2, OCKOABKY pedb MAET JMIIb O TOM, YTO MHOrowrery f # 0
COMOCTABIAETCA HEHyJIeBasd GhyHKIMs f , T.e. f(a) # 0 x0T 6B 11 OZHO-
ro a € A. Ha camom xe gene f nmeer He Gosee 9eM n Hyjen B A, ecam
degf=n.0

Ha ocHopanum TeopeMH 3 KOJBIO MHOI'OWIEHOB HAJ 0€CKOHEYHHIM
noneM P OTOXAECTBIAIOT C KOJBLOM TOJWHOMHANBLHEIX dyHkumuir (060-

3HaYaeMEIx f(z)), M OCTa€TCA TOMBLKO PENIMTH BOIPOC O TOM, Kak 1o f (a
aKTHYECKH 10 HECKOILKAM 3HAYEHUSM MHOI'OWIEHA f) BOCCTAHOBHTH B
SIBHOM BHJ€ CAM MHOT'OWIEH.

TouyHas MOCTaHOBKA 33434 “MHTEPNOJNAUMA’ 3aKIOYaETCA B Cle-
ayiomeM. Ilycrs by, by, ...,bp — NPOM3BOALHBIE 3NEMEHTH, 3 Cg,Ci,.. .
..+, Cn — TOIAPHO Pa3IMYHEIE djJeMeHTH noii P. TpeGyercs HailTn MHO-
rowien f € P[X] crenenn < n Takon, 4ro f(c;) = b;, i =0,1,...,n. Co-
[VIACHO CJIEACTBHIO TEOPeMH 2 pelleHHe 33a]a4M, €CIN OHO CYIEeCTBYET,
epuncTBenHo. Ho oaun MHOrOwIeH f C 3aJaHHEIMM CBOMCTBaMH BCErja
CYLIECTBYET, KaK NOKA3BIBAET UNMEPNoAiyuonnas gopmyaa Jazpansica

(X —co)... (X —cim1)(X ~cis1) ... (X —¢cn)
(X)_§b’ (ci—co)...(ci —ci1)(ci — citn) ... (ci —cn) )

Brnpoyem, CymecTBOBaHME M eJMHCTBEHHOCTh PELICHHA CPa3y YCMAaTpH-
BAIOTCSA M3 JMHEMHOM CUCTEMEL

aoc(',‘+a1c3"1+...+an=bo,

e e e e e e e . .

aoCp + aicp Ty, +an—b

B K0a¢bGUIHUEHTOB ag, . . . , Ay, HCKOMOr0 MHOrowIeHa f. OupenernTens
9TO! CHCTEMHI, ABIAIOMMIACA oupejennTeseM BangepMoHja, OTINYEH OT
HyJ1i, W a; HaXoAaTca mo npaewry Kpamepa. Yno6creo gopmynst (4)
3aKJII04aeTcs B €€ mpoCTOTe U JErkocTH 3anoMuHanusa. HekoToprie npeu-
MYIIECTBA WHOT/A MMEET UNMEPNOAAYUuonKas fopmuysa Heromona

fX)=uw+u(X-co)+...+un(X —co)(X —c1)...(X —cn-1), (5)

rje KoagGunueHTH Ug, U], . . . , Uy ONPEAEHAIOTCA NYTEM NOCIeJOBATENb-
HOM NOJACTaHOBKM 3HadeHu#t X = ¢y, X = ¢y,...,X = ¢,. UnTepnonsun-
oHHble dopmyanl (4), (5) HaXOAAT NPAKTHYECKOE NPUMEHEHHE NP BHI-
YHCJIEHHH U rpaduieckoM u3obpaxenun byskuuy ¢: R — R, sagannon
TAGAMYHO WIN IOJYYEHHOR U3 ONLITA. 3Had U3 KAKUX-HUOY b KOCBEHHBIX
coobpaxkenuit, 4T0 GYHKIHA © BeAET ceba Ha uHTepBaJe ] BemecTBeHHOM
npamor R “gocTaTodHo Xopomo”, cTapaloTcs NpUGInkEHHO N306pa3uTh
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u306pasnTh @ Ha I Takod “rmagkoin” dyHkumed, Kak MOJMHOMHAJILHAA
(pmc. 24). IIpu 3TOM HCOABL3YIOT B KA4ECTBE Tak HA3LIBAEMEIX Y3JIOB MH-

TEPIOJALMK YACTh TOYEK Cg,Cy,. . . , Cn, BHYTDH HHTEpPBaJ I, B KOTOPHIX
(1 TOMBKO B HUX) M3BECTHHI 3HAYeHUA Y(c;) = b;.
ya

|
|
|
4
P

|
|
|
A

o
N4

Puc. 24

TonkuM BOmpocaM BHIGODa y3JOB MHTEPIOJALMH M pa3paboTku 06-
IMUX METOAOB NpHOMXKeHNs (GYHKIMA NOCBAMEHH LEIHE Pa3fens Ma-
TeMaTHKH. CTOMT OTMETUTD, YTO NPUMEHEHUE MHTEPIOIALUMOHHKIX IPO-
LECCOB CHIrpasio GOJBIIYIO POJb B PAa3BUTHM TEOPUHM TPAHCHEHIEHTHHIX
yucen (ompegeneHue anre6paMyecKux W TPAHCUEHAEHTHHIX duCed CM. B
§ 2 r1. 5), Tak 4TO 3/€Ch CMHEIKAIOTCA MHTEPECH TEOPHH (YHKUHMIA, Teo-
pHH 4ucesx u aare6GpH.

OTMeTHM B 3aKIIOYEHME, YTO KAX0M PAIMOHANLHON HECOKPATHMOMR
apobu f/g € P(X) (cm. § 4 ra. 5) u kaxgomy pacumpenmio FF D P c
6eCKOHEIHBIM YHCIOM BIEMEHTOB CONOCTABIACTCA PAUUONRGALHAR Pynx-

yus f/g: F(s/9y = F c obracTeio onpegenenns F(;/,), nomyatomen-
ca w3 F yhajendeM KOHEYHOrO YHMCI3 NIEMEHTOB — HYyJEed MHOTOWIEHA
g B F. MOXHO JOKa3aTbh, YTO NPY YKA3aHHHIX YCJIOBHAX OTOOGPaxKeHHE

f/g — f/g Baaumuo ogno3nauno. HaMm aTo yTBepxjeHue He moTpeCy-
ercia. MaTynTuBHO OHO sAcHO. HecMOTps Ha 3TO COOTBETCTBHE, HYXHO
[el1aTh YETKOE Pasinine MeXAY PAIMOHAILHHMHA GYHKIMAMA M PALMO-
HaIbHBEIMA Apo6amu. PanuonansHas Gynkmms z +— 1/z He onpejgernena B
Touke £ = 0, B TO BpeMs KakK BOIPOC 006 ONpefequMOCTH PAUUOHAILHON
apo6u 1/X BooOGIe He BO3HUKAET.

3. InddpepernEpoBaHAA KOJbIIa MHOrowieHOB. PyHKIMOHAIL-
Had TO4YKA 3pDEHHUA Ha MHOTIOWIEHHl JEJaeT eCTECTBEHHHIM Clefyiomiee
onpegenenue. I[lycts

f(X) = ap X" +a1X”'1 +...+a-1X +an

— MHOrOwieH creneHd n Hajg moieM P. Ero npouseodnoti nasmBaeTca
MHOrOWIeH

f(X)=naX" '+ (n -1y X" 2 +... + an-1. (6)
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Ecmn P = R — mose BemecTBeHHHIX 4mceld, a f — cBasaHHasA ¢ f mo-
JAMHOMUAJbHAA GYHKIMA, TO onpejenenye (6) npOM3BOAHOM COBNMALaET C
OOBIHEIM €€ ompejeseHHeM Kak mpeaena

i 1@+ 00) - Flo)
Az—0 Az

B ciy4ae xe npousBoasHOro nois P roBopuTh 0 Kakux-au60 CBOMCTBAX
HEeNPEPHIBHOCTH NOIMHOMUAILHON GYHKIMH GECCMBICIEHHO (4TO Takoe
CXOAAIAACS NOCIELOBATENLHOCTD B Zp?) M HyXKHO HCXOZUTH U3 HOPMAIL-
HOro onpenenenus (6).
HMerorT MeCTO XOpOIIO M3BECTHHIE U3 AHANN3A COOTHOIIEHMA
(af +Bg) =af' +B9', a,BEP, (M
(f9)' =f'9+ fg'. (8)
CooTHowenue (7) npAmo BHTeKaeT 13 (6) 1 U3 OnpeAeseHusa CyMMBL MHO-
rowienoB. Mcnoavaysa (7) m onpeieresue NpPOM3BEIEHHA MHOTOYWIEHOB,
npoBepky (8) MOXHO CBeCTH K TOMY Ciyualo, korga f = XF, g = X!
(XM = (k+ DXFHL = (RXFH X+ XEXY) =
- (Xk)lxl + Xk(Xl)'.

O6oG6menueM (8) CIyXuT J€rko JOKA3HBAEMas MHAYKIMEH 10 k popMyna

k
(fifee f) =D froe. firfifirr - fe

=1
B gacTHOCTH,

(f*) = ks, 9)
Coornomenus (7), (8), nmepemucanHrle B TepMUHAX OTOOGpaxKeHUA
E%( : f - f' (roBopAT Takxe, 4TO HdX — onepamop JudPepenyupo-
6GHUA), HABOAAT HA MBICIb BBECTH B PACCMOTDPEHHE AJiA HPOM3BOILHOI'O

konbua K orobpaxenmne D : K — K, o6najgaiomee CBOMCTBAMHU
D(u + v) = Du + Dv, (™
D(uv) = (Du)v + u(Dv). (8"
Taxoro poga oTobpaxenus konsua K B ce6s, HasnBaeMule dugdidepenyu-
POBaNUAMY, BECHMA TIONE3HH A usydenns K, a ux mHOXecTBO Der(K)
OKa3HIBAETCA MHTEPECHEMIMM OGHLEKTOM, BBOAAIIMM B OGLIMPHYIO 06-

JacTh MaTeMaTHKH (rpynnH u anreGpw Jlu).
0O606menueM (8') cayxur gopmuyaa Jeibnuya

Dm( - - m Dk Dm—k , (811)
uv) g_o(k) u v
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noxy4yaemas uaAyKumei o m > 1 (mpumenenne D k (8"), ucnoaszopanue

(8') # cooTHOmERME (k m 1) +(%) = (m,': 1) zanyT (8") mpn m +1).

B cayyae K = P[X] u3 coornomenut (7'), (8'), AonOAHEHHBIX mpa-
BIJIOM

D(Af) = ADf, AEP,
HENOCPEACTBEHHO BHITEKAET
Df(X) = f'(X)DX.

CrraJo 6BITS, M060€ AuddepeHInpOoBaHNe KOAbLa MHOrowieHoB P[X]
onpejenseTca 3ajanreM efuHCTBeHHOro MHorowreHa DX. llpu DX =1

MHL IOMy4aeM OGHIYHEIN OnepaTop auddepeHurpoBaHna E%(

4. KpaTHble MHOXHTeJH. Pe3yabTaT m-KpaTHOrO IPHMMEHEHUA

oTO6paXeHus E%( K f(X) oburano o6osmauaerca cumponom f(™)(X).

O4eBngHO, YTO
F(X) =X " +a X" 1+, 4a, = F™(X) =nlay, FO)(X)=0
Eciu P — nosie HyJIEBOM XapPaKTEPUCTUKH, TO

deg f' =degf - 1.
OpaHako i mmoJie KOHEYHOH XaPaKTEPHUCTHKH P dTO yXe He TaK, IOo-

CKOJBKY
(X*?) = kpX*P-1 = 0.

Bcé e HEKOTOPYIO MOAb3y M3 PACCMOTPEHHMs MPOU3BOJHOM MOXHO
W3BJdeYb M B OOmeM ciay4dae. Pa3sfe/MB NpOM3BOIBHHI MHOTOWIEH
f € PX)na(X-c? c€F,F D P, asarem 3anucap (IMHeHHLI)
ocratok B Buge (X —¢)s+r, rae s,r € F, MB IPUAEM K COOTHOIIEHUAM
f=X-0%t+(X-c)s+r, f' = (X —c)[2t+ (X - c)t'] + s. oacrasus
B HuX 3HayeHne X = ¢, moayuum r = f(c), s = f'(c), T.e.

F(X) = (X = ’t(X) + (X = )f'(c) + £(©)-

Mul npunuy K CAeAyIOmEMY YTBEPXKASHUIO.

Teopema 4. Ilycmv P — npouseoavnoe noae v F — arboe ez2o
pacwupenue. Mnozouaen f € P[X] umeem xpamubii xopewv ¢ € F moe-
da u moabxo moeda, xoeda f(c) = f'(c) =

IIpumep 1. B mo60oM nose XxapakTepUCTUKK P MHOro4aeH X™ — 1 umeeT aumb
NpoCThI€ KODHH, €CJIH 1 He JeJHUTCA Ha P. lleﬁc'rswre.nmo, KOpHH npOHSBOAHOﬁ nX n—1
He MOryT ObITh KOpHAMH X™ — 1.

Janee nmpegnonaraercs, 4To P — none HyJeBOM XapaKTEPUCTHKH, U
6e3 orpaHuyYeHusa OGIIHOCTH 0L P MOXHO NOHMMATHL OLHO u3 moser Q)
R umm C. Hopmanu3oBaHHEIA HENPHBOAMMEIA MHOTOWIEH p;(X ) B pasuo-
XKEHNN

FX) = (X)R g (XK p(X)*,  XeP,  (10)
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mHorowiena f(X) € P[X] (no ananorum ¢ onpegenenneM KpaTHOTO KOp-
HA) Ha3BIBAaeTCA ki-Kpamubim muoxcumeases ana f. Panee yxe rosopu-
JOCh O TOM, 4TO NOJY4YUTH padoxenue (10) Ha NpaKTHKe JOBOIBHO CJIOXK-
Ho. Omnmimem BKpaTue METOJA, OCHOBAHHLIM Ha NMOHATHM NMPOM3BOLHOM M
AAIOMUA BO3MOXHOCTb Y3HaTh, coAepxuT i f(X) Hajg maHHEIM mojeMm
P (wim Haj ero pacLIMpeHMeM) KPATHHIE MHOXHTEIM.

Teopema 5. IIyemv p(X) ecmbv k-xpamuuiil nenpusodumvitt muo-
scumead mnozouwsena f € P[X] (k 2 1, degp(X) > 1).

Tozda p(X) 6ydem (k — 1)-xpamuvim mnodcumesesm npoussodnot
f'(X). B uacmuocmu, npu k=1 f' ne desumca na p(X).

Nokasareascrro. Ilo ycnosmo umeem f(X) = p(X)*g(X), rae
HOL(p(X),9(X)) = 1, T.e. g(X) ne pemurca ua p(X). llpumeras mpa-
Buia (8) u (9), HaxoguM

F1(X) = p(X)* " [kp'(X)g(X) + p(X)g' (X))

JocTaTo4Ho mOKa3aTh, YTO MHOIOWIEH, CTOAIMN B KBaJAPaTHLIX
ckobkax, He gemurca Ha p(X). Ecim 6u aTo 610 He Tak, To Ha p(X)
Aemnics 661 MEOrowieH kp' (X)g(X), 4To, 0gHako, HEBO3MOXHO (CM. Cied-
creus TeopeM 3 u 4 § 3 r. 5), mockoabky g(X) He genmrca Ha p(X), a
deg kp'(X) < degp(X). O

ITousTHO, 4TO B X0/€ AOKA3aTENLCTBA CYINECTBEHHO MCIOML30BAHE I
nenpusoguMocTs p(X), u ycrosue char P = 0.

Caegcreue 1. Jas muozousena f(X) ¢ xoafduyuenmanu 6 noae
P zapaxmepucmuxy Ryab caedyrowue 064 YCA06UA INEUBRIENTINDI:

i) f umeem e nexomopom pacwupenuu F DO P noas P xopensv c
xpamuocmu k;

i) fD(e) =0,0<5 < k-1, o f®(c) £0.

[ nokasaTenbCTBa HYXHO k pa3 MPHMEHHTHL TeopeMy 5, UMed B
BUZY JMHENHBIH MHOXHTens p(X) = X — ¢ M ¢ caMOro HadYasua 3aMe-
Hif, B ciaydae HeoGxogumocTu, P Ha ero pacmmpenme F, comepxaimee
KopeHsb ¢. [J

CueacrBmne 2. Ecau mnozousen f € P[X] cmenenu > 1 umeem
pasaodcenue (10), mo pasaoscenuem das naubosbwezo obwezo deaumens
f u ezo npouseodnod f' 6ydem

HOA(f, f') = pr(X)* 'pa(X)%~1 L pr ()R (11)
(HOZ ecezda mo3icHO CHUMAMb HOPMAAUOBAHHDIM MHOZOUAEHOM).
Je#icTBATENBHO, IO TEOPEME 5 KaXK AL U3 IPOCTHIX feanTenedt p;(X)

MmHorowrieHa f(X) ¢ xanonmdeckum pasnoxenneM (10) BxoguT B pasno-
xenne f'(X) c nokasareneM k; — 1, T.e.

f1(X) = p (X pe (X)L Lpp (X (X)),

rae HOd(u,p;) = 1, 1 < 1 € r (npeanonaraercs, uro p;(X)° = 1).
IloaToMy no M3BeCTHOMY HaM NpPU3HaKy AeduMOoCTH (cM. m. 2 § 3 . 5)
MH 3akmoyaeM, 9To HOI(f, f') surancuserca no dopmyae (11). O
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Hcnonsays Bepaxenue (11) gna HOL(f, f'), Mu noay4yaem cpexcTso
0CBOGOAUTHCA OT KPATHEIX MHOXUTEJEH, BXOAAMMX B pasnoxenue f(X).
NMenHO, MHOrOWIEH

9X) = i = PP - pe(X)

COZEPXKHUT Te XKe MPOCTHEe Aexutesmn, 4To ¥ f(X), HO C eAMHMIHOM KpaT-
HOCTBI0. BaxkHo oTMeTHTB, 4TO MHOrOwIeH g(X) MOXHO HATH, HE 3HAs
¢daxTuiecku pasnoxesmi A f m f', a JMIOL MCHONB3YA ANCOPUTM
EBxanpga.

Mpumep 2. Muorowren f(X) = X5—-3X4+2X%42X2--3X +1 u ero npoussoj-
vas f'(X) = 5X%-12X3+6X2 +4X -3 umeior B Kauecrse HO/| HOpManu3oBanHLIi
muorowren X3 —3X2 43X —1 = (X —1)3. “CBo60gHbI# OT KBaLPATOB” MHOrOWIEH
g(X) = f(X)/(X =1)3 = X2 —1 = (X — 1)(X + 1) umeer apa kopus: +1. Takum
o6pasom, f(X) = (X —1)#(X + 1) o6ragaer kopHeM +1 KPaTHOCTH 4 H MPOCTHIM
KOpHeM —1.

5. ®opmyasl Buera. B cBa3x ¢ Teopuen CHCTeM JMHEHHBLIX yPaB-
HEHMH MHI YK€ MMeNH CIydall YIOMAHYTb O GIarOTBODPHOM BJIMAHHMHU HA
€€ pa3BHTHE XOpOIeH CHCTeMEl 0603HAYEHMH, IPUBEAIICH, B YACTHOCTH,
K onpegeauTenaM. ATo 3acayra MareMaTukoB X VIII B. n nayana XIX B.
Ho ropasazo pansie, korga airebpa emgé OToOXAeCTBAAIACH C “aHAIN3OM
yPaBHEHMU” , pelalomee yCOBEpIIeHCTBOBaHNe aarebpandeckux 0603Ha-
genu#t y ©. Buera u y P. JekapTa KOCHYJI0CH TEOPMH MHOT'OWIEHOB M
anrebpanyeckux ypapHeHuH. OT YaCTHBIX THIOB YPAaBHEHHH C UCJIO-
BBIMI KOdOUUMEHTaMM, CKPHIBABIMMEK OOmme 3aKOHOMEPHOCTH, ObLI
COBEpPIIEH CMEJLIM NMEePeXo K YPaBHEHUAM C GYyKBeHHHIMH KO3 uIueH-
Tamu. HOBRIA CrIoco6 3ammcH HepegKO MOPOXAAET HOBHE PE3YJbTATHL
Y exapTa 3TO 3aBEpIIMIOCH PEBOJIOLMOHHEIM PMMEHEHHEM aareGphl
K reoMerpud. Mul ocTaHOBHMCA Ha 60jJee CKPOMHOM JOCTHXXEHHH €ro
npefgulecTBEHHNKa Buera.

Mpeanonoxum, YT0 HOpMaaM3oBaHHEI MHorowreH f € P[X] cre-
[eHH N ¥MMeeT B noje P winm B HEKOTOPOM €ro pacUIMPEeHMHM 71 KOPHeH
€1,€2,-..,Cn, CPEAM KOTOPHIX, BO3MOXHO, €CTh M OfuMHaxoBHe. Torga B
COOTBETCTBHUHE C TEOPEMOH 2 CIPABEATHBO PA3NOKEHHE

f(X) = (X —01)(X - 02)...(X —c,,).
3anumenm f(X) B O6RMHOM BHAe 110 cTenmeHam X:
FX)=X"+a: X" 4. . +ar X" +... +an,

[ 9ero NepeMHOXHUM Bce ABywieHH X — ¢; M PHBEEM NOJZOGHEIE wie-
HHL. Torga a1 KoaPUIUEHTOB @y, . . . , Gy, TOAYIATCA BHIPAXKEHHUSA Yepe3
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KODHH C1,...,Cn!

a) = —(c1+C2+...+c,.),
ax = (—1)" Z CiyCij - - - Ciy» (12)
11 <12<...<ik

I T Y

an, = (-1)"cic2 ... Cp.

®opmyant (12) HasemBaloTca Popmuysamu Buema.

Ecin 6b1 MHOrOWIeH f He GBI HOPMANM3OBAHHEIM, T.€. MMEI CTap-
mui Ko3bduumueHT ao # 1, TOo dbopmyanl, ananorwansie (12), aBamy Gu
BHIpaXKeHUs A OTHOIIEHMH a;/dg.

®opmyast Buera, ycTanaBIMBaiomue ABHYIO CBA3b MEXIY KOPHAMH
1 KO3(pUIOUEHTAMN NPOU3BOJLHOIO MHOIOWIEHA, 3aMEYaTEIbHEL TeM,
YTO MX MpPaBhble YaCTH He MEHAIOTCA NPH JIOGHX MEPECTAaHOBKAX KOPHeH
C1,...,Cn. JTO JAET HAM NIOBOJ BBECTH MOHATHE CuMMEMPuuecxot Pynx-
YuU MOAOGHO TOMY, KaK B CBA3M C ONPELENUTENAMHA OKA3aI0Ch YIOOHEM
paccMaTpHBaTh o6mme kococuMMeTpudeckue ¢pyHknmu. CoriacHo onpe-
AeJeHMIO, NpUBEAEHHOMY B 1. 4 § 8 rur. 1, JIeMEHT T CHMMMETDPHYeCKOM

rpynnst S, aeucTByeT Ha pyHkumo f(z1,...,Z,) OT N aAPryMEHTOB IO
IpaBuwIy
(mo f) (@1, -, Zn) = f(Tn1),- -+ Tu(n))-

N -~
®ynkuna f HasHBaeTCA cusmmempuueckoll, ecnu 7 o f = f mna Bcex
m € Sy,. IIpuMepoM CHMMETPHYECKMX PYHKUMHA CIYXAT TaK Ha3kIBaeMEIE
34EMENTNAGPHDIE CUMMEMPUYECKUE PYNKUUY Sk:

sk(T1,...,Zp) = Z Tiy Tig ... Ti, (13)
1€41<i2<...<ix &N

OHu nosBoasmioT nepemucats ¢popmyas (12) B suge
ar = (=1)*si(c1,...,cn), k=1,2,...,n, (12

TaK 4TO C TOYHOCTBHIO JO 3HaKa KO3((HUIMEHT a; MHOrowieHa f ecTb
3HaueHMe GYHKIUM S; HA MHOXeECTBe KOpHei MHorowreHa f. O6patum
BHEMAaHFE Ha TOT (PaKT, YTO IO ONpedeieHMIo ar € P, XOTa KOpPHM
Ciy---,Cn, BOOOLIE I"OBOPA, JEXAT B HEKOTOPOM pacmmpenuu F O P.
Bompoc o cymecteopanuu F' Mu ceyac He 3aTparmBaeM. Ho mnorga
Pa3ioXeHue MHOIOWIEHa Ha JHWHEWHBIE MHOXHTENM ABISETCA NPAMBIM
cneAcTBHEeM CBOMCTB mous P.

Npumep 3. Paccmorpum Mmuorowren XP~1 — 1 mag xomeunnM monem Fp (cm.
n. 6 § 4 ra. 4). Mu 3naeM, wro zP~! = 1 gax Bcex T € F}, T.e. Bce HeHyaeBLIE
3MEMEHTHI — KODHH MHOrowlena XP—1 — 1. Ctano 6uTh, HMEET MECTO Pa3IOKeHHe

XPlol=(X-1)(X-2)...(X - (p~-1)). (14)



218 Ta. 6. Kopnu mmozousenos

IlpeanonaraeTca, YTO MH yxKe HACTOABKO OCBOMIHCH C nmoaeM Fp, 4To Ge3 Tpysa pas-
JM4YaeM ABOMCTBEHHYIO NpHpOAY 4ucex 1,2,...,p — 1 Kak OGBIYHBIX 3JIEMEHTOB H3 Z
¥ Kak anemenToB noas Fp & Z/pZ (npeacraBureneit Kraccos BuyeToB {i}p). Ha (12')
u (14) npu p > 2 noxy4aeM
8x(1,2,...,p— 1) = 0(mod p), k=1,2,...,p—2,
8p-1(1,2,...,p = 1) = ~1(mod p).

Tlocneanee COOTHOmEHKE, MEPENUCAHHOE B BHAE

(p—1)!+1=0(modp) (15)
H KaK TakOBOe K3BECTHOE IO Ha3BaHUEM meopembi Buavcona, BripakaeT GaKTHYECKH
HEeOoOXOAMMEIM M JOCTATOYHKIA NPU3HAK NPOCTOTH LEJOro 4mcaa p. JedcTBuTensHO,

BeinoxHenue (15) AXA NPOCTHIX p MBI TOABKO 4TO jgoKa3amu. C Apyrod CTOPOHHI,
p=p1p2 = (p—1)!=p1t => (p—1)!+1 Z0(modp;) => (p—1)!+1 # 0 (mod p).

YNPA>XKHEHHA

1. ByAeT ax KOAbLO NONMHOMMANLHBIX (GYHKUMH HaJ JIONEM M3 P 3IEMEHTOB Iie-
aocTHeiM?

2. IIycrs P — 6GeCkOHe4HOE moJe ¥ f — HeHyJeBoM MHOrodiaex m3 P[X,..., Xy,].
Onupasck Ha TeopeMy 3 M MCNOAb3YA MHAYKUMIO N0 T, AOKa3aTh CyHMIECTBOBAaHHE
a1,...,8n € P, ana KOTOPRIX f(@1,...,an) # 0. DT0 gaér maomopdusm P[Xy,...,Xn)

C KOJMbIIOM MOJIHHOMHATbHEIX YHKUHMH OT n nepeMeHHBIX Haj P.

