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Tlocrennee Bpema BcE Gomee pacIpOCTPAHEHHON
CTAQHOBUTCA TOYKa 3PEHUA, ITO MHOT'HAE 06JIaCTIfl
MaTeMaTUKU ABIAITCA HE YeM WHBIM, KaK TeOo-
pneﬁ VHBAPUAHTOB CIICIIMAJBbHBIX I'DYIIII.

Cogyc JIu

INPEAVNCJIOBUE

Copgep:xkanue TpeTben YacTu yiebHuka “Beegenue B anre6py” MOXKHO
KBaIU(MUIIPOBATL KAK BECbMa, CEPbE3HOE, HO, HAAO HAIEATHCS, He CJIUII-
KOM abCTPAKTHOE HIPOJOJIKEHUE MEPBLIX ABYX YacTer. HOBBIX moHATHR
OyJeT CPABHUTEIBHO HEMHOT'O, IO KPAUHEN Mepe B MEPBLIX Y€THIPEX IJIa-
Bax. luTaTens BCTPETUT CBOMX CTaphiX “sHakoMmbix” 1o [BA I, ru. 4]
[BA II, ru1. 7], koTOpBIE BBEAYT €0 B 0OIACTL Iopa3no Gojee cojepxa-
TeIbHBIX TOHATUN. CaMoe MPUCTAIBHOE BHUMAHUE PEKOMEHIYETCS yIe-
JIATH U3YUEHUIO IPUMEPOB, KOTOPHIM OTBefeHa N00pas IeTBEPTH TEKCTA
(ckaxkem, marepuan § 1 ri. 1 u § 3 ru. 3 eCTECTBEHHO OTHECTH K IPU-
MmepaMm). Ilomumo Bcero mpodvero, monGop MPUMEPOB PACCIMTAH HA TO,
4TOOBI TIepe6pPOCUTh MOCTUK MEXIY aarebGpou M APYTUMHU PasaeJaMu
MaTeMaTuku. Ecau B pesyibrare y UATATeNs OKPEIHET UyBCTBO €UH-
CTBA MAaTEMATUKHU, TO LEJIb, HOCTABIEHHYIO aBTOPOM B TPETHEU YaCTU
KHUT'W, CJAEIYeT CIUTATh AOCTUTHYTOU. TOU XKe Iean CIyKuT 3aKII0In-
TeJIbHASA TVI. 5, 3AaHUMAOUIAA U30JUPOBAHHOE MECTO U MPEIHA3HAMEHHA
[IOYTHU LIEIUKOM [/ OCBOEHUS B PAMKAX CIIELKYDCA.

Het meobxomumocTu noguépkuBarsb, 4To “BBenenue B anrebpy” —
y4IeOHUK, PACCINTAHHBIA HA BCEX YHUBEPCUTETCKUX CTYAEHTOB-MaTeMa-
TUKOB, a HE TOJBKO Ha Oyayumx anarebpauctos. [losTomy Ha mog3aroso-
BoK “OCHOBHBIE CTPYKTYPH” HALO CMOTPETH CHUCXOIUTEILHO: 3TO BCE
Te XKe CPYNIBL, KOAbLA, [0/, PACIIUPEHHLIE [I0 aCCOPTUMEHTY (C reo-
METPUIECKUM YKIOHOM), & TVIABHOE — OG0T aIlEHHBIE BAXKHBIM IOHATHAEM
JIMHEUHOT'O NpeACTaBIeHus. IMEeHHO MOY/IU U JIUHEAHBIE IPEICTABICHIS
JAI0T Te peanu3anuu aarebp u rpymi, KOTOPBIE IOCTOSHHO BO3HUKAKOT
B aHATIZ3E U DEOMETPUMU.
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ceoiikamu Ha [BA 1], [BA II] .



I'maBa 1

TEOPETUKO-I'PYIIIIOBBIE
KOHCTPYKIINUN

Hacrosmas riasa pasBuBaeT HMOHATHE TPYNNHI, BBeAEHHOE B [BA I
ri. 4]. B mepByio ouepens akIeHT Ae1aeTcsa He Ha a0CTPAKTHBIX DPYIINaX,
KOUM TOCBSIIEHO MHOI'O CIIEIMAJBHBIX PYKOBOJACTB, & HA U3YUEHUU Pa3-
HOT'O POJa €CTECTBEHHBIX “meucTBun’ rpymi. IMEeHHO KOHKpeTHEIE pea-
JI3AMUY TPYIO MOCAYXKUIA TOTIKOM K PA3BUTHUIO OOIIEN T€OPUX T'DYIII
7 CO3[AJU e}l PeILy TAINIO IOIe3HOI0 HHCTPYMEHTa, MATEeMATUIECKOI'O UC-
creqoBanmsa. Ha ¢pore 9acTHBIX (HO, 3aMETUM, BaXKHBIX) MIPUMEPOB eIIé
HACTOATEIbHEE CTAHOBUTCS 1€ PACCMOTPEHUA (TOMO-, BIIU-, U30-) MOD-
(u3MOB rpymi, paBHO KAaK TEOPETUKO-TPYIIOBBEIX KOHCTPYKIMH, O3BO-
JIAIOIMUX CBOAUTH U3Y'I€HUE CJIO2KHBIX O6’I:>€KTOB K Oojee OIPOCTHIM.

§ 1. Kimaccudeckue rpymnnbl MajibIX Pa3MepHOCTEN

1. O6mme ompeaenenusa. Kypc jauaenHou aarebpel 1 reOMeTPUN
CHA0XKAeT HAC HOBBIMU 00PA3[aMy I'PYIIH, KOTOPBIE 3aC/IYKUBAOT TOr'O,
4TOOBI OCTAHOBUTHLCSA HA HUX UyTh HOAPOOHEee. BuigeseHue B rpynmax
npeobpasoBaHui a(dUHHBIX, €BKIUIOBBIX, )PMUTOBBIX U CUMILIEKTHIEC-
KUX MPOCTPAHCTB IMOATDYIIIL, OCTAB/IAIONIMX HA MECTe (PUKCUPOBAHHYIO
TOUKy (HAmpUMep, HAYAIO KOODIMWHAT), IPUBOJUT K TAK HA3BIBAEMBIM
kaaccuaeckuM rpynnam GL(n), SL(n), O(n), SO(n), U(n), SU(n), Sp(n).
OTMeTuM, 9TO UX UCTUHHOE MECTO — Cpeau Tpynm JIu, 0 KOTOPBIX MBI
ymomvaaau B [BA II] u 0 koTOpBIX BKpaTue pedb OyAeT UATH B DI 2.
Mgu1 He cTaBUM CBOEU IEJIBI0 CKOJIBKO-HUOYIb IIOJTHOE ONKUCAHNE CBOUCTB
KJIACCUYIECKUX PYII; 3TO JedaeTcsa B apyrux kuurax. [Ipum mebombuimx
7 TOBOPAT O KJIACCAYECKUX IPYINaX MaIbIX pazmeprHocren. C rpynmavu
GL(n), SL(n) Mbl nMmeau ciydan Bcrpedarses paree (em. [BA 1]). ZKenas
136€KaTh GOJBIION 3aBUCAMOCTY OT [€OMETPUM, HAIIOMHUM, ITO BEIOOD
OPTOHOPMUPOBAHHOI'O 6A3MCa B IIPOCTPAHCTBE IPUBOAUT K DKBUBAJICHT-
HOMY MATPUIHOMY OIPEIEJEHUI0 OPTOMOHAILHON U YHUTAPHOU T'PYIII:

On)={Ae M,(R)| 'A- A=A -'"A=FE},
SO(n) ={A € O(n)| det A =1},
Un)={4e M, (C)| A*-A=A-A"=FE},
SU(n) ={A e U(n)| detA=1}.

3necy A* = ‘A — marpuna, noryvaomasncsa w3 A = (a;;) TpaHCIOHH-
POBaHMEM U 3aMEHOU KOD(PQUIMEHTOB @;j KOMILIEKCHO CONPAXKEHHBIMU



10 I'a. 1. Teopemuko-2pynnosbie KOHCMPYKYUL

uyncaamu G;;. Ipymner SL(n), SO(n), SU(n) HOCAT Ha3BaHUE cneyuatb-
Ho1z (AURETHHIT, OPMO2OHAALHIIT U YHUMAPHLIT). B gacTHOCTH,

O(1) = {1}, S0(1) =1:= {1},
U(1) ={e"| 0<p<2m}, SU) =1,

smm:{‘@w _MWH‘ ¢<m}gwn

sin cos
Msomopdusm mexkay rpymmamu SO(2) u U(1) 3agaéresa ecTeCTBEHHBIM
COOTBETCTBIEM ‘

Tak Kak TeoMeTPUIeCKIM H300paxKeHneM KOMILIEKCHBIX ducer e, 0 <
< ¢ < 27, sBageTca OkpyxHOCTH S' emmEmamoro pamgmyca B R?, To
ropopar emg, uro rpymma SO(2) u oxpyxzOCTE ST Monoaoeuvecku k-
suBasermubl. TOTHBIN CMBICJ 3TON TEPMUHOJOT U PA3BACHACTCA B KypCe
r'eOMETPUN.

3aMedaTenbHas U "OPa3 a0 MeHee OYeBUIHAA CBA3b CYIIECTBYET MEXK-
ny rpynnavu SU(2) u SO(3). OcranoBuMCS IpeIBAPUTEIBHO HA TEOMET-
puteckoM usobpakenuu rpynnsl SU(2), koTopoe IpuBeséT HaC BIOCAE-
CTBUM K FeoMeTpuieckoMy u3obpaxenuto rpymmsr SO(3).

cosp —sing i
. — e'’.
sin ¢ cos ¢ H

2. IMMapamerpuzammsa rpynn SU(2), SO(3). Ilo uszsecTHOU Teo-
peMe Durepa Kax bl saeMeHT rpynnbl SO(3) cOOCTBEHHBIX BPAIIEHUN
TPEXMEPHOT0 eBKIN0BA IPOCTPAHCTBa R® ABIAETCA BpAIEHIEM BOKPYT
HEKOTOPOU HenoABMKHOUN ocu. CkaxkeM, MaTPUIBL

cosp —sing 0 1 0 0
B, =| siny cosp 0 |, Co=1 0 cosf —sinéb (1)
0 0 1 0 sind cosf

OTBEYAIT BpaleHusaM BOKPYTr ocert Oz u O COOTBETCTBEHHO HA YIVIBL
@ u . Ucnonp3ys mapaMeTpusannio BpalleHu yriaMu Juiepa o, 6, i
(0< ¢, ¥ <2m,0< 6 <), reOMETPUIECKAT CMBICT KOTOPBIX HAC TOKA
He uHTepecyer, a0yt MaTpuiy A € SO(3) MOXHO 3anKUCaTh B BUIE

A= B,CyBy, (2)

rge B,, Cy, By — ykasanuble Beime maTpuusr (1).
[Iycrs, namree,

=] e

NMmeem
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Tax xak g € U(2) <= g* =g~ ', 70§ = @ u v = —f. Takum o6paszom,
mobas marpuia g us SU(2) umeer Bug

a

e I < N 3)
O6parHo, eciu g — maTpuua Buga (3), To, ouesugno, g € SU(2). 3ua-
9UT, KaxKAb diaeMeHT rpynnbl SU(2) 0qHO3HAYHO ONpenenseTcs mapon
KOMILTEKCHBIX uucen «, 3 takux, ¥to |af> + |8|> = 1. Ecm nosoxuts
a=aqy+iag, B=pB1+if2 cax, Br €R, i =+/—1, T0 ycrosue |a|? +
+ |B)? = 1, nepenucannoe B BUIE

af +aj + B + 53 =1,
IaéT OCHOBaHUE TOBOPUTH, 4TO 2pynna SU(2) monosoeuuecku sK6usa-
aenmua (2omeomopdna) chepe S° 6 uemvipérmepHom 6eueCMBEHHOM
npocmpancmee R*.
OO6paTuM BHUMAHVE HA YHUTAPHBIE MATPUIILI

ele/? 0 cos(0/2) isin(6/2)
0 e /2 isin(/2) cos(6/2)

Kak nokasbiBaeTcs B Kypce JUHENHOU aireOpsl (a B JAHHOM CJIydae
IPOBEPSETCA HEMOCPEACTBEHHO), M YHUTAPHON MATPUIBL g Buga (3)
CyILIECTBYeT yHATAPHASI MATPULA U TAKAsA, 9TO

g= quou_l (5)
C (, ompenerseMbIM U3 ypaBHeHUs oy = cos (p/2). OTmMeTnM Takxe, 9TO
arobou marpuue (3) npu af # 0 MOXKHO IPUAATH BUL

bw_ ) Cp =

Ccos Q . ei(w-ﬂ/f)/? 7 sin g . ei(‘p_w)/2

a(p,0,1) = bycoby = 0 [ , (6)
i sin 3 etW=0)/2 (g 3 e~ Het¥)/2

raet)
0<p<2r, 0<O0<m, —21<Y<2m.

MocTaToOYHO MOJOXKUTH

— cos? _pty
|a = cos o, Arga = —
Bl=sing,  Agp=LUET

UCHOJAB3Ys TO OOCTOATEILCTBO, YITO KaXKI0€ KOMILIEKCHOE HUCIO Z 3a-
aéTCA AByMs BEleCTBEHHBIMU apaMeTpaMy, |z| u arg z (Argz — ruas-
HOE 3HAYEHNe apryMeHTa argz).

1) M3 panbueitmero Gyzer BUAHO, 9TO @, 0, 1 — Te XKe yribl Diiepa. YHATAPHBIM
MaTpUIaM £g CTABUTCA B COOTBETCTBME OJHO M TO e BpamieHue B RZ, mosromy
06JaCTh U3MEHEHUs 1 CXKUMAETCA A0 moxynHTepBasa [0, 2m).
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Teneps MBI FOTOBBI IPUCTYIUTH K PENIEHUIO OCHOBHOU 334841 3TOT0
naparpada.

3. Summopdusm SU(2) — SO(3). IlocraBum B cOOTBETCTBHE
KaXIOMY BEKTOPY X = Z1€] + T2€y + Tzes TPEXMEPHOI'O €BKJIUIOBA
npocrpanctea R® ¢ mopmoit (x|x) = x% + z3 + 73 KOMIIeKCHYIO MaT-
pHUILy BTOPOTO NOPAIKA

T3 1 + 122

Hy = )
T — T2 —I3

(7)

ITpocTpancTBO M2Jr Mmarpuil Bujga (7) COCTONT U3 BCEX DPMUTOBLIX MAT-
putt ¢ myaesbiM caenom ('Hy = Hy, tr Hx = 0), npuaém cooTBeTCTBIE
Mex Iy BekTopaMu X € R? u marpunmavu Hy € M;‘ SABIAETCA, OUE€BUTHO,
B3aMMHO OJHO3HAYHBIM. B wacTHOCTH, 6A3UCHBIM BEKTOpPAM €1, €5,e3 €
€ R? cooTBercTByior 6azucubie Marpuist hy = He, , k = 1,2,3:
0 1 0 i 1 0
. , hs =
1 0 —i 0 0 -1
Hy = z1hy + 22ho + x3h3, My = (hi, ha, hs)r.

hy =

‘7 h2=

‘; ®)

3ameTmM, ITO KaxkI0My JuHenHOMy omepaTtopy AT : Hy — Hy Ha
M ¢ matpunenn A B 6asuce (8) GygeT OTBEIATH BIOIHE OTPE,IeTCHHbIH
JIuHeRHLIH omepaTop A : x — y Ha R® ¢ Ton xe marpunenr A B Gasuce
e, ey, ez, TOCKOIbKY Hox = aHx, Hxix = Hx + Hyx . Tak xak HUKaxue
apyrue 6a3uchl B TAJbLHEUIIEM He MCIOML3YIOTCA, TO MBI OyIeM WHOLIA
OTOXKAECTBIATD OIEPATOPLI U COOTBETCTBYIOIIAE UM MATPUIILL.

[Iycty Teneps g — duxcupoBauubm siaement rpynnsl SU(2). Pac-
CMOTpPUM OTOOpaXKeHue

+. -1
@ Hx — gHxg . (9)

Tax Kak caebl TOHOOHBIX MATPUIL] COBIALAIOT, TO tT @;(Hx) =trHx =

= 0. Kpowme Toro, g* = tg=g~!

(9Hxg™")* = (97 ")*Hig* = gHxg™"

u, cregoBarensro, &F (Hy) € M

+iy:
=],

, IODTOMY

Y1 — Y2 —Y3

.

rae y = (y1,y2,y3) € R3. Uz onpenensromux pasencts (7) u (9) BugHo,
9TO

(I);_(Hax+a/x/) = Ot(I);_(Hx) + OLI‘I’;'_(HX/).

Crano 6e1Te, oToGpaxenne $F (cooTseTcTBeHHO P,)) — IMHEWHEIT OTTe-
patop ma M, (coorsercrrenno ma R?).
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Iokaxem, ato ,: R® — R® — oproronansueii onepatop. B camom
nene,

(®y(x)|P4(x)) = (y]y) = —det Hy = —det @;(Hx) =
= —detgHyg ' = —det Hy = x} + 23 + 23 = (x]x),

T. e. &, coxpaHaeT HOpMY, & CIeJOBATEILHO, ¥ CKAIAPHOE IPOU3BEICHNE.
[oxa ne acHo, Menser u P, opmenTanmio npocrpanctsa R, uro 3apu-
cut or 3Haka det @,. Mur 3uaem qumb, uTo det @, = 1. Kax cregyer
73 OIIpeleNeHus,

1. _ —
(B Hy) = g(g'Hxg' )9~ " = (99") Hx(99') ' = @, (Hx),
IpUIEM @E — eIVHWYHAS OPTOrOHAIBHAS MATPULA mopsagka 3 mia B =

- H (1) (1) H € SU(2). 3uauuT, cOOTBETCTBUE

¢ g @ (nm (I>+:g»—>(I>;)

asiasercsa romomopdusmom SU(2) 8 O(3). Aapo cocTouT u3 yHUTAPHBIX
MaTpuIl g, 411 KOTOPBIX <I"g“ = @E. [Apyruvmu croBamu,

Ker® = {geSUQ2)| gH=Hg YVHe M)} =
= {g € SU(2)| ghj = h]’g, ] = 1,2,3},

rae hy,h, hs — Gasuc (8) npocrpanctea M, . Ilpamas mpoBepka moka-
3BIBAET, ITO

g , ghj=hjg, 1<j<3=

|
™| R

=]
= g=1+F = Ker<I>={:|:E}.

ITocmoTpuM Temeps Ha 06pa3bl YHUTAPHBIX MaTpul (4) mpu romo-
mopduame . llposeném seraucaenus aia &+ B 6azuce (8):

b,h1 b;l = (cosp)hy + (sinp)ha,

b¢h2b;1 = (—sing)hy + (cos p)ha,

bwh3b;1 = hs.
3uauuT (316CH MBI CBOGOAHO Tepexogum oT P k & u oT maTpunm — K
omeparopam), &y, = B, (cm. (1)) — Bpammenue TpEXMEpPHOr0 eBKINI0BA
npoctparcTea R® ma yron ¢ Bokpyr ocu Owzz (wmm hg). Ecm ¢ u u

BBIOPATH TAKUMMU, ITOOHL BEIIOIHAIOCH COOTHOIIEHNE (5), TO MOCKOIBKY
& — romomopdusm, OygemMm uMeTsb

Py =0,P,, ®,', det®, =det®,-1-(det®,) " =1.
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ITOo mOKa3wBBaET, 9TO Ha camoMm gene & — romomopdusm SU(2) B
SO(3). Ananoru4ansiM 0o6paszoM nposepsercs, uto P, — BpauieHue Ha
yroa 8 Bokpyr ocu Oz . Teneps musa mobon matpuisl A € SO(3) umeem

A= B<pCeB¢ = ¢b¢¢09¢b¢ = (I‘b«pCGb«/) = ‘I’a(%e’d,).
Crano 6b1Th, 06pa3 Im @ cogepxkut Beio rpynmy SO(3), u HamMu goKa3aHa

Teopewma 1. I'pynna SO(3) asasemcsa 2omomopduvim 06pazom
epynnor SU(2) npu comomopdusme ® : g — &, ¢ adpom Ker® =
= {xE}. Kaxcdoe spawenue uz SO(3) omseuwaem poeno deym yrumap-
notm onepamopam g v —g uz SU(2).

4. TeomeTpudeckoe usobGpaxenue rpynnbl SO(3). s Teope-
MBI 1 HEMIOCPENCTBEHHO BBITEKAET

Caencreue. I'pynna SO(3) monoaoeuuecku sxsusasenmua (20-
MEOMOPPHA) MPETMEPHOMY NPOEKMUBHOMY BEULLCTNEERHOMY NPOCT-
pancmey RP3 .

B camom gene, MBI Bugean B . 2, 4To saeMeHTHl u3 SU(2) maxo-
IATCA BO B3aUMHO OJHO3HAYTHOM COOTBETCTBUH C TOUKaMmu chepel S° B
JeTHIPEXMEPHOM BeleCTBeHHOM mpocTpancTse RY . JIMHEHHBIM OmepaTo-
pam g € SU(2) oTBevaoT qraMeTpPaIbHO MIPOTUBONOIOKHBIE TOUKYA HA
S3, KoTopele mpu ToMoMOpdUaMe @ CKIEMBAIOTCA (OTOXKICCTBITIOTCA).
[ony4yaeTcsa ofHa U3 MOIeIel IPOeKTUBHOT'O IpocTpancTaa RP2. O

B kypce aunenson anre6per u reomerpun (cM. [BA II, . 5, § 3])
MPOEKTUBHOE MPOCTParHcTBO RP™ onpenenseTcs Kak MHOKECTBO MPAMBIX
npoctpancTea R mpoxonammx wepes magano xoopaurar O. Kaxnas
Takas mpsMas nepecekaer eruHuIHyo cdepy S™ ¢ uerrpom B O POBHO
B ABYX OUAMETPAILHO MPOTHUBOMOIOKHBEIX TOYKAX. 3aTaHUEM OJHOU U3
DTUX TOYEK MPsAMas OTHO3HATHO BOCCTAHABINBACTCSA. DTO U 3HAUUT, ITO
npocTparcTBo RP™ MoxeT OBITH OnpeneieHo Kak (hpaKTOPIPOCTPAHCTBO
equamIHON cdepbl S” w3 R no oTHOmeHMO, yeTaHABIMBAIONIEMY DK-
BUBAJIEHTHOCTDb [UAMETPAJIBHO MPOTUBOMOJOXKHBIX TOUeK chepsl S™. B
HaIly 3aJady cervac He BXOAUT 3aJaHue Tomosoruu Ha RP™.

MEI mpuILIM K JOBOTLHO HEOXKUAAHHOMY pesyibrary. Ha chepe S°
U Ha TPOEKTUBHOM IpocTpaHcTBe RP? ycTaHaBIMBAIOTCA CTPYKTYPHI
rpynnsr: B mepBoM cayudae — SU(2), Bo Bropom — SO(3). Beskas momsrt-
Ka 3aJaTh CTPYKTYPY HeIIpepHIBHON Ipymisl Ha S? mm Ha RP? oxomamT-
cs Heygaden (pe3yabTaT, He OTHOCALUMUCA K HAIIEN TeME).

Corzacuo Teopeme 1 m eé caexcreuio rpymma SO(3) “B aBa pasa
menbite”, gem rpynna SU(2). CymecrBoBanue snumopdusma SU(2) —
SO(3) memaeT eCTECTBEHHBIM BOMPOC O CYMIECTBOBAHUM MOHOMOD(MU3MA
SO(3) — SU(2). Msr yBuauMm B DI 3, 9TO OTBET HA DTOT BOIPOC OKa-
3BIBAETCA OTPULATENBLHBIM.

5. KBarepumonsl. Peamusanua SU(2) cranosurcs emé 6osee Ha-
raagaon, eciu mog RY Mbr 6ygeM MOHMMATDL CIEIUATBEHOE TeTHIPEXMep-
HOE BEIIeCTBEHHOE IPOCTPAHCTBO, CHAOKEHHOE CTPYKTYPOU Mead — ac-
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COLMATUBHON, XOTSA U HEKOMMYTATUBHOU a42ebpbi ¢ desewnuem Han R
(Bce OTaMYHBIE OT HyJs DJAEMEHTHl oOpaTuMbl). Mmeercsa B Buny 3Ha-
MEHHUTAas a42ebpa Ke8amepHuonos, moctpoernas B 1848 r. lamunbToHOM
(W. Hamilton, 1805-1865) u B ero uectb o6o3nadaemas oyksou H. Ilo
TPAJUIIA I €€ GA3UCHBIX DJIEMEHTOB MCIOMb3YIOTCS cuMBOIBL 1 (exu-
Huna), i (Manmas egununa), j u k. Tak kax B H 10omKeH BHITOIHATHCA
3aKOH TUCTPUOYTUBHOCTHU, TO 3AKOH YMHOXKEHU IIETUKOM OMPeneaseTCs
“Tabauen yMHOXKEHU :

1 i j k
1] 1 i ] k
i i -1 k —j
ili -k -1 i
k| k j -i -1

W13 sTon Tabauus cpady BugHo, uTo H — acconmaTuBHas (HO HEKOMMY-
TatusHas ) anre6pa ¢ neHTpoM Z(H) = Ru 1 — eé e IMHUYIHBIN DIeMEHT.
Kax npin snemenT anre6pol H 0 1HO3HAYHO 3aNKMCHLIBACTCSA B BUIE

q=a+Bi+vj+dk:=al+Bi+~vj+dk (10)
C BELIECTBEHHLIMU Kod(dpuuuenTaMu «, 3,7y, d, Tak 9To
H=R1+ Ri+ Rj + Rk.

Mexay npouum, ymHOkeHue B H CIyXuT HEmOCpeICTBEHHBIM IIPO-
JOMXKCHUEM YMHOXKEHUS B II0J€ KOMILIEKCHBIX “IMCEJI (C, IIOKPBIBACMOM
kBaTepHrOHAMU @ + (1 (1 0TOXKIECTBIAETCA C BEIIECTBEHHOU €IUHUIEH
l,ai— ¢ ¢ =+/—1). ®axruuecku H MOKHO pacCMaTPUBATL KaK ABY-
mepHyto anrebpy Han C. Jeucreureasno, nia ¢, ¢’ € C, q,q’ € H umeem

! ! ! !
cla+d)=ca+ed, (ct+c)a=cqa+cq,
! _ ! o
(cc)q = c(c'q) = ¢(cq).
Tak xax

al+Bi+vj+0k=(a+pV=1)1+(y+ov/=1)j

1o dime H = 2.
Ananorus ¢ C npocmaTpuBaeTca u gaabine. Tak, conpancénnbim ¢ q
HA3LIBACTCA KBATEPHUOH

Q" =a-Bi-vj-dk

— aHAJOr COIPSIKEHHOI'0 KOMILIEKCHOroO 4uciaa. Ecam q — “wucmoid
xeamepwuon”, T.e. @ =0, To q* = —q. Beauuuna
o * _ 2 2 2 | 52
N(@):=q-q"=a" + 5 +7" +7, (11)

BLIMUCIAEMAA IMOCPEJCTBOM HPUBEAEHHON BBIMIE TAOIUIBI, HA3BIBACTCA
nopmoti kBaTepauoHa q. OueBugHO, uT0 q # 0 = N(q) # 0, a mosTOMYy
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BCAKWUN HEHYJIEBOW KBATEPHUOH OOPATUM:

R
=1=q  -q. (12)
Crajo 6biTh, MHOKecTBO H* := H\ {0} sBrsercs rpynmnoit (myabmun.iu-
KaMUHAL 2PYNna aieebpbl K6amepruonos).
DJIEMEHTAPHO MPOBEPSAETCA, ITO

(man + p2q2)" = mar + 23, (@a2)” = qaqs;
N(aig2) = N(a1)N(q2).

Takum 06pa3oMm, oToOpaxkenue q — q* cyThb anwmuasmomoppusm (me-
pecTaB/somul MEOKUTEN) anre6opet H, a orobpaxkenue q — N(q) —

roMoMOp¢pu3M MyJbTUILIAKaTuBHOU rpynnsl H* 8 R* ¢ agpom
Sp(1) := Ker N = {q € H| N(q) =1}. (13)
I'pynmna Sp(1) HABBIBAETCA CUMNAEKMUECKOT; OHA UMEET IPAMOE OT-
HOLIEHVE K JWHENHBIM CHMILIEKTHIeCKUM rpymnnaM Sp(2n, &), KpaTko
paccmoTperssiM B [BA II], HO MBI Ha 5TOM OCTaHABIMBATHLCA He OyLeM.
W3 (10), (11) u (13) Buano, uTo rpynma Sp(l) Tomomormueckum k-
BUBAJEHTHA, C(Epe B CIENMMAILHOM YeThIpéxmepHoM mpocTpancTse H. C
AHAJOTUYIHBIM CBOICTBOM, KacawomeMcsa rpynnsl SU(2), MBI BCTpedanuch
B 1. 2. COeMHUTE 5TH IBA CBOMCTBA COBCEM HECJAOXKHO. PaccMoTpum 0TO-
6paxenve I' : H — M>(C), xoTopoe Kaxg0oMy KBATEpHUOHY q = ¢+ jc'

Buga (10) craBuUT B COOTBETCTBUE KOMILIEKCHYIO MATPULLY

B a+iff  y+id
I(a) = —(y—1i0) a—ip

q-q9

5 (14

_H c ¢

OueBugHO,
D(par + p2az) = mT(a1) + pel'(q2),
Iaiaz) = T'(a1)(a2), ra==e
— CBOUCTBA, IPUCYIIKE aunetinomy npedcmasaenuro Hax C B ToM obiiem

CMBICTIE, KOTOPLIM OyIeT MPUIAH dTOMY MOHATHIO MO3IHEe. BemoMHMM
nonyTHO, 4T0 B [BA I, ru1. 5] mepBoHadaibHEIM anrebpandeckuM u3o6pa-

a b
JKeHIEeM KOMILIEKCHBIX IHce] OBLIM MaTPHUIIEL b a € M>(R).

U3 (14) cnexyer, uTo

rese(n) = {

r.e. I peanuzyer nzomopduam rpynn SU(2) u Sp(1). K uckomomy smu-
mopduamy Sp(1) — SO(3) Mmbr npugém cregyomum obpasom. Kaxkgomy
KBATEPHUOHY (] C €IMHUIHON HOPMOU IIOCTABUM B COOTBETCTBHUE OTOODa-
xenne Vy: H — H, monaras

q(p) =aqprq . (15)

c c
—t —

—Cc C

[1e 1 = 1} = sUc2),
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Tak xax q~ ' = q* (cm. (12)), To

Tq(p") =ap*q™' = (a7 ')'P"a" = (¥q(p))”
Ecim p* = —p — wmcrem kBarepHumoH, TO (¥q(p))* = ¥q(p*) =
= —U4(p), u, 3HAIUT, HOAIPOCTPAHCTBO H~ YMCTHIX KBATEPHUOHOB UH-
BapUAHTHO OTHOCUTEIBHO Wq. MBI NPUILIN K JUHEHHOMY OLEPATOPY

Vy: HW — H .
Kax memocpencteenno serrexaet us (15), Vg o, = ¥q, Vg, , T.€. D1CMeEH-
Te1 rpynnsl Sp(l) “mpencraBasioTca’ MATPUIAME TPETHETO OPAIKA:

*

3
Ug(wri+oj+ask) =pitpitek  yu=) quo.
v=1

OToxX 1ecTBIM TPEXMEPHOe eBKIMI0BO TPOCTpaHcTBO R? ¢ mpocTpan-

CTBOM YMCTO MHUMBIX KBATEPHUOHOB:
K ={p e H | [p]":=N(p)}

C Taxum ompejgenenumeM KBagpaTa AiuHEL |p|? mveem

[Tq(p)]” = N(¥q(p)) = N(a)lp’N(a™") = [pf,
HOCKOIBKY 10 ycaouio N(q) = 1. 3uauur, Uy — JUHEHHBIN ONEPATOD,
COXPAHAIMAN AIUHY, U MBI uMeeM romoMmopousm P : Sp(l) — O(3).
Croutr ormeTuth emé pas, uro ¥q = £ B TouHOCTM TIpM = *1, 1
nosromy Ker ¥ = {£1} .

Benmomany Temepn, aTo Sp(1) ~ S3. Tax kak mo0yi TOUKY q €
€ S3 moxmHO coequuuTh ¢ Toukou 1 riagkou kpusoi r(t), TO Yo (p) AB-
JsgeTca KpuBou, coepusaomen Wy ¢ TOXIECTBEHHEIM omepaTopoM Wi.
Omnpenemurens det — HenmpepbBHASA (PYHKIMA ONEPATOPA, 3ABUCAIIETO
or mapametpa t, u Tak kak det ¥y = 1, To det ¥,;) = 1. B wactroCTH,
det ¥q = 1. Crano 6e1Th, Ygy 1) C SO(3).

Ocranock yoeaurscs, uro ¥ — ciopbekTusHOe oTo6pakenue. C sron
LeJIbI0 IPENBABAM B KadecTBE 00PA30B U3BECTHBIE HAM MaTpuusl (1).

0

a) q= cosg 1+singi= ¥q(i) =i, 1e ocpin R? ocraérea mpu
5TOM TIPeo6pPa3OBaHMY MHBAPHAHTHON. Tak Kax

lI/q(j)(cosgl +Singi)j(cosgl — singi) =cosfj +sinfk,
Uqy(k) = —sinf j + cosb k,

10 ¥q orBevaer marpuie Cy. AHAIOIUYHO, eCIu = COS % 1+ sin % k,

10 ¥4 oTBewaer marpune B, moBopoTa BOKpyr ocu k.
TaxuM 06pa3oM, CIIPABELINBA
Teopema 1'. Omobpasxcenue ¥ (coomeemcmeenno YL ~1) asanem-

ca 2omomopgdusmom epynnvi Sp(1l) (coomeememsenno SU(2)) na epynny
SO(3) ¢ adpom {£1} (coomeemcemsenno {£E}).

2 A.W.Kocrpukns



18 I'a. 1. Teopemuko-2pynnosbie KOHCMPYKYUL

YIPAXKHEHUSA

1. Vicnonn3ys reomerpudeckoe uzobpaxenue rpynnsl SU(2), nokasarsb, 9T0
(O’ ]" O’O) * (O’ O’ ]"O) = (O’ O’O’ 1) # (O’ O’ ]" O) * (O’ ]" O’O)

(npoumssegenne Touex ua S3). Te xe Touxu (0,1,0,0),(0,0,1,0), paccMaTpuBaeMbie
na RP3, nepecranoBo4sb.
2. IlokazaTk, 9T0 eciau KO(pPUINEHTHl YHUTAPHBIX MaTPHUIL

t

cost isini ¢

t

cos = —sin g
2 2 2 2
Ki(t) = Lt ¢ ) K2(t): .t t )
ising  cosg sin 5 Cos 3
eit/? 0
Ks(t) = ‘ 0 e—it/2

npoauddepeHnupoBaTh N0 ¢ ¥ MOJOXKUTHL 3aTeM ¢t = 0, TO mOIydIaTCA MATPUIBL

=—h1, Ko =— = —hy, K3 =—
H 2 " 2 2H ‘ 2" e 2H

0 1
-1 0

1
2

0 1
1 0

1 0

K= 0 -1

1
H = §h37

cocTapiAomue 6a3uc TPOCTPAHCTBA My KOCOIPMUMOBHIT MAMPUY

_ k3 —ko + ik1 )
= H ko + ikq —iks ’ k] €R,
¢ "yJaeBbM cregoMm: K* = —K, tr K = 0.

3. Keamepnuonnvie edunwuybt i, j, k nopoxgaor B Sp(l) unrepecHyo nmoarpyn-
ny — epynny keamepruoros Qg MOpAAKaA 8, UIPAMLIYIO0 3aMETHYIO POJIb B Da3HOI'O
poaa Bompocax. Kakoe orHomenve k Qg UMEOT MaTPUIILI

iH 2 0

. x|

0 1

4. MOXHO 1 TIOCTPOUTH aCCOUMATUBHYIO ajare6py ¢ nemenumem A majg R pasmep-
Hoctu 3, comepxkamyio C B kadecTBe mogaare6por?