8. Henynesoit muorounen f € Zp[X1,...,Xn] cremenm < p mo kaxjoi nepe-
MEHHOM o6najaeT CHOPMyAMPOBaHHLIM B ynp. 2 csoucTBoM: f(G1,...,6n) # 0 aAas
HEKOTOPHIX 41, ...,6n € Zp. Ilokasars, 4To moGoi Muorowrer f € Zp[X1,...,Xn)
MOXHO 3alIMCATH B BAJE

X, Xa) =D gi( X1, Xn)(XP = X0) + £2(X1y. ..y Xn),

i=1
rae f* — pedyyuposannuill Muorounen (degx, f* < p— 1,4 = 1,2,...,n) crenenn
deg f* < deg f. CaenaTs 060CHOBAHHOE 3AKNIOYEHHE, YTO OTOOpaxenue f — f: f‘
aABiAeTCA INUMOPdH3IMOM Koabua Zp[X1,. .., Xn] Ha KOABIO MOAMHOMHUANLHEIX QYHK-
uuit oT n nepemennnx Hag Zp ¢ agpom L= Y0 (XP — X;)Zp[Xy, ..., Xn).

4. Teopema (Illesamre). Tycmo f(X1,...,Xn) — 00nopodutitl muozousen
(Popma) wad Zp cmenenu r < n. Tozda ypasuenue f(z1,...,Tn) = 0 umeem zo-
ma 6bt 00K0 KEMPUBUGALHOE DeweNue.

Ykasanue. Tak kak f — ¢opma, To, ouenano, f(0,...,0) = 0. Paccyxaan
OT NPOTHUBHOrO, NPEANOIOKKTE, 9TO (41,...,8n) # (0,...,0) => f(a1,...,aa) # 0.

IIpu nomomm ynp. 3 u Maaoi TeopemMnl dPepMa BHIBECTH OTCIOAA, YTO PeAyUUPO-
BAaHHBIM MHOrOWIeHOM AnA g(X1,...,Xn) =1 = f(X1,...,Xn)?P"1 Gyger ¢*(X1,...
v Xa)=(1-XP"Y ... (1~ X571 Ho
degg=(p—1)deg f=(p—1)r <(p—1)n =degg".
Tlony4enHoe NpOTHBOpE4Ne AOKA3LIBAET TEOpEMY.
HeckonbKko M3MeHEB paccyx/eHne (BBIMMCIMB CyMMy 35, . €z, 9(Z15- -+, Tn)

ABYMA CnOCOGaMM), JOKa3aThb, YTO OOwIEe YNCIO PElIeHHH BCerfa AEIUTCA Ha P.

5. ycts f(Z1,...,%n) — uenouMcienHas kpagpaTn4yHaa ¢opma. Teopema Ille-
Banae (cM. ynp. 4), cOpMyIMpOBaHHAA Ha A3bIKE TEOPHH CPABHEHMH, YTBEPXJaeT,
4TO NpH n 2> 3 CPaBHEHHE

f(z1,...,2n) = 0(mod p)
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HMeeT HeHyIeBoe pemernue. IIpOBEpHTB, YTO BCE DemeEHMA CpPaBHeHMA T2 — 2y =
= 0(mod 5) TpuBHANLHBI M, CIEJOBATENbHO, YCIOBHE T < N CYLIECTBEHHO.

6. Moxasats, uro HOA(f',f) = 1, ecau char P = 0, f — HenpuBOAMMEIX Haj
noseM P MHOrOwIeH n f' — ero nmpousBoiHas.

7. loxasaTs, yro f' = 0 => f = const g1 MHorounrena f(X) Hapg noseM HyaeBok
xapaxTepucTeke ® f' = 0 = f(X) = ¢(XP) gna muorourena f(X) Hag noaem
XapaKkTepucTHKH p > 0 (g — HEKOTODHIA APYrod MHOTOWIEH).

8. s n. 3 Mu 3HaeM, 4TO Kaxjoe AuddepeHuUpPOBAHEE KOJbLa MHOT'OYJIEHOB
P[X] umeeT Bug

Ty: fruf, u € P[X].

YCTaHOBUTH CNIPaBEeIMBOCTb YTBEPXAECHHIM:

i) MHOXECTBO KOHCTaHT (TO, YTO NEPEXOZMT NpPH ANPGHEPEHUUPOBAHMAX B
Hynb) — noaxoasuo B P[X];

ii) npousseaenne Ty Ty, BOOGImE roBopsA, He ABNAETCA AMGbEPEHUHPOBAHMEM, HO
ecau char P = p > 0, To crenens (Ty)P — auddepeHunpoBaHue;

iii) xommyraTop [Ty, Tv] = TyTy — Ty Ty Bcerjga apaserca guddepeHunpoBaHneM
puga Ty, rae w = wv’' — u'v.

9. B cayvae xoabua MHOro41eHOB P[X1,...,Xn] OT n nepemeHHLIX eCTECTBEHHO
BBECTH ONEpPaTOp Yacmuozo dufPepenyuposanus no k-ii nepeMeHHOMR
8

. . o et i
m:x;l...x,‘:...x:, XL XL X

i) Iloxa3aTh, YTO MHOXECTBOM KOHCTAHT JJIA 3%; CHYXHT KOIAbLO MHOI'OYJIEHOB

P[X1,...,Xk,...,Xn] oT n — 1 nepementoi (char P = 0).
ii) Mycrs f(X1,...,Xn) — dopMa (OZHOPOAHHIH MHOTO4NEH) CTENEHH M. Y6e-
NUTHCA B CNPABEAIKBOCTH modcdecmea Jdaepa

n af
Xk——=m- .
kz=:l kaxk m f(xl: ,Xn)

O6paTHo: ecau char P = 0, TO TOXxAecTBy Jijepa YAOBJACTBOPAIOT TOABKO (OPMHI
creneny m = 1,2,3,...
10. Iloxa3aTb, YTO OTCYTCTBHE JWHENHLIX MHOXHTENEH Y MHOT'OYJEH

X" +a1 X" M 4. 4an € Z2[X]

P2BHOCKJIBHO BBINOJHEHHIO YyCJIOBHA

an(l+ Za;) #0.
Ilpn n £ 3 HenpUBOAMMBIE MHOTO4JEHH HajX Z2 MCHEPNLIBAIOTCA CAEAYIOIAMHU:
X, X+1, X24+X+1, X3+X+1, x34+X*+1

BrinucaTh BCe HENPHBOJMMEE MHOTOWIEHH Hajx Zz NpE n = 4 U n = 5 (ux Gyaer
COOTBETCTBEHHO 3 M 6).
11. Acxoxa H3 CpaBHEHHA

X8 - X —-1=(X3+ X2 +1)(X% + X +1)(mod 2),

YCTaHOBUTb HENPHBOAUMOCTb MHOrowireHa X 5-X-1Haz Q.

Y kasanue. [Ipumenuts caesctaue geMmul Iaycca (§ 3 ra. 5) m npeamigymmee
yIpaXKHeHHe, a TaKxke COCIAThCA Ha (GaKkTOPHATLHOCTH Koabua Zz[X].

AHANOrMYHO, JOKAa3aTh HEMPHABOAMMOCTE MHOTOWIeHa X 5 — X ~1 nazg Q, nepeitaa
K CPaBHEHHIO IO MOZYIIO 3 (3TO ropasjo mpome).
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§ 2. CuamMmeTpHUIECKHE MHOI'OWIEHEI

1. Konbno caMMmeTpraecKBx MHorowieHoB. Cregys ompegesne-
HHIO CHMMeTpu4ecKuX (yHKimmit!), KoTopoe GLLIO aHO B KOHIE Ipefkl-
Ayliero naparpaga, MbH BBeAEM aHATIOTWYHOE MOHATHE B Koabue A[ X, ...
..., X ] MHOrOWIEHOB HaJ LEJOCTHEM KoublioM A. Teopema 3 u3 § 1, pac-
NPOCTPaHEHHAA HA MHOIOWIEHH M (QYHKIIMA MHOI'MX IIepeMEHHBIX, Kak
6yaTo genaeT Takoe mepeHecenue maanmuuM. Ho cregyeT ydecTs, 4TO B
3TOH TeopeMe LEJOCTHOE KOoabno A K02 PUUMEeHTOB GECKOHEYHO, 3 HaM
X04eTCsA MMETh YHHBEPCAILHYIO KOHCTPYKIIHIO.

Hrax, nonaraem

(7!‘ o f)(Xl, AN ,Xn) = f(X,,(l), e ,X,,(n)).

Muorowien f Ha3HIBaeTCA cuMMempuvecxuM, ecau w o f = f nua Bcex
m € Syp. Kak ¥ 1a dyHKnmit, BBOAATCA JMeMEHTAPHHEE CHMMETPHYECKHE
MHOT'OWIEHH S:

sk(X1,...,Xn) = > Xi Xiy - Xiys (1)
111 <i2<...<ip<n
k=1,2,...,n.

CTporo roeops, cregoBaio 651 paCCMOTPETh MHOI'OWIEH
)= -X)¥ -X;)...(Y - Xp) =
=Y -5V 45 24+ (1) (2)

Hag A[Xi,...,X,] oT HOBOM nepemenHoM Y M 3aMeTHTBH, UTO S —
CHMMETPHUYECKUHA MHOTOWIEH, MOCKOJBKY JeBad 4acThb TOXAeCTBA (2)
He MEHAeTCA INpH JIOOHIX MNEPEeCTAHOBKAX JMHEMHBIX MHOXHUTEeNeH
Y-X5,...,.Y - X,.

O6paTuM BHUMaHME Ha TO OGCTOATSIBCTBO, YTO MOCJE MOACTAHOBKY
HyJas BMeCTO X, B 06e 9aCTH TOXJAECTBA (2) MH IOIyquM

Y -X1)...(Y = Xp)Y = Y™ = (81)0Y" ' + ...+ (=1)" "} (8n-1)0Y,

rxe (sk)o — pesyabrar moxcraHoBku X, = 0 B s;. Cokpamas oGe
yacTH Ha Y (Ha ocHOBaHMM TeopeMH 1 m3 § 3 ru. 4, npUMeHEHHOH K
A[X;,...,X,,Y]), npUXOZUM K TOXIECTBY

Y-X)Y-X)...(¥ — Xp1) =
=Y™ ! = ()oY 2+ ...+ (=1)"(sn-1)o. (3)

B [BAII] rpynna Sy mo-mpexxHeMy Ha3bIBAETCA CHMMETPHYECKOM, HO MHOTOYIEHb
¥ QYHKIUHH — CUMMEMPUUKDIMY HIH KOCOCUMMEMPUYHLIMY B 3ABUCHMOCTH OT TOTO,
OCTAIOTCA OHM IIPHM AEHCTBHM S, Ha MECTe MM npHobperaroT MHOXnTeab —1. Takan
TePMHHOJOT'MA Jy4llle OTBEYaeT CyTH AeJa, HO TPAJHIMM IOpa3fo CHIbHee, IOITOMY
MBI OCTABJIAEM YHTATEN0 CBOGOAY BHIGODA.
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Cpasuusas (2) u (3), MBI IPEXOAMM K BHIBOAY, 4TO (81)0,- - -, (Sn—1)0 —
3MEMEHTAPHEIE CAMMETPHYECKHE MHOTOWIEHH OT N — 1 mepeMeHHBIX
Xl, ooy Xn—-l-

Tak kak, gajee, 7: f — mo f — aBTomopduam koasua A(Xy,. .., X,),
T0 mobrle IMHEAHBIE KOMOHHAIINM CHMMETPHYECKAX MHOTOWIEHOB H MX
npouaBeaeHus Oy Ay T CHOBA CHMMETPHIECKUMH MHOI'OWICHAMH. DTO 3Ha-
YHT, YTO MKONCECTIBO 6CET CUMMEMPUYECKUT MKO20U1EN068 006pasyem
X04bY%0, A6AR0WEECA NOOKOAbYOM Koadvya A[Xy,. .., X,]. Hama 6anxait-
IaA Uedbh — pa3’o6paThCA, KAK yCTPOEHO 3TO HOLKOJIBIO.

2. OcroBHAA TeopeMa 0 CAMMETPHIECKHX MHOrowrenax. Oxa-
3BIBAETCA, YTO HaMbosee o6muM cnoco60M MOMyYEeHUA CUMMETPHYECKHUX
MHOTOWIEHOB ABJsETCA caexyommuy. HyXHO B3ATHL NpOM3BOIBLHEIN MHO-
rouwrer g € A[Y3,...,Y,] nnogcrasuts BMecT0 V), . . ., Y, cooTBeTCTBEH-
HO 81, ..., Syp. llONyYHNBIINNACA B pe3yIbTaTE MHOIOWIEH GyLET, KOHETHO,
CHMMETDHYECKHM.

3ameTHM elme, YTO OJHOWIEH Y1 ... Y Bxopasmmit B g, mepexoanT
npu moAcTaHoBke Yi = sip(Xy,... X,,) B OJHOPOAHLIA MHOI'OYWIEH OT
X1, y Xn crenenu i; + 2iz + ... + niy,, nockoaeky degsg = k. Cymmy
1+ 212 + ... + ni, Ha3LBAIOT OOLIMHO 6€COM 00NOUAENG Yl .. .Y"'
Becom mnozouaena g(Y1,...,Y,) ecTeCTBEHHO CUNTATH MAKCHMYM BECOB
OJHOYWIEHOB, BXOAALIMX B ¢.

OcHOBHOE yTBEpX A€HIE O CHMMETPHYECKMX MHOIOWIEHAX BHPAXKaeT

Teopema 1. ITyems f € A[Xy,...,X,] — cummempunecxuti mno-
20%4eR NoaKot cmenexy M Kad YEAOCINLIM KOALYOM A.

Tozda cywecmeyem, u npumos eduxcmeennsbitl, MxozouseR
g € AY1,...,Yy] seca m, das xomopozo

f(X1,..., Xn) = g(s1,...,8n)-

Koapuyuenmor Muo2ouiens g R6ARI0MCA HEAONUCIERNDIMY AunEt-
KBLMU KOMOUNGUUAMY K0IPPUYUERMO8 UCTOIN020 MHO20%1eNa f.

JokazaTeancTBo. B cBOE Bpema (cM. ri1. 5 § 2) ME oTmevaH,
410 mobou muorowres f = f(X,...,X,) MOXHO 3ammucaTs B BUAE CyM-
MBI OZHOPOHEX (OpM fp, pasmMaHEIX cTeneHenu: f = fo+ fi +...+ fr.
OueBnAHO, 4TO 3TA 3aINCh eguHCTBeHHa. Ecam Teneps f — cuMmerpu-
YeCKMH MHOTOWIEH, TO CHMMETpHJIeCKUMH Gy AYT U POPMH. fp, , IOCKOJIb-
Ky mo f =Y mo fm, a feficTBre T: fr — T o fry HA CTemeHb M HOPMBI
fm He Bmuser. TakuM o6pa3oM, 6e3 orpaHnyeHNA OGIIHOCTH CUMMETDH-
9eCKHMHA MHOTOWIEeH f MOXHO CIMTATh OAHOPOAHEM. JanbHeimue paccy-
XJeHnA pa306LEM Ha HECKOUBKO 4acTed.

1. YcnoBuMca pacnosaraTh OAHOWIEHH B f aexcuxozpadusecxy (1o
NpUHEIAITY noc'rpoemm ClIOBapA), T.€. TaKUM OGpPa3OM, ITO OAHOLIEH
u=aXX%.. Xi» npegmecrnyer ogHOWIEHY ¥ = bX1 X3 .. Xi» (wim
6oubIIe OAHOWIEHA v: U > ¥) B TOYHOCTH TOI'A3, KOI'A2 MOCJIEAOBATENb-
HOCTb %) — Jj1, 82 — J2,--,4n — jn ¥MeeT BUZ 0,...,0,¢,..., e t > 0.
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Crpasa OT t MOI'YT CTOATb H OTPHLATEIbHEIE PA3HOCTH 41— j;. OqHOWIeH,
BXOAAIMA B f U 3aHUMAIOIMI NEPBOE MECTO NPH JEKCUKOrpPachHIecKOM
YHOPAJOYEHNH, HA3LIBAETCA 6bICWUM wienom MEorowIieHa f. O60o3naanM
ero BY(f).
Jemma 1. Buicusum waenonm npoussedexus h = hihs ... h, ssasem-
CA npouseedenue 6bICWUT wien08 comnoxncumenet hy, ha,. .., h,.
JleAcTBUTENBHO, IPK N = 1 yTBEPXAEHHE BEPHO, & €CIH

h= h(Xl,Xz,. . .,Xn) = go(Xg,. .. ,X,,)Xf+gl(X2,. . .,Xn)Xl’_l-i'. ooy

To BY(h) = X{ - BY(go). BasB Tenepsr paanoxenue mo cremeHam X;
KaXXJOr0 COMHOXHMTENA h; n 06paTHB BHEMaHMe Ha TO, KAK IONYYaeTCA
kodpumerT go(X2,...,Xn), MH NpPH NOMOMM €CTECTBEHHOM MATEMa-
THYECKOH MHAYKLHMH IO N NpUAEM K HYXHOMy Buipaxenwio BU(h) =
=[Ii=; B4(h;). O o

2. Oznownen u = aX{'X;?... Xi» ycnoBuMcA Ha3HIBATb MOKOMON-
MHbIM, €CIIH 1 2 B2 2 ... 2 ip.

JleMMa 2. Boicwutl wten cummempuseckozo Mro20uiena 6ce20a mo-
HOMONREN. o

B camom pere, mycts BY(f) = u = aX}' X3?... X;». NomycTem, 4TO
ix < tk41 Npu HexkoTOpOM k < n — 1. IlepecraBus B u = aX;'... X;* X
X Xy .. Xi» mecramn nepemennsie X;* u Xiy1, MH NOIYIMM OA-
Howren u' = aX{'... X" X ... Xi», m-3a cummerpurHOCTH f TO-
xe pxoaammit B f. Ho, oueBuano, u' > u, NOCKOIBKY mOKa3aTeIM PR
Xi1,...,Xk-1 B u, u' ofuHaKOBHE, a NokasaTear npu X B u' Goabme
nokasarensa npa X B u. IlomydeHHOe MPOTHBOpEYME NOKAILIBAET JIEM-
my. O

3. Cymecrsosanue muorouaena g(11,...,Y,). Ipegnono-
XuM CcHOBa, 4T0 u=aX;'X;?...X}» =BY(f). B cmry nemmu 2
ik 2 tk+1; 1 € k < n— 1. TlosToMy MBI MOXEM BBECTH B pacCMOTpe-
HHE CHMMETPHYECKHH MHOTOWIEH

foy (X, Xn) = f(X1,...,Xn) — asP ™28 s,

OT?evaJonmﬁ opHOWwIeHy aY}! Y 2T - Yin meca (i1 — i3) + 2(i2 —
—i3)+...(n = 1)(in=1 — in) + Nip =41 + 42 + ... + i, = deg f. Tax
KaK BBICIIMMH WIEHAMH JJIEMEHTAPHEIX CHMMETPHYECKMX MHOTOWIEHOB
81,82, ..., 8, ABIAIOTCA, 09eBAAHO, X1,X1X2,..., X1X3...Xy, TO no
seMMe 1 BHICIIMM WIeHOM B as)! ~*282~"...sir Gyger

aXPT2 (X Xo) 278 (X1 X ... Xpe1) TR (X X . X)) =
=aXP Xy ... X,

T.e. B ToynoctH u = BY(f). Crano Gurrs, on coxpamaercs, B f(;) He
Bxoaut  BY(f) > BY(f(;)). OTmeTM emé, uTo KOdDOHUMEHTH MHO-
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rowieHa f(;) MMeIOT BUJ C — ¢a, T e C,d — KO DHIMEHTH MHOIOLIEHA
f,q€elZ. o

Mycrs v = bX{* X*... Xi» = BY(f4)), b € A. Crosa no nemme 2
MMEEM j1 2 jo 2 ... 2 jn ¥, IO MIIOXKEHHHIM BHIIE COOGPAXKEHHAM, A
CHMMETPUYECKOI'0 MHOI'OWIEHA,

f(z)(Xl, N ,Xn) = f(l)(Xl, e ,Xn) - bS{l—jZS‘;z_js .. .S‘,’;"

noxysaem BY(f(1)) > BY(f(3)). Kpome Toro, xoadpunmenTs MHOrO-
wieHa fy) umeloT BUA €1 — q1b, rae 1 € Z, a ¢;,b — xodpunmenTH
MHOTOWIeHa f(1).

IIpoxomxkas 3TOT MPOLECC, MK IPAAEM K IIOCIEJOBATEILHOCTH OJHO-
POAHBIX CHMMETDHYECKUX MHOI'OIEHOB

fy = f—asi"""...sf;‘ - bs{‘_j’...sf;' —-..
crenenu deg f(x) = deg f, Ana xoTOPEIX
BY(f) > B4(f(1)) > BU(f2)) > ... > BU(fw)) > ..., 4)

npu1éM K03hPUUMEHTH ¥ f(x) OyAYT Z-IMHEHHEIMM KOMOMHALMAMHA KO-
3¢ dpuLKEeHTOB MHOrowIeHa f. Tak Kak OAHOWIEHOB (PUKCUPOBAHHOM CTe-
nenu (4 TeM 60jJee MOHOTOHHBIX) KOHEYHOE YHCJO, TO LEMOYKa Hepa-
BeHCTB (4) moumxHa o6opBarhca (f(x) = 0 mpu HekoTOpoM k); MBI mOIY-
1um Tpebyemoe Brpaxcenue f(X1,...,Xn) = g(s1,...,84), rae g(Y1,...
ey Yo) =aYTRYRTR L Y 4 bY TRY TR Y+

4. ExuacTBeHHOCTS. B cayyae CymecTBOBaHAA ABYX Pa3IMYHBLIX

npexcTasieHn# f = gi(s1,...,8,) = g2(S1,...,Sn) MBI UMeJH OB OTIHY-
Hulit OT Hyas mHorouwrer g(Y,...,Y,) = g1(V1,...,Ya) — 92(V1,...,Ys)
Beca deg f, ana xoroporo g(si,...,8,) = 0. Ecim aY1'°l Y{"...Y,f" -

OJHOWIEH, BXOAAMK B ¢, TO, KaK MBl BHJEIH, B‘-I(asicl ...ske) =
= aXP (X1 Xo) %2 (X1 .. X))k = aXFrthatoctha yhatotka | ke
fAcHO mo3TOMY, YTO PA3IHYHLEIM ORHOWIEHAM, BXOAAIMM B ¢, OTBEYAIOT
pasnuynbie BHCIMe wieHH. Cpean HUX OAuH OyJeT CaMbIM BHICIOMM, H,
crano 6uts, BU(g(s1,...,8,)) # 0 Bonpeku npegnonoxenuto. O

Ha apyrom s3mike yTBepX/jeHHE O €IMHCTBEHHOCTH O3HA4YaET, 4TO
81,...,Sy aazebpauvecxu nesasucumbi xad A, a xoabua Afsy,...,sp] u
A[X,,...,X,] usomopdurr (xorsa, pasymeerca, A[si(X1,...,Xn),...
...,8n(X41,...,X,)] — cobcrBennoe nmoamuoxecrso B A[X\,...,Xy)]).
Mexay npounM, npd A = Z xo3dpPuuneHTaMn MHOrOwieHoB f u g Gy-
OyT unenaste yucia. M3 TeopeMrl 1 BHTEKaeT emé monesHoe

Cneacraue. Iyems f(X)=X"+a1 X" 1 +...4+a,1X +an —
ROPMAAUS0BAKKBIY MKO2OUAEK cTienexy 1L om odxol nepemenxott X nad
noaex P, umerowutd n xopxetd c,...,c, 6 nexomoposu Oosvutesm noae
F > P. IIyemo, dasee, h(Xi,...,X,) — npoussosvnvitl cummempu-
uecxutl mnoeouaen u3 PXy,..., X,].
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Tozda ez0 anauenue h(cy,...,c,), nosyuanweecs npu nodcmanosxe
c; smecmo X;, i = 1,...,n, 6ydem npunadaexcamv noaro P.

JokasareasctBo. B camoMm gene, 0 OCHOBHOM TeopeMe O CHMMe-
TPUYECKUX MHOrOWIeHax Haigérca muorowex g(Yi,...,Y,) € PY,...
..., Y] Taxoi, uro

h(Xl,...,Xn) =g(81(X1,...,Xn),...,Sn(Xl,...,Xn)).

Toatomy h(cy,...,¢n) = g(81(C15---4Cn);s---,8n(c1,--.,Cn)), @ Tak Kax B
coorBercTBuy ¢ popmyaamu Buera (12) u3 § 1s(cy,...,cn) = (=1)*ax €
€ P, o1 g(-ay,...,(-1)%,) € P.O

3. MeToa HeompeaenéHEmx koddhdunmenToB. CymecrByer
HECKOJIBKO Da3IMYHEIX JOKA3aTEeNbCTB OCHOBHOM TEOPEMH O CHMMET-
PHYECKMX MHOI'OWIEHAX, & COOTBETCTBEHHO M METOAOB BHIPAXKCHMSA
3aJaHHOT'0 MHOT'OWIEHA f 4Yepe3 3IeMEHTAPHHE CHMMETPHIECKHE MHO-
rowieHH. UTo6GH OMMCaTh OJUH M3 TaKWMX HauGosee ynorpebGHTENLHEIX
METOJOB, BBEAEM HOBBIA THII CHMMETPUYECKUX MHOrowieHoB. s omnpe-
AenénHoctu Oynem O6parh B xadecTse A xousno Z wim moxe R. Ilycrs
v=XX3?... X}» — kakol-to ogHowien. O6o3nauum yepes S(v) cym-
My BCEX DA3JNYHLIX OAHOWIEHOB, NMOJYYAIOUAXCA M3 ¥ NEPeCTAHOBKOM
HE3AaBHCHMBIX nepeMeHHEIX. Hanpumep,

8k(X1,...,Xn)=8(X1...Xx)
— k-# 3neMeHTapHLI CHMMeTpUYecKnit MHorowien. Janee,
Pe(X1,. ., Xa) =S(XF) = XE+ X5 +...+ X5, k20, (5)

€CTh TaK Had3HBaeMad k-i cmenewnas cyssma. IlomaTHO, 4TO BCErpa
S(v) — OAHOPOAHEIA CHMMETPUYECKHMH MHOTOWIeH (HashIBaeMEIi emré
MONHOZENNbIM) TOM XKe MONHOM cTeneHH, 410 ¥ v. Tak kak S(v) = S(oov)
Ans BceX 0 € Sp,, TO €CTECTBEHHO PAaCCMATPUBATH JHMIIb MHOTOWIEHHI
S(v), oTBe4atommue MOHOTOHHEIM OfHOWIeHaM v. IIo CMEICTY ACHO Tak-
xe, 9YT0 M060i CHMMETPUIECKKA MHOTOWIeH f Haj A ABAACTCA JMHEHHOMH
KoMmbuHaImel ¢ koadduuuentamu u3 A MHOrowieHos Tuna S(v):

f=Ya,S(v).

O6Er4H0 Takas 3aITMCh NOMYIAeTCA MOMEHTaIbHO (“Ha raa3ok”). Taknm
o6pa3oM, 3ajada CBOAMTCA K BHIpaXeHMI0 S(v) 4epe3 aJIeMeHTapHELIE
CHMMETPHYECKHe MHOTOWIEHH. o

C KaXABHM MOHOTOHHHIM ORHOWIEHOM v = X;'X,%... X! accomum-
pyeTcs CHMMeTPHYEeCKME MHOrOwIeH

9o = gu(X1,..., Xp) = si"i’sg"". . .sf,", (6)

BHICIIIM WIEHOM KOTOPOrO KakK pa3 M ABIAETCA V. B coorBeTrcTBME CO
CXEMOM JOKA3aTeJNbCTBA TEOPEMH 1 BHPHCOBHIBAETCA CIEAYIONMMA METOJ
BeIpaxKeHuA S(v) Yepe3 3IEeMEHTapHHE CHMMETPHYECKMEe MHOTOWIEHHL.
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ITycre degv = m. Bepyrca Bce “MOHOTOHHEIE” pa3bueHus
m=ji+jot...4+dn, SN2J22...2jn20,

HeJIoro 4Mcaa m Takme, 9ro w = X{' XJ*... Xi* < v. PaccMarpuBaer-
ca MHOXecTBO M, BceX Takux oxHOwIeHOB w. [na xaxgoro w € M,
COCTaBIAETCA OHOWIEH gy, (cM. (6)). MH yxe 3maeM, 4To

s = gv + Z "wgw, (7)
weM,

rAe N, — KaKue-TO neiasle 4ucia. Heonpeaenéunnie K0ohGAIMEHTH Ny,
(orciopa m Haspanme memod neonpedesénnviz xoddPuyuenmos) Haxo-
AATCA NyTEM NOCJeA0BATENbHBIX NOACTAHOBOK B (7) BMecro Xi,..., X,
KakKuX-HUGY b HENRIX 4ucet, OGRMHO HyJNeH U eJUHMN. JHAYEHUA gy, gy
1 S(v) NpH 3TOM M3BECTHHL, ¥ JJIA Ny, NOIYIAETCH 3aBEJOMO COBMECTHAA
CHCTEMa JMHEXHBIX YPABHEHUH.

Npumep 1. v =X13) S(‘l)) =p3(xli""xﬂ)’ nx3, g0 = 5%;

My | X}Xa X1X2Xs
9w | 8182 s3

Ypasuenue (7) B AaHHOM CIydae UMeeT BHJA
ps = 8} + as18; + bs.

Ecmw X3 =X2=1,X;=0npui>2 1T0p3 =2,8 =2,8 =1, 8 =0. Ecmn
e X1 =Xo=X3=1,X;=0npui>3, Topzg=3,8 =3,82=3,83 =1. U3
MOy YHMBIIENCA CHCTEMBI

2=2344a-2-1+b-0,
3=3+a-3-3+b-1
HaxoguM a = —3, b =3, T.e. p3 = 8} — 38183 + 383.
[na peIpaxkenus cTeneHHuX cyMM pr(Xi,...,Xn) B BULe MHOrOWIe-

HOB OT Si,82,..., S, HMEIOTCA PEKYPPEHTHHE (POPMYJHl, HASHIBAEMEIE
Popmyaanu Horomona:

Pk — Pk—181 +Pk—2 + ...+ (=1)¥ 'p1sp_y + (-1)*ks, =0 (8)
mpu 1 < k< n;
Pk —Pk-181 +Pk—2+...+ (“l)n_lpk-n+lsn—l + (_l)npk—nsn =0 (9)

opu k > n.
YT06H MX JOKA3ATH, BOCIOAL3YEMCA OYEBUAHEIMY COOTHOMERNAMHE

XP -1 XM 4.+ (=) s X + (-1)"s, = 0,

HONy4alOMMMHCA npH noacraHoBke Y = X; B (3). YMHOXan Kaxja0e U3
aTHX cooTHOmeHH: Ha X" (k > n):

X‘k - sle'l +...+ (—1)"“lsn_1X¢""‘"’1 + (-—1)"3an_" =0,
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H IPOM3BOJA 33TEM CYMMHPOBAHHEE 110 § OT 1 10 N, MBI NOTYIUM HE TOJALKO
dopmyay (9), Ho u popmyxy (8) mpr k = n (po = XV + ...+ X% =
= n). PaccMoTpuM, Janee, CHMMETPHYECKHH OJHODOAHBIM MHOIOWIEH
fi,n cTemenn k < n (wm —o0, ecn fin = 0):

fra(X1y-. oy Xn) =Pk = Pr—181 + ... + (=1)* p1sp_y + (~1)Fksy.

Hcnoneays uuaykmuio mo r = n — k, aokaxeM, 410 fr , TOXIECTBEH-
HO paBeH Hyaio. Jlna r = 0 3ToT dakT GBI TOJILKO 9TO YCTAHOBJIEH.
Ionaras X,, = 0 u 3aMevas, 4TO NONYYAIOIMECA NPH 3TOM CHMMETDH-
4YeCKHE MHOI'OWIEHH (S;)o, (Pi)o COBNajaloT ¢ MHOIOWIEHAMH S; H Pi,
onpeaenéHHHIME A1a n — 1 nepeMeHHbIX X1, ..., X,—1 (cM. (3) 1 (5)), MuL
[IPUXOAUM K PABEHCTBY

f"aﬂ(xl’ .o ’-Xn—lgo) ==
= (Pk)o - (pk—l)O(sl)o +...+ (—l)k-l(pl)O(sk—l)o + (_l)kk(sk)o =
= fk,n—l(Xl, oo )Xn-l) =0,

u6on —1—k =r —1< r, 14 npEUMEHNMO NPEANIONONKEHNE HHAYKIHH.

Coornomenue fin(X1,...,Xn-1,0) = 0 nokassBaeT, 4YT0O MHOroO-
wieH fi n gemurca Ha Xp: fi.n = Xn f1. Hcnoasays cummeTpuyHOCTS fi 5,y
IPUXOAUM K BEIBOAY, YTO 3TOT MHOT'OLIEH COAEPXKMT B KAYECTBE MHOXH-
Tenen X1, Xs,...,X,, a 3HaUNT, ¥ uX npomssejenne s, = X1 Xs...X,,.
Jdpyrumu croBamm,

Fen (X1, 0y Xp) =8n(X1,..., X0n) - B(Xy,..., X5). (10)

Pasnoxenue (10) Bo3MOXHO, OAHaxO, Jumb mpu h = 0, NOCKOABKY
degs, = n, a deg fy,n = k < n. Hrak, fi,n = 0, ¥ JOKA3aTENLCTBO
¢dopmyan (8) aasepmeno. O

4. [UCKpUMHHAHT MHOrowreHa. PaccMoTpum B kousue P[Xy,. ..
..+, Xn] MHOTOWIEH

An= ] Xi-x5),
1<j<ign

KOTOPHH, O4EBHUHO, MOXHO IPEACTABATE B BUAe onpeaeauTens Banaep-
MOHJ2

1 R |
An_ .Xl X2 cee Xn (11)
xp~t Xzt Xp!

Tak xax onpeeIrTenb ABIAETCA KOCOCHMMETPHIECKOR QYHKIMEH CBOMX
cTonbuos, TO T o A,, = €,A, — 3Hak nepecraHosku ™ € S,,. Ho B Ta-
KoM cryvae A2 — cuMMeTpHueCKHit MHOTOWIEH, ¥ 110 OCHOBHOI TeopeMe
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€r'0 MOXHO BHIPa3UTh B BHJE MHOI'OWIEHA OT 3MEMEHTAPHLIX CHMMETDH-
YecKNX GYHKIMK

A2 = H(X* - X;)? = Dis(sy,. . ., 8n).

Muorowren Dis or s;(X1,...,Xp), ..., 8,(X1,...,Xs) HasmBaeTcs
ducxpumunaxmon cexeticmaa X1, ..., X,. Ero kxoadpduimenrr, ouenuna-
HO, JexaT B Z. Ilpn moacraHoske z; € F BMecto X;, ¢ = 1,2,...,n
(F — xakoe-TO pacmmperue nois P), MOXHO IOBOPHUTH O AMCKDHMH-
HAHTE CeMeMCcTBa JI06BIX N 3iaemeHToB noas F. Ecau ue sce z3,...,2, €
€ F pasnu4uwl, TO JUCKPEMHUHAHT 3TOTO CEMEHCTBA 06PAIAeTCA B HYIb,
NIOCKOJIbKY XOTA OBl OJMH M3 MHOXHTeNeH T; — T; GyaeT paBeH HyJIo.
Cnoco6uocTsio Dis BHIENATE 3TOT CIy4Yal M OGBACHAETCA CAM TEPMUH
JOUCKPHMHUHAHT.

Y 106HEI cnOCO6 MONyYeHNA JUCKPHMUHAHTA OCHOBAH Ha MHTEpIpe-
ramuu A2 xax npomssesenus onpegeaurens (11) Ha TpaHCIOHMPOBaH-
Hut onpegesurens: A2 = A, A, (BcnomumM, uTo det’d = det A gua
mo60oi xBaapaTHoi MaTpuusl A). [JeACTBYs N0 NpPaBUIY yMHOMXEHHA
MaTPHI, MEI CPa3y € HaXO0IuM

n Pr P2 ... Pna
Pr P2 PpP3 ... Pn
Dis(s1,...,8s)=| P2 P3 P4 ... Pnq1 |, (12)
Prn-1 Pn Pn+1 ... P2n-2

rfe py — HU3BECTHHE HaM creneHHne CyMMH (5). Buruncius pi no pe-
KyppeHTHHIM ¢opMmyaaM (8) u (9), MEl NpHAEM K ABHOMY BHIDAXKEHUIO
ana Dis(sy, . ..,8,). B 4acTHOCTH, P; = 81, P2 = 8% — 259, Tak 4TO

S

—a?
s s?— 28 = 87 — 4s,. (13)

DiS(Sl ) 82) =

IlycTs HaM gaH Tenepbs HOPMAIM3OBAHHEIA MHOT'OWIEH
fX)=X"+a1 X" +... 4 an_1X +an € P[X],

MMEIOmMiA B P Win B HEKOTOPOM €ro pacluupeHuu F' 1 KOpHeH ¢y, . .., Cp.
Kax Mut 3maeM u3 dopmya Buera, a; = (=1)*si(cy,...,cCpn)-
Onpeaenernue. [UCKDUMHUHAHT CeMEACTBA KOPHEH Cy, . . . , Cn, MHO-

rowiena f, Wid, 4TO PABHOCAILHO, 3HaYeHHe AUCKpuMuHanTa Dis(sy,...
...,8y), NOy4alomeecs npu mogcranoske (—1)%a; BMecTO sk, Ha3LBa-
eTca JUCKPUMUNRGHIMOM MKo20usena f u o6Go3nadaerca D(f). OH Hash-
BAETCA TAKXKE QUCKPUMUNARMOM G12e6DAUNECK020 YPABHENUR

f(z) =z"+a1z" ' +...+ap_1T+an =0. (14)

flcno, uro D(f) € P (BciOMHHM B 3TOM CBA3M CJEACTBHE TEOPEMH 1).
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Kak BHZHO M3 ONpeAeneHus JUCKPUMHUHAHTA, CIPABEIIMBO TaKXe

Mpennoxenue. D(f) = 0 mozda u moabxo mozda, xo2da ypas-
nenue (14) umeemn xpamusie xKopru (Zoma 6bt 00ux Xopexb Kpamuocmu
k>1).

C yuérom crescTBus 2 TeopeMul 5 u3 § 1 MEI HMeeM Teneps ABa, CIO-
co6a, He TpeOyommX BHIXOZA 33 NMpPEAeIsl OCHOBHOIO nois P, pemmts,
o6ragaer win Het MHorowreH f € P[X] kparanmu kopramu. Ho 3mave-
HMe AMCKDHMMHMHAHTA 3aKII0YaeTCA He TOJLKO B aToM. CkaxeM, popmy-
na (13), npumenénraa k kBaapaTHoMy Tpéxwieny f(X) = X2 +aX +
+ b ¢ BemecTBenHEIME KO3dummMenTamu a,b, gaér D(f) = a® — 4b —
BLIpaXKEHNE, U3BECTHOE M3 JJeMEHTapHOH aare6pr. B wacTmocTtH, oT
3Haka D(f) 3aBUCHT BelleCTBEHHOCTH KN KOMILIEKCHAA CONPAXEHHOCTD
KOpHe#t ypaBHeHus T2 + azx + b = 0.

MlpuMep 2. BYUCANM ZUCKPUMHMHAHT TaK Ha3bIBAEMOrO HENOJIHOI'0 KyOuuec-
KOI'O ypPaBHEHUA

fl@)=2®+az+b=0. (15)
B pauHOM ciyyae 84 = 0, M BHIYMCIEHHE Pj NO PEKYPPEHTHHIM (doOpMyJaM JaéT
pL = 81 = 0, p2 = 83 — 28, = ~2a, p3 = 8} — 38182 + 383 = —3b, pg =
= s} — 48282 + 45183 + 282 = 2a2. CaegoBaTennro, no dpopmyae (12) umeem
3 0 ~2a
D(f)=| 0 —2a -3b |=-4a®-2m2% (16)

—2a -3b 202

Bripaxenue D(f) npuoGperaeT Gonee croxHbil BuA (10 cpaBrenuio ¢ (16)) B cayuae
NOJHOI'0 KyGH4eCKOro ypaBHEHHA 23 + a12? + a2z + a3 = 0, ognaKO OT ero pac-
CMOTPEHHA MOXHO M36aBUTHCA, KAK NOKA3HBaeT clepyiomee ofimee paccyxgeHue.

Tlepeiizém oT aprymenTa T x ¥ = £+a1 /n. [logcTaBass = y—a1/n B ypasuenune
(14) u ucnoxsays GUHOMUANBEYIO HOPMYJIY, HAXOZHM

s =1(v-3)=v"+a " 4. =0, (17)

T.e. B HOBOM YpaBHeHUN Ko3dduumenT npu y™~! papen Hymo. 3Haa KOPEHb yo ypaB-
HeHus (17), Mbl JIerko HalZEM TaKXe ¥ KODEHb Zo = Yo — a1 /N UCXOAHOIO ypaBHEHUA
(14). MosToMy 6e3 orpanM4yeHns OGMIHOCTH MOXHO CYMTATH ay = 0.

Ecau nuITaThca HallTH 06myio ¢opmyay AnA pemeHHs ypaBHeHua (15) (B uém
npeycnend cCpefHeBEKOBhle MaTeMaTuku Cnunuon xexs Peppo, Kapaano u gp.), To
Hen3bexHO B Urpy GyAeT BBOAHTHCA AUCKPEMMHAHT (16) (cm. dopmyan (2) us §2
ra. 1).

5. Peayansranr. Ocnosnoe csoircTBo D(f), chopMmyrupoBanHoe B
NpeIOKEHUH U3 NPEALIAYIIEr0 NYHKTA, HHTEPNPETUPYETCA TaKXKe KaK
OPHU3HAK HAJIMYMA O6muUX KOpHe# (MiK o6IuUX MHOXHUTEEH) y MHOT'OLIe-
Ha f ¥ ero npouasoaHok f'. B ocHOBe 3TOr0 NpU3HAKa, JEXAT B KOHEIHOM
cyére anropur™ EBkinza. OTO Za€T OCHOBaHME IONAraTh, YTO HMEETCA
AHAJIOTMYHHIA KPUTEPUH, MO3BOJIAIOMMIA HEMOCPEACTBEHHO 110 K03Ghdu-
LMeHTaM JoOBIX ABYX MHOrowieHoB f,g € P[X] peumTs BOmpoc o ToM,
061a1a10T OHM OOIMM MHOXHTEJNEM MIH He o6u1agaioT.
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Hrak, nycTs
fX)=a X" +a1 X" 1 +...+ a1 X + an,

— ABa MHOrOwWIeHa ¢ Koad¢dunuentamu B nose P. 3gecs n > 0, m > 0,

HO HE HCKJIIO4aeTCA BO3MOXHOCTH TOrO, 4YTO dg = 0 mwim by = 0.
Onpeaenenue. Peayssmanwmom Res(f,g) MHorowrenos f u g

HA3HIBAETCA OJHODOJHHIM MHOrOWIieH (OJHOPOJHAA NOAMHOMHAILHAR

$yHKuMa) OT ux K03bPHUIUUEHTOB (CTENEHH 7 OTHOCUTENLHO Qg,. .., 0y
M CTENEeHM N OTHOCHTENBHO by, ..., by, ) BHga
G @ ... ... Gp )
@ G ... ... Gn m
.............................. cTpoXK
a a an
Res = ¢
F9=l 4 b ... ... bm
bo bl see oo bm L n
.............................. CcTpoK
bo b ... bm | )

B 3T0OM onpejeieHMH PE3yILTAHTA COJEPXKUTCA HEKOE yTBEPXKICHUe
0 €ro cTeneHax xak MuorowieHa. Ho oHO HENOCPELCTBEHHO BRITEKALT U3
CBOMCTB ONpeAeJUTeNeH: eClIM 3aMEHHTL B EPBEIX M CTPOKaX a; Ha ta;,
T0 Res(tf, g) = t™Res(f, g), nocire 4ero ocTaércsa COCIATHCA HA YIIPAX-
Henue 3 u3 § 2 . 5.

BrieseM Teneps OCHOBHEIE CBOMCTBA PE3YJILTAHTA.

R1. Res(f,g) = 0 moada u moavxo moeda, x02da ag = 0 = by uau
ace [ u g umerom obwutl mnoxcumensb 6 P[X] cmenenu > 0.

Y6eaumca cHadana B TOM, 4To yciaoBue “ag = 0 = by wim ke f m
g umeror o6umit MHoxuTens B P[X] crenenu > 0” BLOAHsETCA TOrAa
M TOILKO TOrJa, KOTA2 HARAYyTCA MHOFOWIEHH f1,g;, OMHOBPEMEHHO HE
PABHEIE HYJIO, AJIA KOTOPEIX

fa1+ fig=0, deg f <mny, degg; <m. (18)

Jencreurensro, nycts h = HOL(f,g), degh > 0. Torga f = hfi,
g = —hgi, 4, cregosarensro, fg; + gfi = 0. Kpome Toro, deg f; < n,
deg gy < m, Tax uro (18) umeer mecro. Ilpu ag = 0 = by MH MOXeM
nonoxuts f = f, g1 = —g.

O6paTHo: npexnonoxus npu pumoxHennu (18), yro HOA(f,g) = 1,
MbI BBIAY dakTopuaabHOCTH P[X] (cM. § 3 ru. 5) npuaéM k MMILIMKAIME
fan =0 —gg& = f|f1, g9lg1. Crano 6urs, deg f < n, degg < m, oTkysa
ap =0 = 0g.

M noxaxkeM Teneps 3KBUBaTeHTHOCTS yciaosui (18) u Res(f,g) = 0.
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Tlonoxus
= COXn—l +61Xn—2 +...+c¢Cn1,
G =dX™ +di X™ 24 .. . 4dny

¥ BHIYHCIMB MO (OPMaNbHHIM NpaBMiIaM KO3GdHIMEHTH! MHOI'OWIEHA
fa1+ frg crenenu < n+m—1, Mut 3anumenm yciosue (18) B BHAe KkBaApaT-
HO# OJHOPOJHOM CHCTEMEI JHHEHHEIX YPABHEHUH C N + 1M HEM3BECTHHIMHA
dﬂadl) v ,dm..l,Co,Cl, ceeyCp—1:

apdp + ... +boco ... =0,
aydo + aody + ... +bico +bocy =0, (19)
asdo + a1d; + agdz ... +bocg + bicy +bocz =0,

...............................................

Onpegenurens MaTpuun cucteMul (19) (Tounee, onpexeInTeNb TPAHCIIO-
HUPOBaHHOM MAaTDPHULHI) cOBnajaeT Kax pas ¢ Res(f, g). Crano 6uITh, cuc-
Tema (19) uMeeT HeHyJeBOE peEIlleHHE B TOYHOCTM TOrfAa, KOLJAa
Res(f,g9) = 0, a BcAkoe HeHyJeBOe pelEHHE NPUBOAUT K Mape MHOrO-
4IeHOB fi, g1, yAOBIeTBOpAomux yciosuio (18). O

R2. Ilycmv mnozouqextt f 4 g NOAKOCTIBIO PACWENARIOMCA NG AU-
netinbie mnoxcumean 6 P[X] :

f(X)=ao(X —a1)... (X — an),

X)=b(X = B1)...(X = Bm).-
Tosda 9(X) =bo(X = B1) ... (X = Bm)

n m
Res(f,9) = ag [] 9(es) = (~=1)™88 [] £(6) = aft5 [[ (e - 8))-
i=1 i=1 ij

JokasareancrBo. fIcHO, 4TO ykasaHHHE 31ech HOPMYJH], €C-
J¥ OHM BEPHHI, JODKHH HOCHTL YHUBEPCAJBHEIN XapaKTep, HE 3aBUCA-
mMMA OT YACTHEIX THIOB MHOIOWIEHOB f,g. OTa HECIOXHAA “Puioco-
¢ua”, B IPEPOLY KOTOPOM MEI HE XOTHM 31eCh BJABATHCA, MO3BOJIAET
HaM OrDaHMYUTBLCA PACCMOTpEHHEM “00ero Ciy4as”, KOrga, CKaXeM,
Bce g(ai),...,9(an) u Bce f(B1),..., f(Bm) NONAPHO PABIHIHEL.

Hanee, Tak xax Res(g, f) = (—1)™"Res(f,g) (cm. onpexenenne), To
JAOCTATOYHO yO6eAMThCA B CIpaBelaMBOCTH cooTHomennsa Res(f,g) =
= af* [T 9(as). C aroi nennio BBeAEM HOBYIO NEPEMEHHYIO Y H HaJ IOJEM
pamuonansHEX gpobeir P(Y) paccmorpuM muorowrenn f(X),g(X)-Y.
W3 ompeneneHus pe3yabTaHTa, rje CIeayeT 3aMeHATH by, Ha b, — Y,
MOy 4a€TCA, 4TO

Res(f,g-Y) = (-1)"ag’Y"™ +... + Res(f, 9)
— MHOTOWIEH CTENEHX 1l OTHOCUTENBHO Y €O CTapIIMM KO3 PULHEHTOM
(=1)"aZ* u c nocrosuueM wieHoM Res(f, g). Mrorowiens: f(X) u g(X)—

— g(0;) c o6muM kopHeM a; genatca Ha X — a;. Bemay cmoiicTBa R1
umeeM Res(f,g — g(a;)) = 0.
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Ilo Teopeme Beay muorourer Res(f,g — Y) nomxen geaurthcsa Ha
g9(a;) =Y, 1 € i < n. Tak kak Bce g(a;) y HAC padIMYHH, TO
Res(f,g - Y) = aJ' [Ii,(9(cs) = Y). Ilpu Y = 0 nonyuaem myxuoe
BrIpaxkeHue. [

Hannoe B n. 4 onpejeneHne AUCKPUMMUHAHTA NEPEHECEM HA CITydail
HEHOPMAIN30BAHHLEIX MHOT'OWIEHOB, [IOJAraf

2

D(fy=a? [ (@-a)*=|ag ' [Jlai=aj)| , a0#0.

1€j<ign i<i
R3. Hueem mecmo dopuyaa
D(f) = (-1)"*D a5 Res(f, f'). (20)

JeucreurensHo, cormacuo R2

Res(f, f) = ag~" [] £'(e)-
=1

Ho
!
F'(es) = a0 [J (i — o),
ey
YTO ABJAETCA MPOCTHIM CIEACTBHEM NOACTaHOBKH X = a; B O6mee BhI-
paxcenue

n
F(X)=a0 ) [[(X -ay),
i=1 ji
noxyyaemoe aubdepennnposanuem npomssegenus f(X) = aop H;'=1 (X-
— a;). Taxum o6pasom,

Res(f, f') = ag" ' [] [T (i — o) =
=1 j#i
= ao(—-1)" "D 2a* 2 ] (s — ;)* = ao(-1)"*"D/2D(f). O
i<t

®opmyaa (20) ga€T ABHOE BHIpaXXEHME /A TUCKPUMHHAHTA.

YNPAKHEHUA

1. Ilycts p — npocToe yucno. Ipu nomoum ¢opmya Heiorona (9), (10) nokasaTs,
4T0
-1
pz:i"' - { —1(modp), ecam m gemurcsa Ha p— 1,

po 0(modp), ecau m He gexurca Ha p— 1.
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2. Ucnoxs3ya cucreMy pexyppeHTHHX ¢opmyn HeioTona u ¢popmyant Kpamepa,
NOJYYUTH CIeAYIOmMe ABHLIE BHIPDAXEHHA Pi Yepe3 S; U 8i 4epe3 pi:

8 1 0 0 0
282 83 1 0 0
3s 8. 8 1 0
Pe=| Y, ST TTTU ’
(k—1)8k_1 sk_2 8kr_3 8g_q ... 1
ksk 8¢—1 8k—-2 8Sgp-3 ... 81
P1 1 0 0 ... 0
P2 P1 1 0 ... 0
_ 1] ps p2 P1 1 ... 0
Bk S Tl o
Pk-1 Pk-2 Pk-3 Pk-4 ... 1
Pk Pk-1 Pk-2 Pk-3 .- P1

3. IlycTs ¢, €2, 3 — KOMILIEKCHBIE KODHH MHOrOwieHa X 3 — X + 1. YTo MOXHO
ckasats 0 pacmmperun Q(cf® + c3° + ¢3°)?

4. Mzorounen f(Xi,...,Xn) Hag noxem P XapaKTepUCTHKM # 2 HA3LIBAETCA KO-
cocummempuueckusm (WIH 3naxonepemenubim), ectu Vo € Sp (mo f)(X1,...,Xn) =
= exf(X1,...,Xn) (xak Bcerga, ex — 3HaK nepecTaHOBKM). IIpuMepOM KOCOCHM-
METPHYECKOr'0 MHOI'OYJEHA MOXET CIYXHTh An = ['[J. <i(Xi = X;). Nokasars, 4T0
n060# KococuMMeTpHyeckui MHOrouwreH f € P[Xi,...,Xn] umeer Bug f = A, - g,
rAe g — CAMMETPHYECKHH MHOrO4JeH.

Ykasanune. PaccMoTpeTh f Kak MHOIOYJEH OTHOCHTENLHO Xpn C KO3dduuueH-
Tamu B P[X1,...,Xn-1]. OGpaTHTh BHMMaHHE HA TO, YTO B CHIy KOCOCHMMETpHY-
HOCTH f = 0 npu Xn = Xn—1 H, cTANO GBITH, f seanurca HA Xn — Xpn-1.

5. Ucnoasaysa cBoicTBO R2 1 QaKT CyImeCTBOBAHMA MOJAA PA3N0XEHHA MHOTOWIEHA
(cM. cregylomuit naparpad), NOKa3aTh, YTO

Res(fg, h) = Res(f, h) - Res(g, h).
6. Y3 ynp. 5 u u3 R3 BeiBecTH dpopMyry

D(fg) = D(£)D(g)[Res(f, 9)]>-
7. Yemy paBen pesyabrant Res(f(X),X — a)?
8. TlokasaTs, uTo D(X™ + a) = (~1)(n—1)/2gngn-1,
9. Hycts f(X) = X! 4+ X"~2 4+ ... + 1. Ucnonsaya cooTHOmenne X™ — 1 =
= (X-—zl)f(X) ¥ IpeALIAYIIEE YIPAXHEeH’A, 10Ka3aTh, 4T0 D(f) = (—1)(n=1)(n-2)/2
X ntT4,

§ 3. Ainre6pamyeckas 3aMKHyTOCTb nmoas C

1. ®opMyaIHpOBKAa OCHOBHOM TeopeMhi. llycte P — moxne n
f — npouasonbaBnt MHOTOwIeH Hag P. Kak yxe ormevarocs B 1. 2 § 1,
TOBe/ieHe MOMMHOMHANLHOM (yHKuMU f: P — P, acCouMMpOBaHHOM C
f, cywectBenHo 3asucut ot nousa P. B wactHocTn, Imf = P, X016 cKOpO
deg f > 0, n x P npuMeHNMO creayomee

Onpegenenne. Ilone P HA3KIBAETCA G12€6DGUUECKYU 3GMENYMBIM,
ecau KaxJHM MHOrowieH u3 koasua P[X] pasmaraerca Ha JuHeHHLIE
MHOXHTENH.
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To xe camMoe MOXHO BHIDa3UTh APYTHMH CIOBaMM: noae P aazeb-
DOULECKYU 3GMKRYMO, ECAU HENPUBOJUMBIKL Had P 264810mca auwb Mno-
2ouaentt cmenenu 1 (aunetinbie Mrozouaensl).