5. Dudopus, BO3HUKIIAA B CBA3U C OTKPBHITHEM KBATE€PHUOHOB, IMPUBEIA K CO3-
NAHUIO OOLIECTBA CTOPOHHUKOB KBATEPHUOHHBIX (DYHKIUM — QHAIOra (OYHKIUN
KOMILIEKCHOI'O TIE€PEMEHHOr0. XOTsA GOJbIINX JOCTUXKEHUU HA DTOM IyTU HE OLLIO
NOCTUT'HYTO, HEJIb3sA OTPHULATH, YTO KBATEPHUOHBI MMEIOT IPAMOE OTHOIICHE K Ma-
TeMaTUIeCKON usuke. B KaKOU-TO Mepe TO MOXHO yCMOTDETh, BBeIA AuddepeH-
[UATLHBIA OIIEPATOP

1o} 1o} 0
o J6y 0z
Ha TPEXMEPHOM (YHKIMOHAILHOM HpocTpaHcTse ¢ 6asucom {i,j,k}. Cupaseniauss
CJIe/yIONe COOTHOIICHW:
ot ot

ot
Vi=i—+j— +k—
16a: +J6y+ 0z

— I'paJueHT CKauaapa t;

V2t——At——(62t 0%t 62t)

dx? ' 9y 022
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— BBIPaXXE€HWE U3 TEOPUU IOTEHIINAJIA;

ou ov ow
V(iu + jv + kw) = — i
(o +hw) = —( Foa 4 5 )+

oJe N———
NUWBEPreHINA I0JIA

+i(6w _ 611) +,(8u _ aw) K
oy 0z J 0z Oz

BUXDb (POTOD) TOJISA

(81) B 6u)
dxr  oy)’

IIpennaraerca mpoBecTH Bce HEOOXONUMBIE BLIMUCIEHUSA, ONUPAACH HA IIPABUIA
YMHOXKEHUA B ajJredpe KBATEPHUOHOB.

§ 2. CMmexHbIe KJACChI IO MOArPYIIIe

1. DaemenTapHble cBoucTBa. llycts G, G' — nBE TPOU3BOJIL-
HBLIE TPYIIEL ¢ HEUTPAILHBEIME daeMeHTaMu e, €. U3 onpenesenusa romo-
moppusma f: G — G’ um m3 paccmoTpennbix Hamu B [BA I; BA II]
MHOT'OYMCIEHHBLIX TIPUMEpPOB BuaHO, Ker f — moarpymnma B f, mpuaém
z(Ker f) = (Ker f)z, z € G.

Onpepgenenue. llogrpynna K C G HasweiBaeTCA Hopmaabrot B G,
ecan

2Kz ' =K vz € G.

Taxum 06pazom, 4dpa 20MOMOPPHUIMOE 6Ce20a ABAAIOMCA HOPMAAL-
HOLMYU NOJZPYNNAMYU. SHAICHUE DTOTO (PAKTA, MBI OIICHUM B JOKHOU Me-
P€ HECKOJILKO O3 AHee. 3aMEeTHM IIOKa, 9TO JAJEKO He BCAKAA MOATPYIIIa,
HopMmaabHa B G. Hampumep, B S3 nukindeckas nogrpynma ((123)) = As
HopMmaubHa, a ((12)) = {e, (12)} TakoBou He sBIsgETCA (HE PEKOMEHLYETCS
HasbBaTh ((12)) “HeHOpMasBHON MOATPYHION”).

O6paTuM BHUMAHUE HA TO OOCTOATEILCTBO, YTO BCE DJIEMEHTHI MHO-
KECTBA

aKer f = {ab] b€ Ker f}, a€QG,

OTOOPAKAIOTCA B O,Z[I/IH u Tor ke sneMentT f(a) rpymnet G': f(ab) =
= f(@)f(b) = fla)e' = f(a). B cvowo ouepenr, ecan f(g) = f(a), T0
fla~'g) = fa ) f(g) = fla) " f(g) = €', orxyra a~'g = b € Ker f
ug=abe aKerf. 3T0T (GakT yKkasbIBaeT HA LEIECOOOPA3HOCTH Pa3-
ovenus G ma moaMuoxecTBa Buga a Ker f. syuum Takoe pasbuenue B
ofIIeM CIydae HE3aBUCHMO OT [OMOMOD(I3MOB.

Onpegmenenne. [lycre H — noarpynna rpynnsl G. Jlegvim cmesrc-
Hoim Kaaccom epynnvt G no nodepynne H (koporko: G no H) HasbiBaeTCA
MHOX)eCTBO g H saemenTOB Buga gh, e g — GUKCUPOBAHHBIN DJIEMEHT U3
G, a h mpo6GeraeT Bce BJaeMeHTHI HOArPYIIBl H. DJIeMeHT g Ha3bIBAETCS
npedcmasumenem CMEXHOrO Knacca gH.

9*
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AHAJIOrUYIHO ONPENeIAIOTCA Npasbie cmexcnble Kaaccut Hg. Nnorna
JIEBBIE CME2KHBIC KJIAaCChL B HAIIEM CMBICJIE€ HAa3bIBAIOTCA IIPABBIMU, a IIDa-
BBIE — JIEBEIMU. BaXHO MPUAEPXKUBATHLCA JIUIIL ONHOU KAKOU-HUOYIb
repmunonoruu. Ecin H = Ker f — agpo romomopdusma, To gH = Hg
BBUAY HOpMaabHOCTH H B (G. 3aMeTuM, 9TO OJHUM U3 CMEXKHBIX KJIACCOB
ssiasierca cama noarpynna H = He = eH. Hukakou apyrou CMexXHBIN
KJIACC IO ATPYIIION He aBigeTcs. [lencTBurensro, eciu gH — moarpymnma,
Toe€ gH, otxyrae=gh, g=h'ugH =h"'H=H.

Teopema 1. Jea aesviz cmexncnbir xaacca G no H cosnadaom uau
He umernm obwux saemenmos. Pasbuenue G na aesvle cMeHcHble KAACCHL
no H onpedeasem na G omnowenue 3K6U6aAAEHMHOCTIU.

NokasaTeancrso. [lycTs knaccul g1 H u go H uMeroT o0umn sie-
MeHT a = g1h; = gohe. Torma gy = glhlhz_l, a JI060U dJaeMeHT goh
kaacca go H mmeet Bug gihy h;lh =gih',toe h' = hy h;lh € H. 3uauur,
goH C g1 H. AHaOoruvHo 10Ka3bIBaeTCs, 9TO BCAKUU DJIEMEHT U3 KJIACCA
g1H comepxutcsa B goH u, crano 6uith, g1 H = g2 H.

Tax kak m060U Hamepén 3aJaHHBIU >IeMeHT g € G COTEepPKUTCA B
gH , To mpoBenéHHOE paccyXkaeHne MOKa3kBaeT, YT0 (G MpeICcTaBIsgeT s
B BHUIOE O6’I:>€,ELI/IH8HI/UI HEIICPpEeCCKAIIMUXCA JEBBIX CMEXKHBIX KJIaCCOB IIO
noarpymme H:

G=ng’H-

Coruacuo obmemy npuHnuLy, usjaoxessomy B [BA I, r. 1, § 6], sTo pas-
Ouenue nHIyIUPyeT Ha (G OTHOIIEHNE DKBUBAIEHTHOCTH, KOTOPOE ONpe-
NeJAETCA OYeBUIHEIM 00PA3OM:

a~b< a'be H.

Ecir yroguo, B pe@pIeKCUBHOCTH, CUMMETPUIHOCTU U TPAH3UTUBHOC-
T 3TOr'0 OTHOILUEHUA MOXKHO y6erZ[I/ITBCfI HEIIOCPenqCTBEHHO: a ~ a, IIO-
ckomeKy a 'a = e € Hya ~b < a'b=h < b la=h"'¢c
€EH < b~a,a~b b~c= bla=h;, clb=hy = cla=
:C_lbhl =hshi € H = a~c. O

AHaJIOl"I/I‘IHOG yTBEpXKICHUEC UMeeT MeCTO IJId IIPABBIX CMEXKHBIX KJIaC-
COB.

PaBJIO}KeHI/Ie Ha CMEXHBIE KJIAaCChI BOBHUKAET €CTEeCTBEHHBIM 06pa30M
B Ipymmax mepecTaHoBok. Ilycts, manpumep, G = S, — cuMMeTpuyec-
Kasg rpymmna, fercrByomas Ha MHoxecTBe () = {1,2,...,n}. Eciu pac-
CMOTPEeTH COBOKYMHOCTH H amemenToB 7 € S, Takux, 4ro m(n) = n,
TO, KaK HeTPyAHO ybemurhbcs, H — moarpynma B S,, KOTOPYIO MOX-
HO OTOXIeCTBUTL € Sp_1. lycTs 79 = €, 7; = (i,n) — TPAHCIO3WINS,
nepeBogamaa n B4 (i = 1,2,...,n —1). AcHo, uro

n—1
S, = U T Sn_1.
k=0
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PaccmoTpum pasmoxkenue Ss B JIeBble U IPABBIE CMEXKHBIE KIACCHL II0
noarpymme ((12)) = Ss:

Sy = {e, (12)} U {(13), (123)} U {(23), (132)},
S5 = {e, (12)} U {(13), (132)} U {(23), (123)}.

Mpr BUAMM, 9TO MHOXKECTBO JEBLIX CMEXKHBIX KJIACCOB ¢So HE COB-
HanaeT ¢ MHOXKECTBOM IPABBIX CMEXKHBIX KaaccoB Sag’. Tem mHe menee
mexny muoxectBamu {gH} u {Hg'} Bcerga umeercs GueKTUBHOE COOT-
BETCTBUE, IPU KOTOPOM

r=ghegH < z'=h"'g' e Hg .

[JencTBuTenbHO, ecau, Hanpumep, hig; 1= hagy L ro g1 = g2hy Lh,
u g1H = g2 H. B wactrocTu, ecau {e,z,y,z,...} — muoxcecmso npeo-
cmasumenet ae6biz (COOMBEMCMEENHO NPABBIL) CMEHCHBIL KAACCOB, TO
{e,z71,y=1, 271 ...} — mmoncecmeo npedcmasumeneti npaswiz (coom-
6EMCMBENHO AEBBIT) CMENCHBIT KAGCCO8. Mowmocmu Imur MHoxHcecms
cosnadarom. [

MHOXEeCTBO BCEX JIEBBIX CMEXHBIX Ka1accoB G mo H yciaoBuMmcs 060-
3HadaTh cuMBoioM G /H (wmm (G/H);, eciu BO3BHUKAET HEOOXOAUMOCTD
paccMaTpUBATH OJHOBPEMEHHO MHOXKeCTBO (G/H), HpPaBBIX CMEXHBIX
kracco G no H). Jus momuoctn Card G/ H 5TOro MHOXKECTBA UCIIOMb-
3yeTcsa HasBaHue “undexc nodepynnvt H 6 G” u BBOIUTCSA CIEUATLHOE
obozuauenue (G : H), xopomo corunacymomeecs ¢ obo3nadenueM (G : e)
nopsagka |G| rpynnst G (YHUCI0 CMEXHBIX KJIACCOB IO €UHUYHON MOJ-
rpymne). Tak kak orobpakernue H — gH B3auMHO OZHO3HAYMHO (BCIIOM-
HITE JOKa3aTeabcTBO Teopembl Komm n oTo6paxenne L), o Card gH =
= (H : e). Takum 06pasom, UMeeT MECTO JIEIKO 3AIOMUHAIOLIAACT (HOp-
MyJIa

(G:e)=(G:H)H :e),
U3 KOTOPOU BBITEKAET KIACCUIECKAS

Teopema 2 (Jlarpaux). Iopadox xoneuwoti epynner deaumcsa wa
nopadox Kax#cdot ceoett nodepynnul.

Cuaencrsue. Ilopadox 06020 saemenma deaum nopadox 2pynnol.
I'pynna npocmoeo nopadka p 6ce20a YUKAUUECKAA U C MOUHOCTBIO 00
UB0MOPPUIMA €OUHCMEEHHAA.

[encTBUTEIBHO, TOPALOK JH060T0 dreMeHTa g € G COBIMAAEeT C Io-
PAAKOM IOPOXK IEHHOU UM nukIndeckon noarpynnser (g) [BA I, ru. 4, § 2,
teopema 2|. Ecmu, mamee, |G| = p — mpocroe umcno, a H — Heexu-
HUYHAA IOAIPYNIA, TO NeIUMOCTb p Ha |H| osmagaer, uro |H| = p,
orkyga H = G. Crano 66T, G COBIAJAET € MUKIMICCKON MOATPYIIION,
[IOPOXK JEHHOU JIFOOBIM DJIEMEHTOM ¢ # e. Bce nukinyeckue rpynmnsl gam-
HOro nopsaaka u3oMopdusl [BA I, ru. 4, § 2, Teopema 3]. D10 gaét npaso
rOBOPUTH 00 €[MHCTBEHHOCTH. []
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B cBs3u ¢ Teopemon Jlarpamxka BO3HUKAET “UCKyIneHune” M KaX I0-
o JenuTens m mnopsagka n rpynnsl G uckarh B G MOATPYIIY MOPSIIKA
m. Ho mis sToro B o6mieM-To HeT ocHoBanuu. 2Kemarommue MOy T mpo-
BepUTh (A OCTaJbHBIE JOJIKHBI IOATBEPAUTH 3TO HA DK3aMEHE), UTO B
3HAKOIEepeMeHHOu rpymnmne Ay mopsaaka 12 wer moarpymn mopsagka 6. Tem
HE MeHee, KAK MBI Cerdac yoeanMcs, B HEKOTOPBIX IPYINax “obpalieHue
TeopeMsl Jlarpanxka’ cropaBeniuBo.

2. Crpoenne nukiandeckux rpymnmn. 13 [BA I] Ham yxe ussecTHO,
9TO BCE MUKAUIECKUE I'PYNILI OANHAKOBOIO HOPSAKA M30MOPMHEL, & IMO-
PAIOK BJIEMEHTa B JIOOOU T'PYIIE COBNAIAET C MOPAIAKOM MOPOXK IEHHON
UM OUKITIEeCKOU moarpynnel. Ha camom mese cmpasemiusa

Teopema 3. Beaxas nodepynna yukiuveckot 2pynnvl ecmob CHO-
8a yukxauveckas epynna. Ilodepynner 6eckoneunoli yuravueckot pyn-
nvt (Z, +) ucuepnvgatomesn (beckoneunvimu) epynnamu (mZ,+), m € N,
a NOOZPYNNBL YUKAUYECKOT 2PYnnvl NOPAOKG ¢ HATOOAMCA 60 63GUM-
HO 0OHOBHAUKOM COOMBEMCMEUYU ¢ (NOAOHCUMEALHLIMY) desumenims d
YUCAA (.

NokazaTtenbcrBo. Bygem mis pasHoOOpa3us paccMaTpUBATh
[IPOU3BOJBHYI0 HUKJINYECKYo rpynny A = (a) B agiuTuBHOU 3amucu.
Kaxaem eé sreMeHT, cTalo ObIThL, UMeeT Buj ka, viae k € 7 wim Xe
k=0,1,...,9g—1, ectu A — xonevHas rpymmna mopsaika ¢. Ilycte B —
uenyseBasa moarpymnna B A. Ecau ka € B mas xakoro-to k # 0, T0 u
—ka € B. Cpenu Bcex saeMenToB ka € B ¢ mojoxuTeabHbIiME &k BEIGEpeM
DJIEMEHT Ma, TAe M HAUMEHBIIIee.

3amucas Jq060e k > 0 B Buge k = Im+7r, 0 < r < m, MBI BUIUM, 9TO
u3 ka € B creayer ra = ka —l(ma) € B, t.e. r = 0. 3nauur, B = (a) —
TUKJINYECKaA I'PYIIILa.

Bce 6eckoneunrle nukindeckue rpynnsl u3oMopdusl rpynne (Z, +).
B mammoM ciy4ae obpasyommMu cayKaT 1 win —1, Tak 9TO MO TOKa3aH-
HOMY J1100as1 HOArpynna B (Z, +) onpeneaseTcs HaTyPAIbHBIM YUCIOM 1M
7 UMeeT BUJI

mZ = (m-1) ={0,£m,+2m,...}.

O4eBUHO, YTO BCE DT MOATPYIIIEl OECKOHETHBL.
IIycrs Teneps (a) = {0,a,...,(¢ — 1)a}, ga = 0. Msr 3naemM, 4TO
B = {0,ma,2ma,...}, rne m € N, npuuém sa € B, s € N = s = mt.
YTBepKAAETCA, 9TO M AIUT q. [JencTBUTEabHO, IycTh ¢ = dm + 71, 0 <
< r <m. Torga
0 = ga = d(ma) + ra,

orkyga ra = —d(ma) € B. MunumaibHOCTL M BAeI6T 7 =0, U MBI
umeeM q¢ = dm. Takum obpazom,

B = {0, ma, 2ma, ..., (d—1)ma} =mA
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— moarpynmna B A mopsagka d. Korna m mpo6eraet mo BCEM MOIOKUATENb-
HBIM [IEIUTENS M YUCIa ¢, TO XK€ CaMOe MeiaeT d, M MBI [OJyIaeM POBHO
[0 OJHOU TOATPYIIE KaXKIOTO MOpAAKa d, mAeaAmero ¢q. [

Caepgcrsue . B yukauueckoi epynne (a) nopadka q nodepynna no-
padxa d, d | q, coenadaem ¢ mnoscecmeom ssemenmos b € (a) maxuz,
ymo db = 0.

dokasareabcrBo. Eciu dn=¢q, To be B=mA u db=0.
O6patno: nycts b = la € (a) u db = 0. U3 ycaosua dla = 0 crenyer,
aro dl = gk = dmk, otkyga | = mk u b = la = k(ma) € mA). O

YIIPAKHEHNU S

1. /[lokasaTh, 94TO B JMOO0HM I'pylIe OOAIDYIIa WHAEKCA 2 00A3aTeNIbHO HOD-
MaJbHA.

2. [Tpu momomu yup. 1 monpo6yuTe 4OKa3aTh, YTO C TOYHOCTBIO 0 U30MOPDU3MA
S3 — eIMHCTBEHHAsA HeaOeleBa IPYIIA MOpALKa 6.

§ 3. [leucTBUe TPyINN HA MHOXECTBAX

1. Tomomopdusmbr G — S(Q). Teopua rpynn HAYATACH JJIA HAC
B [BA I, ru1. 4], ¢ npuMepoB rpynn npeoOpa3oBaHU — IOACDYIII MPYIIEL
S(€) Bcex B3aMMHO OJHO3HAYHLIX OTOOpaXKeHMI MHOXKecTBa () Ha cebs.
OTOT MOAXOH COOTBETCTBYET KAK MCTOPUICCKOMY IYTH PABBUTUA TEO-
pUM T'PYIIL, TaK U 3HAYEHWIO TPYIII IPEeOOpPA3OBAHUN B APYTHUX OOMACTIX
MaTeMaTuKu. Tak HasbIBaeMasa abCTPAKTHAA TEOPUS T'PYIII, ABJIIIOIIAA-
s IOPOXK JileHreM GoJee TI03He SIOXHU (IepBas MoMoBuHa XX CTONETH),
IAJEeKO OTOILIA OT I'PYII MpeoOpa3OBAHUN, HO MHOTUE €€ TOHATUA He-
CyT Ha cebe OTIeIaATOK CTaporo BpeMenu. IMeHHO, MCTOYHUK 3TUX ITOHS-
TU Jallle BCErO MOKOUTCA Ha Uee peaiu3ayut (npedcmasaenus) TaHHON
rpynnet G B S(§2), rae ) — noaxoasammm 06pa3oM BEIOPAHHOE MHOXKECT-
Bo. Ilox peanuszanuen G B S()) y106HO HOHUMATE JHOOOU TOMOMOP(U3M
®: G — S(N). Ecm &, — npeobpasosanue u3 S({)), orBedaromee
aneMeHTy g € G, o ¢, = eq — eguHmIHOE TIpeobpaszoBanue ) — )
ud,, = ®,0®P,; g,h € G. O6pas ®,(z) Touku (saementa) z €  oT-
HOCHTEJIBHO mpeobpa3oBanusa P, 4acTo 0603HAIAETCA IPOCTO CHUMBOJIOM
g%, 9TO MaéT MpaBO FOBOPUTHL 00 OTOOpaxkeHuu (g, ) — gx OEKapTO-
Ba mpoussegenus G X () B Q. IIpaBuwibHee ObLTIO OBl MHUCATH ¢ © T WIA
g * T, 9TOOLI HE MOJIYyYaJOCh IIYTAHULLI ¢ yMHOXeHueM B (G, HO GOJIb-
el YacThbio B DTOM HET HeoO0xoaumocTu. OTMeueHHbIE BHIIIE CBOUCTBA
npeobpasoBanus $, 3aMUCEHIBAIOTCA B BHIIE:

i)ex =z, z €

ii) (gh)z = g(hz), g,h € Q.

Besikun pas, korga umeercs orobpaxkenue (g,x) — gr NEKapTOBA
npoussegerus G X ) B (), ygoBreTBOpsIONIEe CBOMCTBAM 1), ii), TOBO-
paT, 9To rpymmna detcmeyem (caeBa) Ha MHOXKecTBe (), a ) ABIgeTCA
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G-muOX)ecTBOM. C APYyTOU CTOPOHBL, nMess (G-MHOXKECTBO (), MBI TOCPEI-
CTBOM (pOPMYJIBEL
o, (z) = gz, z €€,

LI Kaxaoro g € G onpegeiaum orobpaxenue ¢, : Q0 — Q, mpuaém
u3 i), ii) cregyer, yro ® : g — &, OGyzer romomopdusmom G B S(Q).
ToopsatT emé (B ocobernocTu, korga |§)| < o), uro ¢ geucreuem G Ha
Q) accounmposano npedcmasaenue (P,Q) epynnvr G 6 epynny nepecma-
noeok. Inpo Ker ® maswiBator adpom deticmeus rpynnet G. Eciu & —
MoHOMOpdu3M (uHaue: ecim g = ¢ Vo € ) = g = €), TO TOBOPAT,
qTo rpynna G mpeucTByeT agifexmusno Ha MHOKeCTBE ().

3amevanue. Kaxnoe gencreue G na ) unaymupyer meuctsue G
Ha OF = O x ... x Q no ouesmanomy mpasmay g(zi,...,71) = (971, ...

.., 9%1). Kpome Toro, nmeercs uHIyumpoBaHHoe nercTBue (G Ha MHO-
xkectse Beex nogmuoxects P() (cm. [BA I ra. 1, § 5, yop. 4]). Iloraraem
92 = @, aecan T — HemycToe nogmuoxkecTBo B §), T0 g1 = {gt | t € T'}.
Ceouctsa 1), ii) IpoOBepAIOTCA HEOCPEnCTBEHHO. Jlerko nouaTb, 4yro 1'
u g1 UMeT OJAMHAKOBYIO MOIIHOCTh, Tak 9T0 G MHAYUUPYET NeUCTBUE
Ha IIOAMHOXKECTBAX O,ELI/IHa,KOBOI(/}I MOIITHOCTH.

2. Op6uThl U cTauMOHapHbIE MOArPYINBLI TOo4YeK. [IBe TOU-
ku x, 2 € §) HA3LIBAIOTCA 9K6UEAAEHMHbIMY OTHOCUTENILHO rpynnsl G,
nencTByomen Ha (), ecmm ' = gr IS HEKOTOPOro anemeHTta g € G.
Ceoucrsa pedIeKCUBHOCTH, CUMMETPUIHOCTY U TPAHBUTUBHOCTH, JET-
KO TOIYYaloMmuecs Opu moMou i), ii) (em. m. 1), HOKa3wBAIOT, YTO MBI
umMeeM aea0 C UCTUHHBIM OTHOIICHNEM 3KBUBAJCHTHOCTH, paB6HBaIOH.IPIM
) Ha HemepeceKaIINecs KJIACCH SKBUBAJEHTHOCTU. JTHU KJIACCH DKBU-
BAJIEHTHOCTY HPUHATO Ha3biBaTh G-opbumamu. OpbutTy, comepKauryo
aeMeHT Zg € (), ecTecTBeHHO 0603HaYaTh cuMBOJIOM G(Zg); TakuM 006-
pasoM, G(zo) = {gzo| ¢ € G}. Ucnoassyrorcs, ogHAKO, U apyrue 060-
3HAYEHU, MOAIEPKUBAIOIINE OCOOEHHOCTH TOT'O WX MHOTO geuctBus G
uHa (). [lousaTue opburel npunwio u3 reomerpun. Ecau, manpumep, G =
= SO(2) — rpynna BpaleHny Ha IWIOCKOCTH BOKPYT HAYAIBHOU TOYKM
O, 1o opbuton ToukM P GymeT CIyX)UTb OKPYKHOCTH C meHTpoM B O,
npoxogamas depe3 P, a muoxkecTso ) = R? 6yger oO0beguHeHnEeM KOH-
LHEHTPUYECKUX OKPYXKHOCTEH, BKAYasA OKPYKHOCTH HYJIEBOI'O PaIAyCa
(touxa O). [na HAC NOHATHE OPOUTHI TAKXKE HE SABIACTCA HOBHIM. MEI
uM nosib3oBanuck B [BA I, rui. 4] npu pasnoxenun nepecTaHOBKE T € Sy,
B [IPOU3BEEHNE HE3aBUCUMBIX IUKIOB. B kadecTse G 6patiach HUKIMIEC-
Kasg rpynmna (7).

Ilycrs zg — QurcupoBannas Touka B (). PaccMoTpuM MHOXKECTBO

St(zo) = {9 € G| gzo =20} CG.

Tak Kak exg = %o, a g,h € St(zg) = gh™' € St(zo), T0 St(z¢) — moa-
rpynna B G. OHa HA3BIBAETCA CMAyuoHapHot nodepynnot (wmm cmabuiu-
samopom) B G TOUKE o € ) 1 9acTO 0603HAAETCA cuMBOJIOM Gy, . s
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pPaccMOTpPeHHOTo Boime meiicTeua rpymmsl SO(2) Ha R? mmeem St(0) =
= SO(2) u St(P) = e, ectu P # O. B o6mem caydae
gro = g'mo < g 'g' € St(zy) <= ¢' € gSt(zo).

CTajo GLITh, JeBbIe CMEXKHbIE KIacChl g St(Zg) rpynnsl G 1o cTarMoHap-
HOU moarpymnme St(Zg) HAXOAATCS BO B3AUMHO OJHO3HAYMHOM COOTBET-
cTBUM ¢ ToYKamu opouth G(zp). B wacTHOCTH,

Card G(z9) = Card (G/St(z0)) = (G : St(zp)). (1)

3necw, kaxk u pambine, G/St(zg) — daxropmuoxkecTBo G 1o St(zg), a
(G : St(zo)) — uugexc noarpynnsl St(zg) B G. Mommocts Card G(z)
9acTO Ha3bBaeTCA daunoti G-opbumvr mouwky zo. U3 (1) u 3 Teopembr
Jlarpamxa caenyer, 9To dauna 410001 opoOUmMbL OMHOCUMEALHO KOHEUHOT
epynnot G asaaemces deaumenem nopaoka 2pynnol.

OO6paTuMm emé BHUMAHUE HA TO 0OCTOATEALCTBO, YTO TOUKY Lo B Ipa-
BOU 9acT COOTHOWIEHUA (1) MOXHO 3aMEHWTH Ha JIIOOYI0 TOYKY T, €
€ G(z9). JeucTBuTrensHo,

Card G(z9) = Card G(zg) = (G : St(zg)).
Bousee cunbHOE yTBepkKIeHHE O CTANMOHAPHBIX MOATPYIIIAX 3AKJIIO-
qaeTca B creayiomeM. Ilycts 2y = gzo. Torga
St(zg)gzo = St(zg)z = zo = gao,

otkyaa g~ 'St(z}) = zo, T.e.

g7'St(xh)g C St(zo).
Ananorudso,

9St(z0)g™" C St(wp),

ITOCKOJBKY

St(z0)g ™'z = St(z0)z0 = 79 = g~ 'a).

3Ha‘1PIT, nmMeeT MecTo paBeHCTBO
St(z() = gSt(zo)g ™" = {ghg™"| h € St(zo)}.

B ayxe mpumepa 1, paccMaTpuBaeMOro HuMXKe, [BE IIOITDYIIILI
H,H' C G naswBaloTcs conpaxcénmnvimu, ecmu H' = gHg™! nna mexoro-
poro g € G. ChopMyaMpyeM MOLYIeHHBIE PE3YILTATH B BULE TEOPEMHI.

Teopema 1. IIyecmwv epynna G deticmsyem na muoxcecmse . Ecau
dse mouku To,x, € Q0 aexcam 6 0dwot opbume, Mo UT CMAYUOKAPHBIE
noJdPYNNBL CONPANCEHBL:

zy = gro = St(z}) = gSt(w0)g ™"
Ecau, dasee, G — Koneunas 2pynna u
Q= U U...UQ,
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— pasbuenue ) Ha KoOHeunoe uucao opoum ¢ npedcmasumetsimy L,

Xy ey Ly MO
T

121 = 3G : St(a2)). (2)
i=1
Dopmyaa (2) meKuT B OCHOBE MHOI'UX IIPUMEHEHUN “MeTona opout”
K KOHEYHBIM 'DYIIIaM.
3. Ilpumepnl JeHCTBMHM T'PyIN HAa MHOXkecTBaX. MBI oCTaHO-
BUMCS JIXIIb HA IPUMEPAX, OTHOCIMINXCA COOCTBEHHO K TEOPUHM ['PYIIIL.

IIpumep 1 (deticmeue conpancenuem). Ha Q = G onpegensercs
IencTBUe JI060ro areMenTa g € G mocpeacTBoM (POPMYJIBL
- I,(z) = grg™' VzeQG.

MoKHO 6BLTO ObI THCATH § © T = gTg ', HO MBI IPEIIOWIA BOCTIOIb-

30BATHCA CTapbiM HammM o6o3HadenueM u3 [BA I, ru. 4, § 2, m. 4] qun
BHYTPEHHEro aBToMOpdu3Ma [,, OTBEHUAIONIEro dIeMeHTY ¢ € G.

[lericTBHE DIEMEHTA ¢, OTOXK eCTBIEHHOE ¢ gercTsueM Inn (G), Ha3bI-
BaeTcs conpaxcenuem (nim mpancopmuposaruem). Ero sapom cayxur
yenwmp rpyunsl G:

Z(G)={2z€G| Ij(z) =2 Vge G} ={2€ G| zg=gz VgeG}.

Op6uta srementa ¢ € G = ), obo3HauaeMas 31ech cuMBoioM ¥, Ha-

3BIBACTCA KAACCOM CONPAHCENHDIT IACMEHMOB, KAACCOM CONPAHCEHHOCTU
ITH TIPOCTO CONPAHCENHBIM KAGCCOM, cOfepxammuM ©. Ecmn a,b € £, To

HHOT A MULIYT G £ b. [ cranmoHapHOU mOATPYNIEL St(z), Ha3BIBae-
MOH B DTOM CJIy9ae YeHMmpaiu3amopom DJIEMEHTa, &, Jalle UCIOIb3yeTCs
o6osuatenne C(z) (mm Cg(z), ecan HyKHO BeLgeauTh rpynny G).

[encTBue CONPSIKEHNEM, COMVIACHO 3aMEYaHUIO B KOHIIE II. 1, epeHo-
CUTCs Ha TOAMHOXKECTBa 1 moArpynnel B G. [Ba mogmuoxectsa H, T C
C G conpaxcenn, ecmu T = gHg~' npu mexoropom g € G.

Ilycts H — moarpynmna B G. IlpuHATO rOBOPUTE, 4TO

N(H):= Ng(H):=St(H)={g€ G| gHg ' = H}

— nopmaauzamop noarpyunsl H 8 G. B wacraoctu, H << G (H — HOp-
MaubHaA moarpynna B G), eciu N(H) = G, 9T0 cOMIacyeTcs ¢ onpegese-
uuamu B § 2, n. 1. B coorBercrBum ¢ coorrnomenueM (1) diuna opoumot
HY (uucao conpancénnoir ¢ H nodepynn) cosnadaem ¢ undexcom mop-
maauzamopa N(H) 6 G.

[ycTs, namee, G — xomewnas rpymma u 73, ..., 28 — eé compsxén-
HBIE KJIACCHI, IIPUYIEM MEPBBIE ¢ U3 HUX OTHOIJIEMEHTHHIE:
G .
z; = {zi}, i=1,...,q (x1=e).
Torga Z(G) = {z1,%2,...,24}, a coornomenus (1) u (2) mepenucisa-

I0TCA B BUIE
28| = (G: C(z:), i=1,.,qq+1,..., (1)



§ 3. [feticmeue 2pynn ma MHONCECTMEAT 27

r

Gl = 12|+ Y (G: Clai)). (2

i=q+1

Mycrs, ckaxem, G = S3. Torgar =3, ¢ =1 (T.e. Z(S3) =€) u
Sz = {e} U{(12), (13),(23)} U {(123), (132)}

— pasbuenue S3 Ha CONPSIKEHHBIE KIACCH. PazMepsl oTux K1accos (aum-
HBI 0pOUT) nenar |S3| = 6, kax u npegnucsiBaeTcsa cooTHomenueM (17).

Coorrommenue (2') IpUBOINT HEMEIICHHO K CJIEIYIOMIEMY MHTEPECHO-
MY YTBEPKACHUIO.

Teopema 2. Beaxas koneunas p-epynna G (epynna nopsadxa p" >
> 1, p — npocmoe wucao) obaadaem yewmpom Z(G) # e.

MoxaszarensctBo. Ectu G — abeaesa rpymma, o G = Z(G),
U [IOKa3blBaTh Hedero. B mporusnOM caygae r > ¢, (G : C(z;)) = p™,
n; > 1 nopu i > ¢, u cooTHOEHNUE (2), EPENICAHHOE B BUIE

,
P =12+ Y v,
i=q+1
nokaseBaetT, 4To |Z(G)| gemures Ha p. O

CyumecTBOBaHNE HEAGETEBOU P-T'PYIIIEL YCTAHOBUTD Jerko. [locTarod-
HO PACCMOTPETH I'PYIIY BEPXHUX TPEYTOJbHBIX MATPHUII

1 a c
P= 0 1 b a,b,ce Z,
0 0 1

¢ KOd(p(PuIueHTaMI B KOHEIHOM IIOJE U3 P SJIEMEHTOB.

Mpumep 2 (cdsue). Onpenenéunoe dpopmyaon L,(g) = ag orobpa-
xkeume L, : G — (G, KOTOpOe MBI HCIOJL30BAIA IPU [OKA3ATEILCTBE
reopemsl Koau (em. [BA I, roi. 4, § 3]), OOBIMHO HA3BIBAIOT 1€6bIM CIBU-
2om Ha a. Tak xax eg = g u (ab)g = a(bg), TO JAeBbIE CABATU 3a1a10T
neucteue G Ha cebe, KOTOPOE UHIYIUPYET ACUCTBUE HA MOIMHOKECTBAX
rpynnst G. lycrs, B wactaoctu, H — noarpynna u G/ H — MHOXKeCTBO
JIEBBIX CMEXHBIX KiaccoB gH, g € G.

fAcuo, uTo oTOOGpPaAKEHUE
(z,9H) = xz(gH) = (z9)H

ompenenser aeicteue LY rpymmer G wa G/H. Sapom Ker LY sroro
IEUCTBUS ABAAETCA MHOXKECTBO

{zeG| LY (gH)=gH Vg€ G} ={2 € G| zgH =gH Vg€ G}.
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Opyrumu ciosavu, 2 € Ker LH < g~'zg € H pna scex g € G, mm,
9ITO DKBUBATEHTHO, £ € gHg~! Vg € G. Taxum o6pazom,

Ker L7 = m gHg™!
geG

— HauOOJBIIAA HOPMATbHAA MOArpyIna rpynnsl G, conepxamasacsa B H.
dddexrusnocts neiicreua G Ha G/H paBHOCWIBHA OTCYTCTBUIO MOM-
rpyunst K C H, K # e, nopmaasson B G.

Bo BeskoMm caygae, a6y noarpynny H ungekca n B G MOXHO uC-
nomb3oBaTh qus npeactasierus (L G/H) rpynmer G nepectamoBramMm
LY ma cmexmpx k1accax G mo H. DTo mpeacrabienne (BO3MOKHO, He-
TOYHOE) TOpa3 a0 6oiee SIKOHOMHO, Y€M TO, KOTOPOE IIOLYIaeTCs MOCpe-
CTBOM TIPUMEHEHUs TeopeMbl Koun.