Ecau aobott mnozousen f € P[X] o6aadaem 6 P no xpatinett me-
pe o0num xoprem, mo noae P aszebpauuecxu samxnymo. JeiicTBurens-
Ho, Torga f(X) = (X — a)h(X), a € P, h € P[X], o no ycnosuio
ans MHOrouiaeHa h B P Toxe cymecTByeT XOTf GH OOMH KODEHb, T.€.
h(X) = (X - b)r(X), b € P, r € P[X]. Ipogonxkas 3TOT npouecc, Mul
IpPUJEM B KOHIE KOHIIOB K IIOIHOMY Pa3JIOXKeHMIO f HA JMHEHHLIE MHOXH-
Teau. Tak Kak f — IPOM3BOJILHEIM MHOIOWIEH, TO noJse P yrosneTsopsaer
OIpeJeJICHAIO anre6pauecKoi 3aMKHY TOCTH.

XoTs u cpaBeJINBO yTBEpXJEHUE O TOM, YTO 0as 6¢ax020 noas P
cywecmeyem pacwupenue P D P, ssas0weeca aa2ebpausecks 3aMxny-
mum nosex (meopema [Imetinuya), Ha MEPBRIX NOPaxX BCE K€ TPYAHO
BOCIIPHHATH HE TOJBKO KOHCTPYKLMIO aJreOpanvecKy 3aMKHYTOr'O pac-
IIKPEHNsA, HO ¥ CaMy MJeI Takoro pacmmpeHus. Tem Gonee mpuaTHO,
9TO MH (PAKTHUYECKH PACHONAraeM APKAM M OYeHb BAXKHLIM ITPUMEPOM
anre6panyecKy 3aMKHYTOrO HOJsA, Kak 06 9TOM I'TaCUT Tak Ha3LIBaEMas
0CR06KAR Meopema aszefpbl. IMenno, cipaBegiusa

Teopema 1. IToae xomnaexcuriz uucea C aazebpauuecxu 3amx-
Hymo.

CoopmyanpyeM emé pa3 3TO GpyHZAMEHTANILHOE YTBEPXJCHHUE, Te-
nephb yXe B TEPMUHAX KOPHeEH.

ITpouzsoavnuitt mnozouaen f(X) cmenenu n > 1 ¢ xomMnaexcubimy
(uau sewecmeennbiny) K0IPGHUYUERNAMY UMEEM POBHO 1 KOMNAEKCHDIT
Kopretl, CYUMGEMDIT CO CE0UMU KPGMHOCTIAMY.

I'pomxmit TuTyn “ocHoBHOM” TeopeMa 1 mpuoGpena emé B Te Bpeme-
HA, KOT/1a pellleHune alre6pandecKnX ypaBHEHHH GBLIO OHMM U3 TVIABHEIX
3aHATAM ajareGpancToB. B namm apu TeopeMa 1 OTHOCUTCA K YUCIy pA-
JIOBBIX, XOTA ¥ BaXXKHHIX YTBEPXICHUMH.

Breperie cTporoe noxasaTelnCTBO OCHOBHOM TeOpPeMHI GHLIO Ipen-
noxeno 'ayccom B 1779 r. C Tex mop NOABMIOCH MHOTO BaPMAHTOB [0-
Ka3aTeJIbCTBA, PA3IMIAIOMMXCA MEeXTY COGOM, TaK CKa3aTb, CTENEHLIO
anre6panynaoctd. Heo6x0aMmMOCTh ONMUpPAThLCA HA CBOMCTBA HENpPEPHIB-
Hocty nosedt R u C (¥Have, HA MX TONOJOTHIO) NPOABIAETCA B TOH MIH
MHOM (OpMeE; eCTh JaXe COBCEM HE aiareGpawvecKoe ¥ O4€Hb KOPOTKOe
A0KA3aTelIbCTBO, OCHOBRIBAIOMIEECH HA JOBOJLHO IIyGOKOM TOHATHH aHa-
JMTHYECKON (PYHKUMM KOMILIEKCHOM mepeMenHou. Ceiryac GyjgeT nmpuee-
ZIEHO X0KA3aTeIbCTBO, OCHOBAHHOE HA DIEMEHTAPHHIX CBEJEHUAX M3 Ma-
TEMaTHYECKOrO aHaMM3a M Bocxojgadmee K uzeam [anambGepa, Direpa,
Taycca, Komu, Apraua. Amenno nocaeauemy (Argand R., 1814 r.) npn-
HAJJIeXKUT HauGosee MPO3PAYHOE M3JIOKEHUE, KOTOPOMY C TEX IOp cle-
AYIOT NOYTH BCce y4eGHMKY mo aarebpe.
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2. Jloka3aTeJbCTBO OCHOBHOM TeopeMhul. Ero mearre6pawy-
HOCTb HAYMHAETCA C JBYX BCHOMOraTEJbHHEX YTBEPXJEHHH, KOTOPHIE
MOXHO HailTH B JI0O60M KypCe aHaIu3a.

1) Kaocobii xomnaexcroitt muozousen

f(z) =apz" +a12" 1 +... + an-12 + an, n>l1, (1)

Aeazemca venpepbienott gynxyued 6 wobott mouxe naocxocmu C (pyuk-
mua f : C = C xenpepiena B Touke 2y € C, ecmm lim,_, 5, f(2) = f(20);
APYTHMH cJI0BaMu, Ais mobou okpectHoCcTH V (f(20)) HallA€TCA OKpECT-
Hoctb U(2p) Takas, uro npu mobom z € U(2o) 6yaet f(z) € V(f(z)).

2) Kaacdas nenpepvienas gynxyus f : K — R na xomnaxme K C R?
docmuzaem ceoe20 munumyma 6 K (xomnaxm — 3aMKHYTOE OrpaHH4EH-
HO€ MHOXECTBO).

3ameTuM, 4TO CIEAOBANO OB NOBOPUTE O HENMPEPHIBHOCTH NOJIHMHO-
muansHon ¢pyukmun f: C — C, HO MH cileayeM ynpOmMEHHOMY A3HIKY,
npuHATOMY B aHanu3e. KoMunakToM y Hac GyaeT kpyr |z| < r HeKOTOpPOro
JOCTAaTOYHO 6OJILIIOro pajuyca T, OnpeAeéHHOro Huxke. TpuBuamLHEIL
cIydail MHOrOwieHa f CO CBOGOZHBIM WIEHOM G, = 0 MCKIIOYaeTcAa u3
PacCMOTpPEHNA, NOCKOABKY Toraa f uMeeT KOpeHb zg = 0.

YT06H NOACHATH reOMETPHYECKU MAEI0 AOKA3ATENbCTBA, BOOGPa3UM
cebe moeepxHOCTH, B R3, oTBevwaomyio ypasmenmo w = |f(z)|: 3nage-
HUA 7z M306DPAaXKaloTCA Ha MOPU3OHTATLHOM mwiockoctT# R2, a 3Hauenms
| f(2)| oTk1axEBAIOTCA BBEPX, B HAIIPABIEHUM OCH W, EPIEH JAKYIAPHOMK
k R%. Us nenpepuBrOCTH f(2) CrexyeT HempeprBHOCTS dymKImH |f(2))
Ha sceit rwiockoctu C. Hyxno y6eguThes B TOM, 9T0 XOTA 661 OFHOM TOY-
KOH HaIlla OBEPXHOCTH “OmmpaeTcsa” Ha FOPU3OHTAIBLHYIO ILIOCKOCTHL R2
(w = 0). Iocaexyromme paccyxAeHuA Pa300bEM Ha HECKONBKO IIArOB.

Jemma 1. Cywecmeyem noaodcumeavrnoe wucao r € R maxoe, ymo
|£(2)] > |f(0)| das 6cez z € C c |z| > r.

HJencreurensro, ana z # 0 umeeMm |f(z)| = |z|”|ao + g(z71)|, rae
9(u) = a1u + azu? + ... + a,u™ € Clu]. U3 HenpeprBHOCTH g B TOUKE
0 cresyer CymecTBOBaHME TakKoro BemecTBeHHoro § > 0, uro |g(u)| <
< |ao|/2 npu |u| < 6. Taxum o6pasom,

£ > l#1"(aol = o)) > 3laollel”

npu |z| > 6. CaegoBaTensHo, 0CTANOCH BHOPATH M060€ BEIeCTBEHHOe
wucno r > 61, pus koTOPOro 61UI0 65 BEIIONHEHO HEPABEHCTBO |ag|r™ >
> 2|as). O

Canexcreue (n1emma Komm o Munnmyme). Jas xaoncdozo mnozouse-
na f € C[z] cywecmeyem zo € C maxoe, umo |f(z)| = inf ec | f(2)|-

B caMoM pene, BBUAY yTBepXKAeHNA 2) HenpephiBHAA bynxuus | f(2)]
npunuMaeT B kpyre D, = {2z € C| |2| < r} MuEnmambHOE 3HAueHMe,
T.e. cymecTByeT zg € D, Takoe, uTo |f(2)| = inf,ep, |f(2)|- Ho Tax
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Kak |f(zo0)| < |f(0)|, a mo memme 1 nmeeT mecTo HepaBencTeo |f(0)| <
< infiec\p, |f(2)|, 70 |f(20)| = infzec |f(2)]. O

JemMma 2. ITyemv k — mo6oe yeaoe wucao > 1, u nyemo h € Clz] —
mnozousen ¢ h(0) # 0.

Tozda das xancdozo a € C* natidémea maxoe b € C, ymo

la + b*h(b)| < |al-

Joxa3aTeabCTBO JEMMB HCXOAUT M3 (AaKTa HENPEPHIBHOCTH
MHorowresa h: cymecrsyer § > 0 Takoe, 4To npu |2| < § umeeT mec-
To HepasencTsO |h(2) — h(0)| < |h(0)|/2. 3TO nO3BONAET HAM MOXYYATDH
ouerxy ana a + z*h(z) = a + h(0)zF + z*(h(z) — h(0)):

la+ 2*h(a)] < la+ h(O)2* + 2IA(O)] - |al* ()

u3 Kpyra |z| < 4.
Bri6epem Teneps xomiuiexcnoe yucao b € C, pia xoroporo

h(0)b* = —ta, 0<t<1

(auxe Ha BemeCcTBEHHOE YU CJIO ¢ Gy Ay T HATOXEHH JONOIHUTEILHEIE Orpa-
HuyeHusn). B kauecTse b f0CTAaTOYHO B3ATH, Ciefys TeopeMe 3m3 § 1 ra. 5,
mo6oit xoperb creneru k ua —tah(0)~! # 0. Hoxywaem |a+h(0)b*| = (1-
—t)|a] u |R(0)] - |b|*¥/2 = t|a|/2, uTo B coeammenuH c (*) MIPUBEZET K HyX-
HOMY HEPaBEHCTBY, KOJIb CKOPO |b| < §. MuI o6ecnieunM BHIIOJIHEHHE 3TO-
ro ycuoeus, Hanoxus Ha t = —h(0)a~'b* orpammienue t < |h(0)a"?|6*.
HMrax, noacrasus B (*) 3Ha4eHue z = b, |b| < §, nonmy4aeM OKOHYATEALHO

la +b*h(b)] < (1 - t)|a| + %tlal = (1 - %t) la| < |a]. O

Caexcraue (1emma Janam6epa—Aprana). [Tyems f(z) — mnozo-
waex nosodcumenvnott cmenenu nad C.

Tozda xaxcdot mouxe c € C maxot, umo f(c) # 0, omeewaem moxu-
xa ¢’ € C, dax xomopoil

IF(N < 1£ ().

Ina xokasaTernCcTBAa MHOrOWIeH f(z + ¢), nogo6uo f(z) He ABIAIO-
IMACA KOHCTAHTOM, PA3TOXUM MO CTENEHAM 2:
f(z+¢) = fc) + bz + by 2** + ...+ baz”, b, # 0.
Jpyrumu crosamu,
f(z+¢) = f(e) + 2*h(2),
rae
h(2) = by + bry12 + ... + bp2™ 7k, h(0) # 0.
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Iogcrasus B hOpMYIMPOBKY JeMMH 2 3Havenue a = f(c) # 0, Mu MoO-
’KeM yTBepXaTh cymecTBoBanne Takoro b € C, uro mpu ¢’ = b+c 6yaer
BBINOJIHEHO TpeGyeMoe HEPaBEHCTBO

IF()] = 1f®+c) = 1f(c) + b*h(B)| < f(c). O

FeoMeTpuIeCKUH CMBICH €CIM Ha mnOBepxHOCTH w = f(2)
B3ATa TOYKA, PACIOJOXEHHAA CTPOro Bhime IiockocTd w = 0, To 06s-
3aTENbHO HAWAETCA Apyras TOYKa Ha MOBEPXHOCTH ¢ 60jee HU3KMM pac-
TIOJIOXKEHHEM.

OkoHuyaHMe JOKa3aTeALCTBAa OCHOBHOM TeopeMH (Teo-
pemnl 1). CornacHo Ci1eACTBHIO JeMMH 1 CymECTByeT Takas TOYKa 2p €
€ C, uro |f(20)] < |f(2)| Ana Bcex 2 € C. Ecom f(20) # 0, To, xax
YTBEDXKAAET CIEACTBUE JEMMHI 2, HaMAETCA Takas Touka 2y € C, uro
|f(25)| < |f(20)] — nporueopeune. O

Bo3aepxuBasch 1I0Ka OT Kakux-a1u60 KOMMEHTapHeB N0 MOBORY HpO-
BEEHHOI'0 [JOKa3aTeNbCTBA, 3AMETHM, UYTO ABHLEIM aHAJIOrOM JEMMH 1
CIIyXXHUT, O4€BHLHO,

Jlemma 3 (neMma o moayne crapmero wiena). ITyemo f(2) — mno-
2ouaen 6uda (1) ¢ npoussoabNLIMU KomTiexcHbimy KOIPHuyuenmany

G0,a1,--.,0n, n 2 1. Iosowcun A = max (|a;f,...,|an]), r = ]ﬁ—[ +1.
Tozda npu |z| > r 6ydem evinosaneno xepasencmeo
laoz™| > 12"t + ... + @n_12 + ayn).
HJoxasaTeabcTro. EcauB3aTs 2| > r, To noxyunm |ag| > ]-;l-‘ii_—,

OTKY/a COIVIACHO IPABMIAM JEHCTBHN C MOXYJIAMHM KOMILTIEKCHBIX HCEJN
(cM. § 1 ra. 5) Gyaem mmeTh

A" _ A(le"-1) _
=17 Jol-1
= A(l2[* 4+ 2]+ 1) 2 |2+ A+ an—all2] + lan| =

=|a12" 4+ ... + |an-12| + |an] 2 |a12" P + ... +ap-12 +a,]. O

lag2™| = |ao|2|" >

Caegcreue 1. IIycmb mnozousen (1) cmenenu n > 1 umeem ee-
wecmaennvie x03PPuyuenmo.

Toz0a das eécex T € R, docmamouno Goavwur no abcoaromnot ee-
aunune, 3nax (sewecmeennozo wucaa) f(r) cosnadaem co anaxom cmap-
wez20 uaena agr™.

CaeacTtaue 2. Mrozousen newémnotll cmenenu ¢ 6EeUECMEEHNOIMU
xoafPuyuenmany uxeem Toms 6bi 0dun sewecmeennbitt Kopens.

JdokasareancTBo. Beuay geq'e"rnoc'm N CTApMIMK WIeH QoI
NOJMUHOMMATEHOro orobpaxenusa f : R — R Gyger npmHUMaThL npuM
NMONOXUTEIBHEIX M OTPHUATENLHHX T € R pasuele 3Haku. Bass aTu



§ 3. Aazebpauvecxas aamxnymocmn noas C 237

3HAYEHUA T JOCTATOYHO GOJIBLIIMMM IO aGCOMIOTHOM BEJIWYMHE, MBI COT-
JACHO CleACTBMIO 1 MOXeM yTBepXAaTh, 4To U f(r) GyzeT umeTh pas-
Hule 3Haku. Eciu, nanpumep, ap > 0, T0o f(-r) < 0, a f(r) > 0, rge
T — BEMIECTBEHHOE YHCJIO, BaaToe u3 neMmHu 3. Ilo Teopeme Bombuano-
Komm 0 npomexyTouHoM 3Havennu ¢byHKuMsA f, HENpEpHIBHAA HA OT-
pe3ke [—r, 7] ¥ IPMHUMAIONIAA HA €rO KOHIAX 3HAYEHHSA PA3HBIX 3HAKOB,
JOMXHA OOpAIATECA B HYJb B HEKOTOPON TOYKE PACCMATPUBAEMOr'0 OT-
peska: 3¢ € [-r,r], f(c) = 0 (ua camom gene f(z) npunAmMaeT mo6oe
npoMexyTouHoe 3HaveHue mexay f(—r) u f(r)). To xe paccyxaenne
roauTca u aas ap < 0. 0

3. Emé ogHo JoKa3aTeJbCTBO OCHOBHOM TeopeMul. OT reome-
TPUYECKN HAVIAZHOTO A0KA3aTelbCTBa TEOPEMH 1, MPUBEAEHHOrO B II. 2,
0CTaéTCa YyBCTBO HEYXOBIETBOPEHHOCTH HE TOJABKO Y YATATENA — IIOK-
JIOHHUKA aare6pel; 3TO 4YYBCTBO OBUIO TNPHUCYIIe ¥ MAaTEMaTHKaM
npouwtoro Bexa. Hegapom Iaycc HEOZHOKPATHO BO3BpaIIAICA K OCHOB-
HOH TeopeMe ¥ JaJ J/1A He€ LEJIbIX YeTHpe J0Ka3aTelbcTBa. EcTecTBeHHO
[ONBITATLCA CBECTH K MUHUMYMY ATPUOYTHUKY MATEMATHYECKOTO aHAJN-
3a ¥ MaKCMMAJBHO anre6paM3MpoBaTh BCe pacCyxaeuua. Takoe “anre6-
pamyeckoe” JOKa3aTeILCTBO, BOCXoAsmee K Jinepy, Jlarpauxy, ayccy
u Jlamracy, npuoGpeno co BpeMEHEM KaHOHMYECKYIO GOPMYy, COrJIAcCyio-
myiocs ¢ o6meit Teopueit I'anya. Hu B koeit Mepe He kacaach mociaegHelH,
MEI XOTeJM 6Bl TONLKO AaTh OYYBCTBOBATHL ADOMAT M3BECTHOM HAM TeX-
HukH. BCE Aoxa3aTenbCTBO pacnajaeTca Ha JBe YACTH.

1) Odns scaxoro muorownena f € P[z] crenenw n > 1 cymectyer
XOTA Ol OJHO NOAE PG3AONCENUR — TAKOE MHUHUMAILHOE PACIIMpEHne
F monsa P, B KOTOpOM COAEPXATCA BCe KOpHM MHorowieHa f. Moxno
samcaTs F = P(uj,...,un) ¥ f(2) = ao(z —u1)(z — u2)...(2 — up).

Hns yno6cTBa cuMTaeM xanee f HOPMaJM3OBaHHHIM (@ = 1). Cy-
IIECTBOBAHME ¥ €IMHCTBEHHOCTD, C TOYHOCTHIO O M30MOpGU3Ma, MOMIA
pasnoxenns F O P pna xaxgoro mHorowrieHa f € P[z] — aTo ciex-
cTeue 06meaare6pandecKo KOHCTPYKIMH, HA KOTOPCH MBI OCTaHOBHUM-
ca B [BA III]. 3Ta KOHCTPYKIMA, HANOMHMHAIOMAA NOCTPOEHHE KOJIBIA
KJIacCOB BHIYETOB Zy, B 1. 2 § 3 . 4, HUKak He CBA3aHa CO creuudn-
KoM OCHOBHOro nousa P. YTBepxjAeHue 0 eIMHCTBEHHOCTH HaM BOOGIE
He moHanobuTca. B xadecTBe mpuMepa OTMETEM, YTO IOJEM DPa3ioXe-
HuA MHOrodleHa z2 + 1 maa R asngercsa none C.

2) Eciu wacts 1) MH GakTuyecku NPMHATA Ha Bepy, YTOOH He
OTATOWIATh U3JOXKEHUE, TO YaCTh 2), ABAAOMYIOCA 3aMe4aTelbHOM M-
JMOCTpaLKeH yKe YCBOEHHBIX HaMyu OGIIMX NPUHUMIOB (NPUHUMIIA MaTe-
MAaTH4ECKOM MHAYKIMM X IPHHIUNA IePeX0Aa K CAMMETPUYECKIM YyHK-
LMAM), MBI IPUBEAEM CO BCEMH JETAIAMH.

B cooTBeTcTBMH C 3aMEYAHHUEM, CACIAHHEIM HEIIOCPEACTBEHHO NOCJIE
onpe/ieleHnA aIre6pandecKy 3aMKHYTOI'0 IOJA, He06X0JMMO YCTaHOBITH
CYIIECTBOBaHME XOTA OBl OJHOr'O KOMILIEKCHOrO KODHA Y MHOTOwWIEHa
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(1). IlpeanonoxumM cHavaIa, YTO BCe ero K0ahhUIMEHTH BEMIECTBEHHEIE,
npunuéM Ge3 orpaHudeHusa o6GmHOCTH OygeM CYMTATh a9 = 1, a, # 0.
IIycTs

deg f = 2™ny,

rae ng — HedéTHoe neyoe uucao. Ecim m = 0, To mo semme 2 MHOrO-
wien f MMeeT KOpeHb, Jaxke BelmecTBeHHEIM. IIpuMmeHsasa MHAYKOMIO 1O
m, GyAeM CYMTAThb TEOPEMY [JOKa3aHHOM A BCEX MHOrOWIEHOB C Be-
IMECTBEHHBIMH KO3DUUMEHTAMN, CTENEHb KOTOPHX MMEET BUJA 2""n{,
cm' < m—1 (Ha He4ETHHEIM MHOXNTENb Ny HUKAKUX OFPAHUYEHHH He
HAKJIaJHBAETCA ). 3AMETHM, YTO IO CJIEACTBHIO 2 JeMMHl 3 OCHOBAHME UH-
AYKIMH, OTBevalomee 3HaveHuIo m = 0, y HaC uMeeTCs (€AMHCTBEHHBIX
¢dparmMenT Heaare6panvecKou NPUPOILI).

PaccmoTpum none pasnoxenus F wmmorowrena (22 + 1)f(z), cy-
wecTsyoomee B cury 1) u cogepxamee C B xagecTse noanous. Ilycrs
U1, Usg,. .., U — KOpHM MHOrouwrena f B F. PaccmorpuMm B F 3neMenTH

vij = uiu; + a(u; + uj), 1i<jgn, 2)

rje a — Kakoe-TO (pMKCHpPOBaHHOE BemecTBeHHOe yncio. CrenoBasno Gur
IUCATh v;(a), HO MH TOr0 AeJIaTh He 6yaeM, YTOOH He YCIOXHATH 060-
3HadeHus. Yucno n' anementon Buga (2) paBHO

n nn-1) 2™ne(2™ne—1 _
"'=(2)= 2 2 = i, )
rAe ng — He4ETHOE HeJoe YUCIO.
MHuorouren
fa(2) = H (z=vij) = 2" + b2 4.+ by
1i<jsn

u3 koasua F[2] umeer crenens n', a ero KOpHAMY 1O ONPEEIEHMIO ABIA-
I0TCA BCe 3JeMeHTHI (2). B cooTseTcTBUu ¢ popmynamu Buera (12) w3 § 1
Koabdunmentamu by, ..., b, Muorowrena f,(z) 6yayT ¢ TOYHOCTHIO IO
3HAKa dJIeMeHTapHHIe CUMMeTpHYeckne pyHKIuH g OT v;j. [logcTasus B
Sk (v12,13, ..+, Un—1,n) BHPAXKEHHUA JIEMEHTOB Vjj 4EPE3 Ui, ...,Un, MBI
noxy4uM (pyHKIHIO

he(uy,y ... un) = s(..., usuj + a(ui +uj),...),
k=1,...,n,

KOTOpasA TOXE ABIAETCA CHUMMeTpudyeckou. B camom gene, gua so6ou
NIEPECTAHOBKA T € Sy, (S, — CMMMeTpUYecKas rpymma CTENeH! ) UMeeM

0 Vij = Un(i)Un(j) + a(Un(i) + Un(j)) = Vn(i),n(s)

(MM¥ Vg(j),x(i), €1 w(§) > w(j)), Tak YTO T WHAyHMpYyeT mepecTa-
HOBKy # Ha MHOXecCTBe 31eMeHTOB Buaa (2). B cmry cummerpuunocTn
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sk(v12,13,...,Un-1,n) HE MEHAETCA HDPM NEPECTAHOBKE APTyMEHTOB,
TIO3TOMY

(mohe)(uy,...,up) =8k(Fovg, Tovs,...,FoUg_1,n) =
= sk(vl2,”13) cee ,vn—l,n) = hk(ul, ceyUp).

3ameTuM, u4T0 hi(u1,...,Uun) €cTh 3HayeHne npu X; = u;, 1 =1,...,n,
cuMMeTpuieckoro Muorowrera hi(X,...,X,) c BemecTBeHHEIMU KOID-
MIMeHTaMN, 3aBUCANIMMY TOIBKO OT a € R.

Ilo ocHOBHOM TEOpEMe O CUMMETPUYECKMX MHOrowieHax (Teopema 1
w3 §2) mamaérca Muorowren gx(Yi,...,Y,) ¢ BemecTBeHHEIMM K
¢dunmenTamMu Taxkod, uro hi(Xh,..., Xn) = ge(s1(X1,..., Xn), ...
..+,8a(X1,...,Xp)). Crano GurTs,

(—1)"b;c = hi(u1,...,un) = gr(81(¥1,...,Un),...,8n(U1,...,Up)) =
= gk(-a1,...,(~1)"a,) €ER

(HanmoMHMM, 9TO a; — KO3(PPUUMEHTH PACCMATPUBAEMOrO0 YHUTADHOrO
mHorourena f € R[z]).

Hrak, koadduumenTrl by MHOrowieHa f,(z) okasaauch BEmECTBEH-
HuMu 1pE mo6oM a € R. Tax xax degf, = n' = 2™ !nf (cM. (3)),
TO 10 MPENOJIOXKEHHIO MEAYKINH f; MMEeT XOTA OBl OXHH KOMILIEKCHBIN
KOpeHb, KOTODEIN, KOHETHO, JOKEH COBIAJATH C OHUM M3 v;j. Menaa
HAXOJAAIMACA B HAIIEM PACHOpsXeHWH napameTp a € R, Mu Gyxem no-
Jy4aTh APYrue MHOTOWIEHH f,(z) C BEIECTBEHHHIME KO3 PULHEHTAMH.
KaxoMy ¥3 HMX COOTBETCTByeT mapa MHAEKCOB i < j (3aBHCAMEAA OT
a) Taxaf, UTO JMEMEHT v;; = u;u; + a(u; + u;) € F coaepxurcs B nox-
none C nons F. Tak Kak pasnaqHbix map uHAekcop i < j Beero (3), a
BeIleCTBEHHHX 4nces @ € R GeckoHeyHO MHOroO, TO HAMAYTCA ABa pas-
JIMYHBEIX BEMECTBEHHBIX YMCIA G,a' C OJHOM M TOM XKe OTBeYalome:n UM
napoil MHAEKCOB, CKaXeM, ¢ = 1,5 = 2 (3T0 BOmpOC HyMepaumy| KOpHen
Up,...,Uy), &1 KOTOPHIX

urug +a(uy +ug) =c,
uiuz +a'(uy +ug) =¢', a#d,

GyXyT KOMILIEKCHBIMM YHCIaMU. M3 3TOM CHCTEMHEl ypaBHEHMH CIERYeT,
4TO U
c—-c c—-c
7 UiU2 =Cc—a 7
a—a a—-a

uy +u2 =

npauaasexat nomo C. Koxs ckopo 370 Tax, ayleMeHTH u; , ug Gy AyT KOp-
HAMM KBaJAPATHOI'O MHOT'O4IEHA

(z—u1)(z = ug) = 22 — (u1 + uz)z + uyue



240 I'a. 6. Kopnu mwnozouaenos

C KOMIUTEKCHHIMH Koad¢unuentamu. Ilo uasecTHRM dpopMyaaMm

2

Tak 4YTO Uj,Uz TOXE OKA3HLIBAIOTCA KOMILIEKCHHIMM unciaamu. Takum
06pa3oM, A PacCMaTpPUBAEMOro MHOrowiesa f(z) ¢ BemecTBeHHHIMHU
KoaddUIMEHTaMN HAlJeHH Jaxe IBa KOMIUIEKCHBIX KODHA.

IIycrs Temeps f(z) — wmuorowien Buja (1) ¢ HPOM3BOIBHEIMM
KOMILIEKCHHIMY KOadduunenTamMu (MOXHO CYHTATh Qg = 1, HO 3TO He-
BaXHO). 3aMeHAA BCE @; KOMILIEKCHO CONPAXKEHHHIMY YHACIAMM, MBI IO-
Jy9¥M MHOT'OWIEH

F(2) = @oz™ + 812" + ... + Bn12 + Gin.
Bseaém MHOroOwIeH
e(z) = f(2)f(z) = 02" + €122 1 + ... + ez

cTeneHu 2n ¢ KoddpunueHTaMn

e = E a;a;, k=0,1,...,2n.
i+j=k
Tak kax onepaumsa COUPSKEHNA 2 — Z ABJIACTCA ABTOMOPPU3MOM NOPAI-
ka 2 noas C (Teopema 1 w3 § 1 ru. 5), 10 & = Z,-_,_j:k dia; = eg, a 3TO
o3HauaeT, 4To €, € R. Ilo xoxasanHoMy MHOrowieH e(z) C BeIIECTBEH-
HEIMH KO3 UINEHTaMH UMeeT XOTA OBl OUH KOMILIEKCHBI KOPEHb C:

fle)- f(c)=e(e) =0.
Orcioga BuTekaer, 9To Jmu60 f(c) = 0, u Teopema JoxasaHa, Ju60
f(c) =0, Te. Goc™ +a1c™ ! + ...+ Gp—1C + G5 = 0. [IpuMenan x obe-
MM YACTAM 3TOr'0 PABEHCTBA ABTOMOPGHM3M KOMILIEKCHOT'O CONPSAXKEHMA,
monyuuM aol” + a18" ! + ... + @p_18+an =0, Te. f(€) =0.0
Anre6pauryeckon 3amkHyTocThio moaa C (a Takxke dakTom Cy-

IECTBOBAHMA IONA PA3IOKEHNUA MHOI'OWIEHA) y406HO ONB30BaTHCA IPU
pelleHUH Pa3INYHEIX 33434.

M pumep. Ilycts So(f) — MHOXeCTBO BCEX Pa3snMYHBIX KOpPHEH MHOrodwiresa f €
€ C[X], a S1(f) — muHOXecTBO BCex ero “egummu”: € S1(f) <> f(d) = 1. Ilycts
Teneps f, g — kakme-TO MHOrowiens ¥3 C[X]. TpeGyerca nokasaTs, ITO

So(f) = So(9), S1(f) = S1(g) = f(X) = g(X).

Tax kak, oueBugHo, So(f) N S1(f) = &, To cornacHo pesyabraTam § 1 gocraTou-
HO 1MOKa3aTh, 4T0 |So(f) U S1(f)| > n + 1, rae n = deg f. ITo Teopeme 1

v B
fX)=a0 [J(X -c)*, f(X)-1=a0 [](X-dj), 4 €C,
j=1 j=1
rae

Ssi=n=3t;, v+u=|S(f)USi(HI.
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B coorsercTBHE ¢ Teopemoit 5 § 1 mmeem

v »
FX) =) -1 = [J(X - )=t [T(X - dy)'s =" - n(X),
i=1 j=t1
Tak 4to (N —v)+(n—p) = Y (8i — 1)+ 3 (tj — 1) € deg f(X)' =n — 1. Crano 6uTs,
v+uz2n+l.

Bpemsa OT BpeMEHH NOABJAIOTCA HOBHE JOKa3aTEIbCTBA OCHOBHOM
TeopeMul aare6pH KaK WLIIOCTPAIMM NEPEeOBHX HJed MATEeMATHKH.
O6paTuM BHUMaHWE Ha TONOJOI'MYECKUE AOKA3ATENLCTBA, MCHOIL3YIO-
Imue MOHATHA MOMOTOINY, CTENEeHN OTOOPaXeHus, MOpAAKa KPUBOM, KPH-
THYECKOR TOYKH ¥ np. C HIMA MOXHO NMO3HAKOMUTLCA 0 NIEMEHTAPHHM
BBOJHEIM KypCaM:

1. Cmunpod H., 9uxn Y. Ilepprie nouaTua Tonoaorud. — M.: Mup,
1967.

2. Muanop Jdxc., Yoasec A. Inddepenunarsuas Tononornsa. — M.:
Mup, 1972.

3. Topn [Jac. Havansaue raaBul gudrbepeHunaI-Hou FeOMeTPHA. —
M.: Mup, 1982,

§ 4. MBOrowieHH C BemeCTBEHHBIMHA
xKo3dPprnreRTAMHA

1. Passioxenne Ha HenmpuBojAuMbie MEHOXETexan B R[(X]. Hs
reopemun 1 § 3 cregyer, uro kaxanmt MHorowieH f crenenn n B C[X]
MOXeT GHITh 3aIUCaH, ¥ IPUTOM €JHHCTBEHHEIM 06pa3oM (C TOYHOCTHIO
[0 NEPEeCTAHOBKM MHOXHMTEIEH), B BUe

f(X)=a(X —ca)(X —c)...(X - ¢n),

rae a # 0, ¢1,...,6n — KoMrulekcHule guciaa. Ilycres Temeps f(X) =
=X"4+a; X" 1 +...4+ap-1X +a, — HOPMANU3OBAHHEIA MHOT'OWIEH C
BEECTBEHHEIME KO3UIMEHTAMH Gy, . . . , Gy ¥ C — KAKOK-TO €r0 KOMII-

JIEKCHHIN KOpPEHb: ¢ = t + v, v # 0. [Ipumensas x coornomenmo f(c) =0
aBTOMOP}H3M KOMILIEKCHOI'O CONPSXEHNA, KaK MH 3TO JelalH BO BTO-
poM pokasaTenncTse TeopeMul 1 w3 § 3, noxmyumm, uro 1 f(€) = 0, mo-
CKOUBLKY @; = a;. Crano 6mTh, f(X) meruTcs HA MHOTOWIEH BTOPOM
CTeneHu

IX)=(X-)(X -8 =X2-(c+&X +cE=X?-2uX + (u? +1?)
C oTpuIaTeNLHEM fucKpEMEHaHTOM D(g) = 4u? — 4(u? +1?) = —4v? <
< 0. Ycaoene D(g) < 0 HeO6XOAMMO U ZOCTATOYHO AAA HEPUBOAAMOCTH
Hag R keagpaTroro Muorourena g € R[X).

Ecm, nanee, k — xpaTHOCTb KOpHA ¢ MHOorowreHa f(X) ml < k —
KPATHOCTDL KOpHA &, TO f(X) genntca Ha l-10 crenens Muorowiena g(X):

f(X) = g(X)lq(X).
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Yacrroe ¢(X) aByx MuOorowrexos u3 R[X] 6yzeT ToXe MHOrOWIEHOM U3
R[X], npuyém npu k > | anement ¢ € C Gyaer ero KopHeM KpaTHOCTH
k — 1, B TO Bpema Kak ¢ KOpHEM He ABIAETCA. Mul BHaeIH, OJHAKO, YTO
3TO He Tak. 3HaunT, k = | (nmpexnonoxenwe ! > k paccmMarpuBaeTca
aHAJIOIMYHO), T.€. KOMILIEKCHHE KOPHH BCAKOr0 MHOrowieHa ua R[X] no-
[apHO COMpsKeHH. ME IpUXOAUM K 3aKMIOYEHHIO, YTO [JIA IEeMEHTOB
¢axTopuaisnoro koabua R[X] cnpaBegimBo crexyroinee yTBepX feHHUe.

Teopema 1. Jhobod nopmasuzosanntid unozousen f € R[X] cme-
NeXu N Pa3aazaemcs eJUKCMBENRLIM 00pa30K (¢ mounocmbIo do noPAd-
xa unodcumenet) 6 npoussedenue m < N Aunelnbis Muozouaenos X —c;,
COOMBEMCMEYIOWUT €20 BEUYECTNEEHHLIM KOPHAM C1, . . . ,Cm, % (R —m)/2
K6AJPAMNLIT MHO2OUAER06, HENPUBoJuMNZ ¥ad R u coomeememsyowuz
NAPAM KOMNAEKCHO CONPRANCENRLIT Kopret.

3amevanus. 1) Henpusogumbni Muorowren w3 R[X] au6o auneen,
Ju60 KBAKPATUYEH, C OTPUNATEILHEIM JUCKPUMHBHAHTOM.

2) B o6o3nayennax TeopeMul 1 MMeeT MECTO COOTHOIMIEHHE

D(f) = (-)"*"™/%D(f)],

T.€. 3HAK AUCKPDMMHHAHT2 ONpeneNseTCa IUCIOM Iap KOMILIEKCHO CO-
NPAXEHHBIX KOPHEH. DTO COOTHOIIEHHE IIOMYy4aeTCs Mu60 HenoCpeACTBEH-
HO U3 ONpejeTeHUA JUCKPEMHHAHTA, MRG0 IIPY MOMOIIM POPMYJIEL, COAEp-
xameics B ynp. 6 w3 § 2.
Mpumep 1. g(X) = X2® 4 1. Tak kax g(X) BemecTBEHHKIX KOPHE# He MMeeT,
_ (2k-Ux , .. (2k—1)nx
a KOMILTEKCHHle KOPDHH C; = CO8 +isini———, 1 k < 2n (ompe-

Aenénnnle no ¢popmyne (16) w3 § 1 ra. 5), Bce npocThe, TO BemeCTBEHHbIE HENPHBO-
AuMble MEOXUTenH BXoAAT B g(X) ¢ nokasarenamu 1. OueBHAHO, &k = Copiy1—k HPH

k=1,2,...,nu(X—c,,)(X—Ek)=X2—(2008 Zk';l ”)X+1,'ra.x-rro

x2"+1=g[x’—(2m&kz)il21)x+1]. Q)

2. Ilpocreimme apo6u Hag C m R. Temepn, Korga Mu 3HaeM
o6mui Bua Henpusoaumerx MHorowreHoB Hax C u R, ecrecrBenHo Bep-
HYTBCA K TeMme npocTeimux gpobent (n. 3 § 4 ru. 5), NOCKONABLKY UMEHHO
3TH CIy4Yal BaXHH B TE€OPHM MHTErpPMpOBaHMA. MH 3HaeM, YTO HOp-
MAJM30BaHHLIE HEIIPEBOLUMEIE MHOrOWIeHE uMeoT Bug X —c Hag C u
X2 +aX +bum X — c nag R. [losTomy npocreiimmmn apo6amu nax C
6yayT v/(X —¢)™, v € C, a B cny4ae R k naum go6aBarca gpobu Buja
(aX +B)/(X?+aX +b)™. IlpaxTuyeckn yZ0OHEIM METOAOM PA3JIOXEHAA
NpaBWILHOK Apo6H f/g B cymMmy npocreimmx Hag C u R npu uasecTHOM
KaHOHMYECKOM Pa3oxeHnH 3aHaMmenaTens g(X) asnserca memod neonpe-
deaénnoir x0aPduyuenmos. lipowumocTpupyeM ero napod TpPEMEpPOB.
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Hpumep 2. Ecmu g(X) = (X + 1)3(X? + 1) — KaHOHHYeCKOE PAdIOKEHHE HAL
R, To ana apo6u 1/g(X) mmeem

1 =_@* , B 1X+s
(X+1)2(X2+1)  (X+1)2  X+1 X241

C He ONpeAENERHBIMHM NOKa KO3 PULHERTAMH @, B,7,d € R. YMHOXHB 06e qacTH 3TOr0
paBeHcTBa Ha g(X), noayuumM

1= a(X?+1) +A(X +1)(X2 +1) + (7X +8)(X +1)%. (*)

Cpaerubas Teneps koabdunuenTn npu 1, X, X2, X3, npuaén Kk HeoAHOPOAHOM an-
HEHMHOM CHCTEeMe M3 JEeTHPEX YPABHEHHH C YeTHPLMA HEWIBECTHHIMME

a+p8+ 6=1,

B+ 7+ 20=0,
a+B+2y+ 6=0,
B+ =0,

KOTOpas, KOHEYHO >Ke, COBMECTHA H ONpPeXeNEHHA, KaK 3TO ClefyeT U3 TeopeMul 3 u3
§ 4 ra. 5. Pemas e€, MPUXOAMM K 3aKMIOYEHHIO, YTO

1 1 1 X
KT+ X+ TAxX+) AP+

MoXHO NOCTynHTL 60N€e pasyMHO, MOACTABAAA HENOCPEACTBEHHO B (%) BMECTO
X KOHKpETHHE YHCIOBHE 3Ha4eHHA —1,i (KOPHH HENPHBOAMMEIX MHOXHTENEH). DTO
cpasy gacr a = 1/2, (iy+06)2i = 1, man v = —1/2, § = 0. Ilpu X = 0 noxyuarcsa
CcOOTHOmeEHHne Aas f.
Mpuwmep 3. Mycrs deg f(X) < n, g(X) = (X—-c1)(X-c2)...(X —cn) c nonapao
Pa3JMYHBLIMH JJEeMEHTAMH C,C2,. .., Cn W3 C unu R. Torga
{(X) e et T e
X-a)X-ca)...(X-cr) X-a X-c X-cn
OTKYyAa

n
f(X) = ar(X —c1) ... (X = cx1)(X = crg1) - (X = ca).
k=1
IIpn X = ¢, 1 £ k < n, umeem

flck) = ar(er —c1)...(ck — ck—1)(ck = k1) ... (ck —Cn),

a TaK Kak
¢(X)=Y (X —e1)...(X = ex-1)(X = €hs1) ... (X = en),
0 k=1
_ flex)
Qg = g,('c"k_) 3 € k < n.

Ioaysalomasca B peayabTare gopmyaa Jazpaxaca

fX) _ i flex)
oX) ~ & PR X —cn)
MMeeT NpAMOE OTHOmEHMe K MHTepnoaAuuoHHON ¢opmyse Jlarpanxa (4) m3 § 1.

JlelicTBHTENLHO, €CIi YMHOXATDL 06e vacTh B (2) Ha g(X) ® noaoxutb f(ck) = bi,
To nomyuurca dopmyna (4) u3 § 1.

2
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B npumenenun K apo6u 1/9(X) ¢ g(X) = X2 + 1 paccyxpzenus u3 npumepa 1 u
dopmyra (2) NOKa3HBAIOT, YTO

1 1 & ¢

X241 204 X—cp

k=1

— pa3noxeHHe Ha mpocTeiimme Apo6u Hax C, nockoasky g'(X) = 2nX3"—1 ¢'(c) =
= 2nc;1c§ = -2nc;1. O6beaunenue ClaraeMblX ¢ KOMILIEKCHO CONMPAXEHHBIME KO-
ahduLMEeHTAME NacT HAM Pa3JOXkeHHe Ha nmpocTeimue gpo6u Hajg R:

1—(cos$-2£27n—ll’£)x

1 _ 1 ( Ck &k )__ 1
2 =T on _ 'y — .
X2n 41 M \X-c X-& ni x2 o (2‘:05 2k nl “)X+1

3. IIpo6ueMa JOKaIA3aME KOPHEeH MHOrowIeHa. Byzem cMoT-
pers Ha MHOrosuneH f € R[X] kak Ha BemecTBEHHO3HAYHYIO PYHKIHIO
z — f(z) BemecTBEHHOro apryMeHTa z, n306paxas MOCJIEAHION I'padu-
KOM Ha, ILIOCKOCTH C NPAMOYT'OJIBHOX cucTeMou koopaueaT rOy. Bemect-
BeHHEIM KOpHAM MHorowreHa f(X) (wm myraM ¢ynxumu f(z)) orseua-
10T aGCOUCCHl TOYEK nepecedyeHus rpaduka ¢ ocsio £ (puc. 25). Cregyer

N\ A

/,/
-

e =

L]

/ 0
Puc. 25

OXHMJATh, YTO KOPHM airebpaudeckoro ypasHenusa f(z) = 0 6yayT Ha-
XOZNTHCA MEXKAY JKCTPEMAJIbHHIME TOYKaMM (WIM B 3KCTPEMAIBHBIX
TOYKaX), ABIAIONMMHACA B CBOIO OYepeab KOPHAMHM aire6pamyeckoro
ypasuenus f'(z) = 0 Gosee HU3KOM CTEMEHH.

TlepBoiii BaXHEI! BONPOC, C KOTOPHIM OGEIYHO CTAIKMBAIOTCA HA IPAK-
THKE, — 3TO BOIPOC O I'PAHMNAX BEINECTBEHHKIX KOpHEH, T.€. 06 HHTEp-
Base a < T < b, BHyTpH KOTOpPOro AOXKHEL COAEPIKATHCA BCE BEIIECTBEH-
HHE KOpHM 33ajaHHOro MuorowreHa f. CoO6CTBEHHO I'OBOPA, U3 JEMMH 3
§ 3 MuI yxe 3HaeM, uTo npH |z| > A/|ao| + 1 (ap — cTapmmit koadpdpu-
umenT, A = max {|a1},...,|an|}) dysxuua f(z) me obpamaerca B Hyas,
Aaxe ecntu G MBI BHIILTM Ha KOMILIEKCHYIO ILIOCKOCTh. Bosee TouHme
rpaHMIH KOpHEeH YKa3aHH B ymp. 1-4.

O6was npo6aeMa soxasudayuu (omdesenus) xKopnetl MHOrOWIEHA 32~
KIIOYaeTCA B TOM, YTOOH JJA KaXAOr0 U3 BEIIECTBEHHKIX KODHEH yKa-
3aTh WHTEPBAJL, BHYTPH KOTOPOIO HAXOUTCA TOJBKO OLUH 3TOT KOPEHD,
a JUIA KaXOro MHTEPBAla YKa3aTh IMCIO0 HAXOAAIIMXCA HA HEM BeLIeCT-
BEHHBIX KODHeH.
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BrepBhie yAOBIETBODHTEABLHOE, XOTS M HECKOALKO I'DOMO3AKOE pe-
ImeHue 3Tou 3axa4yu 66110 gocTurayTo MITypmom B 1829 r. Iipexae yem
NepexofuTh K GOPMYTAPOBKE COOTBETCTBYIOMEN TEOPEMH N €€ NOKa3a-
TEeALCTBY, BBEAEM HEOOXOAUMEIE ONpENeICHHNA.

Onpegexenne 1. Iycrs S = {c1,¢2,...,6m} — KoHEwHA® moc-
JIEJOBATEILHOCTh OTJIMYHEIX OT HYJIA BEIUIECTBEHHBIX THCEN, M NYCThb
V(S) — umcao mngexcos i, 1 € i < m — 1, ana KoTopex ¢;cit1 < 0. To-
raa V(S) HaspBaeTCa YUCAOM NEPEMEN 3HAK06 B TIOCIENOBATENLHOCTH S.
Ecau S cogepxur Hyau, To mox V(S) cregyer noHMMaTh 4MCiIO mepe-
MEH 3HAKOB B YKOPOYEHHOH MOCJIeA0BATENLHOCTH S', noayvaiomencs us
S BHYEpKUBAHUEM HYJIEH.

Hanpuwmep, V({1,0,2,0,-3,4,0,0,-2}) = 3. B ganbueitenm 6e3 orpa-
HUYEHHA O06ImHOCTH 6yAeM IpeANoIaraTh, YTO HHTEPECYIOMMA HAC MHO-
rowieH f(z) ¢ BemeCTBEHHHIMM KO3((UIMEHTAMU He MMeeT KDPATHEIX
KOpHeH, 4ero, kKak MH 3HaeM (cM. koHen 1. 4 § 1), Bceraa MoXxHO KO-
6uThea.

Onpegenenne 2. Koneunas ynopagodeHHas noCre0BATEILHOCTD
OTJIMYHBIX OT HYJA MHOI'OWIEHOB C BEIIECTBEHHEIMH KO(ddUIMEeHTaMu

fo(2) = f(z), fi(z), ..., fs() €))

HasmBaeTca cucmemott IImypma (unu padosm [IImypma) Ans MHOrOWIEHA,
f(z) Ha oTpeake [a,b] (¢ < z < b), eciiu BHIMOMHEHE! CIEAYIOMIME YCIOBUA:

i) mocneanui MuOrowreH f,(z) He MMeeT KOpHeH Ha [a, b];

ii) fo(a)fo(b) # 0;

iii) ecn fr(c) =0 gmac € [a,b]u 1 < k < s—1, 10 fr—1(c) fet+1(c) <
<0;
iv) eciu f(c) = 0 ana c € [a,b], To mpoussesenne fo(z)f1(z) Menser
3HAK C MHHYCa Ha ILTIOC, KOrjJa I, BO3PACTad, MPOXOAUT 4epe3 TOYKY C.
JdpyraMu croBaMu, cymecTByer Takoe d > 0, 4yro fo(z)fi(x) < 0 agas
z €Jc—6,c[ u fo(z)fr(z) > 0 gua z €lc,c + 4.

3aMeTHM, YTO COCEHUE MHOI'O'LIEHH! CUCTeMH (3) He UMeloT Ha [a, b]
o6mux kopuei: ecmd fr_1(c) = fi(c) =0, k > 1, T0 fr—1(c)fr+1(c) =0,
9YTO MPOTHBOPEYHT YCJIOBHIO iii).

TonoxuM gas KPATKOCTH

Ve =Velf) =V({fo(e), file), ..., fs(A)}),  c€la,b].

Teopema 2 (IlTypm). Yucao xopuetl seusecmeennozo MHo20uAENE
f(z) cmenenu n > 1 na unmepsaae la, b[ paeno passocmu V, — V;, 2de
seauvundt V,, Vi omsenarom xaxoti-mo guxcuposannott cucmene IlImyp-
xa (3).

Joka3aTenbCTBO. COBOKYMHOCTh BCEX Da3IMYHEIX BEUIECTBEH-
HBIX KOpHe# Ha [a, b] MHOrOwrenoB cucTemu IITypMma. (3) pas6usaeT OT-
pe3ok [a, b] Ha mogHIETEPBANH |aj,aj41[{Ca =069 <a; <...<am =b,B
KOTOPHIX H¥ OJWH M3 MHOrowieHos f;,0 < i < s, He umeeT xopHe#r. Mu
cobupaeMcs CPABHUTD 3HAYeHMA V, AIA PABTMYHEX TOYeK C € |aj, aj41.
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[ns navana nycrs ¢ €)ag, a1[, Tak 910 fo,. .., fs HE UMEIOT KOPHEH
B Jag,c[. IIo Teopeme Bonbuano —Koumm 0 npoMexyTOYHOM 3HAYEHHH
JAOMXHO BEINONHATHCA ycnoBue fi(ag) fi(c) 2 0 ana 0 € 4 < s. B cayuae
fi(c) # 0 nna Beex © umeeM fi(ag) fi(c) > 0, orkysa Vo, = V.. B ciyqae
xe fr(ag) = 0 gua Hexoroporo k o6a3zarensHo k # 0, s u3-3a CBOUCTS i),
ii) cucremnt MITypma. Ilo cBoitcTBy iii) uMeeM fir—1(ao)fr+1(a0) < 0. B
TO Xe BpeMA fr—1(z) ¥ fi4+1(T) He UMelOT KOpHeH B Jag, ¢[, Tak 4TO MO
teopeme Boabuano—Komm fx_1(ag) fr—1(c) > 0 1 fr+1(ao) f+1(c) > 0.
3HaunTt, 4To fr—1(c)fe+1(c) < 0. Mu npuxoauM K BHIBOAY, YTO NpH
Buuncaennu V,, ¥ V, nognocnexosaTensHocT fi—1(ao),0, fi+1(ap) u
fr-1(¢), fr(c), fe+1(c), nesaBucumo oT 3HayeHus fi(c), BHOCAT oaMHA-
KOBHII BKIaj (IO OJHOM NEpeMeHe 3Haka). DTO BEPHO 4AA Bcex k C
f(ao) = 0, noaToMy Vg, = V. AHaIOrH4HOE PacCyxAeHne rOSUTCA AAsA
TOYKH M3 JPYroro KpaiHero MHTEpBala: ¢ €jam—1,am[=> V. =V,,..

Ilycrs Teneps ¢ €la;-1,a4[, ¢ €Jaj,aj41[ — Touku u3 zByx cocex-
HUX MHTepBauoB, 1 < j < m — 1 (puc. 26). JeircTByioT Te Xke cooGpaxe-
His. IMeHHO, coefuHeHMe yXke NPOBEAEHHEIX PACCy K AEHUH OKA3LIBAET,
uro V. = Vv, ecm Tombko f(a;) # 0:

Ve = Vaj = Vu
o —0— o o
aj-1 ¢ aj 4 7;.?+1
Puc. 26

B cuyuae fo(a;) = f(a;) = O BmepBrie nosBaserca pasmmume. Ilo
ycuosuio iv) umeeM fo(c)fi(c) < 0 m fo(c') fi(¢') > 0, T.e. y nogmocue-
posaTensHocTH fo(c), fi(c) Gyaer oano mamenenme 3Haka, a y fo(c'),
fi(c') — Hu oxHOro. B TO Xe BpeMa HallM NpeALAYIIME PACCYXACHAN
NOKa3HIBAIOT, 4TO npH k > 1 y nognocaesosareasnocredt fr—1(c), fi(c),
fe+1(e) 2 fr=1(c), fx(c"), frt1(c') umeno mepeMen 3HAKOB OAMHAKOBO.
Bce 70 O3HavaeT, 4To ecam f(a;) =0, 0 V. -V = 1.

DUKCHDYEM TOUKH Ck € Jak—1,ak[, 1 < k € m, ¥ 3anuCEBaeM TOX-
[ZIeCTBO

m-—1
Va=Vo= (Va=Va) + D (Ve = Veuss) + (Ver = V).
k=1

Mmul 3HaeM, YTO BHIpaXeHUA B KPAWHHAX CKOOKAX PaBHH HYJIIO, B TO BpEM:A

Kak
_ _ 0: ecin f(a'k) # O’
Voo = Veur, = { 1, ecmm f(ax) =0.