Mpumep 3 (mpanzumusnvie epynnet). I'pynny mepecranoBok G C
C Sp, geucrrylomyio Ha mHOXecTBe () = {1,2,...,n}, HaseIBAIOT MPan-
3umusrot, ecan opouta G; HEKOTOPOH (& CIeIOBATEABHO, U JTIOOOHN) TOY-
ku i € § coBmagaer ¢ ). Apyrumu crosamu, deticmeue G X . — Q)
mpans3umueno na ), xoeda das xaxcdot napvt mouex i,j € Q natidémea
no kpainet mepe odun saemenm g € G ¢ g(i) = j.

ycrs QM — coBokynHOCTS yIOPALOUEHHEIX k-3IEMEHTHBIX [0 MHO-
xkectB B (2. ['pynma G, meucrtByomas Ha (), MHAyIUPYET NEUCTBUE HA
Q¥ econ mpu sToM mmeet Mecto TpamsuTusocTh Ha QU 10 G HA3E-
BaeTca k-mpansumusnoti na . CkaxeMm, CUMMETPUIECKas TPyMIa S,
n-TpaH3WTWBHA Ha (), a 3HaKomepeMeHHasa rpynna A, (n — 2)-Tpaxsu-
TUBHA.

Jio6as rpynna G gercTBYeT TPAH3UTUBHO Ha MHOXecTBe G/H ne-
BBIX CMEXHBIX kiaccoB G mo H (cm. mpumep 2). [lercTBUTENBHO, €C-
m g;H,g;H — 1Ba CMEXHBIX K/Iacca, TO gjgi_l(g,»H) = g;H. Tem 60-
Jiee Y IUBAUTEIBHO, UTO MOLYICHUAE NPAMbIMY CPEeJCMEamt, NHDOPMAIIAA O
k-TpaH3UTUBHBLIX Ipynnax (pUKCUPOBAHHOU CTemeHu n mpu k > 5 BecbMa
3aTPYyIHUTETHHO. JIUIb BecbMa OKOIBHBIM IyTéM B Hadasae 80-X rogos
XX croserus 6vu1a goxasana runoresa K. 2Kopgana, ¥To Bcero Takux
rpymomo ase: S, u A,.

Mgl cOOUpAEMCA MOMYUIUTH JOOONBITHLIE KOJUYIECTBEHHBLIE Pe3ylb-
TATHl O TPAH3UTUBHLIX I'DYNIAaX, KOTOPBIE MOHANOOATCA HAM B Jajb-
wenmeM. [Ilycts G — TpausuTusHas rpynna Ha ). CTanuoHapHyO MO 1-
rpynny St(i) Touku i € Q o6oznavmm cumBogoM G;. Ham mssecTHO (CM.
Teopemy 1), ato ecn i = g;(1), To G; = ¢;G1g;', i =1,2,...,n (g1 =
= e). Kpome T0oro, sneMeHTHI ¢; MOXKHO BHIOPATH B KAYECTBE IPEICTABY-
TeJer JeBLIX CMEeXKHEBIX KaaccoB G mo Gi:

G:Gl ngGlu...UgnGl. (3)

B uwacruoctn, |G| = n|G1|, 4o cortacyercsa ¢ o0muUMU PE3yabTATAMYA O
IJXHAX opouT (CM. m. 2).
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Teopema 3. IlTyemv G — mpan3umuenas 2pynna wa Q, u das 410-
6020 g € G nyecmv N(g) — uucao mouex 6 §, ocma0wurcs wa mecme
npu deticmeuu g.

Toeda:

) >,eaN(9) = |G| (nodeaus obe wacmu pasencmsa i) na |G|,
noayuaem, ¥mo “6 cpednem”’ Kanucovili saeMenm 0CMABALEM HENOIBUNC-
#OT 00Ny MOUKY);

. 2 _

ii) ecau G — 2-mpansumusnas epynna, mo 3. o N(g)* = 2|G|.

NoxaszatenbcTno. i) Umeem

> N(g) =D TG),
j=1

geG

rge I'(j) — 4uwmcao saemenToB B (G, OCTABIALIMX HA MECTE CUMBOJ j.
Hpyrumu crosamu, I'(j) = |G;|. Ho B cuty Tpas3uTHBHOCTH

1G] = lg;Grg; | = |Gal,

rjie g; B3ATH 13 pasnoxenus (3). Crano ObITH,

Y N(g) =Y |G| = _|Gi| =n|Gi| =G|
j=1 j=1

geG

ii) YcaoBue 2-TpansutusHocTr G 03HAYAET, YTO HA MHOXKECTBe ()] =
= 0\ {1} craumonapuas noarpynna (G; AeUCTBYeT TPAH3UTUBHO, T.e.
G1-op6uramu 6yayT {1} u Q4. Ilycrs N'(z) — uucao Todek B 4, Hemo-
OBWKHBIX 1pu neuctsuu & € G. CooTHOLIeHUE 1), NpUMEHEHHOE K Tape

(G1791)7 ,E[a,éT
> N'(z) =1|Gl.

z€G1
Tax kax N(z) = 1+ N'(z) gus z € Gy (zobaBasercs Touka 1), To uMeeMm
> N(z) =2|Gl.
z€G
To4Ho Takme ke COOTHOLIEHUA CHPABEMIUBEL 11 Beex apyrux Gj:
Y N(a) =2|G;| =2|Gy|.
z€G;

CyMMupys 1o j, mOIydaeMm

> > N(z) =2n|Gi| =2|G].

j=12€G;

CneBa N(z) cumraerca mo OXHOMY MIs Kaxgou moarpymmel G, B KO-
Topou cogepxurca . Ho x ocrapaser wa mecte N(x) Touek u, crexo-
BaTEIBHO, cogep:xkuTca poBHO B N(z) mogrpynmax Gj. DTO O3HAYAET,
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ITO KaiKIBIH dJeMeHT 7 BHOCUT B cymmy wier N(z)?. C apyroi cro-
POHEIL, 110001 31eMeHT y € G, He conep:amuncs B o0benusenun | J ; G,
nepecrasiaseT Bce ToUkM, Tak 910 N(y) = 0. [losToMy MOXKHO 3anmcaThb
COOTHOIIIEHTE

Y N(@?*=>_> N(z)=2G. O

9ed j=1z€d;

4. OgHopoauble mpocTpaHcTBa. [lna reoMerpun 0COOLIM MHTE-
pec MpencTaBIAeT TOT CIydal, Koraa ) — TOMOJOrnIecKOe MPOCTPAH-
crBo (mampumep, npsamas R mwmu chepa S?), G — Tak HasbBaemas He-
IpepHIBHAA (WM TOMOJOTHIECKas) TPYIa, a geucTsue (g, ) — g mom-
YUHAETCA PA3yMHOMY TPeOOBAHUIO:

iii) f(z) = g — HempeprIBHAs QYHKINA ABYX IEPEMEHHBIX § U .

I'pynma G, mencrByromas Ha {) Tak, 9TO BBIIOJHAIOTCA CBOUCTBA 1),
il) u3 m. 1 m iii), HaB3BIBaeTCA 2pynnoti deuxcerwuti mpocrpancTsa . [Ipu
STOM MOT'YT OBITH IBUXKEHUS, COXPAHAIONINE KAKYIO-HIOYIb METPUKY HA,
Q. Ilpocrpanctso () HasbIBaeTCA 00HOPOIHbIM, eciu G neucTByeT Ha )
TPAH3UTHUBHO B CMBICJIE IPUMEPA 3, T. €. BCe TOYKU 13 §) MPUHAIJICKAT
oxuou G-opowure.

N3 obmux coobpaxkenuu mm. 1-2 ACHO, 9TO MMEETCsA B3AUMHO OJI-
HO3HAYHOE COOTBETCTBUE MEXK Iy TOYKAMU OJHODPOIHOI'O MPOCTPAHCTBA
Q u cvmexubMEu KaaccamMu (G IO OJHOU M3 CTAIMOHAPHBIX moarpymm H.
IIpu sTom gBmxkenuio g € G mpocrpancTsa {) oTBedaeT 0TOOpAKEHUE
g'H — gg'H na muoxectse G/H.

PaccMoTpuM ¢ HOBOM TOYUKHM 3PEHUA XOPOIIO M3BECTHBHIM HaM u3 § 1
npumep rpynnsl SO(3). I'pynmy SO(3) ynobuo npegcrapaits cebe nen-
cTBylomen Ha aBymepHOu cdepe S? esmmmdanoro pammyca. OueBmgHO,
470 M0GOH mape Tovek P, () € S? oreuaer mekoTOpoe gBUKEHUE (Bpa-
menwe), nepesogamee P B @, T. e. S2 — 0JHOPOIHOE TPOCTPAHCTBO C
rpynnon gemkenun SO(3). Craunumonapuas nogrpymnmna St(P) mobon Tod-
ku P € S? ocTaBaser HEMOABUAKHOU BCIO OCh, IPOXOIAIIYIO Uepes P u
ueHtp O cdepeor. Hosromy St(P) = SO(2) — rpynna BpalleHUd ILIOC-
KOCTH, HepreHuKyaapron Kk ocu OP. Tak kak siaemenTsl rpynnst SO(2)
OTOXJECTBIAIOTCA C TOYKAMI OKpyxKHOCTH S euHmaHOrO pammyca, TO
rpynny SO(3) MOXKHO IPEACTABIATEL ce0e B BUAE MUPOTa, CIOAMU KOTO-
POro ABIATCA €IUHITHBIE OKPYKHOCTH, “IPOHYMEPOBAHHBIE” TOYKAMU
asymepuoit cheprr: SO(3)/S! &~ S2. B arom crydae TOBOPAT O paccao-
enuu (o mpoexmmu p: SO(3) — S?) ¢ 6asoii S* u caoem p~1(P) =~
~ S1, P € S?. TouHEIA CMBICT BCEX ATUX NMOHATUH PasbACHACTCA B Kyp-
Cax T€OMETPUHU U TOIOJOTHH, TIO3TOMY MBI OTPAHMIUMCSA CKA3AHHBIM.
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YIIPAXKHEHUSA

1. Iycrs ® u & — romomopduamer rpynnst G B S(Q2) n S(Q') coorsercrsenHo.
Torga ompegenéHHBIe UMU AeHcTBUA Ha §) 1 Ha () HA3BIBAIOTCA JIKEUSALEHMHLIMAU,
eCau CymecTByeT OMeKTUBHOE oTOoOpaxkenue o : ) —» Q| nenatomee nuarpammy

o %2 o
Py | 1o
0 5 o

KOMMYTaTUBHOU npu Bcex g € (. Takum o6pasom, <I>’g = thga_l. Iloka3aThb, ITO
KaxkJ0oe TPAH3WTUBHOE HeUCTBHe Ipynnbl (G 9KBUBAJIEHTHO KeUCTBUIO (G HA JEBBIX
CMEXKHBIX KJIACCaX [0 HEKOTOPOU moarpymnne H.

2. Onupasck Ha TEOpeMy 2, T0Ka3aTh, YTO BCE I'PYIIbI opsaaka p2 (p — npocroe
YUCI0) ABeIeBbI.

3. [lokasaTk, 9TO HEeHTp rpynnsl P, IpuBeIéHHON B KOHIIE TpuMepa 1, nMeeT BUJ

10
Z(P)y=4 [ o 1 c€Zyp
00

= o0

Hantu conpskénHble KIacChl rpynnsl P.

4. Ilycts n — HATYypaJbHOE €KUCIO. 3ANWIIEM €ro B BHAE CYMMBI n = nj +
+n2+...4+nmcng =n2 > ... 2 Ny > 1. Hucao Bcex Takux pasbueHun ¢ m =
= 1,2,... o6osnadum uepes p(n), rak 9ro p(3) = 3, p(4) = 5 u T.1. Pasnoxenune
T = W72 ... Tm KAXKJIOU MEPECTAHOBKU 7 € Sy B NPOU3BEJIEHUE HE3ABUCUMBIX I[UK-
a0 (cM. [BA I, ru. 1, § 8]) ognO3Ha4HO ompenenseT pazbuenue ducaa n. [lokaszars,
9TO KJIACCHI CONPSXKEHHOCTU I'PYHObI S; HAXOAATCA B OMEKTUBHOM COOTBETCTBUU C
pa3bueHuAMu HuUCJIA 1.

5. IlycTts mepecraHoBka m € Sy 3aIKUCHIBAETCA B BUJE [IPOU3IBEIEHUS T I[UKJIOB
IUIMHBI 1, § IUKIOB AJAWHBI 2, { TUKJIOB JJIWHBI 3 U T.A., TaK YTO N =71 + 25+ 3t + ...
ITokazaTb, YTO MOIIHOCTH CONPAKEHHOIO KiIacca B Sy, COLEPNKAIIErO II€PECTAHOBKY
7, BBIpAXKaeTcA (popMyaon

n!

Sn| —
= 1rr12sg!3tg ...

|

6. Ilycts rpynna G pgencrByer Ha MHOkecTBe (). Ha3oBéM mOAMHOXECTBO
I C Q unsapuawmubim orTHOCUTEIbHO G (Miam
G-uneapuanwmnoim), ecam gr € I mua Bcex g € G
u r € I'. Hanpumep, MHBaApHaHTHBIMM MHOXKECTBAMU
npu geitctsun SO(2) ma R? ABIAIOTCA KOHIEHTPUIECKUE
KOJIBIIA.

ITokasaThb, 4TO BCAKOE MHBAPUAHTHOE 110 IMHOXKECTBO
B ) sABusgerca obbenuHenueM opbobut, npuuéMm G-opbuTa
JII060r0 dueMeHTa ¢ € () eCTh He YTO MHOEe, KAaK HAUMEHb-
IIee MHBAPUAHTHOE MOAMHOXKECTBO, CONEPKAIIEe X.

7. llokazars, 4To mud rpyunsl G ¢ noarpynmnon H Puc. 1
nencreue H x G — G, onpepnenéunoe casuroM (h, g) — hg, 3agaér pasbuenne G Ha
npaBble CMexHble Kiaccel G o H.

8. Bujon3aMeHUB 10KA3aTEIbCTBO TEOPEMBI 1, IOIYYUTh COOTHOIICHNE

rG: ) = = 37 N(g),

Gl 72
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roe (G : Q) — 4ucao opOWUT IPyHIBLl MEPECTAHOBOK (, NEUCTBYIOIIEN HA MHO-
xecTBe (2.

9 (G.R. Goodson, 1999). Hapany ¢ uearpaiusaropom C(a) = {z € G| za = ax}
B rpymnmne G pacCMaTpPUBAIOT €INE K0COt UEHMPAIU3AMOP

D(a) = {z € G| za=a"'x},

BCTPEYAIOIUICA B TEOPUM TUHAMUYIECKUX cucTeM. Boobie rosops, D(a) e saBasercs
TPYIION.

Joka3aTh, 9TO:

1) D(a) rpymma <= a? = e u D(a) = C(a);

2) muoxectso E(a) = C(a) U D(a) Bcerga ABaseTCA TPYNION.

§ 4. PakTOpPrpynnbl 1 roMoMOpPPU3MbI

IToT maparpad, B 0COGCHHOCTH I. 2, IPEICTABIACT U3BECTHEIE TPY/I-
HOCTHU, U K HEMY Hy}KHO BO3BpPaIIaThCA HECKOJBKO Dpaa3, ‘ITO6I:>I Ha
KOHKDETHBIX TIPUMEpax YCBOMTH HeGOMBINOe MHCIO aOCTPAKTHEIX yT-
BEPXK JEHUN.

1. IlouaTue o daxkroprpynme. OTHOmCHAEC SKBUBATCHTHOCTY
~ Ha rpymme G, onpegenéuHoe pasnokerueM G B CMEXKHEBIE KIACCHI O
HopMaabHOU noarpyunne H (cM. § 2), obaagaeT OqHAM 3aMedaTeNbHBIM
cBorCTBOM. VIMEeHHO, ecu a, b — MPOU3BOIbLHEIC 2IEMEHTH Ipymmsl G I
a~ ¢,b~ d, To mo onpexenennio umeeM a ¢ =h; € H, b~ 'd=hs € H,
OTKyaa

(ab)"ted =b"ra"ted = b (a7 e)d = b hib(b~d) = hihy € H

U, CTaa0 OBITh, ab ~ cd. 31eChb UCIOMBL30BAHO CBOMCTBO HOPMAaJbHOCTH
HBG: b'hib=h{ € H. Nraxk,

awc’bwd:>a.b’\’0d.

DakTUIECKN DTO O3HAYAET, YTO ONEPanrs yMHOKEHUA Ha rpynne G uH-
OYLUPYeT OMEepAINIo YMHOXKEHUs Ha (pakTopMHOKecTBe G/ ~, KOTOpOe
MBI yCJIOBUINCH 0003Ha4aTs G/ H.

NmeeT cMBbICA POBOPUTH O KOMIO3UIKA (06 YMHOXKEHUN) [IPOU3BO/Ib-
HBIX mOAMHOXeCTB A, B rpynner G, norumas nog AB MHOXECTBO BCex
npousBenenun ab ¢ a € A, b€ B. AccoumatuBoctb B (G BIeYET
COOTHOIICHUE

(AB)C = {(ab)e} = {a(be)} = A(BC),
u nogMuOX)ecTBO H C G siBaserca moarpymnmnon B G B TOYHOCTH TODIA,
wxorna H2 = H, H™' ={h~'| he H} C H.
C »TON TOYKM 3pEHUs CMEXHBIN K1acc a paBed mpousBegeHuio of-

HODJIEMEHTHOr0 MHOXKeCTBa {a} Ha moarpynny H. Ilpoussenenuem cmex-
HBIX Ka1accoB aH, bH ssiasercs muoxkecTBo aH - bH, koTopoe, BooOIIe
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rOBOps, HE 06A3aHO OBITHL CHOBA CMEXKHBIM KaaccoMm mo H. PacemoTpen-
Hoe B § 2 pasnoxenue Ss mo H = {e, (12)} nokaseiBaer, HanpumMep, 4TO

H-(13)H = (13)H U (23)H.

CoBceM MHAsA CUTyaIusa MOJydaeTcs, Korga H — HopMaibHas mOATPyII-
ma rpynnst G. Tak kaxk gH = Hg s Bcex g € G, 1o

aH -bH = a(Hb)H = a(bH)H = abH> = abH,

IpUIéM PaCcCy K IeHUA, TPUBEIEHHLIE BLIIIE, OKA3LIBAIOT, 9TO CMEXKHBIN
xinacc abH He 3aBUCAT OT MIPEICTABUTENEN (1,0 CMEXKHBIX KJIACCOB
aH, bH.

Ceoucrsa
aH -bH = abH,
H-aH =aH -H =aH,
a'H-aH=aH -a'H=eH=H
[TOKA3BIBAIOT, YTO CIIPABEINBA

Teopewma 1. Ecau H — nopmasvnas nodepynna 6 G, mo onepa-
yus ymuoxcenus alH - bH = abH nadeasem daxmopmnonrcecmeo G/H
cmpoenuem 2pynnol, nasvisaemots gaxmopepynnoti G no H. Cmemncrvii
waacc H cayscum edunuunvim sasemenmom 6 G/H, a a 'H = (aH)™! —
anemenmonm, obpamuvim ¥ aH.

B cayuae xoneunou rpynnsl G nopsgox dakroprpynnst G/ H onpe-
JesaseTca o (popmyJie

|G|

|G/H| = 1@ = (G : H),

KOTpas BBITEKAET M3 BCErO CKA3AHHONO M M3 TeopeMmsl Jlarpamxa
(cm. § 2).

B cayuae ajIuTUBHO 3alMCHIBAEMBIX a0eIeBBIX IPYIIT OMHAPHAS Olle-
pauus Ha G/H BBOAUTCA COOTHOLICHIEM

(a+H)+(b+H)=(a+b)+H.

CootsercrBenso G/H wacro HasbiBaooT epynnot G no modymo H, a B
npumenenun K nape G = Z, H = mZ ynoTrpebuTeJbHO TaKKe BBIPaXKe-
Hre “rpynmna Z mo Moy m”.

2. Teopembl 0 ToMmoMopduamax rpynn. CormacHo Teopeme 1
€ KX I0U HOpMAILHOU moarpynnon K rpynmet G acconuupyeTcs HeKas
HoBasa rpymna (/K , xoropas Obiia HasBasa ¢akToprpynnon G no K.
Tax, napany c¢ snamopduamom P : SU(2) — SO(3), onucannem B § 1,
ecrecrBerHo BBecTH dakToprpynny SU(2)/{+E} u cpaBuuTs €é ¢ o6pa-
3om Im ® = SO(3). Kak merpyauo goranatsca, SU(2)/{£E} = SO(3),
HO 9YTOOBI KAaXKABIM Pa3 HE NPOBOAUTHL DPACCYKIECHUA 3aHOBO, IIOJE3HO

3 A.U. Kocrpukns
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YCTaHOBUTH PAJ 00X (PAKTOB O MOATPYHIIAX, FOMOMOppU3Max u (hak-
Toprpynnax. Bupens samuce K < G o3magaer, uro K — HOpMadbHaA
noarpynma B G.

Teopema 2 (ocHoBHas Teopema 0 romoMopdusmax). Ilycmp ¢ :
G — H — 2omomopdusm epynn ¢ adpom K = Kerp. Toeda K —
nopmasvras nodepynna 6 G u G/K = Imp. Obpamno, ecauw K <G, mo
cywecmeyem epynnae H (a umenno G/K) u snumopdusm 7: G — H,
Adpo Komopozo coenadaem ¢ K.

(7 9aCTO HA3BIBAIOT ECMECTMEEHHbIM 0MOOPANCEHUEM WL ECECT-
BEHHBIM 20MOMOPPHUMOM. )

MokaszaTeancTBo. Mu yxke 3uaem, uro Ker p = K < G. Onpege-
auM oTobpaxkenue ¢ : G/K — H, nonaras

P(9K) = ¢(9).

Ecmm g1 K = g2 K, 10 g7 g2 € K, 0(g97") = e, u, crano 6urte, ¢(g;) =
= ¢(g2), a BTO BHAYUT, YTO OTOOPAKEHWE P OIPEIETCHO KOPPEKTHO
(T.e. HE 3aBUCUT OT BBIOODA IIPENCTABATEA CMEKHOIO Kaacca). Tak Kak
P91 K - g2k) = D(g192K) = ¢(g9192) = »(91)0(92) = P(91 K)P(92K),
T0 ® — romomopdusm. Ha camom mere P — moHOMOpPU3M, OTOMY
aro w3 P(g1K) = Pg:K) crenyer o(g1) = ¢(g2), omxyma p(g; ' g2) =
=e, gl_lgg € Kug K =gK. flcio Takxke, uro Imp = Im .

Oo6parso, nycts K < G. Bo3bMéM B KauecTBe 7 PYyHKIMIO, KOTOpPAs
COMOCTABIAET JI0OOMY daeMeHTy u3 G ero cMexHbn Kiaacc mo K, T.e.
nonoxuM 7(g) = gK. flcHo, 9T0 BCe TpeGyeMmble CBOUCTBA BBIIOJIHAIOT-
ca. O

Caenyer 3aMETUTh, 9TO 33, aHUEM fAIPa TOMOMOP(U3M OIPEIEIACTCI
Heo HO3HAMHO. Hampumep, aBTOMOPGU3MLL g — g 1 g — g~ ' abeneBon
CPYIIOLL IPOCTOrO MOPAAKA P > 2 PA3JIUYHBI, HO AAPA UX COBIALAIOT
(=e).

Nwmes romomopduam p : G — Gy unoarpynny H C G, ecrecTBeHHO
IOCMOTPETH Ha OCPAHUYEHNUE p |y 1 Ha 06pa3 noarpynnsl H orHOCHTEN -
HO »TOro romomopdusma. Creayiomas TeopeMa 3HAYUTENBHO YIPOIIAET
AQHAJU3 BCEX BO3MOMKHBIX CUTYAIIUN.

Teopema 3 (mepBas Teopema 06 usomopopusme). [Tycmv G — epyn-
na, H w K — eé nodepynnovi, npuvwém K nopmasvna ¢ G. Toeda HK =
= KH — nodepynna 8 G, codeprcawan K. /Hanee, nepecevenue H N K
ABAAENCA HOPMaAAbHOT nodepynnot 6 H, a omobpaxcenue

p: hK — h(H N K)
— UB0MOPPHUIMOM 2PYNT
HK/K=H/(H N K).

MoxazaTteabcTBo. YeaoBue K < G, nepenucansHoe B Buge gK =
= Kg, g € G, o3nagaer, B qactuoctu, 4o hK = Kh musa Bcex h € H.
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Muoxecrso HK = {hk|h € H, k € K} cocTonT u3 HEKOTOPOIO 4nCIa
emexubx KnaccoB hK : HK = |,y hK. 3amenus snece hK na Kh,
MBI IPUAEM K DABEHCTBY

HK = U hK = U Kh=KH.
heH heH

OueBUIHO, YTO €IUHUYHBIN DIEMEHT e, comepxkamuuca B H u K|
conepxkutca Takxke B HK. Nanee, (hk)™' = k=*h=! = h=1(hkh=1)~1,
moaToMy obpaTrHble KO BeceM nremenTaM u3 HK nexar B H K. Hakowner,
HK-HK =H-KH-K=H-HK - -K = HK, t.e. maoxectrso HK
3aMKHYTO OTHOCUTEJIHHO YMHOXKEHWs. MbI BUIUM, 9TO II0IMHOXKECTBO
HK C G sBasercs noarpynnoun B G.

Tak xaxk K C HK n K << HK , TO nMeeT CMBICJI I'OBOPUTH O (hakTOP-
rpymne HK /K. llycts 7: G — G/K — ecTecTBeHHBIN 50UMOPOU3M
u my := 7w |g — orpanudenue 7 Ha H. Ero o6pas Immy cocrour us
cMexXHBIX Ki1accoB hK, h € H, T.e. u3 Bcex cMeXHBIX KiaaccoB G no K,
nMeromux npexcrasurenen B H. Jpyrumu ciaosavu, Immg = HK/K.
Nrax, Mbl nMeeM >0uMOpGU3M

m: H— HK/K.

Ero agpo Ker mg, cocrour us h € H, nias koroprix mo(h) = hK = K —
equauna B HK /K. Ho hK = K < h € HN K, orkyza Kermy =
= H N K. Kax Bcsakoe sgpo romomopdusma, H N K — HOpMaibHAsS
noarpynna B H (4To 6e3 Tpy1a IPOBEPAETCS HEMOCPEICTBEHHO).

ITo ocuoBuoOu Teopeme 0 roMoMopdusMax (Teopema 2) COOTBETCTBHIE
To: h(H N K) > mo(h) = hK ycranasiusaer usomopdusm H/(H N
NK) = HK/K. Tak xak Ty — OuekTUBHOE OTOOpaKEHUE, TO =

=7 ': hK > h(H N K) Taxxe ABIACTCA M30MOP(UIMOM T'DYTII

HK/Kw H/(HNK).O

Kouas ckopo umeercs mepsas TeopeMa 06 U30MOpQU3Me, TO NOTKHA
CyIIECTBOBATH X BTOPAasA. TakK OHO U €CTh, HO MBI C(hOPMYJIUPYEM JIHIIbL
OOJIErYEHHBIN €€ BAPUAHT, HOCAIIUN CHENUATLHOE HA3BAHUE.

Teopema 4 (Teopema o coorsercrsun). [lycms G — epynna, H u
K — eé nodepynnor, npuuém K QG v K C H. Toeda H = H/K —
nodepynna ¢ G = G/K ut*: H — H asasemca Guexmusnvim omo6-
paxcenuem mmoxcecmea QG K) nodepynn 6 G, codepucawur K, na

mnoxcecmso QUG) scex nodepynn epynnwt G. Ecauw H € Q(G,K), mo
H <G < H <G, npuuém
G/H =G/H = (G/K)/(H/K).
Hoxasarenbcrso. lycts H € Q(G, K). U3 onpenenenus G/ K
HEIOCPeNCTBEHHO BhITEeKaeT, uro H /K — noarpymnmna B G/K. 9robut

yOeIuTHCS B MHHEKTUBHOCTH OTOOpaxeuus 7% : H — H, paccMoTpum
ase noarpymnnsl Hy, Hy € Q(G, K), nna koropeix Hy /K = Hy /K. Torga

3%
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hi1 € HH = MK = oK, hy € Hy = hy; = hok, a Tak kak K C Hs,
10 hy € Hs, orkyna Hy C Hs. AHaIOrm4HO NPOBEPAETCA BKIOYCHUE
H, C H,. Cramo 6biTh, Hy = Ho>.

YcTaHOBUM Temephb CIOPBEKTUBHOCTL oToOpaxkenus 7. Ilycrs H €
€ Q(G) u H — MHOXecTBO Tex »1eMeHTOB B (f, M3 KOTOPBIX COCTOAT
BCe CMexHBIe Kaacchl o K — nsiementsr rpymnsl H C G. Torga, B
qactaoctn, K C H w a,b € H = aK, bK € H = abK = aKbK €
€ H=abe Hua€ H= aK € H= a'K = (aK)™! €
€ H= a ' € H. Cramo 6ste, H — mogrpymna B G, mpuaém H =
= H/K (o6erauo H masersaior npoobpazom B G moarpynnsr H C G).

IoBonsHO oueBnana mvmmkamua H € Q(G,K), H <G = H <G,
(POPMATBHO BBITEKaOmas 3 paseHcTs gKhK - (gK) ! = ghg 'K =
=hK € H nnascex g € G, h € H. Ho o tem xe mpuauaam H <G =
= ghg 'K = gK -hK - (9K)"' = WK = ghg™' € H = H «<G.

Hakownen, B curyatmuu H € Q(G, K), H <G, 10 10Ka3aHHOMY MOXKHO
pPacCMOTPETH IBA €CTECTBEHHBIX DIUMOPQPU3MA

m: G— G/K, 7:G—G/H
(G 7(g), rme § = gK € G) 1 uX KOMIIO3UIMIO — MUMOPHU3M
o=7wonm: G— G/H,
ompenenéuukr mpaswiom o(g) = 7(g) = gH. Umveem

Kero={g€G|o(g)=H}={geG|geH} =
={9€ G| gK = hK pnamexoroporoh € H} = H

CreoBaTembHO, IO OCHOBHOU TEOpeMe 0 TOMOMOP(U3MAX 0TOOpaKeHIe
gH — gH apaserca msomopdusmom mexay G/H u G/H. O

IMpuwmep 1. Ilycrs n = dm — HaTypaabHee 9ucio ¢ geaureieMm d > 1. OueBugHO,
uTo nZ C dZ,n orobpaxenue & — dr + nZ ABIAETCA dNUMOPOU3MOM aJIATUBHBIX

rpymm:
Z— dZ/nZ={di+nZ| i=0,1,...,m — 1},

¢ agpom mZ. Ilo Teopeme 2 umeeM u3oMoppu3M
Zm =L /mZ = dZ |nZ
(4TO ZOBOJBHO MOHATHO U TakK). IIpu moMoOLM TeOpeMbl 4 HAXOAUM
Z]dZ = (Z /nZ)/(dZ/nZ),
T.6. Zg 2 Zn)Zm.
Bcenomunas o Teopeme Jlarpanixka, Mbl IPUXOAUM K YTBEPXK IEHUIO, YTO 6Ce NOO-
2pynnul U HaKmMopsPYNNbL YUKAUYECKOT 2PYNNbLL COMU ABAAIOMCA YUKAUUECKUMY

2pynnamu.
ITOT pe3yJabTAT MOXHO IOJAYyYUTh, KOHEYHO, ¥ 6€3 TeopeM O IOMOMOP(U3MAX.

IIpumep 2. BoigeanM B CUMMETPUYECKON I'pymIe S4 IIOATPYIIILI
Vi = {e, (12)(34), (13)(24), (14)(23)} < Sa,
S3 = {ea (12)a (13)a (23)» (123)» (132)}
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(B mamHOM Ccaydae S3 — cranmoHapHas HOArpynna To4ku ¢ = 4). Tak Kak, 09€BHIHO,
S3NVy =e, To pusa nonrpyunsl H = S3V4 1o Teopeme 3 nmeem

H/Vy 2 S3/(S3NVy) 2 Ss.

B wacrroctm, |H| = |Va4| - |S3| = 24, T.e. H = S4. Urak, S4 obnanaer moarpyn-
nout, n3oMOpGHOU S3, ¥ AHAIOrMYIHOM dakToprpymnunon. Ilpumenss Teopemy 4, MbL
nosiydaem onucanue MHOxecTBa (S4, Vi) noarpynn B S4, cogepxammx Vi:

Q(S4, Va) = {Va,((12)) V4, ((13)) Va4, ((23)) Va, Aa = ((123))Va, S}

O6paTuM BHMMaHWE Ha TO OOCTOATENLCTBO, 9TO s JIOO0r0 aeauTens d Huc-
na 24 B S4 mmeercsa xora Obl OQHA HNOATpyNmna nopsanka d. B dacTHOCTH, MMeeTCs
posHO werwipe moarpymnel ((123)), ((124)), ((134)), ((234)) nopsanka 3 m Tpu mox-
rpynnst {(12))Va, ((13))V4, ((23))V4 nopsaaka 8 (3T0 Tak Ha3bIBa€MBIE 3-CHJIOBCKUE U
2-cunoBckue moarpynmnsr). Co6CTBEHHBIX (T.e. He PABHBIX € U S4) HOPMAJBHBIX IOJ-
rpynmn Bcero ase: Vi m Ag.

NeucrBurensno, eciu K <S4 u KNVy # e, 10 K D Vi, mOTOMY 9TO HEEIUHUIHBIE
2JIeMEeHTHI B V4 BCE CONPAXKEHBI OTHOCUTEIbHO S4. Ob6pamasnch kK muoxkecTny 2(S4, Vi),
Mbl BuguM, 910 K = V3 mim K = Ay. Ecim xe KNVy = e, K # e, TO

K <84, V4S84 = KV <84,

¥ OCTAETCA NIPUHATH, 9T0 KV) =S4, K =2 S3. Ho S3 cOepXuUT TPaHCIO3UIKIO, a BCE
TPAHCIIO3UIIKA COMPAXKEHBI B S4 1 mopoxkaaoT Sq. C Apyroun CTOPOHBI, OHU TOJKHBI
cogepxarbesa B K. Ilomydennoe mporuBopeyne nokaswiBaer, uyro caydan K NVy =e
HEBO3MOXKEH.
3. KommyTauT. Bripaxenue
_ -1, —1

(z,y) =zyz”"y~,
HA3BIBAEMOE KOMMYMAMOPOM DJIEMEHTOB I, Yy TPYNIbl (G, CIIYKUT KOPPEK-
TUPYIOIOINM YJIC€HOM, HeO6XO,Z[I/IMI:>IM IJIs TOTO, 4TOOBI ITIOMEHATHL MECTaMU
Truy:

zy = (z,y)yz.

Ecau z u y nepecranoBo4ssl, 10 (z,y) = e. UHTyUTUBHO SCHO, ITO
4geM 6oJbIe B rpynne G KOMMYTaTOPOB, OTIXIHBIX OT €, TeM 3HAIUTEIb-
Hee OTKJOHEHUNE 3aKOHA YMHOXKCHUSA B G OT KOMMYTATUBHOI'O. HyCTB
M — mHOXecTBO Beex KOMMYTaTopoB B G. Kommymarwmom (wm npo-
u3600m0t nodepynnot) rpymmsr G HazeBaioT noarpymmy G (= G =
= (G,Q)), mopoxgénnyio muoxkecrsom M (cm. [BA I, i 4, § 2,
yup. 1, 2]):

G' = ((z,9)| =,y € G) = gr(z,y).

XoTsa (w, y)_1 = yxy_lx_l = (y, T) — KOMMYTATOp, IPOU3BENEHUE ABYX

KOMMYTATOPOB OLITHL UM y2Ke He 00sa3aHO, Tak 4To G cocTout us BCe-
BO3MOXKHBIX IPOM3BEJCHUN BUIA

(x17y1)(x27y2)"'(wlmyk)? Ty Yi €q.

Koneuyno, B KaXXI0M KOHKPDETHOM CJIy4ae XKeIaTelbHO UMeTh Oosee
TOYHOE onmcanue koMMmyTanTta G'.
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Mpumep. G = S,. Kommyrarop (a,) = aBfa~'B~! mobuix nByx nepecra-
HOBOK «,8 € Sy, fBAAETCs, OYEBUAHO, YETHOU mepecTanoBkou. Ilosromy S! C Ay.

Haunee,
(i5) (k) (ig) = (ik) =1 = (i) (ik) (i5) (ik) = (ijk),
a Tax Kax TPOMHBIMU Hukaamu (ijk) MOpOXKAAETCA BCA 3HAKONEPEMEHHas rpynna Ap,
(cm. [BA T, . 4, § 2, yup. 11]), To MBI IPUXOAUM K BBIBOAY, 4TO S, = Ap.
Ormernm, 9T0 S, <1 Sp, 1 daxToprpynna Sy /S, aderesa.

Bosepamance k o6me#n cuTyarmuu, MBI PAaCCMOTPUM POM3BOTBHBIN
romomopdusM rpymm ¢: G — G. Tak kak

1 -1 -1
o((2,9)) = plzyz ™y ™) = p(@)p(y)e(z) " ly) ™,
To o(G') C (G)', mpuwaem o(G') = (G)', ecmu p — snmmvopduam. IycTs
Tenepb K — mopMmanbHas moarpymma B8 G u ¢ = I, : 1 + ara™! —
BHYTPCHHUU aBTOMOPGU3M rpynnsl G, MHIYIUPYOIMN KAKOU-TO DHI0-
mopduam Ha K. Coranacuo ckasannomy Boiue [,(K') C K' npu mo6oMm

a € (G, a 5TO 03HAYAET, ITO
K<G@= K'«G. (1)

B wactroctn, G' < G.
MoxaxkeM Temepb oOIIee yTBEp:KIeHNe, BCKPLIBAIONIee BHYTPEHHUI
CMBICJ IIOHATUA KOMMYTaHTa.

Teopewma 5. Jhwbas nodepynna K C G, codeprcawsas Kommymanm
G' epynnvt G, nopmasvra ¢ G. Paxmopepynna G/G' abesesa u G' co-
deparcumesn 6 Kaxncdot nopmaavrot nodepynne K maxot, wmo G/ K abe-
ae6a (8 4ACMHOCTNY, MAKCUMAALHBLITE NOPAJoK abeaesoti darmopepynnot
G/K pasen undexcy (G : G")).

HokaszaTenbcTBo. Eemz € K, g € GuG' C K, 10 gzg™! =
= (gzg~ 'z Yz = (g,2)z € G'K = K, Tak uto K <G. [lanee, u3 yciosui
G' C K, K < G, semoasstomuxcs, B dactaocty, npu K = G' (em. (1)),
CIAeyeT, 9TO

(aK,bK) =aK -bK -a 'K - b 'K = aba 'b"'K = (a,b)K = K,

T. €. KOMMYTATOp JIOOBIX ABYX aieMeHToB daxToprpynnsl G/K pasen
enuanaaoMy saementy (= K). Crano 6eith, G/K — abeneBa rpymima.
O6parHo, eciu K < G u dpaxToprpynmna abeaesa, TO

(a,D)K = (aK,bK) = K

s Beex a,b € G. 3uauur, (a,b) € K u G' C K, nockoabky G’ mopox-
JaeTca KoMMyTaTopaMu. [

3aMmevanue. Mbl 3HaeM Teneps JABe BaxKHbIE HOPMAaJIbHBIE IOATPYII-
et 060 rpynnst G: nentp Z(G) u kommyTanT G. CBA3b MeX 1y HUMY,
BOOOIIIE TOBOPs, CiIadas, HO OOIAsd 3aKOHOMEPHOCTh TaKOBa: YeM “OJm-
xe” G x abeneson rpymnme, Tem 6oasuie Z(G) u rem Menbine G'. Bosee
MHTEPECEeH CAeIYIOMUN (PaKT.
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Daxmopepynna G/Z(G) neabesesot epynnvr G no yenmpy Z(G) ne
MmoxHcem 0bimpd YUKAUYECKOU.

Hencreurensro, ecmu G/Z(G) — pukiaudeckas rpynma, o G =
= {J,a'Z(G), n moboit snemernt uz G umeer But g = a'z, 2 € Z(G). B
TakoM ciydae (g, h) = (a'z,a’z') = a'tI717I (2, 2') = e mna moGEIX ABYX
ameMenToB g, h € GG, a 510 3HaunT, 9To G' = ¢ u G — abenepa rpymnma,
BOIIPEKU MPETIOIOKeHn0. [

4. IlpousBeaenusa rpynm. Cerndac MBI PACCMOTPUM KOHCTPYK-
LMI0, TTO3BOJIAIONIYIO 110 33 JaHHBIM IPYIIaM CTPOUTH HOBBIE IPyHObL. B
PA3JIMYIHBEIX JACTHBIX CIYYagX 5Ta KOHCTPYKIWA HAM YK€ BCTPEIANaCh.
HazoBéM (emewnum) npamvim npouseéedenuem IPOU3BOILHBEIX Ipymn A
u B muoxkectBo A X B BCcex ynopsgodenubrx nap (a,b) (me myraTsb
kommyTaTopamu!), roe a € A, b € B, ¢ GuHApPHOU Onepanunen

(ala bl)(a‘z, 52) = (ala‘Za 5152)-

Crporo roeops, ciegosajo Ovl mucath (a1, by ) * (a2, b2) = (ajoas, by obs),
rae o, ¢, x — Ounapusie onepauuu Ha A, B u A X B cOOTBETCTBEHHO, HO
[UIA YIIPOLIEHUs 3AIUCA BCE OMEPAIMM YCIOBUMCA O0003HAYATH TOUKOU
(Bupouewm, omyckas u eé). I[Ipy agAnTUBHOU 3amucy CPYII, HAIPUMED,
abeIeBbIX, €CTECTBEHHO M'OBOPUTH O mpaMon cymve A @ B.

B A x B comepxarcs moarpymnnsl A X €, e X B, n30MOp@HLIE COOTBET-
crBenHo A u B (ewé ogHa yCJIOBHOCTB: €IUHUYHEIE daeMeHTH B A u B
0603HAYAIOTCA OfHUM cUMBOJIOM €). OTobpaxkenue ¢: AX B — B x A,
3agannoe pasenctBoM ¢((a,b)) = (b,a), 09EBUIHO, YCTAHABIUBAET U30-
Mopduam rpymn A X Bu B x A. Ecau y mac ects Tpu rpynnst A, B, C, To
MOKHO I'OBOPUTB O IpAMbIX npousBegenuax (A x B) x Cu A x (B x C).
Tonoxus 1(((a,b),c)) = (a, (b,c)), MBI TErKO YOEKAAEMCA B TOM, 9TO

(AxB)xC=Ax(BxC().

CBonCTBa KOMMYTATUBHOCTA U ACCONUATUBHOCTHU MPAMOrO IPOM3BEIe-
HIUA OJaT HaM BO3MO2KHOCTB I'OBOPHUTH O IIPAMOM IIPOU3BEICHUN J1000T0
koHewHOro uucaa rpynn Gy, G, . .., G, u nucaTsb

Glegx...xGn:HGi,
i=1

He YKa3blBas ABHO HOCPEICTBOM CKOOOK, B KAKOM NOpPALKE GEpyTCs IIO-
[apHBIe IPAMbIE IPOU3BeLeHus (MBI IPEBPAIIaeM TeM CaMbIM MHOKECTBO
BCEX IPYII B KOMMYTATUBHYIO HOJLYyTPYIILY, DIEMEHTAMI KOTOPOU ABILI-
FOTCS TPYIIIEL).

Teopema 6. Ilycmv G — epynna ¢ HOPMAALHLIMY NOJZPYNNAMY A
u B. Ecau ANB=euAB =G, moG= A x B.

doxasareabcTro. U3 paBencrBa AB = G creayer, 94TO J0601
aneMeHT g € (G 3amucbiBaeTca B Bujie g = ab, rae a € A,b € B. Ecin
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emé g = a1by, ay € A, by € B, T0 ab = a1b; — al_la =B 'eAn
N B = e. CaegoBarenbHo, a; = a,b; = b, U MBI IPUXOAUM K BLIBOAY,
470 3amuch g = ab ognosHauHa. lamee, A G = k = a(ba"'b"1) =
=ad' € A; B<G = k= (aba H)b=! = b'b~! € B, 1. e. KOMMyTaATOD
k€ AN B = e — equHUYHBIN 3JIEMEHT, U, CTAJI0 OBIThH, ab = ba.

Omnpegnenum Teneps orobpaxenue ¢: G —» A x B, nonaras ¢(g) =
= (a,b) maa mo6oro g = ab. CoruacHo BBImEcKasaHHOMY @(g9g') =
= p(aba't') = ¢(aa'bb’) = (aa',bb') = (a,b)(a’,b") = @(ab)p(a’t') =
= ¢(g9)p(9'). danee, p(ab) = (e,e) <= a = e,b =¢, 1. e. Kerp = e.
DnUMOpP(PHOCTL ¢ OoUeBUAHA. Takum 006pa3oOM, ¢ yAOBJIETBOPAET BCEM
CBOKCTBAM M30MOPQHOT0 0TOOpaKkenusa rpymm. [

I'pynny G, yoOBIETBOPAIOIIYIO YCIOBAAM TEOPEMBI 6, IPUHATO Ha-
3LIBATE (BHYMPEHHUM) NPAMBIM NPOU3Bedenuem cBoux moarpynm A, B.
OTaudue OT BHEIIHErO MPAMOrO MPOU3BENEHUsA COCTOUT B TOM, 9TO @
COJEPXKUT B KadeCTBE MPAMBIX MHOXHUTeNen camu rpymmsl A, B, a He
npocTo ux u3oMopdubie Ko A X e, e X B. Pazymeercs, BHemHee nps-
Mmoe npomssenenune G = A X B ABageTca TakkKe BHYTPEHHUM TPOU3BE-
nerueM moarpynn A X e,e X B, U mpu HEKOTOPOM HABLIKE MOXKHO HE
NeIaTh PA3Iudusa MeX Iy HUMHU, YIOTPeOIAa COKPAIICHHOE CIOBOCOYIETa-
HEe “IpsaMoe mpou3BeeHue” .

HexoTopyo napOpManuo o TOMOMOPPU3IMAX MPAMBIX IIPOU3BEICHIN
naér

Teopema 7. Ilyemv G = A X B, u nyemv Ay < A, By < B. Tozda
Ay xB1<G uG /(A1 xBy) = (AJA;)x(B/By). B wacmuocmu, G/A = B.

HoxasaTteabcrro. ycts a: A — A/Ay u f: B— B/B; —
ecrecTBeHHBIe TOMOMOpduaMmbl. Ompemenum orobpaxenue @: G —
— (A/A;) x (B/By) nocpeactsom cootrommenus p(ab) = (a(a), 5(b)).
HenocpeacrsenHo nposepsaeTcs, 9To ¢ — roMmoMopdusm ¢ aapoM Ker ¢ =
= A; X By u o6pasom Im¢ = (A/A;) x (B/By). O

Kax u B Te0Opun BEKTOPHBIX IPOCTPAHCTB, JEIKO J0KA3aTh, YTO €C/IN
G — rpynna ¢ HOpMauabHbIMK noarpymnamu Gy, ...,Gp, 1o G =[], G;
B TOM ¥ TOJBKO TOM CJIy4ae, KOTaa

G=(G,...,Gp) uG;N(Gr,....Gj,...,Gy)

A1 Beex j (“manka’ Hang G 03HaUaeT, 9TO KOMIOHeHTa (7 OIyIIeHa).
To xe caMoe BBIPAXKAETCA CICAYIOMUM CBOUCTBOM: G — npamoe npous-
sedenue C80UL HOPMaabHLIL nodepynn G, ..., Gy, Koab cKopo KaxcIvii
aaemenm g € G donyckaem, u NPumMom 00HO3HAUKYW, 3aNUCL 6 6ude
g = g1-.-9n, 9i € G;. llpsamoe npomsBeneHune n HK3EMILIIPOB T'PYyII-
nel H Ha3wpBaIOT emeé n-u npamoti cmenewvlo n obosHadaror H"™ =
= Hx...x H.B H" BeIIeIA€TCA CHEIAAILHAA TOATPYIIHA — 0UG20HAAb
A ={(h,h,...,h)| h e H}, usomopdpuas H.

Ecnu B Teopeme 6 onycturs yeaoBre B<IG, TO MBI IPUAEM K TOHATUIO
noaynpamozo npouseedenus: G = AB, ANB = e, A<G (unorma muury T
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G = A X B). B 510 onpenenenne caefoBano OBl BHECTHU €IIE OMUCAHUE
deticmeus OATPYNNsl B aBTOMOpdU3MAMU HA HOPMAJIBLHOU MOATDYIINE
A, 9TO OOBIYHO U NEMAETCA B KAXKJIOM KOHKPETHOM CJIYYae.

3amevaHue. B Buge NpAMLIX ¥ TOMTYIPAMBIX IPOW3BEICHUN TIPEI-
CTaBJAIOTCA MHOTHE U3BECTHBIE HaM Tpynnel. Hanpuwmep, S, — moaymnps-
MO€ MPOU3BEIEHNE HOPMAILHOU MOATPYINLL A, ¥ MUKIXIECKOU TDYIIILI
((12)) mopsanxa 2: S, = Ay, X Zz. Ucnoas3ys 0603HAUEHAS U3 IPUMepa, 2
II. 2, MOXHO 3aIIICATH

A4 = V4 N ((123)) = (Z2 X ZQ) N Z3,
Si=VinSs = (Zy % Zo) N (Zs N Zs).

Ewé omua mpumep: rpymma A(1,R) addunabx npeobpaszoBaHun
R — R (cm. [BA I, run. 4] wmm [BA 1I]) sBasercsa momynpsMBIM HPO-
U3BEIEHUEM HOPMAIBLHOM moarpymmsl capuros m moarpymmer GL(1, R)
peoGpasoBaHuM, OCTABLIIOMKX TOUKy ¢ = 0 Ha MecTe.

5. O6pasymomue u ompegefaroire cCOOTHoImeHus. Bomopoc o
cucTeMax o6pasywommx rpynnsl G yxke obcyxaanca B [BA I, ru. 4]. Mu
BO3BPAIIAEMCS K HEMY, YTOOBI B3IVIAHYTh HA HEKOTOPHIE U3BECTHHIE HAM
CPYIIBL ¢ HOBOU TOUKY 3penus. W3 pesyabraTos [BA I, ru. 4] Boirexaer,
YTO M MUKINIECKUAX TPYII HET HEOOXOTUMOCTY COCTABIATH IPOMO3 -
kue Tabaunusl Koau. YciaoBHas 3anmuch

Cp={c| c"=¢e) (3)

naéT BCIO HEOOXOAMMYIO MHMOPMANN 06 abCTpakTHOU unmnqea{oﬁ
rpynne C,, nopaika n; nogpasymesaerca, uto Cy, = {e, ¢, c? iy
npiraén st =t mpu s+t <nucfet =" mpn s +t 2 n. C
OPYTOM CTOPOHBL, JI06aA MUKINIECKAA TPYIINaA ABAAETCA C TOYHOCTHIO

0 ©30MOP(U3MA TOMOMOP(MHBIM 06PA30M OTHON-EIUHCTBEHHON I'PYIIIIBI

(Z,+).

[Iycre Teneps F,, — mpom3BOIBbHAL IPYINA ¢ HEUTPAILHEIM DJIEMEH-
TOM €, HOPOXKAEHHAA N 00pa3yomWUMu fi,. .., fp, TaK 9TO KaXABIU eé
aeMeHT f 3amuchBaeTCs (BO3MOXKHO, MHOTMME CIIOCOGAMU) B BUIE

— f81 g82 Sk 3 ,
f=1 10 i; €{1,2,...,n}, s; € Z, (4)
rge i; # 441, j = 1,2,...,k — 1. OT0 Bcerja JOCTUIAETCA DIEMEHTAP-
sft — pst+t 0 _ — —
HeIME 3aMmeHamu f fi = [, f =eu fie=ef; = f;.
ITpu BemnonHeHUU yeaoBus f = e <= $1 = ... = s = 0 LI9 KaxKI0T0

f, sanucannoro B Buge (4), roBopar, 9to F, — c6060dnas 2pynna panea
n, NOPOHCOENHAA N C80000HLIMYU 06DA3YIOWUMY. DIEMEHTHI TPynnsl F,
OOBIMHO HABBIBAIOTCA CA06aMU 6 anfasume {fi, fl_l, oy Fur 1Y, Heco-
xkpamumas 3anuce (4) caosa f u ero dauna l(f) = |s1]| + |s2| + ... + |sk]
OHOBHAYHO OMPENeJeHbl; B IPOTUBHOM CIydae NYCMoe CA060 € := & =
= ff~! (exmuuwanbni srement B F™) umeno 661 qmary > 0. [lpu tagrOM 1
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nBe cBoGoxHbIe rpynnsl Fy, u G, TOPOXK IEHHBIE CBOOO THBEIME 00pa3yio-
wwMu fi, ..., fn ¥ g1, ..., gn COOTBETCTBEHHO, U30MOP(MHEI; IOCTATOYHO
nonoxuth Y(f;) = g;, 1 < i < n, a 1A OpousBoIBHOTrO c10Ba f Buga (4)
CIUTATH
®(f) =9;' 95295

(eauuuuer B F,, u (,, 0603HAYAIOTCSA OIMHAKOBBIMU CUMBOJaMu). Ecin,
omuaxo, Gy, He ABIAETCA CBOOOAHOU Tpymnmon, To ® Gymer BCero Jauib
srumopdusmom ¢ agpom Ker @, cocrosaimm u3 Tex CIOB, KOTOPLIE IPU
MOACTAHOBKE f; +— ¢; TMEPEXONAT B €IUHUYHBLIM dIeMeHT Trpynnsl (.
DTO yHUBEPCAIBLHOE CBOUCTBO (BO3MOXKHOCTD IPOJOIKEHUA f; — g;, 1 <
< i < n, g0 snumopdusma @ : F,, — G, naa mobou rpynust G, ¢ n
06pa3yoIMUMK) MOXKHO IPUHATH 34 OLpeeIeHue CBO60IHOU Irpy sl F,,
HO MBI He OyeM Ha DTOM 33,1eDXKUBATHCA.

Y0681 cBOOOHBIE TPYIIILI HE KA3AJUCH “MUCTUIECKAME OOBEKTA-
Mu”, IpUBENEM HEKOTOPHIE UX KOHKDETHBIE PEaJIu3aIlii.

n=1 F = (Z,+) — cBoboguas aGejaeBa Ipynma paHra 1, win, ITo
TO XK€ caMoe, OECKOHEYHAs IUKANIeCKAs DPYIIIA.

n = 2. [lycrs Z[t] — KOJbLIO0 MHOTOYWIEHOB OT | € LEJIBIMA PAIIMOHAIE-
ueiMu Kodddunmentamu. B cnenuansuon munennon rpymme SL(2,7Z[t])
paccMoTpuM TOATpYHILy F', MOPOX IEHHYI0 MaTPUIIAMEA

1t 10
0 1 t 1

lokaxem, yro F' — cBoboguas rpymmna. JIérkas uaaykmus mo k moka-
3bIBA€T, YTO SJIEMEHT

Wi = A¥1 BS | A% B, i, Bi 0, 1<i<k,

uMeeT BUJ

A= ) B:

1+4...4 otk t(... + op_rapt>=1)

Wy =
too.o oy topt? ) 14 o oo t?BY

7

rae o = a1y ...a,0r, & TOYKaMu O0O3HAYEHBI OJHOWICHLI MEHBIIEH
cTeneHu OTHOCUTENBHO t. AcHo, uto W), # E. IIpousBOIBHBIN BIeMEHT
rpymnsl F 3amuceiBaercsa 6o B Buge BPAY # E. mbo B Buge W =
= BSW,AY. Ectu W = E, 1o W, = B~?A=%, 410, 01HAKO, HEBO3MOXKHO
(cpaBHuTH cTenenu npu k > 1, a npu k = 1 cresars HENOCPEICTBEHHYIO
MIPOBEPKY ).

He6oubuioe QOmonMHUTEIRHOE PACCYKAEHUE IMOKA3LIBAET, UTO IIPU
MOACTAHOBKE t = m, TIe m — J000e 1etoe Iuciao > 2, rpynna F' opo-
IOJIKAET OCTABATHLCSI CBOOO THOU.

Beeném Tenepsn caemyroree

Onpepgenenne. Ilycrs F,, — cBoGomHas rpymma ¢ 1 CBOOOTHBI-
MU 00pasyomuMa fi, ..., fn, S = {w;, i € I} — HEKOTOPOE MOAMHO-
KeCTBO daeMeHToB w;(fi,...,fn) € F, w K = (S') — manmvenburas
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HOpMasbHasa moarpynna B Fj,, cogepxkamas S (mepecedeHue BCeX HOD-
MAaJbHBIX IOACPYI, cogepxkamux S). [oopar, aro epynna G 3adana n
00PABYOUUMY 1, . . ., Ay U COOMHOULEHUAMY Wi (A1 ,...,0n) = €, T € I,
ecau cymecTByet snumopdusm 7 : F, — G ¢ agpom K Taxou, ITO
7(fr) = a, 1 < k < n. lpu >ToM numyT

G={a1,...,an| wi(ay,...a,) =e€, i €1I)

u Ha3BIBAKOT G Koneuno onpedeaénnot epynnoti, koab ckopo Card I < oo.

Cama rpynma Fj, “cBO6OIHA OT COOTHOLIEHUN , YeM U OOBACHAETCA
eé mazpanwve. VI3 onpenenenus caeayet, 4to Jobdas rpynna H ¢ n obpa-
3yoomMa by, ..., by, KOTOpbIE YIOBJIETBOPAIOT TEM K€ COOTHOIICHWAM
wi(by,...,by) = €, i € I, u, BOBMOXKHO, HEKOTOPBIM IPYTUM, ABJAETC
roMoMop¢HBEIM 06paszoM rpynnel G. B uactaoctu, |H| < |G|. Boobue
COBOPS, OJHA U Ta ¥XKe T'PYIIa MOMyCKAET MHOI'O PA3HBLIX 33 aHUU 06pa-
3YIOIIMMHA ¥ COOTHOIIEHUAMH, XOTA A KOHKPETHOU rpynnsl G MHOT A
HE TaK JIErKO yKa3aTb XOTA Obl 0qHO 3aganue. CaMoe CyIIeCTBEHHOE 3a-
KJII0YAETCA B TOM, YTO HE CYIIECTBYET OOIIEr0 AJrOPUTMA, KOTOPBIN [JIs
JMIOO0U KOHEYTHO ONPEIeJEHHON IMPYIILI 4aBaT ObI OTBET HA BOIPOC O KO-
HEYHOCTH I'PYIILL, O PABEHCTBE ABYX €€ CJIOB 1 T.1. B »Tom obaactu pas-
BUT OOIMIMPHBLIN aNmapaT KOMOMHATOPHOUW Teopuu rpymni. PaccmoTpum
MOKa APy COAEPKATENbHBIX IPUMEPOB, e BCE YIOMAHYTHIE BOIPOCHI
PEIIaoTCs 40 KOHIIA.

Opuwmep 1 (epynna duadpa). Tpymna G = (a,b| a® = b?> = abab = e) ¢ aByma
06pa3yIomuMy ¥ TPeMsA COOTHOLIEHUAMM uMeeT mopsaiok |G| < 6, mockoabky ba =
= a 17! = (a®)71a?b - (b2)7! = a®b u G, BO BCAKOM CiyHUae, MCUEPIIHIBAETCA
DaeMeHTaMu €, a,a’,b, ab, a®b. Tak kax aaa mepecranoBok (123), (12), mopoxaaio-
mmx Ss, BeimonnsioTca cootnomenua (123)3 = (12)2 = (123)(12)(123)(12) = e, To
orobpaxenue ¢ : G — Ss, onpenexéunoe coorsercrBueM a — (123), b — (12),
6yner m3omopduamom G = S3. CTano GbIThH, CHUMMeTpPHYeCKasd I'PyNma S3 3anaéTcA
IBYMsA 00pa3yIOUIMMU U TPeMs COOTHOIeHnAMU. HanomMuuM, 410 S3 0TOXK4ECTBIACT-
€A TaKXke C CPYINION BCeX NMPe0O0pPa3OBAHUN CUMMETPUM IPABUILHOIO TPEYTOJIbHUKA.

ITosnass rpynma npeo6Gpa3oBaHWU CHUMMETDUN 4 1/ 3
[IPaBUIBHOI'O MN-yroJbHUKa P, HasbBaeTcsa epynnot
duadpa (duadpaabrot epynnotd) 1 0603HATAETCA CUM-
BosioM Dy,. Bpamenue

-

cosf —sind
sin 0 cos 6

MHOI'OYyTOJIBHUAKA B €r0 INIOCKOCTH HA yroa 6 = 27/n
BOKpYr meHTpa O, PACIOJOXKEHHOIO B HAdaje Mpsi-
MOYT'OJIBHOM CHCTEMBI KOODAMHAT, IOPOXK AAET LUKIA-
4geckyto rpynmy (A) mopsgka n.B D, cogepxknrcsa Puc. 2

.. 1 0
emé orpaxkenne B = H 0 —1 H MHOT'OYTOJIbHUKA Pp OTHOCUTEILHO OCH, IPOXOAA-

el 4epe3 IEeHTP U OAHYy U3 BepiuuH (puc. 2).
Ilo onpenenermio B2 = e. Pazau4nble Ipeo6pa3oBaHuA CUMMETPUM

e, A, A% AT B IAB,.. A"TIB (5)
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B KOJIMYECTBe 2N MITYK UCYePIBIBAIOT BClo rpynny Dy. B camoMm nese, Bcakoe nmpeo6-
pa30BaHUe CUMMETPUU ONPEIENACTCA CBOUM NEUCTBUEM HA BEPIIUHBI 1,2,...,7 MHO-
royroapuuka P,. Eciu kakoe-To npeobpasoBanue mepeBoauT 1 B k, TO OHO FOMKHO
aubO0 COXPAHATH TOT XK€ UUKINYECKUU IOPALOK BEPIIMH, KaK 9TO JeNaeT AR 6o
MEHATH €ro Ha 06paTHBIN, Kak 5T0 geraer Ak~ 1B,

IlosTomy HmKakux aeMeHTOB, Kpome (5), B Dy, HeT. 3amMeTnm, 9TO mpeotpaso-
Banme BA coBmagaer ¢ A" 1B, mockoabKy 06a mpeo6pa3oBaHma 0GPAIIAIOT HOPHLOK
BepmnH u nepeBoaAT 1 B n. Takum 06pa3zom, UMEIOT MECTO COOTHOIICHUA

A" =e, B2 =, ABAB = e.
2T0 03Ha4aeT, 4T0 Dy ABIAETCA TOMOMOPGMHBIM 06Pa30M I'DYIIIIBI
G = (a,b| a" =b? = abab = e).

Ho, kak u B ciydae n = 3, moxyuaem ba = o™~ 1b, Tak 4T0 JH060€ CIOBO B aidaBuTe
{a,a=1,b,b=1} cBonUTCA MU0 K @t , MM60 K a’b, 0 < i < n— 1. Cramo 6wrTh, |G| < 2n,
a BBU/Y BBIIIECKA3aHHOI'O NOKEH MMEeTb MecTO um3omoppusm G = D,. Tem cambim
IOy YEeHO 33 MaHWe TPYIIbLI TUAPa 06PA3yIOMUMUA U ONPENEIAIOIMAMYA COOTHOIIECHUA-
mu. Oroxaecrsum G ¢ Dy:

Do = (a,b] " =e, 0 = e, (ab)? =e).

Tak xak (a) < Dp u Dy /(a) — uumkiamdeckas pymna, TO Ha OCHOBAHUM TeOpeMbI 4
nas komMyTanTa D!, rpynner Dy, mveem Bkmodernue D!, C (a). Ho a® = aba=1b~! =
= (a,b) € D}, u npu n meudruom D!, = (a), a npu n uéruom Dy /(a?) = (a@,b) —
IpAMOE TIPOM3BENEHUE JBYX NUKIAYECKUX I'DYNn mopaaxa 2, orkyaa D!, = (a?). B
3aBUCUMOCTH OT YETHOCTH N MEHAITCA Takke 1eHTp Z(Dy) rpynner Dy, u qucio r
€€ KJIACCOB COnpsAXKEHHOCTU. llpuBeséM roTOBBIE (M JErKO IIPOBEpsAeMBbIe) TaOJIMUIbL:

n=2m, D; =(a®), (Dn:D;)=4, Z(Dyn)=(a™),r =m+3,

1 1 20 ... 2 m | m |
ela™ [al...Ta™ T b ab]

n=2m+1, D) ={(a), (Dn:D,

1(2(...] 2 2 | n
ela|...|a

IIpeacraBuTeau CONMPAKEHHBIX KIACCOB CTOAT B HUKHEU CTPOKE, MOITHOCTHU DTUX
KJIaCCOB — B BEDXHEM.

CTouT NOYEPKHYTH, YTO BUJ ONPEAEIANINX COOTHOMEHUN (UX JIEBBIX 9aCTeN
B 3AIlUCH W; = €) CYLIECTBEHHO 3aBUCUT OT BbIGOPA CUCTEMBI 06PA3YIOUMX I'PYIIIBL.
Hanpuwmep, gusapanbnas rpynna Dy HOpOXAaeTCA JIOOLIMUA OTPAKEHUAMU OTHOCH-
TEJBHO JBYX HPAMBIX, [IEPECEKAIUIMXCA o yriaoM 7 /m. [losromy

— 2 2 n __
Dy ={g1,92] 91 = 95 = (9192)" = e).
Eciu ucxoquTh U3 IpeXHEro 3aJaHusd, TO MOXKHO IOJOXUTEL g1 = ab, g2 = b.

Mpuwmep 2 (epynna weamepnuonos). B oTamdue 0T NpeAbIAYIIEro IPUMepa Mbl
€ caMOro HavaJa ONpeeIuM T'PYNIHy KBaTEPHUOHOB Qg 06Pa3yIoNIMMHU ¥ COOTHOIIE-
HUAMMU:

Qs = (a,b] a* =e, b2 =02, bab™! =a™1).
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CuoBa ba = a~'b = a3b, u nockoneky b2 = a2, m060e ca0BO B andasute {a,a”!,b,

b~'} npusonurcs k Bumy a®bt, 0 < s <3, 0 <t <1, Tax uro |Qs| < 8.

MoxeM au MBI yTBEPKAATh, 9TO |Qg| = 87 [la, HO TOABKO HOCIE TOro, KaK OyneT
[IpeIbsABIEHA I'PYNIa U3 8 DJIEMEHTOB, ABe 00pa3ylolye KOTOPOU CBA3aHBI TEMU ¥Ke
COOTHOIIEHUAMHY, ITO 4 @, b. Takyio rpynmy mopoxgaioT u3BeCTHBIE HAM W3 yIp. 3 u3
§ 1 KBATEPHUOHHBIE €AMHULEI i, j, k (0OTCIOna M HA3BaHWE CPYINBI), & TAKKE MATPHUIBI

] ] e

JleyicTBUTENBHO,
A*=E, B?=A? BAB '=4"",
1 0 A 0 0 =
A,B) =<+ . . .
<’>{H01 0 —i 20}
ODTHU MATPHUIBLI HAM yXe BCTpedannch B yup. 3 u3 § 1. Co6CTBEeHHO rOBOps, TaM Ipe[-
JAraJoCh TPOBEPUTH, YTO OTOOpaxkeHme a —> A,b — B omnpenerieT m3oMOpdu3M
Qs = (A, B). 3amerum, uto a®> € Z(Qg), u Tak Kak (HaKTOPrpyNNa 1O LEHTPY
HeabeneBoOr TPYNILI HE MOXET ObITh HUKINIECKOW (CM. 3aMedaHme MOCTe JoKa3a-
TeancTBa Teopembl 4), To (a?) = Z(Qsg). Bce rpynmbl nopsagka 4 abeaeBbl, MOITO-
My Q8/Z(Qg) = V4 — mpaMOe IPOU3BEJEHUE ABYX LUKINYECKUX [PYII HOPALKA
2. Crano 6eITh, KOMMyTaHT Qf coBmajgaer ¢ Z(Qg) u (Qs : Qf) = 4. Cegennus o
CONPAKEHHBIX KIACCAX COAEPKATCA B TAOJIUIE:

1 1 2|2 2
2

, * , +

0 1
X

e|a* | a]| b | ab

Koneuno omnpenenéHubie TPYIIbI, TPOCTEUIINE MPUMEPHI KOTOPBIX
MBI PaCCMOTDENN, BCTPEYAIOTCA B PA3HBIX OOJACTAX MATEMAaTUKU, Ha-
IpUMep, B KaIeCTBE TaK HA3BIBAEMBIX (DYHIAMEHTAIBLHBIX IPYII MHOI'O-
obpasun. Hey TuBUTEIBHO, 9TO €11é MHOT'UE OTHOCAIINEC K HUM BOIIPOCH
OCTAIOTCA OTKPBITHIMU.

YIIPAXKHEHUSA

1. Bcnomuum onpegenenue us [BA I, ru. 4, § 2, n. 4] BHyTpeHHEro aBTOMOpPQU3-
Ma I : g = aga™! u rpynmer Inn(G) C Aut(G). Iokasats, aro Inn(G) <1 Aut(G)
n Inn(G) = G/Z(G), rae Z(G) — uenrp rpymnst G. Pakroprpynna Out(G) =
= Aut(G)/Inn(G) HasbBaeTCA 2pyYnnoti HEWHUT ABMOMOPPHUIMOS.

2. llycts H u K — noarpynns! rpynnst G. IlokasaTs, 4To

|HK|-[HNK|=|H|-|K|

(ananor ¢popMyabl, X3BECTHON U3 TEOPUM JUHENHBIX IPOCTPaHCcTB). [lokasaTs, fatee,
4T0 MHOXeCTBO H K OGyneT moArpyImon TOr4a U TOJLKO Toraa, korga HK = KH; B
crydae K <1 G 9TO yCl10BU€ aBTOMATHYECKN BBIIOTHAETCA.

3. CocTaBuM AJd CUMMETPUYECKOU IPYIIbl S4 TAOIUILY

1 3 6 8 6
e | (12)(34) | (12) | (123) | (1234) |’

AHAJIOTUYIHYIO TeM, KOTOPbIE MBI UCIOJb30BAJMA B TOJLKO YTO PACCMOTPEHHBLIX MPU-
Mmepax. Omnupasch Ha JOCTATOYHO OYEBUAHOE COOOpAXKEHUe, UTO B JIOO0U IpYIIe
HOPMAJIbHAA MOATPYINa €CTh O00BbeIUHEHNE HEKOTOPOr0 MHOXKECTBA CONPAKEHHBIX
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KJIACCOB, IOBTOPUTL JaHHOE HAMU B IpHMepe 2 ONKCaHWe HOPMAJbHBIX IIOACDYIII
Ipynmer Sy.

4. Ilokazats, yro Z(A X B) = Z(A) X Z(B).

5. Ecm K1,Ks <G, K1 N K2 = e, To G n30MOp(pHA HEKOTOPOU IIOATrPYIIIE B
(G/K1) x (G/K3). Bepro au 5T0?

6. IIycts K << G = A x B. [lokasaTb, 9o au6o noarpynna K aberesa, aub0
oxuo u3 nepecedenuun K N A, K N B nerpusuaibuo. [lars npuMep rpynnsl A X B ¢
HETPUBUAJIBLHON HOpMaIbHOU moarpynnon K rakon, ¥ro KNA =eu KNB = e. Tem
cambiM 13 K <| A X B, BooGmie rosops, He cregyer, uro K = (K N A) x (K N B).

7. flBasiercs Ju rpynna KBaTEPHUOHOB (Qg IOJYIPAMBIM IPOU3BENEHUEM KAKUX-
TO IBYX CBOMX COOCTBEHHBIX NMOATDYIN?