Jpyrux kopHe Ha oTpe3ke [a, b] y MHOrowieHa f(z) et (o mocTpoennio
BCe KOPHM MHOrOwWIeHOB cHcTeMul ILIITypMa COCpPEJOTO4EHHI B TOYKAX
ag,@1,G2, . ..,0m). CyMMHUDYs, NOTYy4aeM OKOHYATEILHO, YTO Pa3HOCTh
Va — V, paBHa unciry KopHe: MHorowieHa f(z) Ha unrepsare Ja,b[. O
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YTO6H NMPUMEHATH AOKA3AHHYIO TEOPEMY, HaO HAYYATHCA CTPOUTH
cucremu [ITypMma A KaXJOro KOHKPETHOrO BEIIECTBEHHOI'O MHOI'O-
wreHa f(z). Yame Bcero ucmonsayerca cmaxdapmuas cucmema Imyp-
MG, TIOYYAlOmanca HEOGOJLIIMM BHAOM3MEHEHMEM HM3BECTHOTO HaM H3
ra. 5 anropurma Esxkmga. Mmenno, B nocregoBaTensrocTH (5) u3 § 3
. 5, Hayunatomeics ¢ fo(z) = f(z), fi(z) = f'(z) (npousBognas muO-
I'OWIEHA), OCTATOK, B3ATHIA ¢ OOPATHEIM 3HAKOM, IPUHUMAEM 33 OYepes-
HOW MHOrOwiIeH CTpoAmencs cucreMul. Bosee T0o4HO, nmonaraeM

fo(z) = f(z), fr(z) = f'(z);
fo(z) = a1 (z) fi(z) — f2(x), deg fo < deg fi:

...........................

fe-1(z) = i (2) fi(2) = frrr(2), deg fr+1 < deg fy;

....................

fo-1(z) = g4(2) fo(2).

Ilo onpegenenuro f,(z) = HOL(f, f') — oTau4Has OT HyJs KOHCTAHTA,
HOCKOJIBLKY MEI IIPEATIONAaraeM, 4ro f () He uMeeT KPATHHIX KOpHeH (ecan
MHI 3TOrO 3apaHee He 3HAIM, TO, NOJY4YHMB cucTeMy (4), mepemum Gul x
cucreme gi(z) = fi(z)/fo(z), 0 < k < 9).

Teopema 2. Toabxo wmo nocmpoennas cucmema

fo@) = f(z), fi(z)=f'(2), falz), ..., fal@) (5
asasemca cucmemotd IImypua.

JeNCTBHTENLHO, CBOMCTBO ii) BHIONHEHO O NPEATIONOXEHUIO, a
cBOMCTBO i) BxoauT B onpeaenenue f,(z) = const # 0. Ecmm fx(c) =0, To
u3 (4) Buaso, 4ro fr—1(c)fr+1(c) < 0, npuuém fr_;(c) = 0 B TO4YHOCTH
Toraa, xoraa fr+1(c) = 0. Ho ecim aTo Tak, T0 0 = fi—1(c) = fx(c) =
= fry1(c) = fr+2(c) = ... Bonpexu ToMy, 4TO f,s(c) # 0. Crano 6HTH,
fr—-1(¢) fr+1(c) < 0, a aro ects croitcrso iii). Hakxoren, mpegnonoxum,
aro fo(c) = 0 z1a HeKOTOPOR TOUKH ¢ € [a, b]. Toraa fo(z) = (z—c)q(z),
a(c) # 01 fo(z) f1(2) = (z—c)lg*(z)+(z— c)q(z)q'(z)] = (z-c)g(z), rae

g(z) = ¢*(z) + (z — c)q(z)q' (z). Umeem g(c) = ¢*(c) > 0, H, CIIe0BaTEb-
HO, ¢g(T) NPMHMMAET MOJOXUTENbHEE 3HAYEHUA B MAJOM OKPECTHOCTH
]Je — 6, ¢ + 6] Touxku c¢. MHOXHTeNE T — C, OHAKO, CIIOCOGCTBYET TOMY,
4yTo npoussegenue fo(z)fi(z) mMenser aHak ¢ MUHyCa Ha ILTIOC DM BO3-
PacTaHMM T M IPOXOXZEHUM ero 4epes c. Takum o6pa3om, cucrema (5)
o6nagaeT ceoitcTBOM iv). O

3ameyanue 1. Cucrema

AOfO(:l:)y Alfl(z)a ceey /\,f,(a:), (5')

nonyvaomasca u3 (5) yMHOXEHMEM €€ <WIeHOB Ha MOJOXHTEIbHBIe
KOHCTAHTHI Ag, A1, ..., A, Taxke Gyaer cucremonn Mitypma. Bygem na-

(4)
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3bIBaThL €€ noumu cmaxdapmuott cucmemott IImypma. DTO HONE3HO
HMETb B BUAY NPH BHIYACIEHHAX.

3aMeuanue 2. YciaoBue OTCYTCTBHA KPATHHIX kKopHed y f(z) He
ABIAETCA CYMECTBEHHHIM NPH NOACYETE YMCIA PAIINYHBIX BEIECTBEH-
HEIX KODHEH, KaK IMOKAa3HBAET KOHCTPYKLMA CTaHJAPTHOM CHCTEMH
IMrypma: cresyer nepeitu oT fi(z) k gr(z) = fr(z)/fs(z) 1 3ameTuTs,
aro Ve(g) = Ve(f).

3ameuanue 3. Cornacuo semme 3 u3 § 3 4na KaKJOro MHOrOWIEHA
fi(z) cucremu MlTypma CymecTByeT Takoe YHCIO T, YTO BEIECTBEHHEIE
KOPHH 3TOr0 MHOI'OWIEHA JEXaT MexAay —r; ¥ ry. Ilycte M — mo6oe
AOCTATOYHO GOJBILIOE YMCIO, CKaxeM, M = maxogigs Ti- Toraa Beme-
CTBEHHHIE KODHHM BCEX MHOrOWIEHOB f;(z) = a(;)z¥ + ... pacnonoxens
Mexay —M u M. Bosee Toro, npn z = M 3Hak f,(M ) COBIaJaeT Co
3HAKOM €ro CTapmIero wWieHa a(,)M Konxpe'moe 3HaYEHHUE BEINYUHBI
M coBepuIeHHO HECYINECTBEHHO AJ1A HAIUEH NPOLEXYPhl, I0O3TOMY NIPH pa-
3EICKAHMHU OGINEro YMCJIa Pa3IMYHEX BeIeCTBEHHEIX KOPHEN MHOIO'WIEHa,
f(z) MEl nonaraem YuCTO CMMBOAMYECKM T = ~M uz = M.

3ameuanue 4. [lo npeganmio, caMm IIITypM Tax ropamica CBOMM
(AeMCTBUTENBPHO 3aMEYATEIBHBIM) JOCTIXEHUEM, YTO OOLIYHO, H3N0XMB
I0OKa3aTeNbLCTBO CTyAeHTaM, gobasuar “Bor Teopema, MMA KOTOPOH s
Houry”,

PaccMOTpUM HECKOIBKO IPUMEPOB.

Tpumep 4. f(z) = 23 + 3z — 1. Haxogum fi(z) = f'(z) = 322 + 3; naxee,
f(z) = (3z°+3) %x+2z 1n fo(z) = —2z+1; 322 +3 = (—-2z+1) ( %z - %) +-115-
u f3(z) = — ¢ CoraacHo 3amevanuio 1 » xauecrse cacTemsl ITypua MOXHO BIATE
23 4+3z -1, :t:2 +1, =2z +1, —1. CocTaBuM TabIMIly 3HAKOB JIf CTAPIIMX WIEHOB:

| 28 322 -2z -1|V
z=-M| - + + -12
=M + + - - |1

Hony4aeMm V_ps — Vim =1, T.e. 23 + 3¢ — 1 MMeeT OMH BeleCTBEHRbI! KOPEHD.

Npumep 5. f(z) = z"’ + 322 — 1. Jlerko BHAETH, YTO CTAHAAPTHAA CHCTEMA
OItypma ana f(z) mmeer Bug o3 + 3z2 — 1, 3z2 + 6z, 2z + 1, 1, a TaGumueit 3uaKO0B
AJA CTApIIMX WieHOB OyzeT

|28 322 2z 1|V

¥ - +[3
+ o+ o+ +

r=-M
=M

TIpuxoguM k BHIBOAY, 4TO f(Z) nuee'r TPH aemec'rnenuux kopua: V_p — Vr = 3.

Mpumep 6. f(z)=1+z+ %,- +...+1Z —|- (cpeaannan axcnonenma). OuesngHO,
4TO0 aemec'raennue KODHH 3TOr0 unoro‘mena, €CJI¥ OHM €CThb, HAXOAATCA B HHTEPBa-
ze | — M, —6[, rae § > 0 — AOCTATOYHO MAlOe BelieCTBEHHOe 4uCIO (Kax Bcerga,
M — 6onbmoe nosoxaTenrsHoe Yucao). B kavecrse HecTanaapTHOM cucremn IdTyp-
Ma Ha oTpe3xe [— M, —§] MoxHo B3aTH TPOUKY fo(z) = f(2), fi(z) = fl(z) =1+z+

+ %,- +...+ ('%';%F " —%’;— = —f(z) + f'(z) (npoBepuTs, uTO BCe CBOMCTBA i)-iv)
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BHIIOJAHEHB!). Y3 Tabaunnl 3HaKOB

| fo fi f2 | | %
=M | (=) (-1t (1! 1
) + + (=)=t 1+ (-1)n)/2

BUJHO, 4TO f(Z) mpHM YETHOM N He MMEET BEIIECTBEHHBIX KODHEM, a NPH HEYETHOM N
MMeeT OJMH OTPMLATEJbHLIN KOPEeHb (KaK JErkO NMOHATH, CTPEMAMNACA K —00 NpPH
BO3PaCTaHUK n = 2m + 1).

Npumep 7. f(z) = 2% + pz + ¢. MouTn cTangapTHoi cucremoir IlTypma (cMm.
3amevanue 1) ana f(z) Ha mo6om orpeske [a,b] Moxer cryxuts fo = f, fi = 322 +
+p, f2 = ~2pz — 3¢, f3 = —4p® — 27¢? ¢ ecrecTReHHBIM OrpanuyenneM f(a)f(b) # 0.
Ioneano ormerutsb, 4o f3 = D(f) — auckpuMmranT MHorounena f (cm. (16) u3
§ 2, rae cregyer 3ameHxTh @ M b Ha Gojee TPaAMUMOHHBIE KOI(D(ULUMEHTH D K q).
W3 o6mux coobpaxeHnit ACHO, 4To f(z) UMeeT IMO0 OZMH BENIECTBEHHBIA KODEHb,
an6o tpu. Eciu paccMoTpers TpM BapMaHTa AaA mapsl (sgnp,sgn D(f)) ¢ yuérom
ummankauun p > 0 = D(f) < 0, T0 n3 TabIKUB! A1 3HAKOB

| 2% 2?2  —2pz D(f)
-M | - + sgnp sgnD(f)
M | + + -—sgnp sgnD(f)
JIETKO M3BJEKAETCA NMPABHIO, COrNIACHO KOTOPOMY OXMH KopeHb Gyger npu D(f) < 0,
a Tpu — npu D(f) > 0.

4. BemecTBeHHBIE MHOTOWIEHbI C BEIIECTBEHHBLIMHM KOPHSA-
MH. Mkul OCTaHOBHMCA €I€ Ha NPAKTHYECKH BA)XKHOM CJIy4ae, KOr'ja u3
KaKux-I1u60 COO6paXKEHNI H3BECTHO, YTO BCE KOPHM MHOrowieHa f(zr) =
=Y ko axz™ * € R[z] semecTrennste. Jns yno6cTea BBeAéM ABa 0603-
HAYEHUA:

m(f) — 4uCIO MOMOXUTENLHBIX KOpHe Muorowiera f (¢ y4érom

“HATHOCTEH );

W(f) = V({ao,a1,...,6,}) — 4KCI0 nEpeMeH 3HAKOB B yIOPALOIEH-
HOM NOCJIENOBATAILHOCTH KOG GHUMEHTOB MHOrOUIeHa f.

fAcno, uro secerpa 0 < W(f) < n = deg f, mpuuem W(-f) = W(f).
3ameTum Taxxke, yro W(f) = W(aX*+a;, X"~% +...), rae nokasarens
k yROBIETBOPAST eIUHCTBEHHOMY yCJOBUIO k > n — i (K0addUIMeHTH
ai,...,ai,—1 HyJeBue) u aag > 0. Eciu W(f) = 0, To, oueBmnano, f
He UMEET MOJOXUTENbEEIX KopHek. C APyrodl CTOPOHH, y f MOXeT He
OLITH MOJOXWUTEILHHX KODHEH ¥ B TOM ciaydvae, korga W(f) = deg f.
Ipumep: f(X) = X% — X + 1. Bcé xe, kak Mu yBuguM, cumsoa W (f)
HMEEeT IPAMOE OTHOIIEHUE K YMCIY MOJOXUTEIbHEIX KODHEH MHOrowie-
ua f. CnpaBejiuBo, HanpuMep, Cleyioliee npasuso 3xaxos exapma:
W(f) > m(f), npuuém m(f) = W(f) (mod2). He ocTanasmusascsy Ha
ero JOKa3aTelbCTBe, NePeiAéM K HHTEePECYIoIEeMY HAC CIy4dalo.

Teopema 3. [Tycmo 6ce xopnu mnozouaera f € RIX] sewecrneen-
noie. Toada m(f) = W(f).

Joxa3zaTeabcTBO. ByleM mcxoguTe M3 HaLAAZHEIX COOOpaxe-
Huit. [To uaBecTHOM Teopeme Poswia u3 anamu3a (WK IO Teopeme O Cped-
HeM) Mex Ay KOpHaAMH a' u b’ Hamero mMHOrowrena f(X) maigérca um-
coc € R, a < c <V, gna xoroporo f'(c) = 0. Orcroga cregyer,
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4TO BCe KOPHH npousBoaHoi f'(X) semectsennn u m(f') = m(f) wm
m(f') =m(f) - 1.

B camom gene, mycTh ¢; < ¢2 < ... < ¢ — KODHHM MHOrO4WIeHa f
KPaTHOCTEH N1,MNg,..., Ny, TAK YT0 N1 + N2 + ...+ n,. = deg f = n. Ilo
TeopeMme 5 u3 § 1 mpowssogHas f' uMeeT KOpHHU c), Cy, . . . , C» KPATHOCTEHR
ny —1,ny —1,...,n, — 1, a B mpoMexXyTKax MeXAy HUMHK IO Teopeme
Pouna emé xoTs GBI 10 OAHOMY KODHIO Cj, Cy, . . ., Ch_;. Bcero nomyyaercs
(ny—=1)+...4 (n, —1)+r—1=n—1 BemecrBennsx kopHen. Tak kak
deg f' =n — 1, To gpyrux xopuen y f' u Her.

IIycts, panee, ¢;—1 < 0, a ¢,...,C; — BCe NOJOXUTEILHLIE KOP-
HU KPaTHOCTEH 71y,...,Ny: Ny + ... + n, = m = m(f). Ioroxurens-
HEIMI KOpHAME npoussoguou f(X) 6yAyT KOpmH ¢, ..., Cr KPATHOCTER
n—1,...,n, — 1, KOpPHH ¢}, ..., C]._; H, BO3MOXHO, €IIE KOPEHb C_,, T.€.
yucno ux m(f') = m(f) — 1 um m(f), kax u yTeBepxFanocL. AHANHM-
THYECKUM BLHIDA)KEHUEM ITOTO GaxTa CIYXKT NOYTH TABTOJOCHYECKaA
dopmyaa

m(f)=m(f)+e,  e=z(l= (=) (g)
3aMeTuM e1ng, 4YTO eciau
fX)=aX™+... + an-, X", (7

rie G,—, — NOCJIEAHMM OTJIMYHLIM OT HYIA KO3(duuueHT, TO
f(X)=(X-c)™...(X —cr)*g(X).
3xech
9(X) =ap X" ™+ ...+ bX", ap>0,b>0(r<0).
Takum 06pa3oM Gn—, = (—1)™¢"...cP"b, npuuém ¢...cPrb > 0.
JpyruMu cioBamm,
(-1)™HNa,_, > 0. (8)

IIpn n = 1,2 yrBepxjeHue TeopeMul oueBHAHO. Paccyxaas Teneps
10 MHAYKIMM OTHOCHTENbHO n = deg f, gomycTUM, YTO TeopeMma AOKa-
3aHa JJIA BCeXx MHOro4wieHos crenedn < n. Eciu B (7) v > 0, T.e. ap =0,

10 f(X) = X - fi(X), npuaem m(f) = m(f) = W(f) (m(f) = W(f)
no umaaykuun). Ocraérca paccMOTpeTs caydau a, # 0. Ilycts
f/(X) =napX™ ! + ...+ pap-, X* 1, Gn—p #0.
Torga
W(f) = W(f') + 9, 5=%(1——“"‘£“—) =0 wm =1

lanan—ul
Ho mur 3naem (cm. (8)), uro (~1)™Wa, > 0 u (-1)™a,_, > 0.
Mosromy & = (1 — (=1)™D+m())/2 u, crano 6miTe, § = €. Tak Kak

no npegnoaoxeruio uuaykuua W(f') = m(f'), To okoHyaTersHO NMeeM
W(f) = m(f') + € wm, cpasuusas ¢ (6), m(f) = W(f). O
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Caepcreue (JacTHHIA crydall Teopemul Biogana—®ypse). ITycmob
6CE KOPHU MHOZOUAENG [ BeweCmeenmbl.

Toeda wucao ezo xopuel, aexcowur 6 uwmepsase la,b[, paswo
W(fa) = W(fy), 2de

(k)
0 =sxra= Y Ly

0<k<n

HX)=fX+b)= )

0<ksn

f(k) (b) Xk
|

— pagaodcenus 6 pad Tedaopa (cMm. ymp. 3).

JokaszaTteancTpo. Ilo onpegenenmo uucao m(f,) nomoxuTenH-
HBEIX KOpHEH MHOI'OWIeHa f, PABHO YMCIY KOPHE! 33 JaHHONO MHOIOWIEH]
f, 6onbmux, yeMm a. To xe 3ameuanne oTHocuTcs K fp. CiegoBaTensHo,
4YHCIIO KOpHEH MHOroOwIeHa f, 3akMO4YeHHEIX Mexay ¢ ¥ b (a < b), pasuo
passoct m(f,) — m(fp), xoTopas mo TeopeMe 3 BHIPAXKAETCA B BUAE
W (fa) - W(fy). O

5. YeTonuusele MEOrGWIeHbl. HopMalM30BaHHEIN MHOTOWIEH
fX)=X"+a; X" 1 +.. . +ap1 X +a,

C BELIECTBEHHBEIMU KO PHUIMEHTAMH HA3BIBAETCA YCMoUnu6biM, €CIH BCE
€ro KOPHM JEXAT B JIEBOU MOJIYILIOCKOCTH (puc. 27):

y
fO) =0, A=a+if=a<0. * e T R
7,
Tepmusnonorns BegéT CBOE MPOUCXOXK JEHUE K3 TEO- o ° I z
pun guddepeHIMATLHEX ypaBHeHui. Ilomyuaemure
TaM KDMTEDMH AaCHMITOTHYECKH YCTOMYHMBOIO Puc. 27

noBefeHNA (PU3MIECKON (a B 6osee INMPOKOM CMEICHE — MEXaHWYeCKOH,
TEXHUYECKOU WIM 3KOHOMMYECKOH) CHCTEMHl B OKPECTHOCTH IOJICXKEHHUS
paBHOBecHs TPebyIoT, YTOOH 6BLIO
lim e =0, 9)
t—4o00
rae A — OPOM3BOJBLHBIA KOPEHb MHOI'OWIEHa f, aCCOUMMPOBAHHOIO C
auddepeHInaIbHEM yPaBHEHNEM TOPAAKA N C MOCTOAHHBIMU KOdDhU-
mnenTamu. Tax kak mo dopmyne Jinepa (cM. (15) w3 § 1 . 5) eM =
= eteiBt = et(cos Bt + isin ft), TO TOMUHMPYIOIMM LICHOM ABJIAETCA
e*t, u ycnoBue (9) 3KBUBaIEHTHC HepaBeHCTBY o < 0.
Bosumkaer cBoeobpa3Has mpobieMa JIOKAJM3ALUKM — npobaema
Payca—I'ypeuya?, korga HemoCpeICTBEHHO MO KO3GbGbUIMEHTAM MHO-

2)bakTH4ECKM NOCTaBJeHHAs ropasjgo pasbmre (1868 r.) anramiickum Gusu-
koM JI.K. MakcBenrtom u peméHHaA aad HeGONBIUMX CTENEHeH DYCCKMM MHXEHe-
pom M. A. BuimHerpaackuM, KOTOPBIA 3aHMMAJICA 33Ja4ell yCTORIUMBOCTH PEryasTopa
(1876 r.).
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rowiesa f HAJIEXUT BHACHATD, ABIACTCA JU OH YCTOMYMBHIM. JTa aj-
rebpanyeckas 3anada 6outa pewena em€ B 1895 r. Kpurepun Payca—
I'ypeuna ruacut caeyromee.

Mnoeouaen f yemotuue mozda u moavxo moada, Koz2da 6binoanenbl
HEPABEHCMEA

rl > 0) F2 > 0’ LR F‘n > 0, (10)
2de
a 1 0 0 0 0 0
as az ay 1 0 0 .o 0
T, = as a4 as as a) 1 .. 0
ar ag as a4 as as ... 0
a2k--1 QA2k-2 Q2k—-3 0G2k—4 Q2k-5 Q2k—6 ... Ok

(npednoaazaemces, umo a; = 0 npu s > n).

He nmrrascs gokasate Teopemy Payca—Iypeuna (3To 6onee ymect-
HO [enaTh B APYCHX KypCaxX), M OOpaTUM BHHMaHUE HA TO OGCTOA-
TEILCTBO, YTO €€ (HOPMYJUpPOBKA CBOMM H3AIIECTBOM LEINKOM 06A3aHa
TEOpUH OIpefeuTeNeH.

Hanee, cornacuo Teopeme 1 npu Brmoasenuy yciaosui (10) mzOrO-
wien f(X) npefcrapigeTrca B BAfEe NPOM3BEJECHUS MHOXHUTENEH BUAA
X+4+u X?4+vX+wcu>09v>0 w> 0, adT0 3HAUMAT, 4TO
BCE KO3M(PUIKEHTH YCTORUMBOro MHOrowieHa f(X) HOMOXUTeNbHEL:

ay >0, a2>0, ..., ap, >0. (11)

Taxum o6pasoM, yciosus (11) #eo6XoquMEL A YCTOMYUBOCTH MHO-
rowriena f(X). He asaasce B 06mem cryyae JOCTATOYHBIME, OHM NO3BOJA-
10T, OJHAKO, IPUOIN3UTENLHC BABOE MOHU3UTD YKCJIO JEeTEPMUHAHTHRIX
sepasercTs (10). D10 yz0o6HO, Tak KaK BEIYACIEHHE ONpEeJeIUTeNeH —
TPYAOEMKOE [IeJ0.

IIpumep 8. Ilpu n = 2 cucrema HepaBencTs I'y > 0, I'2 > 0 >kBuUBaJeHTHa
Goaee npocroi: a1 > 0, az > 0, 4T0, MeXAY NPOYMM, BUAHO U3 HOPMYI I KOPHEH
KBaJAPaTHOI'0 ypaBHEHUA.

Ilpu n = 3 Bce cBOAMTCA K HepaBeHCTBaM a1 > 0, az > 0, az > 0, a1a2 > a3,
nockoasky I's = a3(a162 — a3).

Haxkonen ormeTnM, 1T0 kpurepui Payca—Iypsuna ne pemaer scex
BOIIPOCOB, CBA3AHHABIX C YCTOWYMBOCTBIO, IIOCKOJIBLKY HA IIPAKTHKE pPedb
HAET O MHOrOWIEHAX U O AuddepeHINaILHEIX YpaBHEHUAX, Ko3ddunmu-
€HTH! KOTOPHIX 3aBUCAT OT napaMerpa. B TepMuHax camoro napameTpa
IOMXHBL GOPMYJIRPOBATHCA U YCIOBAA YCTOMYUBOCTH, YTO IPEACTABIAET
cO60M 33134y COBCEM MHOM IPUPOAHL.

6. 3aBMCMMOCTL KCpPHEM MHOIOWIeHAa OT Ko3((pHUIMEeHTOB.
MonsaTHO, 4TO KOPHM MHOrOWIEHa ABMAITCA QYHKUMAMH ero Koaddn-
IMEeHTOB. MBI XOTUM Tenepbh NOAYEPKEYTh, YTO 3TH GYHKINHN HEIpe-
PHIBHEL, T.€. NNPU JOCMGMOUKO MAAOM USKENEHLY K03PPUYLUENM OB UIME-
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nenue Kopretl npexefpencusmo Mas0. Kparnue kopum, BmpodeM, MoryT
pacnagaThCa, W reoMeTPHIECKH JWHAMMKA M3MEHEHHA 3a4aCTYIO IpH-
o6peraeT npuyypmueke GOpMHL. JOCTATOTHO CPABHATE MHOIOWIEHH 2™
u z" + € npu € — 0, 9T06H NOYYBCTBOBATH ITY CIOXKHOCTb. KagecTsen-
HOMY M KOJIMYEeCTBEHHOMY CPABHEHHIO MHOI'OLIEHOB CIOCO6CTBYeT

Teopema 4 (Pyme). Ecau 04z deyr mmozouaenos fo(z) u fi(2)
UMEET MECTNO HEPGBENCTEO

1f1(2)l < 1fo(2)|

0az 6cez z na epaxuye 3amxnymot obaacmu D C C, mo mnozouaen
fo(2) + f1(2) umeem enympu D cmoabxo dce xopheil, CK0AbKO U MKO2O-
waen fo(2).

JokasaTeasCTBO 3TOM TEOPEMHI, MPUYEM B 6oJee 06meM KOHTEKCTE,
IOy Ya€TCA 3NEMEHTAPHBIMHU CPEJCTBAMM TeopuH GYHKINHA KOMILIEKCHOM
TIEpPEMEHHOH, TOITOMY MEl €ro omyckaeM. OJ

IycTs Teneps 29 — kxOpeHsL KpaTHOCTH k MEHOrOWIeHa fo(2) = apz™+
+ a1z ! 4+ ... + a,. PaccMOTpPUMM MHOrOWIEH

£(2) = (a0 + 80)2"™ + (a1 + 6:1)2" ' + ... + (an + 6n) = fo(2) + f1(2)

¢ |6;] < 4, rae 6 > 0 — ckoab YyrogHO Maloe BemeCTBEeHHOe Yucio. Pac-
cmorpuMm kpyr D = {z € C| |z — 2| < €} ¢ uenTpoM B zp ¥ cTOIB
Majoro paguyca € > 0, 4T0 29 — E€IMHCTBEHHHM KOPEHb MHOroWwie-
Ha fo(z) B 3amkryToit obnactu D. ®Pyukunma |f(z)| menpeprBHa u He
o6palaeTca B HyIb Ha OKPYXHOCTH |z — zp| = € — rpanune xpyra D,
noaToMy p = inf|, 4= |fo(2)| > 0. BoseMéM § cTom MambM, 9TO6L
npH |2 — 2p| = € uMes0 MecTO HepaBeHCTRO | fi (z)| < p. Toraa 6yAyT BHI-
HOJHEHE YCJIOBUs TeopeMnul Pymie, m MBI MPUXOAMM K BHIBOAY, 4TO f(z)
u fo(z) umeror BuyTpH D 1o ogunakosomy uucay k xopHei. B gactho-
cTi, npoctoit kKopers (k = 1) mpu manom weBereHMn K03 PULUMEHTOB
0CTaéTCA NPOCTHIM, JHIb YyTh CMELIAACh.