8. ITokasars, uro H < Qg mis arobou cobcrBennon nogrpynusl H C Qs.

9. Iloxazars, uTo rpynnsl D4 u Qg He U30MOPQHEL.

10. Tlokasars, yro Aut(Ds) = D4 (Tax xax |Z(D4)| = 2, TO, COrIaCHO yIpax-
nenuio 1, |Out(G)| =2 ).

11. Bce KoMmILIeKcHbIe KOpHE u3 1 crememenn pi, ¢ = 0,1,2,..., o6pasyioT Gec-
koHeynyio rpymnmy C(p®). OHa Ha3bIBAETCA KEA3UYUKAUUECKOU, TOCKOIbKY JII000€e
KOHEYHOE YHCJIO €€ 3JIeMEHTOB MOPOXKaeT NUKJINYecKyto rpynmy. [IpoBepurs 10 1
[I0Ka3aTh, YTO

C(p™) =(a1,a2,a3,... | af = 1,0l =a;; i=1,2,3,...).
12 (J. Monthly, 80, Ne 9, 1973). IlycTs
G =(a,b| aba =ba’b, a® =e, V7! =¢),

rae n € N. [lokazath, a0 n = 1, T. e. b = e u paxrudecku G = (a | a® = e) —
[UKJINYeCKas IPyIIa Iopsaaka 3.

13. ITocrpours mMoHOoMOpdu3Mm f : S, — GL(n) rakon, aro marpuua f(m),
™ € Sp, umeer onpegerurens det f(w) = ex.

Matrpuust Buga f(7), m € Sy, HA3BIBAIOTCA MAMPUYAMY NEPECMaro60k. Orpanu-
4enue f Ha Ay aBagerca MoHOMOPdu3MoM B SL(n,R). Komnosunus fol orobpaxeHun
L: G — S, (reopema Kouun) u f : S, — GL(n) npuBogur Kk MOHOMOPDU3MY
G — GL(n) s 10601 KoHEYHOU rpynusl G.

Beinucars orobpaxenue f B ABHOM Buje npu n = 3.

14. [IoNONTHUATS AeTalAMY ClIeayomnee hpopMaIbHOE ONpeneneHue c60600not 2pyn-
nu Fy paura n. K andpasury A = {al,al_l,...,an,agl}, cocrosameMy u3 n OyKB
ai,...,ap 1 UX “aHTHUNONOB” al_l, . ,a;l, nobasigerca cuMmsoa e 1= J. [Iycts S —
MHOXKECTBO BCeX “CJIOB”, MOJYYaIOMINXCA BBLINIUCBIBAHUEM DTUX 21 + 1 CUMBOJIOB B JIIO-
60M TIOPAIKE B CTPOKM KOHEYHOU JJIMHBI. B CJI0BaX AOMYyCKAIOTCA IIOBTOPEHUSA CUM-
BouoB. [lox npouzsedenuem uv ABYX CIOB U,V HOHUMAETCA IPUNUCHIBAHWE CIOBA U K
KOHIly caoBa u. O6pammuuim K u = afll ”.af::, er = £1, k = 1,...,m, Ha3bIBaET-
ca caoso u”! = a;fm ...ai_lel, e”! = e. Ha S BBOAWTCA OTHOWIEHWE DKBUBAJEHT-
HOCTU ~. VIMEHHO, 1Ba CJIOBa CYUTAIOTCA 3KBUBAJEHTHBIMU, €CIU OHO IOLY9aeTCHA
73 OPYroro B Pe3yJbTaTe IPUMEHEHUS KOHEYHOI'O YUCIA CICAYIOUUX JIEMEHTAPHBIX
peo6pa3oBAHMM:

ee ~ e,
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B kax oM Ki1acce DKBUBAJIEHTHOCTU COAEPXKUTCA ONHO-€IUHCTBEHHOE “HECOKpa-
TuMoe” (kpardanmee) ciI0Bo. Ha Kraccax KBUBAJEHTHOCTH II0 OTHOLICHUIO ~ OIPe-
IeleHa ACCONMATMBHAA ONepannsa yMHOXeHUs (1 00palenne KIacCcoB), NHAYIUPOBAH-
Hasgd YMHOXeHUeM CJoB. Enuuunen 6yneT KIaCcC SKBUBAJIEHTHOCTH “MyCcTOro” CJIOBa €.
MHOXECTBO KIaCCOB DKBUBAJEHTHOCTU C TAHHOU OIEPALMEN YMHOXEHUS U €CTh KaK
pa3 cobGogHas rpymma F, ¢ m CBOGOAHBLIMEM OOPA3YIOUIMMU G1,...,0n (C60600HaA
2pynna panaa n.

IIpumep. Ilo “BocbMEpKe”, OXBaTHIBAIOEN CBOMMM NETIAMU ABA CTOJI0A, Ge-
raeT B PA3HBIX HAIPABICHUAX KOTEHOK C HUTAHOW LIMYJIbKOM, YKJIAIBIBAA IIOCIELYIO-
e BUTKM HATOK IOBEPX Ipeiblaymux. Korga KOTEHOK HAXOAUTCA B LIEHTPE MEX Iy
cTonbaMu, TO HAaIIPABJIEHNE €TI0 IBMKEHUA MOXKET MEHATHLCS IIPOU3BOJBLHBIM 00pa3OM.
IIpongeHHble UM MyTH C HAYAJIBHBIMKA ¥ KOHEYHBIMU TOYKAMM B IIEHTPE MHTEPIPETHU-
pPYIOTCA, O4Y€BUIHO, KaK 3JIeMeHThl cBOOO HOU rpynusl Fy panra 2.

Puc. 3

HecokpaTuMbiM CIOBaM OTBEYAIOT HATAHYTBHIE HAUTKU, OCBOOOXKJEHHBIE OT TPU-
BHAILHBIX IeTexb aa~ L, a~la, bb~!, b~ 'b. Ha puc. 3 yuactku a u a~ L, b u b~1
M300PaXKEHBI T€OMETPUIECKYU PABIUIHBIMA JUIL 1A Harasagaoctu. Ham npumep pe-
anusyeT F> B BUZE COBOKYITHOCTH KJIACCOB “TOMOTONUYECKU DKBUBAJECHTHBIX ITyTen”
(Tomonoruyeckas TEPMUHOJOIWA) JEMHUCKATHL. B 3TOM CMBICIE (dyHIaMEHTAILHOU
IPYIION JlernecTKa, n300paX€HHOro Ha puc. 6 B KOMMeHTapusx K 3.3.2 B paspieie
OTBETOB U pemeHun, Oyaer cBoOboaHas Trpynmna Fj.



I'naBsa 2

CTPOEHUE I'PYIIII

Nay41aembre anarebpamieckne 0OBEKTHI CTAHOBATCA O0JIee MPUBICKA-
TEJIbHBIMU, €CJIU X CBOﬁCTBa MO2KHO BBIDA3UTH Ha A3BIKE DJJEMEHTAaPHBIX,
B TOM WU MHOM CMBICIE OOBEKTOB U onepanuil (IUKIAIeCKUX CPYIII,
OPSAMBIX U TIOAYIPAMBIX IPOU3BEIEHUN U T.1.), & CaMi OOBEKTHL (B Ha-
[IeM CJIy4dae CPYIIb) OGHAPYKUABAIOT N3HAYAIBLHO WK Ha GOJIee TI03 THEM
JTale TECHYIO CBA3b C APYT'UMU 001aCTAMI MATEMATUKH. Mer BUOE/IN
B . 1, 9TO maxe TakuWe MaJeHbKMe I'DYNNbl, Kak (Jg, S4 JOMYCKAOT
,qa.ubHef/’Imee pacCmenaeHue, Iojae3noe BO MHOI'MX OTHOIICHUAX. BI:)ITOB&B—
masg KOI'Ja-TO HaWBHAsA TOYKA 3DEHUs, YTO KOHEYHBIE I'DYIIIBI MOXHO
[IEPEYnCIATD, ONUPAACH HA yTBEepxKAeHus Turna Teopembl Kamu, yuuta B
IIPOIILIOEe: CaMble MOIIHBIE KOMIIBIOTEPHI KOHIIA XX BeKa He CIPABUJINCH
¢ JOKa3aTeIbCTBOM CYIIECTBOBAaHUA “MOHCTpAa M” — mpOCTOU TpYIIBL
opagKa

|M|=2%.320.5%.112.13%.17-19-23-29-31-41-47-59 - 71.

970 6bLIO caeraHo denroBekoM. C IPyrou CTOPOHHI, 330a9a TEPEeIUCIe-
HUS C TOYHOCTBIO 1O M30MOP(U3MA 'PYNI CPABHUTEIHHO HEOOJBIIOrO
nopagka 4096 = 2'2 mpeacTapiseT 3HAMUTEIBHYIO CIOKHOCTH KAK A
MAIlMH, TaK U I I€JTOBEKA.

B sTou ruase BHuMaHuUe OyIeT COCPENOTOYEHO HA HEOOJBIIOM HUC-
Jie KJIaCCOB I'PYIII, 3HAKOMCTBO C KOTOPBIMY ITOJE3HO KaXJOMY MaTeMa-
THUKY.

§ 1. Pa3spemumMbie 1 IpOCTHIE I'PYIIIBI

1. Pazpemmmsbie rpynnbl. llonsTue xoMMyTanTa, BBEIEHHOE B
1. 1, IPUBOAUT K BAXKHOMY M BeChbMa OOIMIUPHOMY Kaaccy rpynm. Ilycrs,
kak u npexpae, G' kommyrant rpynnel G. B G' Takxe MOXKHO paccMoT-
pers kommyTanT (G') = G", HazwBaeMBIL 6MOPOTE NPOU360IHOT 2pyn-
not (emopvim Kommymanmonm) rpynnsl G. Ilpomomkas »ToT mpouecc,
MBI ompegenuM k-1o mpomssoxmyio rpymry G = (G*~1). Cormacuo
mvmmkamun (1) w3 § 4 r. 1 G 9 G u, Tem 6omee, GH*) q GH-1),
[Moxy4aeTcs psag HOPMATILHBIX HOACPYNI (Npou3sodnbii pad)

GGG . . >aW gkt > (1)

¢ abenebivu (axroprpymmavu GF) /GHEHD)

Onpegenenne. [pynna G HaswiBaercsa pazpewumot, ecau psx (1)
00pBIBACTCA Ha equHMIHON mogrpymme, T.e. G = e g1a HekoTOPOro
HAMMEHBIIEr0 UHIEKCA M — CMYNEeHU Pazpewumocmy rpyunsl G.
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OueBugHO, 9TO JI00as abejaeBa, B TOM YUCAE NUKIAIECKAA TPYIINA
ABasieTca paspemumon cryneru 1. Kpome Toro, B 060U paspemmmon
rpynne G CTyIeHN pa3pemnMOCTH 11 UMEeeTCs abeJeBa HOPMAIbHAS MO -
rpymna # e, a mvmenno G 1) Kak mokasbiBaioT paccMOTpEHHbIE B . 1
npumepsl, Sy = Ayq, Ay = Vi, V] = e. Crano 6biTh, 3HaKONIEpEMEHHAS
rpymna A4 paspermmMas CTyHeHd 2, a CUMMETPUYECKas TPYyIna Sy pas-
peummmasn cTyneru 3. Bomee o6muM aBngeTcs

IIpumep. llycrs

T :=T(n,R) = {A=(a;;) CGL(n,R)| a;; =0 Vi>j}

— IPyIIa BEePXHE-TPEyrOJbHBIX MATPUI C KOd(PUIMEHTAMN B IPOU3BOIBLHOM IIOJE
R. [IpsAMas npoBepKa MOKA3bIBAET, YTO T(n+1) — E, rax uro T(n, R) — paspeummas
rpynna npu ao6om 1. Mexay npounm, eé kommyrant 17 = UT(n, &) (rpynna Bepxue-
TPEYroJbHBIX MATPUI] C eAMHUANAMY 10 TVIABHOU AUaroHann) o06aanaeT 60J1ee CUILHBIM
CBOWCTBOM, 9€M DPa3pemuMOCThb. Ecau nis npousBoabHON rpynibl (G MOJI0XKATH

G :=G, Gz:G/, Gk+1 :(Gk,G):((u,UH u € G, UEG),
TO HOJIYYUTCA HUNCHUT Yyermpaavubiti pad rpynmnsl G:
G=G1>GyD> Gl ... Gy > Ghgr ... (2)
I'pynna G HasbIBaeTCA Husbnomewmuol kaacca c,ecau Ge # e, Ho Gey1 = e. I'pynna
UT(n, R) HUILIOTEHTHAA KIACCA M.

CupasegauBa CJIeIyomas HeCJI0KHASI

Teopema 1. I'pynna G ¢ nopmaabrot nodepynnot K paspewuma
8 MOM U MOALKO MOM Cayuae, Ko2da pazpewumbt 0dnospemerno K u
G/K.

Nokasarenbcrso. BEem HC G, ro H C G',...,H® c G*  u
OTCIO/Ia HEMIOCPENCTBEHHO CIEeIYeT, ITO Jobas noarpynna H paspemin-
Mou rpynnsl G paspemmma.

IIycts Temeps K — HOpMaIbHAA HOATPYIIHA PA3pEUMOn Tpynsl G
1 G = G/K — coorercTByIOmasn GbakToprpynna. EcTecTBeH b roMo-
Moppuam 7 : G — G npuBoguT K smmMopdusmy G Ha G (mockoIB-
Ky, odesuguo, ©((g1,92)) = (p(g1),p(g92)) s mo6oro romoMopduzMa
¢: G — G) u, crano 6bTh, — K snumopduamy GF) ma @(k). I1O U
HO3BOACT CIEIATH 3aKIOUeHIe O paspermmmocTu G.

Y1068 [OKA3ATH YTBEPK AeHE TeOPEMEI B 0OpaTHYIO CTOPOHY, BOC-
NOIB3yEeMCs, 3aMEHUB ¢ HA T, YK€ OTMEYEHHBIM PDABEHCTBOM

(71,92) = (91, 92), (3)

re. (1 K,92K) = (g1,92)K (PopMarbHO HAJO PA3IUIATH KOMMYTATO-
pet B G u B G). Ilycth s — crynens paspemmuvoctu dakToprpynmsr G
1t — CTyNeHb Pa3pemuMOCTy ToATpynnsl K. MHOMOKPATHO UCIOb3Y A
(3), Mpr mpuxoguy K pasercTy G() = (G)?) mpu moGom i. B wacTHOC-

T, G(8) = (G)®) = & = K. Takum 06pa3oM, HMeeT MECTO BKIIOUCHHE

4 A.N.KocTpukuu
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G C K, orxyga noryuaem GGt ¢ K = ¢ 1.e. G — paspemmman
rpynma. [

Caencrsue. ITyemv Ky, Ko — paspewumbie nopmasbrbie nodepyn-
nbt npouzeoavnotl epynnvt G. Toeda K1 K> asasemesa maksice paspeuu-
Mot Hopmaabrotli nodepynnoti 6 G.

oxkaszaTeanbcTBo. U3 1. 1 M1 yxe 3uHaeMm, uto Ki K9 — HOp-
MasbHasg noarpynmna rpynnsl G. [Tanee, mo Teopeme 06 m3oMopduame
nMeeM

K1\ Ky /Ky =2 Ky /(K1 NK>).

Teneps gocraToyso npuMmenuTs Teopemy 1. O

[lokazaHHOE CIeICTBUE IPUBOIUT K CJAEAYIOMIEMY YTBEPK ACHWUIO: NPo-
UBBEOEHUE 6CET PA3PEUUMBIL HOPMAALHBIL N0JPYNN Koneunot 2pynnbt G
bydem marxcumasbnoli pazpewumots nopmaibnot nodepynnot F(G) 6 G,
u gaxmopepynna G/F(G) makxux nodepynn yoce we codepicum.

CBoeMy HA3BAHUIO pa3pelInMble TPYIIBI 00sa3aHbl Teopuu [amya, o
4ém yxke ynomuHanock B [BA I]. Paspemumocts rpynnsr Sy u Beex eé
MOATPYII CAYKUAT IPUIUHON PA3PENIMMOCTI B PAJIUKAIAX alirebpandec-
KuxX ypasBHeHuu creneru n < 4. Bosee merannHO ¢ 3TUMHU BOmpocaMu
MOYKHO MTO3HAKOMUTBHCSA B TUI. D, § 5.

2. IIpoctTeie rpynmbl. CymecTBYIOT CPYIIBL 7 €, COBIAIAIONINE
€O CBOMM KOMMYTAHTOM U, CTAJIO ObITH, HE ABIAOMIAECT PA3PEIIAMBIMA.
Bonee Toro, MbI cendac yCTAaHOBUM CyIIECTBOBAHUE HeabeJIeBHIX IPYII, B
KOTODPBIX BOOOIIE HET HETPUBUAIBHEIX (# € 1 ) HOPMaIBHBIX MO ATDYIIIL.
Taxue rpynnsl IPpUHATO HA3LIBATL NPOCMbILMU.

Jlemwma. Jwbas nopmasvras nodepynna K epynnet G asasemcs 06%-
eQUREHUEM HEKOMOPOLO MHONCECTNBA CONPAHCENHMIT Kaaccos epynnbt G.

NoxazaTenbcTBo. BEem z € K < G, o u gzg~! € K nua
Bcex g € (. CremnoBaTenabHO, BMECTE C KAXKABIM dieMeHToM £ € K B
K CONEpKUTCA IEIMKOM KIACC CONPSKOHHBIX daeMeHToB ¢ n K =
= User zf. 0

Teopema 2. 3naxonepemennas epynna As npocmad.

dokasarteabcTBo. [leuncTtBurensio, B rpynme Az, moMumo eau-
HUYHOU IEePEeCTaHOBKY €, umeercsa 15 saemenTos (i j)(k!) nopagka 2 (o
TpU SJEMEHTa 3TOr'0 BUIa B CTAOIUMOHAPHOU IIOATPYIIIE KaXA0U U3 TO-
wek 1, 2, 3, 4, 5), 20 = 2(3) sxementon (ijk) mopsagxa 3 u 24 = 4!
anementa (14 1943 44) TOPALKA 5. DIEMEHTHL HOPAAKA 2 BCE CONPSKEHHL:
OHU, OYEBUIHO, CONPSAKEHBI B S5, a TaK KaK CTAIMOHAPHASA MOATDYIIIA
(oTHOCHTENBHO AeUCTBUA compskeHueM) smemenTa (12)(34) comepxur

HeY6THYIO mepecTaHoBKy (12), TO compsikeHne MOXKET OBITH OCYIIECTB-
JIEHO YETHBIMM ME€pPeCcTaHOBKaMu. TO ke caMoe OTHOCUTCA K DIEMEHTAM
mopsaka 3. Ho anemenTs! mopsaka 5, conpszkéHubie B S, B rpymnmne As
pPaCcmajarTCa HA OBa Kaacca ¢ npeacrapuresamu (12345)u (12354). B
camoMm genie, (45)(12345)(45)"1 = (12354), a nentpammsaropoum (cTa-
UMOHAPHOU moarpynmnon) saemenTa (12345) B A5 CIyXKUT UUKIXIECKAS
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rpynna mopsgka 5, DOPOXKIEHHAA >TUM »direMeHToM. VTak, MBI mmeeM
TadIuILy

1 15 20 12 12

e | (12)(34) | (123) | (12345) | (12354)
B mumxuHen cTpoke yKazaHbI IPEJCTABUTENN COMPIKEHHBIX KIACCOB, a B
BEpXHEN — MOIHOCTH 3TUX KaaccoB. Ilycts Temeps K — HOpMaabHAA
noarpymnmna B As. Coracuo remme

|K|:(51'1"‘1‘(52'154‘63'20-‘1-54'124-55'].2,

roe 01 = 1 (tak xak e € K) u 0; = 0 wmm 0; = 1 npu i = 2,3,4,5. He-
TPYAHO yOEIUTHCS B TOM, ITO ycjaoBue Ha | K| ObITH genureneM HOPSIIKa
|As| = 60 (Teopema Jlarpanxka) OCTaBIAET JUIIL IBE BO3MOXHOCTIL:

a) 02 = 03 = §4 = J5 = 0; K — equHWYHAA TOATDYIIIA;

6) 62:63:64:65:1; K:A5

OTO U MOKA3BIBAET, 4TO A; — mpocTas rpymnna. [

Nugyxnuen mo n Temnepb MOXKHO YCTAHOBUTH (CM. yIp. 3), 9TO npoc-
mulmy Asastomes ece epynnvi Ap, n > 5 (pesyabrar O. lamya). Tak
KaK MOATPYIIEL PAa3speluMbIX Ipynn paspemmMsbl (Teopema 1), To u3
TEOPEMBI 2 BO BCAKOM CIy4ae CIeIyeT, ITO CUMMETPUYecKas rpynmna Sy,
HepaspeluMa Ipu n > 5.

Teopewma 3. I'pynna epawenut SO(3) asasemea npocmot.

MokxaszaTeancrso. Coracuao Teopeme 1 u3 § 1 . 1 gocrarou-
HO y6eIuThCSI B TOM, 4TO JI0Oas HOpMalIbHas moarpynmna K rpymnmsr
SU(2), cogepxkamas sapo {£E} snumopdusma ® : SU(2) — SO(3) n
omamutas or £F, copnagaer ¢ SU(2). Coornomenue (5) § 1 . 1 Mmox-
HO MHTEPIPETUPOBATH MO-HOBOMY, CKa3aB, ITO B KAXKIOM COMPIKEHHOM
knacce Tpymmel SU(2) coepxuTcs aumarosambuas MaTpuna d, = by, =
= diag {e'¥, e~ "?}. Tax xak mo jemme K sABIA€TCA OObEANHEHUEM HEKO-
TOPOr0O CEMENCTBA CONMPSKEHHBIX KaaccoB rpymnsl SU(2), To 6e3 orpa-
HIMeHusA o0muocTH cuutaeM d, € K p1a mekoroporo ¢ > 0 Takoro, 4To
sin ¢ # 0.

B K nmomxen comepxKaTbCa TAKKe JIOO0U KOMMYTATOD

(dy,9) = dy(gd,'g™") =
- ‘ Jof? + [B2e=2

e 0 a
0 e~ -8
rae |af? + (8> =1 (em. (3) w3 § 1 rr. 1). Maa caena marpuust (dy,g)
[OJy9aeM BBEIPAJKCHUE
tr (dy, 9) = 2lal* + B (% +7%%) = 2(1 - 2| sin” ).
3pecy |B| mpunumaer moboe 3uadenue u3 orpeska [0,1] u sin ¢ # 0.
CuoBa B cuty (5) u3 § 1 ru. 1 mangércs yaurapuas marpuna h € SU(2)

e”¥ 0
0 el
jof? + 8226

B

a

Ql @

=l Qf

y

4*
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taxad, 9to h[d,,glh~! = dy = diag{e®,e""¥}, mpuudnm dy € K. Tak
Kax eV, e — KOpHE XapaKTePUCTHIECKOTO YDABHEHUS
A2+ (482 sin® o —2)A+1=0

marpusl (dy, g), To, 3acTasiad || mpoberars 3Hadenus oT 0 10 1, MbI
HOJLyYIMM 1A 1) J00yI0 ToUKy Ha oTpeske [0, 2¢]. Utak, B K conepxkurcsa
TMO00H DIEMEHT dy ¥ OIpeJeJEHHBIA TaPAMEeTPOM 1) COMPAKEHHEIN KIACC
mpu 0 < ¥ < 2¢. Hockoabky miasa Beskoro o > (0 HaUAETCA HATYPATIb-
HOe 9UCIO0 N, yAOBIeTBOpsiomee yeaoButo 0 < ¢ := o/n < 2¢, MOXKHO
YTBEPKIATb, 9TO B K comepKuTCsa HANEPEN 38 JaHHBIN DIeMEHT d, = dy).
O

Teopema 4. IlpoekmusHnas CREYuasbHas AuHElHAs 2PYNna
PSL(2, F') nad noaem ¢ wucaom saemenmos |EF| > 3 npocman.

HokaszareabcTBo. 1) Bergeaum HEKOTOpBIE TOATPYIIILL 1 HJIEMEH-

THI:

o 1fleer}
w}
o I}

— cTaHgapTHas 6opesesckas nodepynna. SaMeTI/IM, 9TO
d(\) = uX — Da(Du(A~ = Da(=),

IO>TOMY GOpeIeBCKas MOArPya B MOpOX JaeTC YHUNOMERMHBIMU T.00-
epynnamy U u U. Bergeaum emg sreMeHT

._\
—_o =2

A
0

1

0
AT
B=DU=UD = {

— _ 0 1

w=u(l)a(-1)u(l) = H 1 0 H

2) I'pynna G = SL(2, F') obiagaeT pasioxkeHueM
G = BU BwB, BN BwB =0. (4)
Yrobbl B TOM y6eIuThCA, PACCMOTPUM E€CTECTBEeHHOe nencTtBue G
cleBa Ha CTOMGHEL. ['pymnma msorporuu croxbua e! = [1,0] cosmanaer,
ouesuano, ¢ U. Opbuta Be' coctour m3 Bcex ctoabuos [A,0], A # 0. C
apyron cropousl, we' = [0, —1], m moaTomy opbuta Bwel cocTout us

Beex cTon6uos 3, A7) co Bropon xommonenton # 0. Tak kak aTu 1Be
op6uTk HOKpEIBalOT opbuTy Gel, To orcioga crexyer, uro B U BwB =
= (7, mockobKy rpymnna usorponuu U cogepxurcsa B B.
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Pasnoxenue (4) maswsiBaeTcs pasaodcenuvem Bpwoa. Ono momyckaer
nanékoe 0000IeHre, KOTOPOT'O MBI HE KACAEMCA.

3) Bopeaesckas noarpynna B makcumansia B G.

[encTBUTENBHO, U3 pasaoxenus (4) crenyeT, 9TO 060K >aeMeHT h €
€ H, e cogepxkamuucsa B B, conepxutcsa B BwB, T.e. h = bywbs, oTkyna
w € H u, Takum obpasom, H = G.

4) Ecmu |F| > 4, o G =SL(2,F) =G".

Bepém 0 # XA € F, A2 # 1, uto npu |F| > 3 Boamoxkuo. Torga us
KOMMY TAIIMOHHOT'O COOTHOIICHUS

dN)u(@)dN) T u(@) ™ = u(a(A? = 1))

crenyer, uro B' = U uw G' D U, a nockonbky G' <| G, MBI mOIygaem
srmouenue G' O wlUw™! = U. Ho, xax »10 crenyer w3 1) u 2), U u U
nmopoxpaoT G. Takum obpasom, G' = G.

5) Opu |F| > 4 rpynna PSL(2,F) = SL(2,F)/Z upocras (Z =
= {+E} — uenrp).

BocnoabayeMes Ierko TpOBEPAEMBIM PABEHCTBOM

ﬂ zBx~' = Z.
zeG

Ham myx)HO mokazaTh, uro ecim H < G = SL(2, F), To 6o H C Z,
6o H D G'. Beugy makcumansuoctu B (cm. 3)), mbr umeem HB =

= Buwm HB = G. Ecm HB = B, o H C B. Tak xak H < G, T0
H=xHz ' CzBx! YVxe G, re. HC Z.

C Opyrou CTOpPOHHI,
HB=G= w=hb, he€H, beB.
B rakom ciy4ae
U=wUw ' =hUb*h™' =hUh™" C HU,

nockoneky H <G. Tak kax U C HU, a U, U nopoxgaior G, ro HU = G.
CaenoBaTenbHo,

G/H = HU/H = U/(U N H)

— abesneBa rpymmna, orkyaa H D G'. Teneps yTBepxkIeHue 0 MpOCTOTE
rpynnet PSL(2, F') oueBuano. O

dpyrumu cpegcrBamu Teopema 4 6bL1a BepBhle goKasaHa J. [amya.
Yxke u3 TeopeM 2—4 BUIHO, YTO B KJACCE IIPOCTHIX I'PYMI COAEPIKATCA
BaXKHBIE I MPUIOKEHUU TPYIINLI, KAK KOHEYHBIE, TAK U OECKOHETHBIE.
MoxkeT moka3aTbCsa yIUBUTEIBLHBIM, HO CKOJIBKO-HUOYIb PA3yMHOE OIIM-
CaHue BCEX CYLIECTBYIOMIMX KOHEYHBIX MPOCTHIX I'PYII HOTPEGOBATIO GBI
HECKOJBKUX COTEH CTPAHUII.
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YIIPAXKHEHUSA

1. Ilemouka moarpymnmn
e=GoCG1 C...CGp CGpy1 =G, (*)

rae Gi—1 <G4, 1 <1< n+1, HaspiBaeTCa HOpMAAbHbIM padom rpynnsl G. Hopmains-
HBIM Ha3bIBAETCA TAKXKe PAJ yOLIBAIOIIUX MOACPYIIIT

G=GpDG1D...0G, DGpy1 =e,

rae Giy1 < G

Ecam Bce wensl paga (x) pasmwansl u Gi—1 <H <G = H = Gj_1 mim H =
= (; upu BCeX %, TO I'OBOPAT O KOMNO3UYUOHHOM pade rpynnbl G. DakToprpymnnst
F; = G;/Gi—1 B 9TOM Ciy4ae Ha3bIBAIOTCA KOMNOSULUOHHKLIMY HAKMOPaAMU.

ITokazaTek, 4TO0:

1) m060% HOPMANLHBIN DA KOHEYHOU PYIIBI MOXKHO YIUIOTHUTE 40 KOMIIO3WIA-
OHHOI'O PAJA, BCTABIAA B HEI'O JOIOJHUTEIbHBIE YIEHBl JO TeX IOp, II0Ka 3TO Oyner
BO3MOXKHO;

2) dakropel F; ABIAIOTCA HPOCTHIMU IPYHNAMU (MIM LUKIAIECKAMY TDYIIIAMU
IPOCTHIX HOPALKOB);

3) rpynna G paspemuMa POBHO TOr'Aa, KOT4a BCE €€ KOMIO3MIUOHHBIE (PAKTOPEL
SABJIAIOTCA IUKINIECKAMU I'PYNIAMU [IPOCTHIX HOPALKOB.

Ynomsnem 6e3 jgokasareabcTBa 0 TeopeMe 2Kopnana—Iérbaepa, coriacHO KOTO-
pOM HaGOp KOMIIO3MIMOHHBIX (PAKTOPOB I'pynibl (G ¢ TOYHOCTHIO 10 U30MOPGU3MA U
MOPAAKA CAEJOBAHUA He 3aBUCUT OT BbHIGOPA KOMIIO3UIMOHHOI'O DPSAJIA.

2. /loka3arb, 9TO J06asd KOHEYHASA P-I'PYIIIA Pa3penuma.

3. [lokazaTh IPOCTOTY 3HAKOIEPEMEHHOU rpynubl Ap, n > 5, cregys HaGpOCaH-
HOU HMXKE CXeMe PaCCYXKICHUNU.

a) B wopmambaon moxrpymme K < A,, K # e, ciegyer B3sATb NEPECTAHOBKY
T # €, OCTABIANIYIO Ha MeCTe MAaKCUMAILHO BO3MOXKHOE YHUCJIO 11 CUMBOJIOB U3 §) =
={1,2,...,n}. Ecmm =n—-3, o7 = (ijk) u K = A, (cMm. [BA I, ru. 4, § 2,
yup. 11]), nosromy camraem m < n — 3.

6) Ecimm = (123 ...)... — pa3ioxeHue 7 HA HE3ABUCUMBIE LIUKIBI, TO YETHOCTH
u yciaoBue m < m — 3 BIEKyT HepaBeHCTBO m < m — 5. BoamoxHO emié, 410 m =
(12)(34)...cocTONT U3 HE3ABUCUMBIX LUKIOB IJIMHEBL 2.

B) B um060M ciydae paccMoTpeTh koMmyTarop (m,0) = wom loTl #£ e c
o = (345) u 1poBepUTH, YTO OH OCTABIAET HA MeCTe GOJee M CAMBOJOB. DTO IIPO-
THUBOPEYUT BLIGOPY ™ ¥ NOKA3BIBAET YTBEPXKIEHUE.

4. Iloka3aThk, 9T0 3HAKOIEPEMEHHasA IPynna As HE COAEPKUT NOATPYIII IOPSIKOB
15 m 20.

3

§ 2. Teopembr CuioBa

Mgt yxe oOpaianim BHUIMAaHUE HA TOT (PAKT, 9TO B KOHETHOU T'PYIIIE
G nopsagka |G| Moxer u He ObITHL MOArPYINEl HOpsAaka d, gersamero |G|.
MuHUMATBHBIM TAKUM OPUMEPOM CIyxkuT napa G = Ay, d = 6.

Tax kak B HeabeJeBOU MPOCTOU T'PYIIIE HE MOXKET OBITH MOACPYIII
uHgekca 2 (BBUAY UX HOPMAJIBLHOCTH), TO 1O Teopeme 2 u3 § 1 B 3HaKOIE-
pemennou rpymue Ay mopsagka 60 ver moarpynn nopsaka 30 (cMm. Takxe
yup. 4 u3 § 1). Ha 5ToM dore 0COGEHHO 3aMeIaTENbHBIMEU BLITAIAT 00-
mye 3aKOHOMEPHOCTH, YCTAHOBJIEHHBIE Oosee 125 jeT Ha3a,1 HOPBEKCKIM
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maTeMaTukoM CunoseiM. OHE OTHOCATCA K P-TpymnaM (¢ KOTOPHIMA MBI
BCTpedanuch B § 3 u3 1. 1), comepKaimuMcsa B Ka4eCTBe MOATDYIIL IPYTI-
el G. CylecTBOBaHUE 2IEMEHTA IOPALKA P B a0€JeBOU IPYIIIE, MOPATOK
KOTOPOH AETUTCA Ha p, 66110 nmoamedeno emé O. Komm.

Iycts |G| = p™m, re p — mpocToe 9ucio, a m — IeI0e IUCIO, B3a-
nmHO npoctoe ¢ p. [logrpynny P C G nopsgka |P| = p" (ecau TakoBas
CymecTByeT) OyAeM HA3BIBATEL Cus06ckot p-nodepynnot rpynner G. Kak
u B § 3 nu1. 1, mog N(P) nonumaercs HopMaausaTop noarpynunsl P B G.

Teopewmal (mepsas Teopema Cunosa). Cuso6ckue p-nodepynnet cy-
wecmayom.

Teopema 2 (Bropas Teopema Cunosa). IIycmy P u P, — atobvie
dse cunosckue p-nodepynnwt epynnwvt G. Toeda watidémea snemenm a €
€ G, dasa womopoeo P, = aPa™'. Apyeumu cao6amu, 6ce CUL06CKUE
P-N0O2PYNNBL CONPANCENDL.

Teopewma 3 (rperbs Teopema Cunoa). Jaa wucaa N, cuio8ckux
p-nodepynn epynnvt G umeiom mecmo pasencmso N, = (G : N(P)) u
cpasnenue Np = 1(mod p).

[llokazareascTBa TEOpeM 1-3 CIyKAT WLTIOCTPAIIIEN OOIINX METO OB
” COOOpaxKeHu, U3I0KeHHbIX B § 3 u3 rui. 1. Hauuém ¢ Teopemsr 2.