DakTUIeCKH MBI OOECHeYmIM Ty JOKAIUIALMIO KOPHEH MHOIOWIEHA
f(2), xoTOpas rapaHTHPYET UX HENPEPHBHYIO 3aBUCHMOCTH OT K03¢pu-
LMEHTOB MHoOrowieHa fo(z).

JoxasanHE pe3yiIbTaT (OPMYJMPYETCA TaKXe B CIeLyomen
dopwme.

Teopema 5. ITyemov fo(z) = 2" + 12" ! +... + an — HOpMaau30-
sannbith Komnaexcrbith MHOZO%AEN, C1, .. .,Cn — €20 Kophu. Jas aobo20
€ € R, £ >0, cywecmeyem 8 € R, § > 0, maxoe, umo dar xaxdozo nop-
MAAU306aHKO20 MKO20uaena f(z) = z™ +a) 2" ! +...+a}, maxoeo, ymo
la}—aj| <6, 1< j < n, uneem uecmo pasaoocenue flz) = H?=1 (z—¢3),
npunés |c; —cj| <&, 1< j < n.

MOXHO NIPUBECTH AOKA3ATEILCTBO ITOM TEOPEMEI, HE OMMpAlONeecs
Ha TeopeMy Pyme (cM., nanpumep: Amer. Math. Monthly. — 1989. —
V. 96, N\t 4), HO HaM BaxkHee OGPATUThL BHEMAHUE HA CYyTh Jefa.
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7. Bruiuncienne KopHel MHorowrieHa. Iloamoe pemerue mpo6-
JeMBl JIOKAIM3aIMK (OCOGEHHO eCM YYHTHIBATL BCE KODHH, BKJIIOYas
KOMILIEKCHEIE, KOT'la peub uAéT He 06 MHTepBanax, a o6 ob6iacTax Ha
mwrockocta C) naérea poporou uenon. OCTaHOBUMCA BKPATIE HAa METO-
aX BEIMUCJIEHHA “JTOKAIM3OBAHHOI'O KOPHA” C 3aJaHHOHM CTENEHBLIO TOY-
HOCTH.

IlycTs MEL yXe 3HaeM AOCTATOYHO y3KMH MHTEpBal |a, b[ BemecTsen-
HOM OCH, COAEPXKAIUNI eJUHCTBEHHEIA MHTEPECYIOMUN HAC IPOCTOH KO-
penn muorowreHa f(z). Torga f(a)f(b) < 0. Pazgenum unrepsar a, b
Ha 10 paBHeIx wacred. OfHa M3 >THX Hacrer ]aj, bi[Cla, b (1 Tombxo
oaHa) obragaer ceocTBoM f(a1)f(b1) < 0. 3uaunt, ¢ €]ay, b1[. Hurep-
Ban Ja;,bi[ gemum cHoBa Ha 10 paBHEIX 4acTed M BHIOGMpaeM Ty 4acTb
lag, ba[ Clay, by[, Ana xoropoit f(az)f(b2) < 0. Tax xak ¢ €lay,bi[, To
[IPOLECC MOXHO MPOAOMXATD, NOJAY4as NPUGIMIKERre K HCTHHHOMY 3Ha-
YEHMIO KOpHA ¢ To4HOCTHIO 10 0,1, 1o 0,01 n 1.1 TOT METOA MCIEITA-
HUA (ZeCATHYHBIX, €CIH JEeJAT MHTepBal Ha 10 gacTell; ABOMYHEIX, €CIM
JeJIAT UHTEPBAI [ION0JaM) Y106€eH, eCii MK He IPETeHAyEM Ha BEYUCTIE-
HUA ¢ GOJBIION TOYHOCTHIO M PACIOIAIaEM IPOCTEMIIMMY BEMHCANTEb-
HEIMM CpeJCTBaMHu.

YHHBEpCAIBbHBIM, HO BECbM2 TPYIOEMKHMM sBiseTrca Memod Joba-
4€6¢X020, MO3BOJIAIOIMI HAXOAUTHL NPUGIMKEHHEE 3HAYEHUA BCEX KO-
Hell OZHOBPEMEHHO, B TOM YHCJIE ¥ KOMILIEKCHBIX, IpuuéM 6e3 npesapu-
TEeAbHOW NPOLEAYPH MX OTHEJCHHUS.

Inpokoe xoxAeHNe HOTYIRI Memod aunetnot unmepnossyuy (Win
METOJ 40#cH020 nosodcenus). OH 3aKI0OYAETCA B TOM, 4YTO B KadeCTBe
npubnuKeHus K KOPHIO 6epETcA 4MCio C(1), AeJiAmlee UHTEpBal |a, b Ha
4yacTH, nponopunoHansutie |f(a)| u |f (b)ﬁ. JpyruMn crosamu,

coy —a _ _f(a) _ bf(a) —af(d)
b—cq) f()’ fla) = f(b) °

Kycouex xpusoit y = f(z) mpum >ToM 3amenserca xopgou (puc. 28).

AY

)
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IIponecc M0XKHO MOBTOPATH, AHAJNOrAYHHIM O6PA30M MOXydad MpHU-
GivkeHue C(z) # T.A.

B AOCTATOYHO MaJIol OKPEeCTHOCTH |a, b[ KOpHA C KycOex TOH XKe
KPMBO MOXHO 3aMeHUTB OTPE3KOM KaCaTelIbHOM B OHOM u3 Tovek. Ecau
Co — Kakoe-T0 IpubJMKeHne K KOPHIO (co = a Ha puc. 28), To no Teopeme
Jlarpanxa 0 KOHEYHOM NPUPAINEHHH UMeeM

f(x) = f(co) = f'(co)(z — c0),

orkyaa npu = = ¢ moayymm 0 = f(c) = f(co) + f'(co)(c — cp). MMoaTomy
B KaueCTBe CleAyIOmero NMpuOIMKeHUA eCTECTBEHHO B3AThL C; = Cg —
= f(co)/ f'(co). Tonoxmm

f(ex)

Ck+1=ck—m, k=0,1,2,... (12)

IIpeanonoxmus CX0AMMOCTEL PEKYyPPEHTHOR MocaefoBaTeasHocTu (12),
a MMEHHO c; — € npu k — 0o, MH moaxy4mM ¢ = ¢ — f(€)/f'(c), orxyaa
f(€) = 0. IIpu npaBAILHEOM BEIGOPE MCXOAHOMR TOUKH Co BCE TOYKH HaImeR
NOCJIELOBATENLHOCTH Gy Ay T JiexaTh B uHTEpBane |a, b{ u ¢ = €. Ha puc. 28
[I0Ka33aHa JMIIbL OJHA U3 YeTHIPEX BO3MOXHEIX KaPTHHOK, OTBEYAIOIMMX
TIOBEEHUIO NIEPBHIX ABYX mpou3soAubx f'(z), f"(z) Ha mATepsaze ]a, bf.
JeTamn ME OmyCKaeM, NMPeNOCTABIAA YATATENO CAMOMY PacCMOTPETb
OCTAaBIINECA CIy4aH.

Tonbko 4T0 OMNCAHHEM Memod Hbiomona OTHOCHTCA K YNCTY HaU-
601e€e yIOTPEOUTENbHEX X GRICTPO CXOAAIMXCSA. JIeMEHTaAPHEIME METO-
AaMy aHAIN33 MOKA3HBAETCA, 9TO eClIH

|f(x)| > M, |f"(z)l < Mz npn z € [a,b]
70 |6y — ¢ 21;'\[4 |co — c|?. TloaTomy BHIGpaB TOYKY Cp TaK, HTO

2
Mllco <g<l,

MH npuaéM k oueHke ———|cx — ¢| < ¢* . Kak rosopar, nMeer MecTo

M,
2M,
xeadpamuynas (Wim ceepmmcnonenuuaabnas) czodumocmo mpubimxe-
HUN K KOopHIO ¢. Meroa Hrlorona xopom TeM, 9TO OH rogurca 6e3 ma-
MEHEHHMH [ BEIMHCIEHUS IPOM3BOJBHBIX KOMIUIEKCHBLIX KOPHEH MHOI'O-
wreHoB 13 C[z]. B ocHOBY KiIaJéTcs peKypPeHTHAA MOCJIeJOBATEILHOCTD
(12).

PasyMeeTcs, OrpaHMYMBIINCH HAGPOCKOM IOJIOH CXeMbI BHYUCIUTENb-
HEIX METOJOB, MBl He KOCHYJHChb (paKTHYECKOH OpPraHU3aluy BhIYUCJIE-
auit. CoBpeMeHHaA BEMUCANTEIbHAA MATEMATHKA, PACIIONAraeT A1 DTOR
LeM IIMPOKMM apCeHanoM cpeicTs. BxoguTs B mpodecCHOHAILHEIE TOH-
KOCTH MATEMATHKA-BHYHCINTENA Yy HAC HET BO3MOXHOCTH.

8. PanuoHanrbHEIe KOPDHEM HEJIOYMCIEHHEIX MHorowiesos. O
muorowrenax Hag Q u van Z Mel mMeny BO3MOXHOCTD [IOI'OBOPUTS B II. 4
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§ 3 ru. 5, rae o6¢cyx aanack mpobueMa pal3ioXeHHusA NAHHOI'O MHOIOWIEHA
Hajg Q ua sempuBoauMEle MHOXHUTENH. Celdac MBI OCTAHOBMMCA Ha I'O-
pa3go Gosee MPOCTOM BONMPOCE O BHIAEICHHM PALMOHAILHEIX JWHEHHBIX
MHOXUTenel MEOroureHa f € Q[X], T.e. dakTHIeCKN 0 PaUMGHANLHBIX
KOpHAX. YMHOXHUB [ Ha OGmIMA 3HAMeHaTeab KO3GPGIHUUMEHTOB, MEI Ite-
peiaéM k MHOrowiery u3 Z[ X, moaromy 1esecoo6pasHo C CaMOro Ha4ana
Or'PaHMYUTHLCA PACCMOTPEHNEM LEJOIHCIEHHEX MHOI'OWIEHOB.

Teopema 6. ITycmv necoxpamumas dpobd p/q R6AKEMCA KopHEM
snozousena f(X) =aoX" + a1 X 1 +... +a, € Z[X], apan #0.

Tozda plan u glao.

JdoxasaTeabCcTBO. [JeACTBUTENLHO, IO YCJIOBHIO

p\" p\""! P
N
q q q

ITocne ymMHOXeHua 06enx JacTel paBeHCTBA Ha @™ NOTy4aeM

aop” +a1p" g+ ... + 6n1pg" " + ang” =0,
aopn = q(_alpn—l - = an_lpqn—2 - anqn—l).

TakuM 06pa3oM, qlapp™, a TAK KaK ¢ ¥ p B3AUMHO MPOCTH, TO ¢|ao.
AHaANIOrn4HO, M3 PABEHCTBA

ang" =p(—a1p™ ! — ... — an_1Pg" "2 — ang™?)

BHITEKALT, YTO Plan.

Crexcreue. Payuonaabnbie XopRU HOPMAAUI06ANHO20 MHOZOUAE-
HB JOANCHBY OLIMb YEABIMY YUCAGMU.

Hrak, pemenne BONpoCca O HAIMYMH PALMOHAMLHBIX KOPHEH MHOIO-
YWIeHa CBOAUTCA K CIeAyommym feicTausM: 1) mepe6opy Bcex AenuTernen
CBOGOZHOIO WiEeHA M BCEX JEIMTENel CTApUIero wieHa; 2) COCTABICHHIO
M3 HEX HECOKPATHMBIX Apobelt; 3) MpoBepke MOCPEACTBOM MOACTAHOBKU
Apo6u B MHorowreH. Ha 3ToM 3Tame MOXHO BOCHOJIB30BATLCA METOIOM
Toprepa. Eciu BCe HCOEITaHKA NMPHBELYT K OTPHUUATENLHOMY pe3yJbTa-
Ty, TO 3TO 3HAYUT, YTO Y MHOI'OWIEHA HET PAIMOHAIBHEIX KODHEH.

I'pomoaaxuir mepe6op BCeX AeaUTENeH MOJE3HO HaYMHATL ¢ 1. Bh-
qucnenue f(1) u f(—1) ne npeacrasaser 3aTpysHeruit. Eciu Teneps ue-
JI0€ 9UCIIO0 ¢ ABIAETCA KopHeM MHOorowresa f(X), o f(X) = (X —¢c)g(X),
rae q¢(X) = boX" 1 +b, X" 2+...4bs—1. U3 cxemm [oprepa nenocpea-
CTBEHHO ciegyet, 410 b; € Z, 0 < i < n — 1. IloaToMy uacTHEIe

O o), Loy

TOXe JO/KHEI OHITh LEJBIMH YHCJIaMu. A 3T0 3HauuT, 4TO ecim d €
€ Z u d|a,, 50 x0Ta 66 oaHO u3 4ucen f(1)/(d — 1) wm f(-1)/(d + 1)
He ABJAETCA LeinM, TO 3aBefoMo f(d) # 0. Pasymeercs, nenoCTHOCTL
f(1)/(d—1) m f(-1)/(d+1) ne aBiaerca rapanTuen Toro, uro f(d) = 0.
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Mpumep 9. f(X) = X5+2X4-15X3 —2X +6. Umeem f(1) = —8, f(—1) = 24.
Jenuremn d = £6 cpasy oTmajaloT, noCKOAbKY d+ 1 He senuT 24. C Apyro# CTOPOHH,
ans d = 2 ameem f(1)/(2—1) € Zu f(—1)/(2+1) € Z, no f(2) # 0. To xe oTHOCHTCA
¥ K d = —3. lleanIM KOpHEM Ha CaMOM fejie ABAAeTCA AeauTens d = 3.

YNIPAXKHEHUA

1. Oycrs f(X) = aoX™ + a1 X" ! + ... 4+ a4, — BelmeCTBEHHEIA MHOr'OYIeH
crenenu n. IlokasaTh, YTO 3HAYEHHE BEPXHUX I'DAHHMIl NOJOXHUTEILHLEIX KODHEH MHO-
rowrenoB f(X), X" f(1/X), f(—X), X" f(~1/X) RaéT nuxHHe A BEDXHHE I'DAHMLLI
KaK MOJOXHTEIbHHX, TaK H OTPULATEILHBIX KOpHeH MHorowreHa f(X).

2. B o6o3na4enuax ynp. 1 mycTs ap > 0, ™ — HAUMEHBIIAH UHAEKC, A KOTO-
poro am < 0, B — MaKCHMyM Cpefu a6COMIOTHHIX BEIMYHH OTPHUATEILHEIX KO3G-

¢unuenTon. IlokasaTs, Y10
c< 14+ %/Bfao

ANA BCAKOrO MOJOXUTEILHOI'O BEIIECTBEHHOr0 KOpHA MHoro4irena f(X).
—m+41
Ykazauue. IIpr £ > 1 ucxoaurs u3 ouenk: f(z) > aoz™ — BE—"—:—_*;—"—I
> ia:;:"li[aoa:""'1(:1: —1) - B].
8. IlycTs P — mose HyJneBOM XaDaKTEPUCTHKH, @ € P. [Jaa 106010 MHOro4/IeHa
f € P[X] crenenn n umeer MecTo dopmyrna (Hopmyaa Tetaopa)

>

1 1" (n)
500 = 1@ + L0 x a4 L@ x gy 4 L0@ (g

Yxasanue. lIposuddepenuuposars k pas dpopmaisHoe Bhpaxenue f(X) =
= 3 b;(X - a)* u nonoxnrs X = a.

4. Tlokasats, uro ecxu f(a) > 0, f'(a) > 0,..., f(")(a) > 0 gna BemecTenHoro
mHorownena f(X) creneHd n ¢ NONOXKHUTEALHHIM CTAPIIAM KO03GDUILMEHTOM Gg, TO
fle)=0,c>0=c<a.

Y ka3anue. [IpuMennTs ynp. 3.

5. Bocnoap3oBaBmucCh OPAaBWIOM 3HAKOB JleKapTa, HAUTH 3HAK JUCKPUMHMHAHTA
muorowrenoB X% — X2 41, X3 —6X — 9 (cM. 3amMevanue B KoHue m. 1).

6. Moryr nu Muorowremnt X% — X — 1, X3 + aX + b € Q[X] umers o6mme
koMmekcHuie kopn? Hamomaum (cM. ynmp. 11 w3 § 1), wTo Muorowren X5 — X — 1
HenpusoguM Hajg Q.

7. TlokasaTs, ¥To Kopu# mHorourena f(X) = X% +uX* + vX3 +w € R[X] co
cBOGOAHBIM 4JIeHOM W # 0 He MOryT GHITb BCE BEIIECTBEHHBIMU.

Yka3zanue. YI06GHO MepeiTH K 63aumnomy muozouseny X% f(1X) u ganee Boc-
n0a630BaThCA popMynamu (12) u3 § 1 1 (8) u3 § 2.

8. JIwo6oir muorowren f(X) ¢ f(z) > 0 ana Bcex £ € R MOXHO mpeJCTaBATHL B
BHuAe

F(X) = 9(X)? + h(X)?,
rae g,h € R[X].

¥xazauue. [Ipu nomomu Teopemnl 1 pasnoxuts f(X) Ha MHOXHTENIH BHAS

(X +a)? + b? u BocnIONE30BATHCA POPMANLHEIM TOXLECTBOM

(®* + ¢)(r? + %) = (pr + ¢s)* + (ps — qr)?,

BBITEKAIOMHMM U3 CooTHOWenua |p + ig|2|r +is|? = |(p + ig)(r + is)|%.
9. [lony4uTh CaMOCTOATENLHO KPATEPUH YCTOMYMBOCTH MHOIOYJEHOB CTeNeHe:
3 u 4. IIpu n = 4 3anucaTh ero B BHJE HEPAaBEHCTB:

a1>0, ag>0, aiaz >0, as(eiaz —a3) > alay.
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Ykasanue. f(X) = X3 +aX?2+bX +c=(X2+aX +B8)(X +0),rae a =
=a+0,b= 0+ ab, c = (06, npuyem a, 8,0 € R. Ycroiunsocts f(X) SKBHBANEHTHA
YCTOMYMBOCTH MAphl MHOTOWIEHOB X2 +aX + 8, X +0, T.e. BHIONHEHHIO HEPABEHCTB
a > 0,8 >0,0 > 0. Jlerko npoeepAeTCcA, 4YTO 3Ta CHCTEMa IKBHBAIEHTHA CHCTEME
HepaBeHCTB @ > 0, b > 0, ¢ > 0, ab — ¢ > 0. AHaOrHYHHE COOGPAXEHUA TPUMEHHTD
K BeIeCTBEHHOMY MHOT'OWWIEHY CTeNmeHH 4.

10. Wmeer au mHOrowren f(X), CTOAmMEA B YMCAMTENE HECOKPATHMOH palmo-
HaJIbLHOM ZpoGH

fxX) 3 1 __?  X-3
9g(XxX) X+2 (X-1)2 X-1 X241’

BeIIeCTBEHHBIE KOPHH?

11. Iloka3aTh, 4TO BCe TPH KODHA HENPUBOAKMOro Hak Q Muorownena f(z) = 23—
—7z—7 — BeeCTBEHHHIE H JeXAT B HHTepBate | — 2, 4[. BH4HCIMTD MONOXKHTENbLHELH
KOpeHb MeTOA0M HBIOTOHA C TOYHOCTHIO AO TPETHEr0 AECATHYHOrO 3HAKa.

12. Onupasck Ha TeopeMmy Pyme (Teopema 4), mokasaTs, 4To MHOrouaeH f(z) =
= 25 4 522 — 3 uMeeT ABa KOPHA B €AMHMYHOM KPYre M TPH KODHA B KOJBLE MEXIY
OKpYXHOCTAMH |2| =14 |2| = 2.

18. CKoNBKO BemecTBeHHKIX KOpHeil uMeeT MHEOrowen z4 + 1222 4 5z — 9?

14. Muozouasenn Jewcandpa Po(X) = 1, Pi(X) = X,...,Pa(X),... onpegens-
I0TCA PEKYPPEHTHOR hopMyaon

MPm(X) = (2m — 1)X Pm-1(X) + (m — 1)Pm—2(X) =0.
Iloka3aTs, 4TO:
a) Pa(1) = 1, Pa(-1) = (-1)%;

6) {Pn,Pn-1,...,Po} — cucrema IllItypma gna Pn(X) Ha oTpeske [—1,1];
B) Pn(X) nMeeT n pasauyHbix KOpHeH Ha uaTepsate | —1,1[.




Ipunoxenne

HEPEMEHHBIE 3AJIAYN
O MHOI'OYJIEHAX

Hunxe 3BE€3goukaMu OTMeYeHH 3334, PELIEHMH KOTODEIX B MaTe-
MaTH4ecKoy aureparype (mo cocrosuuio Ha 2000 r.) geAcTBUTENBHO He
cymecryer. OcTanbusle 331a49d B MPUHIKIE PENIEHH, HO J160 Hearre-
Gpamdeckumu, 160 HedNEMEHTAPHLIME cpeicTBamu. IIoHATHO, yTO A1A
PEIeH!s OTKPEITHX Npo6ieM BCe CPeACTBa XOPOIIH.

PopMyaMpPOBKH 33434 CONPOBOXKAAIOTCA HEGONBIIMMY KOMMEHTAPH-
AMH, IIPU3BAHHBEIMU CIOCOGCTBOBATH MOHMMAHMIO CYmECTBA AETa M pPac-
IIMPEHMIO KPYro30pa. [JOMOMHAIOWMHA UX CITUCOK JTUTEPATYPh MUHIMAJb-
HEIA.

1*. Ilpo6rema axo6mana. Ilycts f1,..., fn € C[X1,...,X,]. loa
Djf; = 0f;/0X; nounmaerca JacTHaA MPOM3BOJHAA MHOIOWIEHA f; IO
Jj-¥ nepemenHo# X; — pe3yJbTaT IPHMEHEHHA OLIePATOPA YACTHOrO Aud-
deperuuposanus (cM. yup. 9 w3 § 1 ru. 6). Byaem cuurats, uro f;(0, ...

...,0) =0, 1 <% < n. Beeaém HoBHIe MepeMenHbie X1,..., X, dopmy-
JaMu
Xi=f1(X1,...,Xn), ey X:‘=fn(X1,...,Xﬂ).
HonuromuansHoe oTobpaxenne F' = (f1,...,fn): Xi— X!, 1< <

< n, onpegenser axdomopPuam (romomopdusm B cebs) anre6pul MHOrO-
anenos C[X,, ..., X,]. Ero sampuya Axobu

Dl f ) Dn f 1
JF)= | oo,
Dl f n Dn .f n
o6pa:m1vxa B TOYHOCTH TOr'ja, KOI'Ja ONpeaenTelb
Difi ... Dnfr
det J(F)=| .oovvevinnnnn... ,
Dl f n Dn f n

Ha3bIBAEMBI AK00UANOM U ABIAIOMMMACSH, BOOGILE IOBOPSA, MHOIOWIEHOM,
GyAeT OTIMYHOM OT HYIA KOHCTaHTOM (daemenToM u3 C*).

Ecau F — aBTOMOp)H3M, T.€. €CIN HAUZYTCA MHOTOWIEHH! g1, . . ., gn
TaKue, YTO
X1=g1(Xi,...,X;,), ey X,.=gn(X{,...,X:l),

TO, KAK JEerKo yoe uThCs, AKO6uaH o6paTuM. Bepno au o6pamnoe ymaeep-
acdenue? dpyruMmu clioBaMu, 6epra AU UMNAUKAYUR

det J(F) € C* = F — aemomopPu3u? (%)
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JTo u ecTb npobaena axobuana, chopmyamposantas O. Kewrepom B
1939 r. n ocraromasnca HEpEIEHHON IpU BCEX N > 2.

e cnenuanbHele TPyNIE aBToMopduamop anre6put C[Xy, ..., Xy]
BUAHEL cpa3y. 1o rpymna GL, Bcex JMHEMHEIX HeBHIPOXJEHHBIX Ipe-
o6pa3oBaHuil ¥ rpynna By, 3JeMeHTH KOTOPOM NOAYYaloTCA KOMIO3M-
nueil “TpeyroinHux” MOIMHOMHUANLHEIX OTOGPAXEHUHA BUAA

Xi = X; +ti(Xiz1,---, Xn), 1<ig<n, GC[Xl,...,Xn].

B ToM, uTo 3TN 0TO6paXKeHus o6paTUMEI, y6eIUTLCA COBCEM HECJIOXHO.
Hanpumep, nmpu n = 3 nMeeM

X1 = X1 + t1(X2, X3), Xy =X +12(X3), X3=Xs.
Orciona
X1 = X] — (X3 - t2(X3), X3),
Xo = Xb—ta(X3),  Xs=X}.

Kaxuni 1u aBTOMOPGU3M, OCTABIAIOMME CKALAPHL HA MeCTe, IOdY-
qaerca xkomnosuimen avieMenToB u3 GL, u B,? Ilpesnonaraercs, 910
opu n > 3 aT0 He Tak. Bosee Toro, 2unomesa Hazambvi riacur, 4To
OTBET JOJKeH OHITHL OTPHUATENLHEIM JaxXe MIPEMEHHTENLHO K KOHKPET-
HoMy aBToMopduamy F: X; — X| suaa

X1 = X1 = 2Xa(X1 X3 + X32) — X3(X1Xs + X2)2,
Xy =Xo+ Xa(X1Xs + X2), Xi=Xs.
Ormerum, uro J(F) = 1, npuuém
Xy = X{ +2X5(X{ X3 + X37) - X3(X1 X3 + X37),
X, = X3 - X5(X1X4+ X3%), X=X

CyuiecTByeT MHOI'O Pa3HBIX MOAXOAOB K npobueMe axobuana (aire6-
PO-FeOMETPHYECKUX U (YHKIMOHANLHEIX), KOMOMHMPOBAHHE KOTOPHIX
IIpMBEJO K YacTHIHOMY ycrexy. [lonoxum deg F' = max; gign deg fi. Ec-
mn = 2 u deg F < 150, To oTBeT Ha BONpOC (*) OKA3LIBAETCA HIONOKH-
TeapHbIM. KpoMe Toro, nokasaHso, 4To ¢ To4HoCThIO 10 GL,, JocTaTouno
pPacCMaTpUBaTh MHOT'OWIEHH BHJ3

fi=Xi+hi(Xl)"')Xn)) 1<ign,

rje Bce KOMIOHeHTH h; — Kybuueckue oquHopoAHkle popmH (deg h; = 3),
a marpuua Axobu J(H) gas H = (hy, ..., h,) suasnorentra: (J(H))® =
= 0. IIpaBja, B mpoecce pesyKIMH YHACIO IEPEMEHHEIX 71 YBEIHIABALTCA
10 CPABHEHMIO C UCXOJHBIM.

Bouee moapo6HO € MMEIOIMMUCA PE3yILTaTaMid OTHOCHTENLHO IPO-
6eMBl AKOOMaHa MOXHO IO3HAKOMUTLCA 110 0630pHONK cTaTwe: Bass H.,
Connell E.H., Wright D. Jacobian conjecture// Bull. Amer. Math. Soc. —
1982. — V. 7, \r 2. — P. 287-330.
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2*. 3apaua o guckpumunante (E.A. lopmn). Iycre
fX)=X"+a X" %+... +ap

— HOPMAIM3OBAHHBIA MHOI'OWIEH, KO3 PHUHUEHTE KOTOPOro a;, 2 < 1 <
£ n, cyTh panuoHanbHue Gynxmuy Ha C (T.e. panMoHanbHEIE APO6H U3
C(2)). IIpednoaoscun, wmo ducxpumunanm D(f) mnozowtena f moxcde-
cmeexno pasen 1. Boamodcno au npu amox, wmobvt xe éce xodPduyu-
enmbt a; 6biau Korcmarmamu?