MokxazaTeabcTBO TeopeMbl 2. Tak, mycTh CUIOBCKUE P-TIO-
rpymnmnsl B G cymectByoT u P — ongua us uux. [Iycrs, nasee, P — npous-
BOMBHAS p-moArpymnma rpynnel (G, He 00S3aTeNIbHO  CHJIOBCKAs.
3acraBuM P, meNCTBOBATHL JEBLIMU CABUraMu Ha MHOXectBe (/P =
=, 9i P neBrIx cMexHbIX K1accoB G mo P (orpanndenne gercrsusa G Ha
G/ P, onucausoro B § 3 ru. 1). CoruacHo pesyapraTam . 1 mamHa Jro-
60i opbuUTE OTHOCHTETBHO P memut mopagok |Py| = pk, k < n. Takum
obpasom,

p'm _ |G| k k
= = —==|G/P|=p" +p™ +...,
TR
rae p*,pk2 ... — mmmmer op6ur. Tax kax HO/(m,p) = 1, To x0T GBI
onHa opbura mmeer pmuHy phi =1, T. €.
P1 -aP =aP (1)

U HEKOTOPOro dieMeHTa a = g; € G (9T0 mOXOXKe Ha NOKA3ATEIbCT-
Bo Teopembl 2 m3 § 3 i 1). Ilepenucas coornomenue (1) B Buge
P, -aPa~!' = aPa™', MBI IpPUXOAUM K 3aK/IIOUCHUIO, ITO

P, C aPa™! (2)

(mocxomexy aPa~! — rpymma). B wactHOCTH, ecim P — cumioBcKas
p-noarpymnmna, To |P| = |P|, u u3 (2) cregyer, uro P, = aPa™1. O

NHoxaszaTteabcTBo TeopeM 1 um 3. Teopemy 1 mMox)HO mHTED-
[PeTUPOBATH KaK ClIejcTBue TeopeMsl 3, u6o N, = 1(modp), a N, #
#0<4<= S # &, S — MHOXECTBO BCEX CHIOBCKUX P-IIOACPYIII IPYII-
et G.
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Yro kacaercsa TeopeMsl 3, To paBeHcTso N, = (G : N(P)) npsamo
BLITEKAET U3 CONPSKEHHOCTU CUIOBCKUX p-oArpymnn (Teopema 2) u u3
obmero yreepxaerns o gmse opoutsl HY B § 3 m3 rr. 1. K cpaBzenuio
N, = 1(mod p) MBI IpuAEM, PACCMOTPEB HECKOIBKO 00ee OOIIYI0 CUTya-
nuio. Vmenno, nycts |G| = p°t, rae s < n, t MOXET NeIATLCA HA P, U
mycTb Np(s) — 4mcao Beex moarpymm nopsagka p° B G. OKaseBaeTcs, 4To
umeer MecTo cpasHerue N,(s) =1 (mod p); B wacTHOCTH, G COTEPKUT
HOArPYINEL J060ro mopsagka p°, s = 1,2,...,n u Ny(n) = Np.

Paccyxmaem caenyrommm o6pasom. [leicTBUE JEBBIMU CIBUCAMA
rpynnsl G Ha cebe MHIYIUPYET COIVIACHO 3aMEYaHUIO B KOHIE I. 1 u3
§ 2 meuctBue G HA MHOXKECTBE

0= {McCG| |M|=p
BCEX pP°-DJIEMEHTHBIX NOAMHOXECTB {g1,...,¢Jps}. HamomumM, {TO

g-{91,---,9ps} ={991,.-.,99p:}. MmuoxkecrBo ! pasbuBaercs Ha
G-op6utsr ; : Q = J; Q;, Tax uro

Q0 =>"1 1 =(G:G),
i
rae G; = {g € G| gM; = M;} — cranmoHapHas NOACPYNNa HEKOTOPOT'O

npeacrasureas M; € ;.
Tak xax G;M; = M;, To M; = Ui”;1 G;gij — oObeIUHEHNE HECKOIb-

KUX IPaBBIX CMEXHBIX KiaaccoB G no G;. lostomy p° = |M;| = v;|Gy],
orkyia |G;| = p% < p°. B cayuae |Gi| < p® mmeem |Q;| = pPoit =
= 0 (mod pt); pasenctBa |G;| = p° u |Q;| =t sxBuBasenTHs!. [loxygaem
G| _
(ps =19/ = > [ (modpt). (3)
I€2i[=t
Corzacuo Beiumeckasauuomy | = t = |G| = p°* = M; =

= G;a; (a; = ¢9;j — HekOTOPBIN d1eMeHT u3 () U, CTATO OBITD, ai_lMi =
=a; 'Gia; = P; — noarpynma nopsazxa p®. Op6ura §); ucuepnsBaeTcs
HEKOTOPBIM YUCJIOM JEBBIX CMEXKHBLIX Ka1accos ¢gF; rpynner G mo P;.

O6patno: kaxnas noarpynna H C G nopsagka |H| = p® npusogut
k opbure ) = {gH | ¢ € G} mmun t. Pasmuansie noarpynner H; ¢
|H;| = p® mpuBogaT x pasmmasbiM opGuTaMm ()}, mockoabky u3 H; = gH;
crenyer e = ghj, oTKyma g = hj_1 € H; u H; = H;. Taxum o6pasowm,
UMEeTCs B3AUMHO OTHO3HAYHOE COOTBETCTBUE MEXKIY MOACPYIINAMHA II0-
pagka p® u opburamu §; maunbl t. CpaBHeHue (3) IEpENUCHIBAETCS B
BUIE

(ICiI) = Y ] = tN,(s) (mod pt), (4)
p 12| =t

rge caefoBano 6ul mucaTh Np(s,G), 4TOOH IOLIEPKHYTDH 3aBUCHMOCTH
Ny(s) ot G.
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[lo cux mop cnenuduka rpynnsl G He Wrpajaa HUKakon poan. Ecam
B3ATH 33 ( IUKINIeCKyIO IPYIIy Hopsaika p°t, To gt Heé Ny(s,G) =1
(Teopema 3 u3 § 2 ru. 1), u mosTOMYy

G\ _
( » ) = t -1 (mod pt). (5)
Tax Kak JeBble 9acTu cpaBHeHun (4) u (5) HO OZHOMY ¥ TOMY e MOZYJIIO
pt COBIagaIOT, TO UMEEM

t = tN,(s)(mod pt),

a 5To 1 Kaér uckomoe cpasrenne N,(s) = 1(modp). O

Xorsa pakTrdeckn [OKa3aHO 60IbIIe, YeM TPEeOOBAJIOCH, MBI HE HAMe-
PEHBI BTUM BOCIOJIB30BATHCA, OTCHLIAA HHTEPECYIOMNXCA K CIENUATBHON
JuTEpaType.

Mpumep. IIycts G = SL(2, Zp) — rpymnma Bcex 2 X 2-MaTpPHI| C OmpeernTeneM 1
HaJ 1mojeM Zp U3 p 31eMeHTOB. M3 pasiaoxeHus

p—1
GL(2,Zp) = |

i=1

0

i
0 1 H SL(2, Zp)

nouHOM JuHeHou rpymnmnel GL(2, Zp) B cMexHble kaaccel 0 SL(2, Zp) cregyer, 4To
|GL(2, Zp)| = (p — 1) [SL(2, Zp)|- (6)

Paccmarpusas GL(2, Z)) Kak IpynIly aBTOMOPMU3MOB IBYMEPHOI'O BEKTOPHOI'O IIPO-
crpancTBa V Han Zp, 1erko HauTu nopasok |GL(2, Zp)|. deucrsurensuo, GL(2, Zp)
IeNCTBYeT Ha MHOXeCTBe nap {vi,Vva} 6a3uCHBIX BeKTOpOB. OGPa3oM Vi MOXKET OBIThH
mo6o# oTaMaHEIA 0T Hys BekTop fi € V (ux Bcero p? — 1 mTyk), a npu BCAKOM BBIOO-
pe fi 06pasom vo MoxeT GbITH a060u BekTop f2 w3 V'\ (f1) (Takux BeKTOpPOB MMeeTCs
p? — p wryk). Crano 6w, |GL(2, Zp)| = (p? — 1)(p? — p), 4o B coueranuu c (6)
MIPpUBOAUT K (popMyIe
ISL(2, Zp)| = p(p* — 1).

ITo xpalHel Mepe [Be CUIOBCKHME p-NOATPYNNbl rpynnbl SL(2, Z,) MBI HaX0ZUM
1l «
1

cpasy:
= 1 0
P:{ 0 ‘anp}, P:{’ o lH‘anp}.

B coorBercTBHM € TeopeMon 3 mMeeM

Np:(G:N(P)):1+kp>1,
oo _Hl Va

e
1 0 A 0 1
N(P) copepx)uT moArpyIiLy

a Tak Kak
A0

0 At

1
0
1, CIeOBATEIbHO, HOPMAJIN3ATOD
A
0

n={|

nopsaaka p(p — 1), To 0CTaéTCA eIMHCTBEHHAA BO3MOKHOCTD

(e}
)\—1

“a,xezp,x;éa}

N(P) =H, Np =1+p.
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Mex 1y rpynmnon

1 0
SL(2,Z2):{H 0 1 Lo

1 1
)

1 0
1 1

1 1
’ 0 1
¥ CUMMETPUYECKOU I'PYNNoN S3 HENOCPEACTBEHHO YCTAHABINBAETCA U30MOP(MU3M

11
(123)|—>H1 0

0 1
e

(06e rpynmbl UMEIOT OZUHAKOBOE 3ajJaHue 00Pa3yOIUMHU U COOTHOMWEHWAMH). 1lpu
p > 2 rpynna G = SL(2, Z,) umeer nenrp Z(G) = {+E} nopsazka 2. daxroprpymnmna
PSL(2, Zp) = G/Z(G), k0TOPY1O €CTEeCTBEHHO HA3BIBATH, Kak u B [BA II], npoexmus-
ot cneyuaavnotli epynnoti (OHa ABIAETCA TPYNION IPeOOPA3OBAHUM IIPOEKTUBHON
pAMOU

ZP[Pl = ]P)(V) = {07 17 CEREY S 1} U {OO})a

WrpaeT BaXHYIO poab B aiarebpe co BpeMméH lamya. [lero B Tom, 4TO mpu p > 3
rpynmna PSL(2, Z),) npocTas, u 5T0, HApAKY C Ay, — OAVH U3 CAMBIX PAHHUX IPIMEPOB
KOHEYHBIX IIPOCTLHIX I'PYIII.

O6paTuMcs CHOBA K OOLIEMY CAYYa0 U MOLYIUM OJHO IOJIE3HOE yTOU-
uerue Teopem Cuiosa.

Teopema 4. Cnpasedausvl caedyrowue ymeeprcoenus:

i) cusosckas p-nodepynna P epynnwi G mopmasvna 6 G moeda u
moabko mozda, Koeda Ny = 1;

ii) xowmeunasn epynna G nopadka |G| = pi*...pp* asasemea npamvim
npouseedenuem C80UT Cuao8ckux p;-nodepynn P, ... Py 6 mounocmu
moeda, Koeda éce 3mu nodpynnvt Hopmasbrbl 6 G.

JokaszareabcTBO.1) Bce cmioBckue mOArpymibl, OTBEYAIOIINE
JaHHOMY IIPOCTOMY [IEIUTEN0 p mopaaka |G|, no sropon Teopeme Cuio-
Ba CONPAKEHH, 1 eciu P — onHa u3 HUX, TO

Ny=1l<=zPs'=P Vr€G<+ P<QG.

ii) Eciu G = Py X ... X P, — npsAamMoe Ipou3BeIeHre CBOUX CUIOBCKUX
noarpyni, To P; < G Kak Ji000U NPAMOU MHOXKWUTEIb. SHAYUT, YCJAOBUE
HOPMAJIBHOCTHY HEOOXOIUMO.

IIycts Tenepyr P; <G, 1< ¢ <k, T.e. Ny, = 1. 3ameTum, Bo-TIep-
BBEIX, 9TO

T €PNP;,i#j= 1t =e, i—e=>z=ec.
Crauno 6b1Th, P; N Pj = e, a oTcioga gua mobwX ©; € P, ©; € P; umeem
(zi,25) = {

T.€. JJIEMEHTHL T; 1 Tj I€PECTAHOBOIHEI.

(zizjz; ')z

t=alail e p
) j

J J ) —
milwo s ) = el e B T @) =e
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IIpencrasuM HA MUHYTY, 9TO €IMHUYHBLIA DIeMeHT e € (G 3amucas B
BUIE € = Y1Y2...Yk, TO€ Y; € P; — dJIeMeHT mopsagka a; = pf IMomo-
KUB @ = H# ; @i ¥ BOCIOJIB30BABIIUCE IEPECTAHOBOTHOCTDIO Y1, - - - , Yk,
MOy IUM

e=(y1y2---yr)" = Yiys - Y = yj-

Ho Tax xax a u aj B3aMMHO IPOCTHI, TO y;.” =yj=e=y; =ec S L)
BEPHO IIpX JI0O0M j, U, CTAJIO OBITH, PABEHCTBO € = Y1Y2 . . . ¥, BO3MOKHO
JUIMb OPU Y1 = Yo = ... = Y = €.

C Ipyrou CTOpOHBI, KaXK BN dJeMeHT & € G IOpAKa I = 717y .. . Ik,
Ti = p;', 3AIMCEIBACTCA B BUJE

T =T1%2 ... T, [Kz:)| =7, 1<i<k. (7)

!
JoCTaTOTHO TOMOKUTE T; = £i"i, rae MOKa3aTelIn ONpPeJeIIIOTCA YCIo-

BUsAMHI
r k
] z : ]
/’.i = ) 1 = ti/,'l'.
L ;
i=1

Eciu reneps © = 2 ... %), — Apyras 3aImuch & B BUJe IPOU3BEJe-
HUS P;-3J€MEHTOB, TO B CUIY [EePEeCTAHOBOYHOCTH Tj, T) C PA3IAIHBIMU
HIDKHIMY WHIEKCAM# OyIeM UMEThb

10 ! —1 1, —1 1, —1 1, —1
e=(z12y...00) (2 1% ... k) =X1T] - TyTy .. TR,

1 -1 _

4TO, KaK OBLIO IIOKA33AHO BHIIIE, BIEYET PABEHCTBA TiZ] = ThTy = ...
=gl =e, me. 1) = 31,85 = Ta,..., 1), = Ty

Nrak, Kaxabii saeMeHT rpynnsl (G 3anuChLIBACTCA, U IPATOM €InH-
CTBeHHBIM O0GpasoM, B Buje (7), T.e. (cm. § 2) G =P x ... x P,. O

S3amedvanue. Hopmanpran cmiosckas p-moarpynma P rpymmner G
zapaxmepucmuuna B G, T.e. UHBADUAHTHA [IPU TEUCTBUU JIOO0C0 aBTO-
mopdusma ¢ € Aut(G). deucrurensuo, |p(P)| = |P|, mosromy ¢(P) —
CHMIIOBCKAs P-IIOArPYIIIA, U, CTAIO0 OHTh, ¢(P) = P, ecin Ny = 1. Jo-
CTOVHO 3aMEYaHUA TAKXKE TO, YTO AHAJIOY CUIOBCKUX MOATPYIII IPOC/Ie-
XKUBAIOTCSA B aarebpandeckuX CTPYKTYPax, JATEKUX OT KOHEUHBIX IPYIIIL.

YIIPAYKHEHU S

1. Hanru umcio cunoBckux 5-moarpynm B As.
2. IIpoBepuTh, 4TO MHOXECTBO P MaTpuI

1 0
0 1

1 -1
-1 -1

-1 -1

g oo

-

-

HaJ Z3 COCTABIAET I'PYIILY, U30MOP(HYIO I'PYINe KBATEPHUOHOB ()8 W ABIAIONIYIOCA
cuI0BCKOU 2-noarpynnon B SL(2, Z3). Hokasars, yro P < SL(2, Z3).

3. Ilokasars, uro rpynnsl S4 u SL(2, Z3) He uaomopdusl. ByayT au uzoMopdHb
rpynnsl PSL(2, Z3) nu As?
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4. loka3arse, 9T0 BCakasa rpynna G mopsaika pg (p < ¢ — NPOCTHIE YUCTA) ABIA-
ercs Jub0 IUKIMYeCKOH, 1160 HeabeJeBOU C HOPMAJIBHOU CUJIOBCKOW ¢-IIOAIDYIIION,
npudéM IOCHeqHee BO3MOXKHO TOTJAa M TOIBKO TOTHa, Korga g — 1 meawrcs Ha p. B
YaCTHOCTH, BCe IPYNIBI MOPAAKA 15 HUKIXYECKUe.

5. Iloxyawnrs 3am0BO (cM. [BA I, ru. 6 § 1, npumep]) cpaBrermne (p — 1)1 +1 =
= 0 (modp) gus IPOCTOro P myTEM NPAMOIO MOACIETA YUCIA Np CUIOBCKUX P-TIOJ-
PN B CUMMEeTPUYIECKOH rpymme Sp.

6. Y6enurnca B ToM, 9To rpynna G nopsaska |G| < 30 He MOkeT GBITH IPOCTON.

§ 3. Kone4yHno nopoxka€éHHbie abeeBbl I'PYNIbI

DToT maparpad HANUCAH TAK, YTO €r0 3aBUCUMOCTb OT OCTAJbLHOIO
MaTepHuaa LIaBhl MUHIMAJILHA.

1. IIpuMmeps! u IpeABapuTeIbHBIe Pe3yabTaThl. Kak yxe He
pa3 yIOMMHAJIOCH, abeNeBLI IPYNIEl UHOTAA yI00HO 3aIUCHLIBATL a1 1d-
TUBHO, UCIOIBL3YA + B KadeCTBE OCHOBHOU omepanuu. Taxum o6pasoM,
ecau (A, +) — agauTuBHAA abejeBa CPYIIa, TO:

1) a+d = a' + a nua m06bIX 5aeMeHTOB a, a' € A;

2)na:=a+a+...+ anpuaodom n >0, n € Z;

n
3)0-a =0 (creBa 0 € Z, cupaBa (0 — HENTPATLHBIN DIEMEHT T'DYII-
Bl);
4) (—n)a = (—a) + (—a) + ...+ (—a) npu a06oM n > 0, n € Z.

ER

[IOHATHO, YTO MPU HTOM BHITIOTHEHEI CBOMCTBA
m(na) = (mn)a, (m + n)a = ma + na, n(a+a') = na+na'.

Crano 6bITh, M4 JIO0r0 HAOOPA DIEMEHTOB a1, - . . , Ay € A MBI MOXeEM
PACCMATPUBATE YEAOUUCACHHBIE KOMOUHAYUL

nia; +nsas + ...+ Npa, € A

¢ xkoapdunmentamu n; € Z.

Onpenmenenune. Cucrema >JIEMEHTOB dq, ..., Ay, A4IATUBHOU abe-
JIEBOU IPYINLI A HA3BIBAETCA CUCTEMOT 00PA3YOUUT WIK CUCTEMOT No-
PposcdarwUT, eCan

{niay + ...+ nmam| n; € Z} = A,
T.e. KaXKABIN daeMeHT a' € A 3ammuchiBaeTcsa, OBITH MOXKET, MHOTMMHU

cnocobaMu, B BUIE a = ma + ...+ npa,. B Takom ciIy4dae IUIIYyT
A= <a17a27"'aam>'

IIpumep 1. O6bunas egununa 1 — obpasyroomas rpynnsl (Z,+); —1 Takxe
OyxeT o6pasyromen, HO n 7 1 o6pa3yomen He ABIAETCA.

IIpumep 2. AGeneBa rpynmna Z" HeJ0YUCICHHBIX BEKTOPOB (BEKTOPOB C IEIbIMU
KOOPAMHATAMN) B KOOPAMHATHOM mpocTpancTse Q" 06ia1aeT cucTeMon 06pasyommx

e1 =(1,0,...,0), e2=(0,1,...,0), ..., en=(0,0,...,1).
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Tpumep 3. B rpymme Z2 MOXHO B3ATH 1 APyTHe CACTEMbI 06Pa3yIOIIAX, CKaKeM,
b1 = (1,1), by =(1,-1), bz3=(4,1).

Tak kax €1 = 3by +2bz — b3, €2 = —2b1 —2b2 +b3, TO 3TO NEUCTBUTEILHO 006pPA3YIONIIAE
rpynmbl Z2. OHako HUKaKas mapa >IeMeHTOB W3 MHOXecTBa {bi,b2,bs} cucremoi
o6pasyromux rpynnel Z2 He apigerca. Y6eiuTech B 3TOM.

Herpyano Ha3BaTh IPYNIBL, B KOTOPBIX HET HUKAKOU KOHEYHOU CHC-
TeMbl oOpasyomux. Hanpuvep, nvun asrmorca R = (R,+) n U =
={a € C| |a| = 1} (rpyunna c onepanuen ymHOX)eHus). [leicTBurens-
HO, T IPYTIL — HECYETHBIE MHOXKECTBA, & TPYIINA ¢ KOHEYHBIM IUCIOM
o6pasymomux Beerga caétaa. Umeorca u gpyrue npumeps: QY wm Q*
(HeCTOXKHAS TIPOBEPKA).

Ilpennoxenne 1. lIpamas cymma
A=A10...0 4,

KONEUHO20 WUCAL YUKAUUECKUT 2PYNn A; A644ENCA 2PYNNOT ¢ KOHEUHbIM
YUCAOM 00D AZYIOUUT.
HoxkasaTeabcTBo. JencteurensHo, eciu A; = (a;), TO DIEMEHTHI

(a1,0,...,0), (0,as,...,0), ..., (0,0,...,a,)
OyayT obpasytomumMu rpynner A. O

Mpegnoxenue 2. Ipamas cymma A = Cy, & C, d8yx Koneunbis
YUKAUNECKUT 2PYNN 63QUMHO NPOCTLIT NOPAIKOS M, N ABAAETNCA UUK-
auueckoti 2pynnot nopadka mn.

HoxkasaTteabcrBo. Cm. [BA I ru. 4, § 2, yop. 3]. O

Nrax, mmeeT MECTO MMILIMKAIIWS

HOd(m,n) =1 = C), ® Cp, = Cpyp. (1)

Mg BuguM, 9TO abejeBhbl IPYINBL ¢ KOHEYHBIM YUCIOM O0Pa3yIoImX
IOBOJBHO PA3HOOOPA3HEI IO cBOMM cBoUCTBaM. OHU TOCTOUHEL JETAJIBLHO-
0 U3yYeHUs XOTsA Obl TOTOMY, YTO BO3HMKAKT €CTECTBEHHBIM 00pa3oM
B EOMETPUM, B TONOJOTUY, B TOMOsorudeckon aareépe. Crout emé mo-
6aBUTD, IYTO ecau (G — MPOU3BOIBHAS KOHEYHO MOPOXK JEHHAS IPYIIA, a
2T0 OOMIMPHBIN KJIACC TPYIIL, TO o Teopeme 5 u3 § 4 ri. 1 pakToprpymnmna
no xoMmmyTanTy G/G' aBasercsa aGeneBoll IPYNION ¢ KOHEUHBIM IUCJIOM
00pa3yIomx.

2. AGeneBnl rpynnbl 6e3 KpydeHus. llo ompegenenuio rpymmna
A 6e3 KpyueHUs, eCiu OHA He UMEET HEeHYJEBBLIX 3JEeMEHTOB KOHEYHOI'O
nopagka, T.e. na = 0, n # 0 = a = 0. Takue rpynnsl 0YeHb TOXOXKN
Ha BEKTOPHEIE IIPOCTPAHCTBA, KAK 3TO OyIeT BUIHO U3 AAJILHEUIIEro.

Onpenmeanenue. CucreMa >I€MEHTOB d1,...,0; € A HazbBaeTCa
He3a6UCUMOT, €CTU U3 PABEHCTBA N1a1 + ... + nrar = 0, roe n; € 7,
crenyeT, 9To ny = ... =ng = 0.
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Cucrema >1€MEHTOB @y, . ..,0, € A HA3BLIBAETCA 6a3UCOM, €CIU OHA:
1) mesaBucnma;
2) ABIAETCA CUCTEMON OOPA3YIOIINX IPyNIsL A.

Jemma 1. Feauw A = {(a1,...,am), a saemenmut by,... b, € A 06-
PA3YIOM HEZABUCUMYI CUCTEMY, MO N < M.
lMlokaszaTeasbcTBOo. Bupasum b; gepes aq, ..., am:

m
b; = Zﬁijafja Bij € L,
=0

U PACCMOTDPUM LEJOUUCICHHBIE BEKTOPHI-CTPOoKU B; = (B, ..., Bim) €
€ Q™ (koopamHaTHOE BeKTOpHOE mpocTpaucTio Haa (). [Ipenmonoxus
IPOTHUBHOE, 1 > 1M, MBI TOJ/IKHEL 3aKIOYUTh, ITO cucrteMma {Bi,..., By}

JIMHENHO 33BUCUMA. SHAYUT, HAUIYTCA He BCe paBHBIE Hy. 10 1; € (Q Takue,
9TO

rBy+roBy+...+r,B, =0. (2)

IIycTs d — o0mmy 3HAMEHATENb PALMOHAILHBIX HUCeT 75 © T = S;/d,
$; € Z. YuuoXasa 00e 9acTu paBeHcTBa (2) Ha d, HoIyIaeM COOTHOIIEHUE
$1B1 +s2Bys+...+5,B, =0

¢ measMu KodddunuenTaMu. PacnuchiBas ero mokoop iuHATHO, TIPUIEM
K JUHENHOU CUCTEeMe

510815 + 82825 + ... 4+ spfnj =0, 1<y

B rakom cayuae

/N

m.
isib" - isl (i ﬁijaj) = i(i Siﬂz‘j)aj =0
i=1 1 j=1 i

i= j=1 1i=1

— npoTtuBopeune. [

Teopema 1. Cnpasedausvl caedyowue ymeeprcoerus.

1) Beakasa xoneuno noposxcdénnas abeaesa epynna A 6e3 xpyuenus
obaadaem 6a3ucom.

2) Bce 6azucol epynnvt A pasnomounvt (cocmoam u3 00unar06020
YUCAG IAEMENTNOB).

HoxaszateabcTso. 1) OOmas uges: yMeHbIIEHNE YUCIA DJIEMEH-
TOB B cucTeMe O6Pas3yIoIuX A0 TeX IOp, MOKA OHA He CTAHEeT He3aBU-
cumon. Ilycts {ay,...,an,} — HeKOTOpas cucTeMa O6Pa3YOUMX CPYI-
nol A. Beipaxenue Buga siaq + ... + S;m@,m = 0 €CTECTBEHHO HA3LIBATL
COOMHOWLEHUEM HA Ay, . . ., Q. TUCIO, paBHOE min,|s;|, OyaeM Ha3HIBATD
8bICOMOT COOMHOULEHUA, 8 COOTHOIIEHUE HA A1, . . . , Ay, Y KOTOPOI'O BbI-
COTa MUHUMAIBHA, — MUKUMAALHbIM COOMHoweruenm. Takoe cooTHOMIE-
HUye BCerja CymecTByeT, IIOCKOJABKY BBICOTA — HATYPAJbHOE YHUCIIO. C
OPYTOU CTOPOHBI, MUHUMAJILHOE COOTHOLICHUE HE OOA3ATENBHO €IUHCT-
BeHHO. [[0Ka3aTeIbCTBO PACHAIAeTCA Ha PAL MPOCTHIX YTBEPXK IEHUN.
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a) Ecau s1a1 + ...+ $Smam = 0 — mMunumasbhoe coomuouenue, mo
HOd(s1,...,8m) = 1.

HencrBurensHo, ecan s; = dsi, 1 < i< m, To
! ! ! !
d(sjar + ...+ sp,0m) =0 = sja1+ ...+ spam =0,

nockonbKy A — rpynmna 6e3 kpyvenus. [lpu d > 1 MBI npuxogum K COOT-
HOIIEHUIO MEHBIIEN BEICOTHI, YTO MCKIIOYEHO YCIOBAEM MUHUMAIBHOCTH.

6) Ecau s1a1 + ... + spmam = 0 — coomnowenue svicomvr 1 u, cxa-
acem, |sk| = 1, mo mmoncecmso uz m — 1 ssemenwmos {ay,...,a5_1,
Aft1y- -+, A} Oydem cucmemots 06pazyouus.

OTO HOCTATOYHO OYEBUIHO: TIO YCJIOBUIO Z#k sia; £ ar = 0, mosTO-
My ap = Z#k sta;, $; = %s;, TaK ITO OCTABIIMEC IEMEHTHL IIOPOXK-
naioT A.

B) Ecau 6bicoma MUHUMAALHOZO COOTMHOWEHUA CUCTNEMbL {a,. ..
..,am} pasna h > 1, mo moxcno nocmpoums nos8Yw cucmemy 00pa-
syrowuz {ay,...,al,}, 6bicoma MUHUMAABHOZO COOMHOWEHUA KOMOPOT
bydem cmpoeo menbuie h.

[lencTBUTENBHO, MBI MOXKEM TaK MEPEHYMEPOBATH 0OPA3YIOINe, ITO
|s1| = min |s;| = h. YMHOXKas, eciy HALO, COOTHOIIEHUE HA — 1, moraraeM
s1 = h. CorzacHo a) He BCe $; geaaTca Ha h. [IpousBoas emé pas nepeny-
MEepAaLuio, MOXKEM CIUTaTh, 9T0 h{ Sy : s2 = gh+ 71, 0 < r < h. Teneps
HAIIIE COOTHOIIEHNE NEePENUIeTCs B BUIE

hay + rab + szay + ...+ spa,, =0,

rge aj = a1 + gas, a} = a;, ¢ > 1. fcwo, uro {a},as,...,al,} Oyzer
CHCTEMOH 0Opa3yIoUNX, yAOBICTBOPSIONEH COOTHOMIEHUIO BBICOTH I <

< h (BBICOTA €€ MUHUMAJILHOIO COOTHOLIEHUS, BOZMOXKHO, < T).

YrBepxkaenve 1) Hamenn TEOPEMBI JOKA3LIBAETCA TEIEPH CJIETYIOIM
ob6pasom. IlycTb n — MuUHUMAIBHOE YUCJAO OOpa3ywoumx rpynnsl A u
{ai,...,a,} — ogHa m3 Takux cucreMm. CauTaeM TAK¥Ke, YTO OHA yAOB-
JIETBOPAET COOTHOLIECHUIO MPIHPIMaJIBHOﬁ BBICOTEI h (HO BCEM CUCTEMaM
MOIIHOCTH 7).

Ecim h = 1, To B coorBeTcTBUU € 6) YMCIO OOPA3YIOUIUX YMEHb-
[IAeTCs 10 KPAuHeW Mepe 10 7 — 1, YTO MCKIIOYEHO HAIIUM BBIGOPOM.
Ecau h > 1, To cornacuo B) {ai,...,a,} nepecTaér GBITH CHCTEMOU C
MUHUMAJIBHBIM COOTHOLIEHVEM HAVMEHBIIEeN (OMATL-TAKU [0 BCEM CHC-
TeMaM MOIIHOCTH 7)) BHICOTHL. OcTalTcs NpusHaTh, 4TO {a1,...,an} —
HE3aBUCHUMAs CUCTEMA, T.e. 6a3uc rpynmsr A.

2) Ilpeamonoxum, 9To {ai,...,am}, {b1,...,bn} — xakwe-to nBa
6asuca rpynnbl A. [Bax bl IpuMeHAs JeMMy 1, molydaeM HepaBeHCTBA
n<mum<n, Te.m=n.
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Ounpegxenenne. Koneuno nopoxpéunas abeneBa rpynma A Ha3bI-
BaeTCA €600600n0t panza n u o6o3HataeTcsa cumsogom Fo8 ecam

A=F%=7"=70...0L.

Paur rpynner, cocTosmen u3 OJHOTO HYJsA, CIMTAETCA PABHBIM HYJIO.
JIroGon 6a3uc cBOGOAHON abeJeBOM IPYNIILL A HABBIBAETCS TaKKe €€ c60-
600101 cucmemoti 00pPa3yYOUUL.

Toabko 9TO mOKa3aHHAA TeopeMa 1 yTBEpKIaeT Ha CAMOM feJe, ITO
B8CAKAA KOHEUHO NOPoNcIEnnas abeaesa epynna A Oe3 Kpyuenus A6.44-
emea c6000010T HEKOMOPO20 PaH2a M.

HencrBurensuo, ecu {ay,...,an} — 6asuc rpynnsl A, 10O Jr060%
aMeMeHT a € A OJHO3HAYHO 3aNMCLIBACTCA B BULE 4 = Qa1 + ...
cooF Qpap, a; € Z (uMes APYTyIO 3a0UCh @ = ®jQ1 + ... + O, ap, MBI
umenn 661 coorHomenne 0 = a—a = (g —af)ar + ...+ (an — &) ap, OT-
Kyfa o) = aq,...,qa, = ayp). Conocrasnenue a — (ag,...,Q,) 3a13€T,
OYEBUIHO, U30MOpdu3M A ¢ rpynmon 7" 1eI0IncJeHHBIX BEKTOPOB. DTO
u 3HAYUT, 9TO0 A — cBOOOAHAA TPYIIA PAHTA 7.

3. CBoGoaubie abeneBbl IPyInbl KOHeYHOT o paHra. Ciaenyio-
mee yTBEPK JeHNe TEXHUIEeCKOI'0 XapaKTepa CAILHO YIPOIIAeT U3y IeHIe
MOATPYII U (PAKTOPTPYIII CBOOOJHON A0€IeBOM IPYIIIEL.

Teopema 2. [lycmb B — nenyaesan nodepynna c60600noti abese-
6ot epynnbt A xoneunoeo panea n. Toeda 6 A u B moxcno evibpams 6a-
3ucvt  coomsememeenno {ai,...,an}t u {b,...,bp} maxue, uwmo
b; = mja;, 2de m; > 0 — HeompuuamesbHble YEable UUCAG, NPUUEM
mi—1|lms; i =2,3,...,k, k <n (603momcno, umo mpr1 = ... =my, = 0).

HoxasatenbcrBo. Beibepem B A 6asuc {vi,...,v,}, ob1agar-
WA CIEAYIONMM SKCTPEMAIbHBIM CBOUCTBOM: B COMEPIKUT BIeMEHT

by = mqv1 + Sov2 + ... + SpU,
C MOJOXUTEJbHBIM ¥ CAMBIM MUHAMAJILHBEIM Kod(hduurenToMm my. Ume-
€TCsA B BUAY, YTO MPU APYTOM YIOPATOUECHUU DJIEMEHTOB V;, IIPU JIOO0OM
IpyroM BeIOOpe 6asuca B A miu 1 Kakoro-ambo nHoro »aemenTa b € B
MEPBBIA MOJOKUTEIbHBIN KO(MQUIUEHT HE MOXKET ObITh MEHBIIE 1711 .

YTBepKAAETCA, ITO TOTHA M1 |S;, @ = 2,...,n. [leNCTBUTENBbHO, ecan

si=¢qimy +r;, 0<ry <my, TO
b1 = mya; +rova + ...+ rpUy,
rge a; = v1 + @Uz + ... + gpvy,. Howaruo, uro {a1;vs,...,v,} — Ga-
3uc rpynnst A. 3 skerpemanbaocT {vy, ..., Uy} CIEAYET, 9TO Ty = ...
...=r, = 0. Takum obpazom, by = miay.
ITo Tem xe mpudamHAM
/ ! ! ! !
b =miar + syvs + ... + s, € B = mq|mj,

u ecam mj = qmi, TO

1 /

b"=b _qbl € <’l)2,...,1}n>,
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A:(al)@Al, B:<b1>+B1,

roe by = myay, By C Ay := (va,...,0p).

Urax, By — moarpymnma cBoGomHOU abeaeBou rpynmbl A; panra
n — 1. [IpocTas MHAYKIUA IO PAHTY TIPUBOAUT K 3aKIIOUEHUIO, 9TO I
napst (A;, By) yTBep)KgeHue TeOpeMbl CIPaBeIInBO, T.€. B A; HaugyTcs
DJIEMEHTHI G2, . . . , Ay, IJ KOTOPBIX

A =(az,...,an), Bi={(b,...,by), bi=mia;, mi_1|m;, i>2.

Ha xakom-TO drame, BO3MOXKHO, IOABATCA HYJIM: Mgt1 = Mprs = ...
...=my = 0.

Ocranocs gokazaThb, 910 my | me. lomoxum my = gmy +7, 0 <7 <
< My, 1 3aMEHUM BPEMEHHO a) Ha a} = a1 + qaz. OTHOCUTENbHO Gazuca
{a},az,...,a,} rpynnsr A snement by + by € B umeer Bug

by 4+ by = myay + (gma + r)as = miaj + ras.

Orcroga BugHO, 9TO ipu 7 > 0 MBI BCTyIaeM B IPOTUBOPEYME CO CBOU-
CTBOM 3KCTPEMAJBHOCTU KUCXOTHOI'O 6a3uca, WIM, UTO TO XKe caMoe, C
BeiOOpoM my. Takum ob6pasom, r = 0, 1 T0Ka3aTEILCTBO 3aBepiIeHo. [

B yciaoBuax TeopeMbl 2 MOBOPAT O co24ac08aHHOCMU 6a3uCcOB B A
u B.

Caemctsue 1. Beakaa nodepynna B c60600n01 abeaesoti epynnui
A panea n ceobodna panea k < n.

NokaszarteabcrBo. [To Teopeme 2 B rpynmax A, B # 0 MOXHO
BBEIOPATDH COTVIACOBAHHLIE OA3KCHI

A:(al,...,an), B:<b1,...,bk>, b; = mya;, 1<i<k<n,

roe my | ma, mo |ms, ..., mg—1 |mg (Mgy1 = ... = my = 0). Uraxk,
JI0O0U BIeMeHT b € B 3anuchIBA€TCA B BUIE

b= s1miay + samaas + ...+ spmpag.

Ecnn 115 HEKOTOPHIX S1, S2, . .., Sk € Z, OJHOBPEMEHHO He PABHLIX HYIIO,
6ygner b = 0, TO MBI IPUXOAUM K HETPUBUAILHOU JUHETHOU 3aBUCUMOC-
TU CUCTEMBL {ay, . .., G} } C KODDOUIAEHTAME S11M1, S2M2, - . ., SpME, ITO
UCKJIIOYEHO, IOCKOIBKY {ai,...,a;} — 4acTh Gasuca rpynnsl A. Cra-
JI0 OBITH, cucTeMa obpasyoumx {by,. .., b} rpynmnsr B HezaBucuma (wim
cB060aHA) U B — cBoGomHas rpymnna paura k < n. O

IIpu n = 1 yTBepxkaeHue caenacTBus 1, KOHEYHO, HAM U3BECTHO: B
rpynne (Z,+) kaxgas HeHyJIeBas MOATPYINa UMeeT BUI MZ U ABIAETCA
GECKOHEYHON IUKJINIECKOU, T.€. CBOOOIHON paHra 1.

Caencrsue 2. J1060t 2omomopdnbiii 06pas p(A) c60600not abe-
ne60t epynnvt A panea n usomopden epynne

LMD o, ® .. ® Zpyy,  0< k<,

5 A.JM.Koctpukun
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npuuwém mi_q |m;, 2 <i < k.

HokaszateascTro. llycte B = Ker ¢p — simpo romomopdusma .
ITo Teopeme o romomopduamax (Teopema 2 u3 § 4 ru. 1) p(A) = A/B.
Onumiem 5Ty GakTOPrpyImy, NS Yero B COOTBETCTBUU C TEOPEMOU 2
BrIOepeM B A u B cortacoBanubre 6asuckl. IIycTs

A=A, ®...0A,, B=B&...®B,,

rae
n;Za; upu <k,

Ai = Za;, Bi:BmAi:{ 0 npu i > k.

daxropusanusa 6ECKOHEUHOU HUKJIWYIECKON Ipynnsl (a;) = Za; 00 noi-
rpynne m;a;7Z TpUBOAUT IuGO K TOU xKe rpymne (a;) upu ¢ > k, 1ubo
K IUKIMYeckon rpymme (a;| m;a; = 0) nopagka m;, nu30MOPHHOA Zy, ,
i<k

ITo Teopeme 7 u3 § 4 ru. 1 umeem

A/BgAl/Bl@@Ak/Bk@Ak-i-l/Bk-i-l@@An/BnE
2 Zme By, ®LZD ... L. O
n—k

4. CTpoeHUEe KOHEYHO MOPOX AEHHBIX abesneBbIix rpymm. Iloc-
JeJIHee CJAEJICTBAE TEOPeMbl 2 NaéT (PAKTUIECKH OTBET HA OCHOBHOU
BOIIPOC O KOHEYHO MOPOXKAEHHHIX abeneBwrx rpynnax. [IpeaBapurensHo
NOKaXKeM OJHO YHUBEPCAJILHOE CBOUCTBO CBOOOJHOU a0eJeBOU T'PYIIIHL.

Jemma 3. IIycmv X — mmoscecmeo o6pasyrowur abeaesots 2pynnot
F, |X| =n. Toeda sxeusasenmubi caedyrouue ymeeprcoenus:

i) F = ng — c60600nas abesesa 2pynna u X — MHONCECNBO €€
€60600MBIT 06pA3YOUUL;

ii) xasxcdoe odnoznaunoe omobpaxcenue p muoxcecmsa X 8 nexkomo-
pyto abeaesy 2pynny A undyyupyem 2omomopduszm p: F — A.

HokasaTteabcTso. )= ii). Umeem X = {z1,...,2,}, p: X —
— A. Tak kak KaxX b1 dJeMeHT u3 F' 0HO3HAYHO 3aNUCHLIBACTCA B BUIE
> ; $i%i, TO, OUEBHIHO, OTOOPAKEHME

@ Z Si; Z sip(;)
i i

ABAgeTCA ToMoMopduaMoM u3 F' B A.

ii)=> i). B aron uMmukamuy Mbl yOoequMcsa Cpa3y, B3SAB B KAIeCTBe
A ¢BO6GOAHYIO TPYIITy CO MHOXKECTBOM 06pasyommx {ai, ..., a, } TOu ke
MornsocTH, uTo u X. Eciam ¢ : x; — a; — cymecTBymoolee Mo yCIOBUIO
OJHO3HAYHOE 0TOOpaXKeHue, KOTOPOe MPOIOIKAETCA 10 MOMOMOPDU3MA
p: F— A 1o

Zsil‘izo — Zsiai=0 == 5, =0,
A 7
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T.€. X1,...,%yn — CBOOOIHBIE OOpa3ytomme u F' = ng. O

HOHH’I‘HO, 9TO B JEeMMeE 3 yCI0BUE€ KOHETHOCTU MHOXKECTBaA X HE Ur-
paeT HUKAKOU POJIH, HO U OECKOHEYHLIE MHOXKECTBA HAM PACCMATPUBATD
HU K IeMYy.

Teopewma 3. Kawcdas abeaesa 2pynna ¢ n 06pasyouumy A6ALEMCA
2omomopPuvim ob6pazom c6060dmoti abeaesoti epynno, F°.

MokaszaTeabCTBO — HEIMOCPEACTBEHHOE CAeACTBUE JeMMbI 3. [

CoeuHss CAeCTBUE 2 TEOPEMHI 2 M TeOpeMy 3, MbI MPUXOIUM K
OCHOBHOMY De3yJbTaTy 3TOro maparpada.

Teopema 4. 1) Beakasa Koneuno noposcdénuas abesesa epynna A
ABAAEMCA NPAMOT cYmmoti c60600m0t abeaesoii epynnvl F nexomopozo
panea r > 0 u xKoneunoti abereoti 2pynnbi.

2) Besakasa woneunas abeaesa 2pynna ABAAEMCA NPAMOT cymmol
HEKOMOP020 UUCAA Kk UYUKAUNECKUT 2PYnn Nopadkos Myi, ..., My, 2de
Mmi—1 |mi, 1<i<k.

5. [lpyrue moaxoael K npobiaeme kiaaccudpukamun. CBo60qHLIe
CPYNIBL TPOABIAIOT cebs U B APYTUX 0O6CTOATEILCTBAX, HA KOTOPHIX MBI
BKpaTHEe OCTaHOBUMCA.

Jemma 4. [Iyemv daxmopepynna

n

A/B = P(4i/B)
i=1
— NPAMGS CYMMa, NPuvém B — npamoe caazaemoe 6 xaxcdoti nodepynne
A;: A;=B® J;. Toeda B — npamoe caazaemoe 6 A u

A=B&® <§JZ>

MokaszaTeanscTso. OueBuaHo, YT0 B u Bce moarpymnns! J; mOpox-
natot A. IIpexmoaoxum, 910 b+ x1 + ...+ 2, = 0 ¢ KAKAMU-TO DIEMEH-
Tamu b € B u z; € J;. llepexons k ¢gaxkToprpymnmne mo Moxyaoo B, Mbr
OJIy4aeM COOTHOIIEHUE

Ty +...+T, =0 ( =2+ B).

Ho Tax xax mno yeaopuio A;/B — npavoe ciaraemoe B A/B, To T; = 0.
Cramo OwiTe, z; € B, Te. z; € (BNJ;) =0, a 5T0 npuBoIuT
K 3akaodeHunio, 91o b = 0, u, 3Ha4uT, JM100asa JUHEeNHAs 3aBUCAMOCTL
b+z1+...+ 2, =0 — TpuBnansuas. O

Teopema 5. Ilyemv A — abeacsa epynna, B — eé nodepynna.
Ecau gaxmopepynna A/B ceobodwas, mo A — npamas cymmae B u
c60600n0t epynnvy F**: A = B @ F.

5*
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HoxasateabcTBo. Tak kak A/B — npsmas cyMMa 6ECKOHETHBIX
IUKIXYIECKUX TPYII, TO MO JeMMe 4 TOCTATOYHO PAaCCMOTPETDh CIydau,
korga A/B = 7. Uraxk,

A/B=(a)=7Z.

BospméMm 0 # a € @ (31eMEHT CMEXHOTO KJIacca @, HE COAEpIKALIMNC
B B). Torga snementsr ka 6yayT NPeACTaBUTENAMU CMEXKHBIX KJIACCOB
ka, k=0,£1,+2,..., re. A=B®{a). O

Onpegmeanenne. Iepuoduueckot wacmvio (uim nodepynnot, kpyue-
HUL — OT aHIVIUUCKOTrO torsion subgroup) abenesou rpynnsl A Ha3BIBaET-
ca moarpynma T(A) Bcex naeMeHTOB U3 A KOHEYHOTO TOPAIKA.

B rom, uro T(A) — moarpymma, 1erko y6enuThes HeIOCPEnCTBEHHO:
ecau sa = 0,tb = 0; a,b € T(A), To st(va + pb) = vi(sa) + us(tb) =0 u,
3HauuT, va + pub € T(A).

Jlemma 5. @axmopepynna A/T(A) — epynna 6e3 Kpyuenua.

HoxasateanbcTso. pennoroxum, uro @ = a + T(A) — saement
koneunoro nopaaka 8 A/T(A), T.e. ma = ma + T(A) = 0, um, aTo TO
xe camoe, ma € T(A). 3uauur, n(ma) = 0 gas vekoToporo n € Z. Ho
ecau (nm)a = 0, To mo onpegenenuto neprogudeckon dactu a € T'(A) u
a=0.0

ITycTs Teneps A — abeneBa rpymna ¢ n obpasyiomumu. Kak yTBepxk-
naer qgemma, A/T(A) — rpynma 6e3 kpydenus. ucio eé o6pasyomux,
ouesugHO, He mpesocxoauT n. Cormacso Teopeme 1 A/T(A) = F2b
r < n, — ceobognasa rpymnmna. [Io Teopeme 5 mmeem pasnoxeHue

A=T(A) & F®.

Teneps Bugno, uto T(A) = A/F% u, 3Ha4mT, “MCI0 06PA3yIONIX MO -
rpymnet T(A) Toxe ue npesocxogut n. Ecau ay, . ..,a; — eé o6pasyio-
mye u mia; = ... = msas = 0, 70, o4eBuaHO, T'(A) — KOHEUHAsA IpyIIa
nOpAIKA < M ... Ms. MBI IPUILIK K CIEAYIOMEMY YTBEPK ICHUIO.

Teopema 6. Beakas Koneuno noposxrcdénnas abeaesa 2pynna A 46-
ARETNCA NPAMOT cymmoti Koneunot abeaesoti epynnvt T(A) u ce060dnoi
abeaesoti epynnvt F¥ nexomopozo pawnea r.

®dakTuuecku MbL yxKe 35aeM (TeopeMa 4), uro T(A) — npamas cymma
IUKIXIECKUX TPYII, HO MBI XOTUM IIOUTH IPYTUM IIyTEM.

Teopema 7. Beaxas nepuoduueckas abeaesa 2pynna A moxcem
Ovimb 3anucana 6 sude NPamot cymmol p-epynn A(p), omeevaowus pas-
auunblm npocmoim p. Ipamvie caceaemvie A(p) 00nosnauno onpedeas-
omes 2pynnoti A.

HoxaszateabcTso. lycts A(p) COCTONT U3 BCEX DIEMEHTOB I €
€ A, moOpAIKA KOTOPBIX ABJAIOTCA CTENEHAMHI HPOCTOrO 4uciaa p (BO3-
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MoxkHO, aT0 A(p) = 0). Torga A(p) — moarpynma B A, mOCKOIBKY

prr=0=ply; z,y€A, m=max(kl) =
= p(z—y)=0 = z—y € A(p).

Kaxgem saement us A(py)+. . .+ A(ps) umeeT mopsAnoK, KOTOPBINA HE
MOXKET AEINTHCA HA MPOCTOE (¢, OTIXIHOE OT P1, ..., Ps. ClegoBaTeabHo,

Alg) N (A(pr) + ...+ A(ps)) = 0.
A 570 3Ha4KT, YTO MOArpyNIEL A(p) MOPOKAAIOT IPAMYIO CyMMy €D » A(p)
(cymMMupOBaHUTe 1O BCEM TIPOCTHIM D).

Ocraércsa b NOKa3aTh, 9TO rpymma A MOpoXIAaeTCa CBOMMU
p-xommorerTamu A(p). Mycts a € A u |(a)] =n = pf* ... phr ¢ pasmma-
HBIMF TPOCTBIME p;. Lleabie qmcaa n;, onpeneJéHHbe PABEHCTBAME 1l =
= mpf", 4 =1,...,r, B3AUMHO IPOCTHL U, CI€JOBATEILHO,

t1n1+...+trn,,:1

[JIs HEKOTOPHIX ¢; € Z. Takum o6pa3om,

r
a = Z ti(nia’)a
i=1

rae n;a € A(p;) (mencTBUTENBHO, pf (n;a) = na = 0). Hoxyuaem, 9To
a€ Alp)+...+ Alpr).

EnuucrBenHoCTh A(p) momydaeTcs cpasy, eCiu 3aMeTUTh, 9TO B JI0-
60M npsmoM pasnoxenun A = » A’ (p) HY OIVH DIEMEHT, He JIeKAIIUY B

A'(p), me moxeT 6bITH OpAaka pt. Crano 6erte, A'(p) O A(p). O6paTHOE
BKJIIOYEHUE OYeBUIHO. []

Teopewma8 (Ppobennyc-lTukensbeprep). Kaxcdas xoneunas ade-
AEBA 2PYNNGA ABAAETNCA NPAMOT CYMMOT KOHEUHOL0 UUCAG NPUMADHBLT
YUKAUYECKUT 2PYNN.

NHoxaszaTeabcTBO. B cuny TeopeMbl 7 MOXKHO OTPDAHUYIUTHCA KO-
HeYHBIMU p-rpynnamu. [JokaxxeM yTBep:KIeHUe, MIPEeICTABIIIONIee He3a-
BUCHUMBIN UHTEPEC.

ITyemp A — xowneuwnasn abeaesa p-epynna, a € A — eé saemenm
maxcumaibnozo nopadka p*. Tozda yuxauweckas epynna {a) — npamoe
caazaemoe 8 A.

[lencrBuTensuo, mycth B — MaxcumaibHas noarpynna B A, obuaa-
natomas ceoucrsoM B N (a) = {0}. Torga, oueBugHo,

H :=(B,a) = B & (a).
IIpeanonoxum, uro H — cobersennas moarpymnmna B A. Torga mbr

MOXKeM HauTu saemeHT z € A rakon, uro x ¢ H, no pr € H (ecam
piz € H, p'~lz ¢ H, To cregyer 3amenutsb 7 Ha p'~ ). Umeem

pr=0b+la (beB,leZ)



70 I'a. 2. Cmpoenue 2pynn

U B CIIy MAKCHUMATLHOCTH pF
k—1 k=17, _ k. _
p"T b+ p " Ha=piz =0.

Orcioga p*~'la = 0, a B Takom caygae p*~11 gemurca ma p*, T.e. | = pj
st Hekoroporo j € Z. Teneps mia y = © — ja umeem py = b € B; HO
y ¢ H, tax uro (B,y) cogepxut (B cury MakcuMatbHOCTU B) HeHy1eBOU
aneMeHT ra € (a).

Nrak, ra =V +sy; b' € B,s € Z. Orcrona sy € B + (a) = H. Ecin
pls,Tosy € B,V +sy=0"€Bul0#ra=%b = BnN{a) #0—
npoTusopedne. 3HauuT, (s,p) = 1, mpuuém sy € H u py € H, oTkyza
y € H — cuosa nporusopeune. Taxum o6pasom, A = H, A = (a) ® B,
U YTBEPKAEHNE MTOKA3AHO.

Tenepb mOKa3aTEIBCTBO TEOpeMbI 8 oueBUAHO. Mbl BoiGupaem B A
BIEMEHT MaKCUMAJILHOTO mopanka pf u samucesaem A = (a) @ B. Tot
XKe mpouecc, npuMeHéHHBIN K B, |B| < |A|, 3aBepiuaeT noxasaTeabCT-
Bo. O

Baxupiv gomnosHeHueMm K Teopeme 8 CIIyKUT

Teopema 9. Fcau xoneunas abeaesa p-2pynna A paszsoscena
deyma cnocobamu 8 NPAMYIO CYMMY YUKAULECKUT NOJPYNN:

A ®..®A =A=B®...0B,,

mo T = s u nopadku |A;| cosnadaom c nopadkamu |Bj| npu nexomopom
YNOPAJOUEHUYU NOCACOHUL.

Hoxasateabcrso. lIpu |A| = p Teopema, ogeBuaHo, BepHa. Hc-
HOJb3yeM HHIYKIuio 110 |A|. Y 106HO ¢ caMoro Hadaxa ynopsagoIuTh KOM-
noHeHTH. A; n B; Tak, 4TOOH X NOPAJKA HE BO3PACTAML:

Ai = (ai), [{ai)| = p", 3

Py 22 2 2 g > Pyl = = = 1
Bj =), bl =p", @
1/12V2>...>Vt>l/t+1:...zl/s.

Muoxectso pA = {pz| = € A} aBaserca B A mogrpynmon, He 3a-
BUCALIEN OT KAKOr0-au60 pasaoxenus. C Ipyron CTOPOHEI, €CIN

t1a1 + ...+ igag+ ... Firar =2 =510y + ...+ Jibe + ..+ Jshs,
To ¢ yaérom (3) u (4) umeem
i1(par) + ... +ig(pag) =z = ji(pbr) + ... + je(pb).
Crano ObITh,
(@) + ...+ (ag) = pA = (b)) + ...+ (bs),
vi—1

rae a; = pa;, b; = pb; — areMeRTH mOpAIKOB pYi~! 1 p COOTBET-
crBenHo. Tak kak |[pA| < |A|, To no mpeanonoxenuio uHAYKIUYN ¢ = ¢
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npmp—1l=vi—-1,...,p8g—1=v; =1, oTKyAa 1 = Vi,..., g = V.
3amedas emmg, 9To

|[Aggr + ...+ A =p" 7Y, |Biy1 + ...+ Bs| = p* 1, g=t,
MBI r[onyqa,eM
pu1+m+qu7“—q = A= pu1+m+qus—q'

3HAUUT, S = T, U BCE YTBEPKIEHUA TEOPEMBI HOKA3aHbI. []

6. OcHOoBHas TeopeMa O KOHEYHLIX abesieBbIX rpynnax. [lis
Pa3sHOOOpa3us nepenaéM K My IbTUILINKATUBHON 3AIKUCH, 3AMEHASA CyMMBI
Ha OPOU3BEJEHUs, cIaraeMble Ha MHOXuTean u T.n. Onupasch Ha Teo-
peMbr 7-9, MBI HENOCPENCTBEHHO MPUXOAUAM K CJIEIYIOUIEMY OCHOBHOMY
YTBEPK TEHUIO.

Teopema 10. Beakas xoneunas abeaesa epynna A sasasemcesa nps-
MBIM NPOU3BEIEHUEM NPUMGPHBIT YuKsuueckus nodepynn. Jobvie dea
MAKUT PABAOHCEHUA UMEM NO 00UHAKOBOMY UUCAY MHOHCUMERET KaHC-
0020 nopadxa.

3auMCTBYS TEPMUHOJOTUIO U3 TEOPUHM BEKTOPHBLIX IPOCTPAHCTB, MBI
CKaXKeM, UTO DJIEMEHTHI G, . . ., 0, HOPAIKOB di,...,d, COCTABIAIOT OG-
3uc abeneBou rpynnbl A, ecan Kaxk bl >IeMeHT T € A eIMHCTBEHHBIM
06pa3oM 3aNUCHIBAETCA B BUIE

x:aila?...afn’“, 0<ip <dg, k=1,...,r7.
Pasymeercs, B TakoM caydae
A= (al) X <ag> X ... X (ar), |A| = dldg .o .dr, (5)

u Teopema 10 DKBUBATIEHTHA yTBEPK JEHUIO O CYIIECTBOBAHUN BO BCAKOU
KOHEYHOU abeneBou rpymme A 6asmca, DJIEeMEHTHI KOTOPOrO MPUMAapPHBI
(T.e. ux mOpAAKYM d; ABJAIOTCA CTEHNEHAMU NPOCTHIX p, nerAmmx |Al),
npuaém cucrema {dy,ds, . ..,d, } He 3aBucuT or BrIOOpa Gazuca. ITo sTon
npuyuHe 9ucaa di, ..., d, HA3BIBAIOT UHBAPUAHTHBIMYU WA IAEMERMAD-
notmu deaumensmu rpynnst A. Unorna rosopar ewg, uro {di,...,d,} —
MU KOHEIHOU abeIeBO IPyNIsl A.

Beinuuiem Bce MHBApUAHTHI, PACHONOKUB UX B CTPOKU, KOTOPHIE OT-
BEUAIOT PA3JIMIHBIM IPOCTHIM IEMUTEIAM MOpsagka |A|:

mi1 mi2 Mmik . .
Pr , D1 y veey P1 ) m11<m12<'”<m1k7
ma1 Mmoo Mok . .
Doty Dy 0y covy Do map < Moz < - . . < Mag;
ms ms Mk . .
Ds 'y Pg %5 ooy DN M1 < M2 < - oo < Mgk

MOXKHO CYNTATH, YTO BCE CTPOKHU U3 WHBAPUAHTOB UMEIOT OJAUHAKOBYIO
IJUHY K, €CJu TOMOJHUTH HEKOTOPHIE U3 HUX €TUHUIIAMA.
Henwie aucaa

mii

m; = pyiphipiet, =12, .k,
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HA3BIBAIOTCS UHEAPUAHMHKLIMY Paxmopamy (WA MHoHcumessmy) abee-
Bou rpynner A. ITo mocTpoenuio

|[A| = mims ...my, my—1|my; 1<i<k. (6)

MOCTaTOIHO BEPHYTLCA K (POPMYIMPOBKE CACACTBUA 2 U3 TEOPEMHI 2,
9TO0BI yOeqUuThCA: NHBAPUAHTHLIE (PAKTOPHL HAM yiKe BeTpedanuch. OT
pazJoxenus (5), MEPENUCAHHOTO B BUIE

A= ((a11) X ... x{as1)) X ... x ({a1) X ... X {ask)),

MBI TIEPERAEM TeTephb K Pa3JIOKEHUIO
A= (ur) x (us) X ... x (ug) (6)

C IPSMBIMU [UKIAYIECKAMYA MHOXKUTEISAME IOPSIIKOB 11, Mo, . . ., M. st
3TOr0 JOCTATOYHO MOJOXKUATH

U; = A1Q2; - - . Qg 1<t <k,

U COCIATHCA HA MPELIoKeHre 2 uin Ha uMiumkanuio (1).

[ast mpumapuou rpynnsl A npsamere pasiaoxenus (5) u (6), oueBua-
HO, COBIIAZAIOT, HO B 00IIEM ciydae pasioxenue (6) 6oaee SKOHOMHO IO
cpasHenuo ¢ (5) (k < r < sk), npuuém B (6) BBIIENEH DJIEMEHT Uy, HAU-
BBLICIIIETO TIOPALKA 1M := MMj; MOPAIKA BCEX NPYTUX BJIEMEHTOB PYIIILL
A nenat m. Hemoe duciao m Ha3BIBAIOT €E nokasamedem (WM 9KCno-
newmot) rpynnst A. Abeaesa epynna A asasemca yukauveckot mozada
u moavko moezda, Ko2da €€ noxazamendb cosnadaem ¢ nopadkom |A|.

IMocaenunas dpasa UrpaeT KIHOYEBYIO POJb B NOKA3ATEALCTBE CJe-
OYIOLIErO IIOJE3HOrO YTBEPK IEHUs O MOJAX.

Teopema 11. IIycmb F' — npoussoabnoe nose u A — Koneunas
nodepynna mysvbmunaukemusrot epynnot F*. Tozda A yukauueckas.

doxaszarensctno. Eciu 661 rpynna A He ObLIa HUKIMIECKOU, TO
B COOTBETCTBUU C BBIMIECKA3aHHLIM ObL1O OBL M < |A|, rge m — eé
mokazarenas: ™ =1 Va € A. B Takom ciayuae muorowier X ™ — 1 umen
6b1r B mosie F' Gosee m KOpHEH, a 3>TO HEBO3MOXKHO. SHAUUT, rpymnmna A
nukiandeckat. O

Ocraérca 106aBUTH, 9TO BOMPOC O CYIIECTBOBAHUN a0€JeBOU I'PYIIILI
A ¢ 3aJaHHBIMU UHBAPUAHTHLIMY (PAKTOPAMH 1My, M2, . . . , My HE BO3HU-
KAaeT: KaK U paHee, NOCTATOYHO PACCMOTDPETH (B aIIATUBHOU 3AIKCH)
IPAMYIO CYMMY HUKIUYECKUX TPYII Ly, ..., Ly, . 1HACIO IOIAPHO He-
u30MOPQHBIX a0eJIeBLIX TPYII JAHHOTO MOpsaaka N MOXeT ObIThH OIle-
HEHO B [OBOJBLHO sBHOU (dopMme. Tak, wucao neuzomopPuvis adesesbir
epynn nopadka N = p™ (p npocmoe) pasno wucay p(n) ynopadouennvis
pasouenu

n=mn1+ne+...+ny, ny=ng > ...=2ng, 1<li<n.

Menouncrennas Gysaknus p(n) BCTpeIATach HAM IIPU ONUCAHUA KIAC-
COB CONPSKEHHBIX DJIEMEHTOB B CUMMETPUIECKOU rpymne Sy, (cM. yup. 4
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u3 § 3 ru.1). AGeneBa rpymnmna nopsgka p” u nokasarens p (T.e. ¢ UHBApU-
AHTAMU D, . . ., P) OOBITHO HABLIBAETCS IAEMENMAPHOT abeaesoti epynnoi.
BHOBE 0TaB IpeAMOYTEHNE a1 IUTUBHON 3AIUCH, MBI 3AMEYAEM, ITO a0e-
aesa rpymnna A ¢ pA = 0 (p — IpocToe YUCI0) ABAACTCA BEKTOPHBIM IIPO-
CTPAHCTBOM HAJ KOHEYHHIM HoJeM [, u3 p smemeHTOB. [lelCTBUTEILHO,
€CJTH OTOXK IeCTBUTE dIeMeHTH u3 F, ¢ KraccaMu BEIMETOB k IO MOTYJIIO
p (]Fp = Z,) u nonoxutsb ka := ka, a € A, To MBIl IPEIEM K 3aTaHMIO
peucrsua [, Ha A, npespamarommee A B BEKTOPHOE IPOCTPAHCTBO HAJ
F,. 910 neiicTBHE ONpeneneHO IPABUILHO, IOTOMY UTO U3 k =k crexy-
er (k—k")a = l(pa) = 0. Paznoxenuio A B IpAMy0 CyMMy HUKIAICCKUX
MOANPOCTPAHCTB COOTBETCTBYET PA3IOKEHUE BEKTOPHOI'O MPOCTPAHCT-
Ba B IPAMYIO CyMMY OAHOMepHEIX noanpocrparcTs [BA II, .1, reopema
o 6asuce]. Uraxk,
A=2Z)=7,5...0 Zp.

Hackonbko BeqmK MpoOM3BOI B BHIOOPE OTHOMEPHBIX OA3UCHBIX IIOIIPO-
CTPAHCTB JaKe IpU 1 = 2, BUJHO U3 IpuMepa B IvI. 1: Zﬁ IOIIyCKaeT
p(p + 1) pasIu<HBIX PA3JIOKEHUN.

IIpumep 4. B xauecTBe nmpuMepa MepednCINM BCe abeleBbl I'PYINLI IOPALKOB

16 u 36:
Al=16 =24, p(4) =5,

Zie, Z3®Za, Z4sDZa, ZaDZo®Z2, Z3=7Zo®Zo®Z2® Zo,

|A] = 36 = 22 - 32 DileMeHTapHbIe VHBapuaHTHLIE
ETATETN haKTOpBI
Z4 ® Zg & Zsg 4,9 36
Zo® Z2 @ Zg > 7Z2® Z1s 2,2,9 18, 2
Z4 D Z3 D Zs > 73 @ Z12 4,3,3 12, 3
Zo® Z2® Zs D23 = ZeD Zs 2,2,3,3 6, 6

IIpumep 5. Banumewm rpynmny Zrz @ Zg4 B T€PMUHAX MHBAPUAHTHBLIX (PAKTO-
poB. CHavata Kax/joe 13 IUKINIECKNX CIATAeMbIX MbI BHIDA3UM HUepe3 IUKINYeCKue
IIpYMapHble KOMIIOHEHTHI:

Zro = Zg ® 2y, 784 = Z4s® Z3 D Z7.
[lanee, co6epéM BCe IpUMapHBIE KOMIIOHEHTBI, OTBEYAIONINE 3a1aHHOMY P:
Ziro @ Zga = (Z4 ® Zg) ® (Z3 & Zg) ® Z7

(npAMas cyMMa CHWJIOBCKUX p-HOArpyIn). Tenepb 0CTAIOCH BBIAEIATE [0 OLHOMY K-
JIMYECKOMY CJIAraeMOMy MUHUMAJIBHOTO MOPALKA B KAXKJOU IPUMAPHOM KOMIIOHEHTE
7 MOBTOPUTH ITOT IPOILECC C OCTABIIMMUCA ClaraeMbIMU:

Zno ® Zga = (Za ® Z3) ® (Z3 ® Zo ® Z7) = Z12 ® Zs04-

Ecan npogesaTs TO ke camoe ¢ rpynnou Zse D Z168, TO MOILYINTCA aHAJIOTUIHBIN
pe3yabTar. 3HAYUT,
Zro @ Zsa = Z3e D Z168
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(cTporo roeops, BCIOAY CIEOBAIO OBl CTABAUTH & BMECTO 3HAKA PABEHCTBA). B 9acT-
HOCTH, OTMETHM, YTO IIOKa3aTeau oberx rpynn paBHBL 504.

YIIPAXKHEHUSA

1. IlokasaTh, YTO B KOHEYHOU abGeneBou rpymmne A iis 1i060ro d| |A| cymecTByeT
[0 KpaHell Mepe OHAa MOArpymna nopsika d (o6pamerue Teopemsr Jlarpanxa).

2. ITokasarTs, 9TO IPY HALJIEKAIIEM YIOPALOIYeHUN NHBAPUAHTHI J0O0M OATPYII-
bl SABIAIOTCA NEeJUTEIAMA UHBAPUAHTOB abeJeBOU I'DYIIIIHL.

3. Ecim A A= B® B, rge A u B — koHeunble abeneBwl rpynnsl, To A 22 B.

4. Ecu A, B,C — xoueunble abeneBsl rpynnsl 1 AP C =2 B C, to A = B.

5. Beakaa koHewHas abeseBa I'pyNIa HMOPALKA N, He ENAIIErocA Ha KBagpaT
LEJIOTO YUCIa > 1, ABIAETCA MUKINIECKOU.

6. IlepeuncauTs Bce HEM30MOPMHBIE a0€IeBbl IPYIILI IOPALKA 72.

7. Uzomopdubl ju rpynnst Zio @ Zro u Z18 B Zag?

8. ChpopMyaupoBaTh U [OKA3aTh TEOPEMY O KOHEYHO MOPOXKJIEHHBIX a0eIeBBIX
Ipynmax Ha A3bIKe HENOYMCIeHHBIX MaTpun (MaTpuy ¢ koaddunuentamu B Z). Yc-
MOJMB30BATH HAIIEKAIUM 00Pa3oM dJIeMEHTapHbIe IPe06pa30BaAHUA HA N TAKUMUA MaT-
prnamu.

9. [loka3ars, ¥T0 ungexkc nmoarpynnsr A C ng CBOOOTHOU a6eIeBO IPYIIIBI ng
paHra n KOHEYeH TOrJla U TOJABKO TOrga, korjga rank A = n.

§ 4. Jlunennsie rpynnst Jln

1. Onpepenennsa u npumepsl. PopmanbHo roBops, 2pynnot Jlu
G nasvizaetca dugddepenyupyemoe (C? mmm paxe xaacca C™, 2aa0xoe)
MHOT000pa3ue, HAJEIEHHOE CTPYKTYPOU CPYINIBL ¢ DIAIKAMHU OTOOpa-
KEHWAMU — yYMHOXKEHUeM (Z,y) — Ty U B3ATHEM OOPATHOIO DJIEMEHTA
A

Ot 2comomopgusma ®: G — H rpynnet Jlu G B rpynny Jlu H Tax-
X)e TpebyeTcs INaAKOCTh OTOOPAKEHUsA OTHOT'O MHOI00OpA3usi B ADY-
roe. To xe camoe OTHOCUTCA K 60JI€e TACTHBIM MOHATUAM U30MOPPHU3Ma
rpynn Jlu u aemomopdusma rpynnst Jlu. Tame Bcero umeroT geno ¢ Be-
[IECTBEHHBIMY WU KOMILUIEKCHBIMU MHOTOOOPA3UAME U COOTBETCTBEHHO
C BEWECTNEEHHBIMY WK KOMNAEKCHbIMY TPyIIaMy Jlu.

3ajgaHue CTPYKTYPHI MHOIOOOPA3Us IPEIIONAraeT, B YaCTHOCTH, Ha-
JITYME TOIOJOTHHU, OITOMY TPYINBL JIU ABIAIOTCA MONOAORUNECKUMIU.
DTO O3HAYaeT, YTO MpousbegeHume gh u B3ATHE OOpATHOrO ¢ ' ABIA-
I0TCS B [TAHHOU TOMOJOTMU HEIPEPLIBHBIMEU oneparusayu. CuuraroTcsa
M3BECTHBIMU HOHATUS CBSI3HOCTH, JOKAJBHOU CBSI3HOCTHU, KOMIIAKTHOC-
THU TOMOJOTUIECKOT0 IPOCTPAHCTBA. B YaCTHOCTH, IPYIINa HA3LIBACTCA
KOMNAKMHOU, €CIU I COOTBETCTBYIOIIEr0 TOMOJOITIECKOr O IPOCTPAH-
cTBa crnpaBenuBa TeopeMma bopensa-Jlebera.

Ctporoe onpegenenue rpynmsl Jlu, 00beqUHSAIONEE TOHATAA OOBIY-
HOU T'PYIIIBI, TOMOJOTUYIECKOrO IPOCTPAHCTBA U AU PEPEeHIrpyeMOro
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MHOT'000pa3nsa, AOBOILHO CI0XKHO. K TOMy 2Ke ompegmeneHue nodzpyn-
nw Ju H C G upeanonaraer, ¥ro H — nodmmozoo6pasue (HOBoe mO-
HATHUE), 33JaBAEMO€ B OKPECTHOCTU HEUTPAILHOTO dJeMeHTa (eNMHUIBL

e € H) nokaqbHBIMU KOODIVMHATAMY L1, . . ., Ly HA (G, KOTOPBIE YIOBJIET-
BOPAIOT CUCTEME yPABHEHUN
fil@r, m) =0, 1<i<m. (1)
Cuuraercs, 4To
o,
rank fi =m.
61‘]‘ e

IT0 ycaosue Ha cucremy (1), mepeHecEéHHOe JEeBBIMU CABUTAMY B JIO0OYIO
Touky h € H, cuabxkaer H cTpyKTypou (n—m)-MEepPHOr'0 MHOTOOODA3HAL.
3amerum emg, uro rpymny Jlu G 4acTo paccMaTpPUBAIOT JOKAILHO, B
HaIJIeKAIIed OKPECTHOCTH equHunbl € € G. BxoauTs B geTann GbLIO OB
PUCKOBAHHO. Tak Kak HAC MHTEPECYIOT KJIACCUIECKNE INHENHEIE MDY IIIILL,
TO C CaMOI'O HaYaJsa MOXXHO CYATATh UX I'PyIIIaMn J]:I/I7 3aKPBIB IVIa3a Ha
MHOI'Ze O0IIme OIpeaeaeHn.

IMIpumep 1. (R",+) — rpynna Jlu.