HasecTHO cnexyromee.

a) Ecin ocob6enroctn (nomoca) BceX a; PACIOJOXEHH B Toukax 0 u
00 (160 3HaMeHaTelb ¢ HECOKPATUMOM ApPO6H a; = p/q KEIHMTCA Ha 2,
au60o degp > degq), To a;, 2 < i € N, — KOHCTAHTHL.

6) Eciu n = 3 wiu n = 4, 10O BCe a; — KOHCTAHTHL.

Ilpu n = 3 geno CBOAMTCA K PAUMOHAJLHHIM PEIIEHUAM yDPABHEHUA
u?+v3 =1 (cm. . 4 § 2 . 6), KOTOpOE B CBOIO OYEPEAb PEAYIUPYETCS
k ypasrenmnio Pepma crenenu 3. Ho uaBecTno, yro ecxm f* + g™ = A",
rae f,g9,h € C[z]) u HOA(f,g,h) = 1, To mpr n > 2 MHOrOWIenH f,g,h
ABJIAIOTCA HA CaMoOM fesie KoHCTaHTamu. IIpn n = 4 ucnonsayercsa Ky6u-
ugeckas pesonsseHTa Peppapu. Cayuat n =5 ocmaémcea 6e3 omeema.

3. 3ajgava 0 ABYX NOpOXAAIOIIMX KOJbIa MHOI'OWIEHOB. Ma-
BECTHAsA M3 MATEMaTHYECKOMN JUTEPATYpH TeopeMa AGbaxnkapa—Moxa
yTBepxaaet, uto ecau C[f(z),g(z)] = C[z], m.e. mnozonsents f,g no-
PONCABIOM 6CE KOABLYO MHOZONAEHOB, MO:

i) napa f,g pasdessem C, m.e. 21 # 22 = f(z1) # f(22) uau
9(z1) # 9(z2);

ii) npoussoduvie f'(z),g'(2) e umerom obwuzr nyaei.

[as 3TOM TEOpEMHl MOKa HeT NMPOCTHIX A0Ka3aTeasCTB. Ipebyemca
natimu asemenmapubie nodrodsi.

Pemalomee yTBepX/JeHNE B OJHOM K3 BapUMAHTOB HOKA3aTEILCTBA:
ecrt¥ A4 napH f,g BHIIONHEHH! CBOMCTBA i), ii), To imbo deg f|degg,
au6o deg g|deg f.

Teopema 3angenbepra—Jluna (JAH CCCP. — 1983. — T. 271, N\ 5)
YCT2HABIMBAET B CBOIO O4Yepess, uTo ecau napa f, g € C[z] pasgenser C,

TO
Clf(2),9(2)] = Cl(z - 0)*,(z = o)'],

rae ¢ € C, a HO(k,l) = 1. B wacTrocTH, cucrema f'(2) =0, ¢'(z) =0
uMeeT He 6ojee OJHOrO pemieHns. JTO YTBEPXK JeHUE CIIbHEE, YeM Teo-
pema A6bankapa—Moxa. K meopene 3atdenbepza—.JJuna maxaice mpe-
Gyemca natmu ssemenmaprbiti nodzoo.

Cnenyer orMeTuTh, 4yTo 3amena C #a R meBoamoxsa. Ilo-pugumomy,
HeT aHAJOrOB YKa3aHHEIX TeOpeM, I'€ BMECTO maphl f, g pacCMaTpuBa-
Iuck 661 TPOMKH f, g, h n T.1.
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4*. 3ajauM 0 KPHTHYECKHX TOYKAX M KPHMTHIECKUX 3Hade-
auax (B. Sendov, S. Smale, A.1. Kocrpukusn, 3.B. Bunbepr). ycts
f(z) — xommiexcuunt MHOrouneH, O = {6 € C| f'(6) = 0} — muoxe-
CTBO €ro Xpumusecxuz mouex. JHadernusa f(6), oTBedalomme KpuTHIE-
CKMM TO4YKaM @ € Oy, MHOI/ja HA3EIBAIOT KPUMUNECKUMY.

a) HoxasaTh, 4TO ecau 6ce wyau (xopnu) mmozouaena f(z) =
= [1i=1(z — ck) cmenenu n > 2 aemcam 6 edunuuwnom xpyee Dy = {z €
€ C||z| < 1}, mo das xaaxcdozo ¢ xpye {z € C| |2—cx| < 1} codepaucum
no xKpailineld Mepe o0ny KPUMUNECKYIO MOUKY.

C pesyapTaTaMu B 3TOM HAINPABIEHAN MOXKHO [I03HAKOMHUTBCA IO CTa-
tee: Miller M.J.// Trans. AMS. — 1990. — V. 321, N 1. — P. 285-303.

O6mwas anreGpo-reoMeTpUYecKas KOHUEMIMA, OTHOCAUIAACA K POJIX
KPUTHYECKHX TOYEK MHOIOWIEHOB, MaloxeHa B kaure: Marden M. Ge-
ometry of polynomials. — Providence, R.I.: AMS, 1966.

Tlpobaema CenjgoBa yTOYHAET OAMH M3BECTHHIM PE3yJbTAT U3 3TOH
KHUT'H, COrVIACHO KOTOPOMY 1060 kpyr D,, cofepxaiuuit Bce HyIM MHO-
rowieHa f(z), COLEPXHUT Takxe BCE HYJIM ero Npou3BogHou. B 310 oyens
JIECKO NOBEPUTD, IPEATIOJIOXKMB, YTO BCe Hyau f(z) BelleCTBEHHBIE, U IPO-
CMOTPEB e1lé pa3 JOKa3aTeJbCTBO TeopeMH 3 u3 § 4 ri. 6.

6) [oxasaTh, 4TO ecau f — KOMNAEKCHbIL MHO2OUAEN CNENENU N
maxot, ymo f(0) =0, f'(0) #0, mo

f@ol 1 n-1
6 |7 S n

Cumenn JoKa3aJs CyleCTBOBaHNE KPUTHYIECKON TOYKHM 0, 1 KOTOpOH

17 (6)]

Ay

[ZHO .
T.e. JaHa TpebyeMas OLEHKA C XyALIeH KOHCTAHTOH. 1 MHOrOWIEHOB
crenenn n £ 4 mpo6aema pemena. Koncranra (n — 1)/n Heyny4maema,

KaK NOKa3hbiBaeT npumep MHorowreHa f(z) = 2" — Lz 1,

B) O603na4umM cuMBoIOoM Cy, MHOXECTBO TaK Ha3HIBAEMBIX KONCEPBA-
muenbiz MEOrOwIeHoB f(z) = 2™ +a12""! + ... + an_12, onpegenseMx
ceoiictBoM: f'(6) = 0 => f(0) = 0. Takum 06pa3oM, KOHCEPBATHBHEIR
MHOI'O4JIEH, paccMaTpuBaeMul kak orobpaxenue f: C = C, ocrasnser
Ha4ajlo KOODJAMHAT ¥ BCE CBOM KPUTHYECKHE TOYKHM HA MECTE.

HasectHo (Tischler D.//Complexity.— 1989), uto |Cp| = (2n - 2),

0€0,;

n-1
MO3TOMY L1 KOHCEPBATHUBHEIX MHOMOWIEHOB CTENeHu n npobiaema Cumen-
N3, CBOAAIMIAACA K JOKA3aTeILCTBY HepasercTsa |f/(0)| > B ; 1, pemma-
eTca B NpUHIOUNE KOHEYHHM nepe6opom. Ho ana sToro myxHO pacnona-
raTh ABHLIM ONMCAHHEM MHOrOWICHOB u3 Cp, YTO M3BECTHO NMOKA JHUIIb
npu n £ 6. Bonee cnaGoe nepasenctso |f'(0)] > 1 cnpasesauso mus
moboro f € Cp.




Hepewennsie 3adaut 0 MHO20UIEHAT 263

Bruto 6u KpaiHe MHTEPECHO UCCAeJ08aMb 2E0MEMPUI0 Hyael u He-
NOJBUNCHLIT MOUEK KOHCEPEAMUBHBIT MHOZONAEH0B.

r) lIycte f — MHOrO4IEH CTENEeHU 7 C BEmECTBEHHHIMHU K03pduuu-
eHTaMi M C BeleCTBEHHRIMHM KpuTudeckumu Toukamu (O C R). MHo-
JKECTBO BCEX TAKUX MHOI'OWIEHOB 0603Ha4mM depe3 P,. Kaxaomy f €
€ P, conocrasuM BexTop crf € R*~! no crexyromemy npasmry. IlycTs
61,...,0p,—1 — xpuTHYecKue TOYKM 1A f (C yI€TOM KpaTHOCTEH), pac-
nonoxenusie B nopsagke Hey6usanud. Torgacrf = (f(61),..., f(On-1)) —
sexmop xpumuuecxuz anavenutl. OueBugHO, 4TO BEKTOD (C1,...,Cn-1) €
€ R ! moxer umers B crf aas mekoToporo f € P™ TOALKO B TOM
cry4ae, korga (—1)% (cg—ck41) > 0 gna Bcex k wam, nao6opor, (—1)*(cx—
— ck+1) € 0 gasa Bcex k, T.e. MOCIENOBATEABHOCTB Cl,...,Cpn—1 “NU-
ao0o06pa3na”.

JOBONBEHO CJIOXKHEIM 06pa30M ZOKA3aHO, YTO 8CAKOMY NUL000pa3Ho-
sy eexmopy ¢ = (€1,...,Cn—1) OMEeuaem muo2ouwsexn f € P, maxoi,
ymo crf = c. Muozousen f onpedeaén 00%03nauKo ¢ MOuROCTBIO dO
aunetinotl 3amenvt apeymenma ¢ — ax + b, 2de a,b € R, a > 0.

Cywecmeyem au saemenmapnoe doxasamesbcmeo amozo faxma?

5. 3agaua o ruoGarbHOM cxoguMmocTH Metoaa HeloToHa
(Smale S.//Bull. Amer. Math. Soc. — 1985. — V. 13, M 2). Byaem no-
HUMATDb NOJ pumarosot chepoi S MuOXKeCTBO C KOMILIEKCHBIX YUCeT C
NPUCOEAVHEHHLIM CHMBOJIOM 00, & HOJ PGUUOHAALHLIM INIOMODPHUIMOM
S B ce6a — oTobpaxenue z — P(z)/Q(z), rae P ¥ @ — MHOrOWIEHH.

Payuonaavniti andomopgdusm Hviomona Ny : S — S, accomumpo-
BaHHLEIA C KOMIUIEKCHHIM MHOrowreHoM f(z) crememm n, ompenenseTcs
u3BeCTHOM HaM u3 1. 7 § 4 ru1. 6 dopmyon (12):

_._ 1=
N f (z) z f' (z) .

Yucno ( € C C S asnserca nenodeudcnod mouxou gna Ny (T.e.
N¢(¢) = ¢) B TounocTu Toraa, korja ( — Hyas MHOrowiexa f. B arom
cIy4ae, KCTaTH, 3HavenueM npoussogHoit Nt 6yrer N¢(() = (n—1)/n —
YMC0, BCTPETUBIIEECA HaM B II. 4, 6).

Metox HbloTOHA BHIMUCIEHHS KODHA (Hyas) MHOro4wIeHa f MoxeT
PacCMaTPUBATHCA KaK umepayus omobpancenus Ny: N}’ (%) = o, ¢m =
= Nf((m-1) = Nf*(¢o). B maTemaTueckoit 1MTepaType Haumx IHeit
napy (Ng, S) cunrator dunamuvecxot cucmemol ¥ IPUMEHAIOT K €€ U3y-
YEHMIO XOPOLIO PA3BUTYIO TEXHUKY.

Kak yxe ormevanocs, |[N¢(¢)| < 1, u, 3Ha4MT, CymECTBYeT OKPECT-
HocTh U Touku ( Takas, 4TO limpy, oo N}"(z) = ( ana ao60d TOYKH
z € U. Ilpu sToMm ( HaseiBaeTCA cmoxosm (WM npumaiazusaowet xeno-
deuacnot mouxol 1 Ny), a OTKPHITOE MEOXeCTBO B = Um}O N
— 6accetinom croka (. Touka o € C Ha3EIBaeTCA cmMoxosm nepuoda k As




264 Hepewexnbie 3a0a%u 0 MHO20UAEKAT

Ny, ecm Nf(e) = a n |(N})'(a) < 1. Ilpu k > 1 Touxu a, Ns(a),. ..
..., N f“(a) Pa3juyHH, IPUYEM B HEKOTOpOM okpecTHocTH U 3 a uTe-
pamuu N}(z) s z € U GyZyT NPMBOAMTE K ACHMITOTHYECKMM LHMKIAM
BOKpYT a,Nf(a),...,N}“l(a), He JaBasd B Pe3yJbTaTe HEIOABMKHBIX
TOYeK. A dTO 3HAYMT, 4YTO eciu Ny o6aajgaeT cTOKOM mepuoga k 2 2,
TO 0 raobansHOR cxoguMmocTH Ny “ana modtu Bcex z € C” rosoputs

e npuxogurca. Iloctpouts MHorounen f mo6Gonu crenexu n > 3 ¢ me-
PHOIMYIECKIM CTOKOM g1 Ny gposoabHO Jerko. Hanpumep, mpu n = 3
TaKOBHIM ABISETCA MHOrOWIEH fo(z2) = %zs — z + 1. MHOro4n1€eHH, 10-
CTaTO4HO Giu3kue K fo, 6YAYT Takxke 06IaJaTh 3TUM CBOMCTBOM.

IIpn n = 2 curyanmua coBepiieHHO MHAA. IMEHHO, IyCTh MHOrOWIEH
f(2) = 2% + az + b o6nagaeT gByMa Pa3TMYHEIMM KODHAMM (,7), ¥ MYCTh
L — npsamas, nepneHAnKy1apHas oTpe3Ky [(,7] ¥ mpoxoasmas depes
ero cepeauHy. Torja HemocpeACTBEHHO NPOBEPAETCA (XOpomee yIpax-
HeHue), 4TO Aaa Jo6oit Touku 2 € C\ L, T.e. mo4TH BCIOAY, NOCNEAOBA-
reasHOCTb { NT*(2)} cxoaurcsa k ¢ wm 7. Ilycts, nanpumep, f(z) = 22—d,
d € R, d> 0. Bosrom crysae L = iR — MHUMaA OCh, IPOXOAAMAA Yepe3
cepeanny orpesxa [—v/d, Vd]. Tak xak Ny(t) € R gua mo6oro t € R u

2 2
NyGit) = it + nd = (t—t - d) € R, To NJ(it) € iR. 3nawar,

2it
Ha4aB C YMCTO MHMMOI'O YUCIA Z = if, MEl HHKOr/[a He COMAEM C nps-
Mou L u, ecTecTBEHHO, He noayyuM MeToAoM HeioToHa npubimkeHus K
vd umu —+/d. Hao6opoT, eguscTBenHoe yciosue Re z # 0 rapanTupyer
TakKoe HpUbIMKEHNe, XOTA, BO3MOXKHO, M He OYeHb OGHICTpOE.

Eimé oguo 3amevanue. IIpeo6pasoBanuem z — az € 10CTATOYHG 60Jb-
UMM [0 MOAYJIO (¢ MHOI'OYIEH f; CTEIEHW N NEPEBOAUTCA B MHOIOYWICH
fi(2) = bpz™ + ... + bp Takom, 4TO |bo| > |bi| AnA Beex k. Hanee, nyau
¥ KPUTHYECKHE TOYKM MHOI'OWIEHOB f; M Af; ana A € C* oxum u Te
xe. Ananormdno, Nyy, = Ny, a 3T0 3Ha4NUT, YTO IpH OOCYKAEHUM Me-
toAa Heiorona f MoxsHo 6paTs u3 MHOXecTBa Py, (1) HOpMaAIN3OBAHHEIX
MHOIOWIEHOB, KO3((PUUMEHTH KOTOPLIX IO MOAYJIO HEe IMPEBOCXOAAT 1.
Ilo nremme 3 § 3 ra. 6 Bce Hynau MHorouneHa f € P,(l) aexar B xpyre
D, = {z € C| |z| £ 2}. IIycTs

By ={z€C| lim NP()=((), 1) =0}

— o6negunenne 6acceitHOB BCcex cTokoB gaa Ng. Ilompocry, By —
obnacTe cxogumocTi Metoaa HeloToHa B npumesnenuu x f.

Crnenuduka MroxecTBa P, (1) 5a€T HaM BO3MOXHOCTb OTPAaHUIUTHCA
paccMoTpenueM nepecedenus By N D;, miomais KOTOPOro 0603Ha4aeTcs
v(Bf N D3). Toraa otHOWenNE

Ay = v(Bs N Dy) _ v(By N Dy)
r= v(D2) 4m
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MOXKHO MHTEPINPETUPOBATH KaK 6EPOAMHKOCTb TOr0, 4T0 MeToA HruloTo-
Ha 6yIeT CXOZUTHCA AJA CIy4ahHO BHIGpaHHON TOYKNM M3 Dy. Mu BILIOT-
HYIO IIOAOULTM K OPMYJMPOBKE IVIABHOX 3aJa4H.

Tlonoxum

A, ; eqll’l..rtl) Ag.

Paaymeercs, 0 < Ap, < 1. Cornaceo 3aMe4aHHAM, CHEJAHHBIM BRI,
Az =1, B To BpeMsa xak A, < 1 mpun 2 3.

TpebyeTca [OKA3ATh, YTO NPU 4060M 1L UMEET MECTRO HEPABEKCTE0
A, > 0. Xopomo 6 Takxe oyenums A, xax Pynxyuo om n.

IToka He mokaaaHo naxe, 4ro Az > 0.

* %k %

“Fwé mHnoz20e ume Cxa3amb 6aM,
HO 6bl MENEPL HE MONCEME BMECTNUMD”.

Esanr. ot Hoanna, 16:12
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Anre6pauyeckas cTpykTypa (cucre-
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AnropuT™ neneuma 63, 187
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190; 192
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232
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Jlemma I'aycca 198
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— Koum o Murumyme 234
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cTpok 68

— o6oxouka 67
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—— yNOpAJOYEHHOE MHOXECTBO 44

Jluneitnoe cTo6paxenue 79

Jlnuennsie koM6uHaMA 67

— ypaBHeHna 19

Jlokamu3auua KOpHEH MHOrOWIEHA
244

MaxkcuMarbHBA 3aeMeHT 44
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MHOT'OWIeR 224

Monoug 135

— npeo6pa3oBanun 136

Monomopouam 157
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Mopduam 148

MommocTs MroxecTBa 35, 40
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159
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Han6omumix o6 gemrems 63,
192
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HeBupox aernas MaTpuna 87
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Hepasencrso Koum—BynaxoBcko-
ro—IIIsapua 176

Heco6¢cTBennsm gemarens 61

Hevernaa nepecranoBka 57

Huxnas rpeyroisHas MaTpuna 25

HopmMa 1ucra B KBaJpaTUIHOM 1OJNE
176

HopMammsosauusni  (ROpMHEpOBaH-
HEIM, YHUTADHLI) MHOrowien 188

HopmambHas pyHzaMeHTAILHAR CHC-
TeMa pemrenmi 198

O6xacTs 3mavenun 0To6paxenusa 35
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Opanopoaubms MHOrOwWren 187
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Oneparop auddepenunpoanua 213

— qacTHOro guddepenunpoanus 219

OnpezeneHHaa JMHeRHAA cACTEMA 21

Onpegemrens Bangepmoraa 115

— MaTpuns! 29, 104

— npou3Bejenua MaTpan 118

— ¢ yrnouM mynen 117

Op6ara 53

OpmenTapoBansst 06beM 103

OcuoBHaa Teopema aare6pu 233

— — apudmMeTHKE 62

OCHOBHEIE CBOACTBA OIpEAETUTENT
107, 112

Orpenenme xopHedt (Hynedt) MHOro-
4neHa 244

OTHOWEHRE IKBUBATEHTHOCTH 41

Oro6paxenne 35

— 6mexTuBHOE 36

— wHBeKTHBHOE 36

— ciopBbexkTuBHOE 36

Ilepecevenne MHOXeCTB 34

ITepecTanoBka 51

IlnockocTs KOMILIEKCHBIX yncea 169

Ioarpynna 140

INoaxomsuo 152

HoamuoxecTso 34

—, 3aMKHYTO€ OTHOCHTEIHLHO ome-
pamum 136

Tloanone 160

Iloacrasoska B MHOrOwIeH 184

Ioxe 159

— lanya 163

— KOMILIEKCHBIX gucen 169

— oTHOWeHMA (JacCTHBIX, ApOGeir)
202

ITone pa3noxenus Muorowaena 237

— panuoHaILHEIX apoben 203

Homumneinan ¢yuxuaa 105

Hommomuamsnas ¢yrxnma 210

Ionnaa miuernas rpynna 139, 140

— cTemeHs MHOrodiaeHa 186

ITosxnoe MaTpugHOE KoaBLO 153

TMonoxurensHas MapKOBCKaA MaT-
puna 99

Hoayrpynna 135

Ilopagok Ha MHOXeCTBe 44

— mepecTaHOBKM 53

— cTeneHHOro paaa 189

Ilopaaok snemenTa 142

Ilocroannas Ppynxuma 153

ITocroannoe oTo6paxenue 38

IToToyeynas onepauma 153

Ilpasmio snaxoB Jexapta 249

IIpaBursHas Apo6s 204

IIpeacTrasurens kaacca 41

Ilpusepennan muneinas cucreMa 20

Ilpusnak aemamocTu 194

IlpmMapuaa apo6s 206

IlpamuTusEeml  (mepBOOGpa3HbLI)
KOpeHb B3 eJuHMNL! 174

— MHorowrexr 198

Ipunnun goitHOM MHAYKuM 50

— uHgyKuMn 46

Ilpncoegunennas (B3auMHAA) MaT-
puna 121

IIpoGrema axobmaHa 260

ITpousseaenne MaTpun 82

Ipouspesenne (KOMMO3ALMUA) OTO-
G6paxenmi 37

IIpomasoanan MHOrounexna 212

IIpoussoasman bynkuus 189

IIpocretman apo6s 204

IIpocroe mone 162

IIpocTou xopeus 209

— 31eMeHT Koubua 190

IIpocTpancTso pemenmi 96

— CToa6uoB (CTPOK) MPAMOYroOIb-
HOR MaTpHUB 74

IIpamoyroasHaa MaTpuna 20

ITycToe MHOXecTBO 34

Pasnoxernne onpegeauTens 113

Pa3MepHOCTS JMHEHHOR 060M09KH 71

PasnocTs MHOXecTB 34

Paur maTpuaus 75

— — no cToabuam (mo cTpokam) 74

— npouaBedeHus MaTpun 84

— CHCTEeMBI BEKTOpPOB 71

Pacumpenue nora 160

Pacumpennads MaTpHIA JUHEHHOW
cECTeMH! 21

Pamuonanrnaa GpyEkuma 212

PeayuvpoBanusit muorowrer 210,
218

PeayabTant 229
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Pednexcusnocts 41
Pemenne muennon cucreMu 21

CBo6GoHbIE HEM3BECTHRIE 24

CBoGoaupmt wieH ypasHeHusa 20

Cumsoa Kponekepa 86

CuMMmeTpudeckan rpynma 52

— Ppa3’HOCTH MHOXeCTB 40

— ¢ynkuua 217

CuMMeTpuYeCKHM MHOrowieH 220

CuMMeTpuaHOCTS 41

CucreMa IMHEMHEIX ypaBHeHmi 19

— (pag) Mrypma 245

Ckanapras MaTpuna 20, 86

Co6cTBenHOe TOAMHOXECTBO 34

CoBMecTHan aMHelHasa cucrema 21,
77

Copaepxanue MHOro4ureHa 198

Cnenuarrnas mHeinas rpynna 140

CpasHenne 155

Cpesannas 3KCnoHeHTa 248

Crangaprras cucrema lltypma 247

CrangapTusnt 6asuc 70

Crapumi xo3¢pduument 186

Crenennan cymma 224

Crenens MHOrO4neHa 286

— sneMenTa 137

Cron6en MaTpuust 20

— onpegemurens 105

Crpoka MaTpums 20

— onpegemuTens 105

CrynemyaTsd BUJ JUHEAHOH CUC-
TeMH 24

— — MaTpHuIBI 24

Cynepnoauuns oro6paxennu 37, 153

Cxema I'oprepa 208

CropbexTusHOe oT0o6Gpaxenue 36

Tabmuua Komm 144

Teno 159

Teopema Besy 208

— Brogana—®Pypse 251

— Buscona 218

— Kponekepa—Kanewm 77
— Koum 146

— Pyme 253

— (depma (Manan) 161

Teopema Illepanne 218

— ITennuna 233

— IlITypMa 245

Tox gectso dnxepa 219

TpansutusrOCTH 41

Tpancnosumusa 55

TpancnonupoBaHHas MaTpuna 83

TpaHCueHAeHTHLIA dneMenT 184

Tpeyromnaa guarpamma 37

— MaTpHna 25

TpuronoMerpudeckad dpopMa KoMn-
JeKCHoro wmciaa 171

YuuBepcarbHOe CBOMCTBO KOXLIA
MHOrowieHoB 184
YuumogynapHaa rpynuoa 140
Ynopagouenme MHOXeCTBa 44
Ycrouuuprni MHOrOwIeH 251

dDakTopranrbHOE Koabo 190, 197

dakropusanma orobpaxenmi 43

dakropmuoxecTso 42

dopma 187

dopmansHBLL cTENeRHOM pay 188

Dopmyna (unTepnoasnmMonHan)
Jlarpamxa 211

®opmyna Jlarpanxa 243

— Jle6mauna 213

— Myaspa 173

— (unrepmommuuonnas) Hsiorona
211

— “momsoro passepThiBanua” 104

— Crupmura 60

— Tennopa 251, 257

— DJunepa 173

Gopmyrer Buera 217

— Kpamepa 123

— HsioTona 225

dynpaMenTarbHAA CHCTEMa pelue-
Huay 98

Gynkuna 35

— Onnepa 64

XapakTepucTuka nmoas 161
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Ilenas paumonamsraa Gyrkmma 210
LexocTroe Kombuo 158

Iens 44

Huxnx 53

IIzxmraeckan rpynna 142, 145

YHacTHYHBIA MOPAAOK 44
Yacrroe 159

— anddepenuuposanne 219
— ot genenns 63, 188
YersepHaa rpynma 151
YerHaa nepecraHoBKa 57
Yucao nepemen 3HakoB 245
— depma 47

— Puboravun 27

Yncro mmMoe yucao 169

OKBHBAIEHTHOCTD JUHENHBIX CUCTEM
22

OKBHBAJEHTHHIE MATPULLL 92

DNeMeHT KOTbIa HWIHNOTEHTHEIM
165

~— MHOXeCTBa 33

dneMeHTapHBIe MAaTpHIELL 91

— mpeo6pa3oBanusa 21, 74

— CHMMeTPHYeCKNe MROIO'WIeHk! 221

JuaomMopdusM aire6psl MHOrO4IE-
HOB 259

Smmmopdusm 148, 157

HAapo romomopduama 147, 156
— maHeRHOro oro6paxenus 97
HAxo6man 259
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