IIpumep 2. IIycts V — KOHEYHOMEpPHOE BEKTOPHOE IPOCTPAHCTBO Hax R (R =
= R wimm K = C). U3Becrnas mam rpynna AutV aBromopdusmoB npocrpascTsa V
cyThb oTKpbITOe moaMuoxkecrso B Hom(V,V), sagaunoe ycaosuem det # 0. Crano
6bITh, AutV — ruagkoe mHOroo6pasue. EcTecTBeHHas KOMIIO3ULKA aBTOMOPMOU3-
MOB — TiajJKoe oTobpaxkenue: ecmu A = (ai;), B = (bjx), To AB = C = (ci1), e

Cik = Zj ai;bjr. AHanorm4no, orobpaxenue  — T~ ' IIAAKO: JOCTATOYHO BCIOM-

HuTH 0 dopmynax Kpamepa. Urak, Aut V — rpynna JIu pasmepuoctu n?. Eé mar-
PUYHYIO Pealn3anuo Hajg K MBl yCI0BHINCH 0003Ha4aTs GL(n, 8) mm GL, (R).

IIpumep 3. Mdusa rpynnst SL(n, R) cucrema (1) cBOAUTCA K OZHOMY YPaBHEHUIO
det X =1, X = (x;5) € GL(n,R),
¢ ABHO BbimoaHeHHbIM ycaoBueM O(det X)/dz11 |x=p = 1. losromy SL(n, R) aBus-
erca (n? — 1)-mepuou rpynmon Jlu.
IIpumep 4. U3 [BA II, rua. 3] u3BecTHO, 4TO oproroHaibHas rpymnmna O(n) C
C GL(n,R) 3agaérca GUIMHENHBIME COOTHOIICHUAMNI

Fif (X) =D wipaje = 04
k

B koamdecTBe m = n(n + 1)/2 mryk. Jlerko npoBepAeTCsa, YTO MUHOD HOPALKA M
maTpunsl ||0fi; /0% st||, oTBeHAIOMMI IEPEMEHHBIM Zst, § < ¢, B To4UKe E oriuden o
Hyna. DTo smaaut, aro O(n) — rpynma Jlu pasmeproctu n? —m = n(n — 1)/2.

Takyo e pazMepHOCTH umeer noarpynna SO(n), B OKPeCTHOCTU eJUHULIBI COB-
nagaomas ¢ O(n). Tounee, kak Tomoaormyeckoe npocrpancrso O(n) pacmnanaercs
Ha [IBe CBA3HbIE KOMIIOHEHTHI: OnHA coxepxuT F, npyras —F. O4eBuano, det X =1
nus Besakon marpuusl X € O(n), 6auskon k X.

IIpumep 5. Onpenenenne yuurapsou rpymnmsl U(n) C GL(n,C) B [BA II, ru. 3]
aHaJIOrn4HO onpegeneruio rpynnsl O(n), ecin Ha GL(n,C) cMOTpeTh Kak Ha BeIIeCT-
BEHHYIO I'DYIIITY, 3aBUCAILLYIO OT 2n? mapaMeTpoB. Pa3mesrenue BermeCTBEHHBIX U MHU-
MBIX dacTen n(n + 1)/2 noxyToparMHeNHEIX COOTHOIIEHN! IpuBeaéT K 2n(n —1)/2 +
+n = n? rmagkum ysHKumaM. Paur cooTBeTcTBYyOmeNR MaTpuibl B Touke X = I

Takxe pasen n2. Ilosromy U(n) — rpynma Jlu pasmeproctu 2n2 — n? = n?.
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Tak kax det X = e¢, X € U(n), ¢ € R, To SU(n) — rpynna Jlu pasmMepHOCTE
n? — 1.

2. KpuBble B MaTPMYHBIX TIpyMmax. B TOmOIOrmYecKkux Jam-
HEMHBIX TPOCTPAHCTBAX UMEET CMBICA TOBOPUTHL O KPUBHIX, KACATEIb-
HBLIX BEKTOPAaxX W T.N. BEMAX. 1aK, B AHAIW3E U B T€OMETPUU IO KPU-
607 B KOHEYHOMEPHOM BEIIECTBEHHOM BEKTODHOM MpPOCTpaHcTBe V'
HOHMMAIOT HenpepbiBHOE oTobpaxenue (pynkuuwo) I': (o, 8) — V| rae
(a, B) — umTepsanx B R. Ckaxem, okpyxkHOCTh S' equHMYHOrO paamy-
€a C IeHTPOM B HAYAIE MPAMOYTOJLHOU CUCTEMEI KOOPAWHAT CyTh KPH-
Bas @ > (cos p,sin @), ¢ € [0,27). Pazymeercsa, V game Bcero cua6-
JKAETCA CTPYKTYPOU apPUHHOrO WiM €BKIMIOBA MPOCTpaHcTBa. IlycTs
V = (e1,...,e,). 3agaguM KpuByw B mapamerpuieckon ¢popme Iy =
= (m(t),...,7(t)), roe v;(t) — BemecTBeHHO3HAYHAA (YHKIWA IIPU
mobom ¢ = 1,...,n. Kpusas ' dugdiepenyupyema B Touke t € (a, ),
ecau  guddepernupyeMsl Bce y;(t), T.e. CyLIECTBYIOT IPOU3BOJHBIE

Y1(t)y sy (t) 1

R A IAC)

— OMHO3HAYHO ONPEICIEHHBIA BEKTOD B V, HA3BIBAEMBIN KaCAMEAbHDIM
sexmopom K I' B Touke [y mmm 6exmopom cxopocmu B MOMEHT BpeMe-
uu t. B maabmenmem O6yaeM A IPOCTOTHEI TOBOPUTDH O TVIAAKOW KPUBOU
[}, 0TOX 1eCTBIAA PYHKIUIO C €€ 3HAYMECHUEM.

ycts Teneps V = M, (R) wm M, (C), paccMarpuBaembie Kak BeK-
TOpHBIE IPOCTPAHCTBA pa3MepHocTeln n? u 2n? cooTBeTCTBEeHHO. Bygem
cuuTaTh, YTO KpuBasa I'; Ha mpoctpancTse M,(R) (R = R wm & = C)
HA CaMOM [eJe LEJUKOM JeXUT B Marpudnon rpymnne G C M,(R), T.e.
'y € G Vte€ (a,B). Torga ecTeCTBEHHO TOBOPUTL O Kpugot 8 2pynne
win wa epynne G. lpu mo6om t = tg HATO YETKO MPEACTABIATL cebe,
410 Ay, €CTh TOYKa KPUBOM B N°-MEPHOM TPOCTPAHCTBE, PEATH30BaH-
Hasg B Buge marpuusl. Ecin A; = (aix(t)), B: = (bi;(t)) : (o, 5) = G
— IB€ MapaMeTpuyIecKue Kpubble B rpymne (G, TO MOXKHO ONPEIEInTh UX
npousBegenue Cy = Ay By, nonaras

Ci = (cij (), cij(t) == Zaik(t)bkj(t)a te(a,p). (2
k=1

Hama Gamxanmmas 3amada — pacCMOTPETb B KJIACCUYECKUX MAaT-
PUYHBIX TPYIIAX MHOXKECTBO BCeX AUMPHEPEHIIUPYEMBIX KPUBBIX, IIPOXO0-
IAMAX 9€pe3 eIUHUIHBIN DJeMEeHT F, 1 MHOXKECTBO BCEX KACATENbHBIX
BEKTOPOB K KPUBHIM B dToK u3bpaunou rtouke. M, (C) TpakTyerca kak
BEIIeCTBEHHOE TTPOCTPAHCTBO pa3MepHocTH 2n2.

Teopewma 1. IIyemv G C GL(n,R) — mampuunas epynna. Cnpa-
6edausbl caedyouyue YymeeprcoeHus.
i) Ecauw Ay, By: (a,8) = G — dse duddepenyupyembie xpussie 6 G,
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mo uzx npouzeedenue Cy = A By maxoce dufdepenyupyemo u

dc,
d—tt = (ABy)' = A\B, + A,BL..
i) Hyems T = L(G) — mnodcecmeo 6cexr Kacameabhbil 6eKmopos

Aj % kpusvim Ay 6 G (6 maaot oxpecmuocmu napamempa t = 0), daa xo-
mopuiz Ag = E. Toeda L(G) — sexmopnoe nodnpocmpancmeo 6 M, (RK).
llokaszaTeabcTBO. YTBEPKICHNE 1) TOMYyIaeTCA IPAMBIM Aupde-
DPEHLIUPOBAHUEM OMPEIEIAIOIIEr0 COOTHOmeHus (2).
ii) Mycts Aj, By € T. Torga (AB)y = AgBy = EE = E u coriac-
HO 1) B T' COEpKUTCA BEKTOP

(AB)y = AyBo + AoBy = AGE + EBy = Ay + By,

CaegoBarenbo, T — agIuTUBHASL TPYIIIA.

Eciu Teneps A — npousBosbHE ckawap u Aj € T', TO paccMOTpUM
kpuByio B; = Ay B okpectnoctn t = 0. OueBugno, uro By = Ay =
= FE, npuuém B; muddepennupyema u By = AA[. Tak xak 1m0 ycaoBuio
ByeT, rou Ay €T.O

Onpegenenue. Bekropuoe npocrpancteo T = L(G) HasbBaeTcs
Kacameavbrvim npocmpancmeom ¥ epynne G 6 mouxe E.

IIpumep 6. Illycrb G = GL(n,R). Tak kak det: G — R — nenpepbiBHAA
dyukiusa u det £ = 1, TO MOXHO yKa3aTh CTOJb Majgoe £ > 0 u map pajuyca &
¢ ueHTpoM B E, 9TO miA KaXAOU MaTpULbl A M3 9TOro mapa OyAeT BLIIOJHATHCA
uepasencTsBo det A # 0, T.e. A € G. Teneps ausn mo6ou mMarpuust B € My, (R) (r.e.
IUIsL JIFOOGOT0 BEKTOPA U3 BEIECTBEHHOI'0 BEKTOPHOI'O MIPOCTPAHCTBA PA3MEPHOCTH Nn°)
omnpenernM kpusyio Bi B My (R) paBencTBOM

By =tB+E.

Msr BuguM, uro Bg = E, Bj = B, a npu Manbix ¢t Marpunsl By gexar B G. Crano
6b1Th, KacaTenabHoe npocrpancTso L(GL(n,R)) coBunagaer ¢ My (R) u umeer pasmep-
HOCTE N2, AHAJOIMYHO MOKA3LIBAETCA, ITO KacaTembHoe mpoctpanctso L(GL(n,C))
umeer Hajg R pasmepHOCTh 2n2.

IIpumep 7. Nmes neno ¢ rpynnoin SL(n,R), MBI LOMKHBEI BEIOUPATH B £-11ape C
nearpoMm B E marpunst A ¢ det A = 1, a paa mo6on marpuust B € My (R) ¢ myze-
BBIM CJ€IOM M MAaJOTO MapameTpa t ONpenejaTh KPUBYIO Bi, UCIOIB3YyA DKCIOHEHTY
marpunst [BA II, ra. 7, § 1] :

B¢ = exp (tB).
Torpa Bg = E, B, = Bexp(tB), Bj = B, det By = exp(tr(tB)) = 1. 910 u
O3HaUaeT, 9TO KacareabHoe npocrpanctso L(SL(n,R)) umeer pasmeprocts n? — 1.

IIpumep 8 W3 npumepa 4 BUAHO, YTO KACATEIbHBIE MPOCTPAHCTBA K MHOI'O-
obpasuam (rpynnam Jlu) O(n) u SO(n) B Touke E cosnagator. IIycTs Teneps Bi —
npoussoabHas kpusad B SO(n) ¢ KacaTelbHBIM BEKTOPOM B6 B F. Tak xak 1o onpejue-
nenuio Bs ' Bs = E, To nuddepennupoBanme IpUBOUT K cCOOTHOImeHno Bo+tBg = 0,
[IOKa3bIBAIOIIEMY, 9TO JIO60U KacaTeJIbHbI BEKTOD KOCOCUMMETPUYEH.

C npyrou CTOpOHBI, ecin A — n106ad KOCOCUMMETPUIHAA MATPUIIA, TO KPUBAS
As = exp (sA), Bexogaman u3 E (Ag = E), nmeer B E kacaTenbHbIl BeKTOp Afj = A.
Kaxpgas To4uka KpuBoM As — OpTOroHAJIbHAA Marpuua ¢ omnpegeaurenreM 1 [BA II,
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ra. 7]. Takum o6pasom, L(SO(n)) = so(n) — npocrpasncrso pasmeprocru n(n—1)/2,
COCTOAMIEE U3 BCEX KOCOCUMMETPUIHBIX MaTDHMII.

IIpumep 9.B cayuae yuurapuon rpynnst U(n), 3aMeHss $0(n) Ha IPOCTPAHCTBO
su(n) kocospMuTOBLIX MaTpul (Hag R) 1 06pamaich K COOOPaXKEHUAM, UCIOIL3OBAH-
HBIM B mIpuMepe 8, MBI y6exaaemcs B ToM, aro L(U(n)) umeer pasmeprocTs n2.

PasmepuocTh auuensou rpymnmsl Jlu onmpemensnach paHee MO HUC-
JIy HE3ABUCUMBIX IIAPAMETPOB, 33, 1aI0IKX 6asucHoe audpepeHnupyemoe
MHOroo6pasue. Temepb MBI BUAUM, YTO CIIPABEIJINBA

Teopema 2. Ilycmv G — 00Ha U3 KAGCCUNECKUT AUHETHBIT 2pYynn
Ju GL(n, R), SL(n, &), O(n), SO(n), U(n), SU(n); & = R wau K = C,
L(G) — eé xacameavnoe npocmpancmeo 6 E.

Toeda dim G = dim L(G).

JoxazaTelbCTBO IOIYYAETCSA COMOCTABIEHUEM INPUMEDPOB 2-5H,
6-9. 0

K yxasauHBIM B Teopeme IrpynnaM CJaeroBaJao 66l 100ABUTH CUMILIEK-
TUYECKYIO TPYIILy, HO PAagu HPOCTOTHI W3JIOXKEHUS MBI YCJIOBUINCH €6
OIIyCKATh.

3. Auddepennuan romomopdusma. Beskomy romomopdpusmy P :
G — H marpuussx rpynn G, H u BCAKOU riajkon KpuBou A; B T'pym-
ne G orseuaer kpusaa (P o), = &(I'y) B rpynne H. Tomomoppusm P
€CTECTBEHHO HA3LIBATh 24adkum, eciu Bce kpusbie P o 'y ruagkue.

Ounpegenenne. lnagkomy romomopdusmy ¢ : G — H marpud-
ueix rpynn Jlu u xacarensHomy BekTopy 'y kK G B Touke E MOXHO mO-
CTaBUTBb B cOOTBeTCTBUE KacaTeabubin BekTop dP(I)) x H B E, moraras

d®(Ty) = (P o). (3)

Orobpaxenue d® : L(G) — L(H), 3agannoe paBeHCTBOM (3), Ha3bI-
BaeTca Juddepenyuasom WIn Kacameabblm 0moopaXcenuem TOMOMOP-
dusma .

Teopema 3. B Mampuunbiz 2pynnar cnpasediusvl caedyowue ym-
sepacoenua.

i) duddepenyuan 20momopPusma pynn A6AAEMCA AUNETEHbIM 0MO6-
DANCEHUEM KACAMEADHBIT NPOCTPAHCNSE.

il) Fcau ®: G — H, V: H — K — 2aadxue 2omomopdusmbi, mo

d(U®) = d¥ - dd.
iil) I'uadxomy uzomopdusmy ® : G — H omeeuaem aunetinvit uzo-
mopguzm d® : L(G) — L(H), npuuém dim G = dim H.
Hoxasateasctso. lycts A), By € L(G), p,v € R. Torga
d®(pAy +vBj) = (P o (LA +vB))y =
— (u(® 0 A) + v(® 0 B))y = ju(® 0 A)y + (% 0 B)j =
= pd®(Ap) + vd®(By).
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OTO MOKA3LIBAET YTBEPXKICHUE 1).

Yro xacaerca ii), To 3aMeTuM CHavYana, 9T0 komuosunus ¥ spiser-
s DJIAIKUM TOMOMOP(U3MOM, TOSTOMY Bhipakenue d(W¥®) umeer cMBIC.
Manee,

d(T®)(Ay) = ((I®) 0 A)y = dT (P o A)j, = d¥P - dP(Ay).

Hakownerr, mzoMoppHOCTL dP BEITEKAET U3 CJACAYIOMUX COOOPAKEHUN.
Tax xax ®'® — ToxJeCTBeHHOE OTOOpAaXKeHHe, TO B COOTBETCTBUI
¢ ii) umeem ToxaecTBerHOE oTOGpakenne d® ! - d® : L(G) — L(G), n
noaromy d® — mEBeKTHBHOE OTOGpaxkenue, a d® ! — clopwexTUBHOE.
Ho u ®®~! — ToxaecTBenHOe 0TOOpaKeHue, modToMy d® ! muBexTHB-
HO, & d® CIOPBEKTUBHO. DTO AAET BCE, YTO HyXKHO. []

Orceumas x [34] 3a meranamu, npuseiéM 6e3 NOKA3ATETLCTBA Cle-
OYIOIIYIO CONEePKATENLHYIO TeopeMy O Tpymnax Jlm.

Teopema 4. IN'omomopdusm cesasznot epynnvt Ju 8 npouzsosbryio
epynny Ju 0dnosnauno onpedeasemca ceoum dufdepenyuansom.

4. Aare6pa Jlu rpymmnst JIu. Yro Ttakoe aarebpa Jlu L, wam us-
BectHO u3 [BA II]. Tak xak mpousBefeHUe DIEMEHTOB X,y € L IpUHATO
0603HaYATH [X,y], TO AU KOMMYyTaTOpa »aeMeHToB g,h € G B rpynme
JIu ucnonbayem oburanoe obosuadenue (g,h) = ghg~'h~!. Hamomuum,
9TO KOMMYTHUPOBaHUE B aarebpe Jlu JUHENHO IO KaxkKIOMY apryMeHTy,
KOCOCHMMETPUIHO U YIOBIETBOPsAET TOXaecTBy fIk66u

[[X7Y]7z] + [[y,z],x] + [[Zax]7Y] =0. (4)
W3 npumepos 6-9 u u3 [BA II, ri. 7] BugHO, 9TO KacaTeabHBIE IPO-
CTPAHCTBA KIACCHYECKUX JUHEUHBIX Tpynn Jlu HagemseHbl CTPYKTYpPOU
anre6psr Jlu. OgHAKO MOYUYUTEIHHO TOCMOTPETH HA CBI3b MEXKAY OIle-
panusaMy YMHOXKEHUA B I'PDYIIE M KOMMYTHUPDOBaHUEM B COOTBETCTBY-
omen anaredpe Jlu, mpudaéMm B 6osee OOIIEN CUTYAIUU JHOOLIX CBA3HBLIX
rpyun Jlu.
Urak, nycte G — cBsasHas rpynmna Jlu ¢ HEUTPATBHBIM DJIEMEHTOM
e, L(G) — eé xacarempHOe mpocTpaHCTBO B e. KoMmmyTaTop [gg, hy] ka-
caTeIbHBIX BEKTODPOB gj), hy € L(G) k xpusbM g, hs, 0 < s, ¢t < 1, Ha
rpymne G, BBIXOOAINUM U3 € : gg = € = hg, ONPEemeJIuM COOTHOIIECHIEM

! ! 82
(90, hol == %(Qt, hs) (5)

t=5=0
Ilonoxus
f(tv 8) = (gta hs)a
MBI BuanM, 910 f(t,0) = en
0

¢ = 5-f (k)| _ € L(@)

CYTb KacaTeJbHBI BEKTOD K KpuBOu ¢: s — f(t,5), a

82
TRAG 5)‘

t=s=0
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— KacaTelbHBIM BeKTOD K KpuBol ¢, B npocrpancTse L(G). KommyTa-
Top ([, Ag) smemenToB n-mepuou rpymnsl G ¢ koopauHaTamu (1, ...
%p) U (Y1, ..., Yn) BEIDAKAETCA Yepes auddepeniupyeMbre (yHKINT
filzr, o Zny Y1,y yn), 1 < i < n. Bug dyskuun f;, neaukoMm ompe-
NETEHHBIN TPYIIION, HE 3aBIUCAT OT KOHKPETHHIX 3JIEMEHTOB, TO3TOMY A
KOMMYTATOpa [g(, h(] momydaem cregymolree ABHOe BHIPAKEHNE:

0% fi
gOahO Z axj 8yk

W3 (6) BugHO, 9TO YacTHasd NpOM3BOAHAA B (5) HE 3aBUCAT OT BBIOODA
KOOPAUHAT, & KOMMYTATOD JUHEEH [0 KaXKIOMY apPIyMeHTY.

Ecau BOCIONB30BATHCS JETKO NIPOBEPAEMBIM COOTHOWeHueM (a,b) =
= (b,a)™!, To MOxHO y6eauTHCA, 9TO KoMMyTaTop (5) KOCOCHMMETpH-
vgen. ToxkgecTBo (4) HOKA3aTh HECKOIBLKO TPyAHEE, HO €CJIU IEPEUTH K
JUHEVHBIM TpynnaM Jlu, He 0643aTeIbHO KIACCHIECKUM, TO CUTYAIUa
yupommaercsa. Umenno, nycts L(G) C M, (R); 8 = R wiu K = C. Jus jso-
ob1x aByx MaTpun X, Y € L(G), ABIAIOMMXCA KACATETLHBIMA BEKTOPAMHA
K xkpuBbM exp(tX),exp(sY) € GG, upsaMble BHIMUCICHUAA CO CTEIEHHBIMU
PAJAME TOKA3BIBAIOT, UTO C TOYHOCTHIO 10 WIEHOB CTEMeHn > 3

(9 0)i(ho)k- (6)

66

t2 2
exp(tX) exp(sY) = B+ X + sV +1sXY + X7 + %W +...€G,

U, 3HAYUT,
(exp(tX),exp(sY)) =

t2 2
:(E+tX+sY+tsXY+§X2+%Y2+...)><

t2 2
X (E—tX—sY+tsXY+5X2+%Y2+...) =
=E+ts(XY —YX) +t2sU(X,Y,t,s) + ts’V(X,Y, t,s),

rae degy y U(X,Y,t,8) > 3, degxy V(X,Y,t,s) > 3. Tenepb no ¢op-
myaze (5) HaxoxuMm

[X’Y] =

- afas (B+ts(XY =Y X) + 25U (X, Y, 1,5) + ts*V(X, Y, 1, 5))

|t:s:0:
- XY - VX,

T.e. mus koMmmyTaTropa [X,Y], onpeseséHHOrO abCTPAKTHBIM 00PA30M,
noxyvaercs ecrectBerHoe Beipaxkenue [X,Y] = XY —Y X, koropbiM MBI
nmonb3oBatuck paxee. ToxnecTBo fIkoOu nmpu TakOM KOMMYTHUPOBAHUU
OYeBUIHBEIM 0OPA30M BBIIOJIHAECTCA. TeM CaMBIM IIOJYYeHa,
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Teopema 5. Kacameavhas aq2ebpa scakotli aunetinot epynnot Ju
cnabrucena cmpyxmypotl aseebpvr Jlu c onepayuets KOMMYMUPOBAHUA
X, Y]=XY -YX.

5. Jlorapudm. IKCIOHEHIHATHLHOMY OTOOpaxkenuio exp: L(G) —
— G B ciydae MATPUIHBIX DPYIN OTBEYAET aHTUIION — 402aPuPmuuec-
K0e 0TOOpaXKeHue

(X-FE)? (X-E)P° X-E)

log X =(X-E) - 5 + 3 - 1 +..., (70

OmpenenéHHoe Js 000U BEIIECTBEHHOU 7, X N-MaTPUIbl X , ZOCTATOYHO
6auskont k E. ITo6wl yOenurbes B 5ToM, noaoxuM Y := X — E = (y;;),
cantas |y;;| < e. lpocras mugyximsa o k nmpusoaut x onerke |(Y4);;] <
< n*~lek | u nosTomy A OTHOWIEHMS MOTYMeH ABYX COCETHUX HICHOB B
(7) maxonum

|(Yk+1)ij| k nk€k+1 k

(VR k+1nFiek k1o

Taxum o6pasom, psax (7) cxogures gs aodon marpuust X ¢ |[(X—E);;| <
<1/n.

Teopewma 6. IIyemb Ugp — oxpecmunocmv E 6 M, (R), 2de onpe-
deaeno omobpaxcenue log, a Uy — oxpecmmocmov Hyas, 6 Komopot
exp(Up) C Ug. Toeda:

explog X =X, X €eUpg;logexpY =Y, Y € U.

ii) ecau A, B xommymupyrom u 6ausku x E, mo

log (AB) =log A + log B.

Joxa3zaTeabCTBO 1) HUYEM HE OTIMIACTCI OT TUCIOBOIO CILyHas.
Yo kacaercs ii), To exp (log(AB)) = AB = (exp (log A)) (exp (log B)) =
= exp(log A + log B). OcTanock BOCIOJIB30BATHCA OMEKTUBHOCTHIO €XP
BOmmau 0. O

Orpgeavunie 3ameuanus. 1) Hasosém odnonapamempuueckot
nodepynnot auuennou rpynnsl JIu G rnagkuu roMmomMopdusm o @ R —»
— G. Tax xak o(t) = (o(t/n))", TO 0 ompemenAeTCs CBOUMU 3HAME-
auamu BOmm3u 0 € R. Ilpumep B [BA II, ru. 7], ogHOmapameTpuieckon
rpynnst o : t — exp(tA), onpeneréHHON KBaIpAaTHON MaTpuien A, apis-
€TCs B HEKOTOPOM CMBIC/IE OOLIMM, TOCKOIBKY JOKAJIbHO G TIOPOXK JAeTCA
kpuseivu exp(tA), A € L(G).

2) Mog aunetinvim npedcmasaenuem epynnvt Ju G nonumaercs gud-
depenuupyemsbinn romomopduam P : G — GL(V), rge V — BekTopHOE
npoctpancTBo Hag R min C. Koadpdunuentsr marpun @, apiagioresa mo
onpenenenuo auddepeHnupyembivu pyukiuamMu or ¢ € (. Hamuwwe
BEIIECTBEHHON WM KOMILIEKCHOU CTPYKTYpul B G u V mposBaseTcsa B
HECKOIbKUX BapuaHTax (cM., Hanpumep, [1]). Junensse npencrasieHus
KOMIIAKTHBIX TPynm Jlu (pakTUvIecKu ONpeesiOTCsa IPeICTaBICHUAME

6 A.M.Kocrpukun
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COOTBETCTBYOMUX anre6p Jlu. Xopomen mimocTpaunen CIyKAT OMuca-
HUE HempUBOAUMEIX npeactasienuit rpynnsl SU(2) B ni1. 3 u eé anre6per
JIu su(2) B L. 4.

YIIPAXKHEHU S

1. IlokasaTh, 9TO QI KaXIOW OAHONAPAMETPUIECKOM HOACPYINBl ¢ TPYIIBI
GL(n,R) cymecrByer marpuna A € My (R), Takas, aro o(t) = exp(tA).

2. Asromopduambr anre6pst Ju L(G) gannon amuenHOuN rpynnsl Ju G B CBOIO
odepens o6pasyroT auHenHyto rpynmy Ju Aut(L(G)). Eciu I'y — HekoTOpas KpuBas
B Aut(L(G)), To I'¢[a,b] = [['ta,'tb]. Nuddepennuposanue npu ¢t = 0 DpuBOIUT B
o6o3nadennn D = (%Ft)tzo (camraem I'g = E) x COOTHOmEHUIO

Dla,b] = [Da,b] + [a, Db],

KOTOpOe mo3BouseT Ha3BaTb D dufdepenyuposanuem aarebper Jiu L(G). C srum
HOHATHEM MBI yXke BCTpedaaucst B [BA II).

NokazaTe, uTo ecan D — nuddepennuposanue anre6pst Ju L(G), To exp D —
e€é aBTOMOpP(U3M.



I'nmasa 3

DJIEMEHTELI TEOPUN
MMPEACTABJEHUN

TOYHBIM ONPECTCHUAM TEOPUN TUHEMHBIX TPEJCTABICHAN IPYTIT MbI
OPEIoNLIEM JBe OAM3KMe IO AYXY 3a,Ta4M.

3agada 1. B (m + 1)-meproM mpocTpancTBe V;, BElIeCTBEHHBIX
OJHOPOJHLIX MHOT'OWICHOB

flz,y) = apx™ + arz™ ty 4+ amorzy™ !+ apmy™

(mmm, cxopee, momuHOMUMAIBHLIX byukunn (z,y) — f(z,y)) crenenu m
BBLAEAAETCA MHOXKECTBO PEIIeHUN IBYMEPHOrO ypasnenus Jlanaaca

82f  02f

— 4+ =—==0

Ox? + Oy (*)

B YaCTHHIX HNpom3BOAHEIX (cM. [BA I, ymp. 9 u3 § 1 ru. 6]). Oneparop
2 2

Jlamnaca A = 5%2- + %2- JINHEEH:

Alaf + Bg) = aAf + BAg Va,B € R

TlosToMy pemenus ypaBHeHUs (*) 06pa3yT HEKOTOPOE MOAIPOCTDPAH-

crBo H,, npocrpauncrsa V,,. Hemocpeacreenuo mposepseTcs, ITO
m—2

Af = [(m—=k)(m—k—1)ag+ (k+2)(k+ Daggs] 2™ F 2k,

k=0

CiaeqoBaTeIbHO,

Af =0

= m-k)(m—-k—-1ap+k+2)(k+1ar2=0, 0<k<m—2,

7 BCe KO(D(PUIUEHTHL (4, BHIPAKAIOTCS Yepe3 IBA U3 HUX, CKAKEM, Iepe3
ap u a;. Takum obpasom, dim H,, < 2.

Ho nBa quHENHO HE3aBUCUMBIX PEIIEHUsS MOXKHO YKa3aTb cpa3sy. [len-
CTBUTENBLHO, PACIPOCTPAHUB IO JUHEUHOCTHU AEUCTBUE omepaTopa A Ha
MHOT'OWIEHBI ¢ KOMILIEKCHBIMU KOd(dunmenTamu, Oy ieM UMeThb

Az +iy)™ =m(m — 1)(z +iy)™ 2 +imi(m — 1)(z +iy)™ 2 = 0,
i? = -1
Bergenan BEMECTBEHHYIO U MHUMYIO 9aCTH, TIOTY UM
zm(@,y) = (z +iy)™ = up(z,y) + ivm(2,y),
OTKYy /2
Ay, + iAv, = Azy, = 0 = Au,y, =0, Avy, = 0.
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Nraxk,
Hy, = <U,m(aj, y),vm(az, Z/))R
Nurepuperupys Teneps &, Y Kak KOOP AUHATHI BEKTOPA B €BKJINIOBOU

mrockocT R? ¢ QUKCHPOBAHHOM IPAMOYTOILHON CHCTEMON KOODJUHAT,
MOCMOTPUM, 9TO MTPOU3OUAET MIPU OPTOTOHAJBLHON 3aMEHe KOOP JUHAT —
HOBOPOTE TLIOCKOCTH R? BOKPYD HAYATBHOM TOYKM HA ITPOU3BOILHEIN
yroa 6:

2’ = ®y(x) = xcos § — ysin 6,

y' = ®p(y) = xsin 6 + ycos 6.

WsBecTHOE 13 aHammM3a (4 JIEIKO IPOBEPAEMOE U1 MHOT'OLIEHOB ) IPABUJIO
nuhPEPEeHIUPOBAHNS CIOKHBIX (DYHKIUA TAaéT

o*f o2 % f . O*f
6x/2:@_28x_8g;cose‘sme+8_y28m 0,
o:f o2 o’ f . f
ay/2—@+28x8yc030-sm9+a—y2c08 0,

OTKy 1
e w0 @
oz’ ay?  0x2 Oy’

DTO 3HAYUT, YTO ypaBHEHUE (%) OCTA8TCA MHBAPUAHTHBIM IIPU OPTOrO-
HAJBHOU 3aMEHE MMePEMEHHBIX, WIN, KaK MbI emé MO Obl CKa3aTh, IPU
nercteun rpynnst SO(2) = {®p}. B wacTHOCTH, MHOTOWIEHBI U (2, 4'),
v (2, y") OymyT pemenusvu ypaBHeHUs (%) U KaK TAKOBBIE OyAyT JU-
HENHO BBIPAXKATBHCA Uepe3 U (T, Yy), Um(z,y). Takum obpaszom, rpymnma
SO(2) memrcTByeT Ha MPOCTpAHCTBE pelteHny ypasHenus Jlamraca. Ilpn
9TOM I'OBOPAT O ABYMEPHOM BEIIECTBEHHOM JII/IHeI;’IHOM opencraBICHUN

3™ By — &™) (9)

rpynnet SO(2).
O6paTUBIIUCH ONATH K KOMILVIEKCHBIM MHOTOYIEHAM, MBI 3aMETaeM,
ITO

o'+ iy = ze? +iye’ = e (x4 iy),
(@' +iy)™ = " (z +iy)™.
CoxpaHAs 33 KOMILIEKCH(UIIPOBAHHBIM THHEHHBIM omepaTopom $ (™) (6)
ero npexHee o603HadeHUe, Oy1eM UMeTh
(@) : 2 2 =0z,

Tax Ha3bIBAEMBIE OIHOMEPHBIC YHUTAPHEE mpeicTasienns $(™) : &y —
€0 m € Z, rpymmer SO(2) urpaioT BakKHYIO POTh B aHAII3E.
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3ameru™, yro gemctBue P muaynmpyer genctsue rpynmbl SO(2)
HA BCEM IPOCTPAHCTBE Vi, , U € DTOU TOYKY 3penus H,, — uHBapuanTHOE
IIOATIPOCTPAHCTBO B V.

3anada 2. OueHka 4YuciIa BO3MOXKHBIX OPTAHUIECKUX COENUHEHUM,
HAIIPUMEDP, B XUMUM MUKJIAICCKAX yT-
JEBONOPOOB, CBONUTCA K CICAYIO-
ey OTBICYEHHO-KUTENCKON 3a1ade.
CKOJBKO MOXKHO M3TOTOBUTH PA3IUI-
HBIX OXKE€PeJUN [IJIUHBI 1 U3 HEOTDAHU-
YEHHOT'O 3aIaca JKEeMIYXKWH ¢ Pasamd-
HEIX IIBETOB?

IMonerraemcs (Benex 3a I, Tlonma)
OTBETUTH HA ODTOT BOIPOC, CYUUTA,
9TO OXKEpebsi OPUEHTUPOBAHEL, T.€. Tie-
PEBEPHYTOE OXKEpebe, BOOOIIE TOBOPS,

Puc. 4. HEe OTOXKIECTBISIECTCSA C UCXOJHBIM.
3aMeTuM, 9TO HUTAHBIX OTPE3KOB ¢ HAHU3AHHBLIMU HA HUX 7 KEMIYKU-
HAMU MMEETCS BCero ¢" (MUC/Io CJIOB MIMHBL I B CBOOGOIHOU MOLYTDPYIIE
¢ q obpasytommmu). Ha muOXKecTBe (), 5TUX OTPE3KOB AEUCTBYET IUK-
JMYecKas DPyNna mopsagka n ¢ obpasywomen o = (12...n) € S, uukiu-
YECKU TIePECTABIIONIEN KEeMIyKUHBI Ha Kaxka0M oTpeske. OxepenbeMm
€CTECTBEHHO CUUTATD (0)-0pOUTY OTPE3Ka WU, €CIU yI'OAHO, HEKOTOPOE
MHOX€ECTBO KOHIIEHTPUIECKUX OKPy)KHOCTen (puc. 4). Bropas uarepnpe-
Tamus 6oee Harmagaa. OHaA CBA3aHA C U30MOP(PU3IMOM

COSQWW —sin%r
P: 0 P(o) = g 5 ,
sin £ cos £

KOTODHIA YK€ BCTPEYAICA HAM PaHee M KOTODBLIM OyIeT HA3BAH MO31-
Hee JBYMEPHBIM JMHEMHBIM BEIIECTBEHHBIM [IPEICTABICHUEeM CPYIIIHL {0).
UckomMoe aucio r oxepenun Bupaxaercs ¢popMyaon u3 yup. 8 § 3 ru. 1.
Ecau d | n, To arement o mopsaka n/d ocTaBiseT Ha MeCTe Te OTPE3KH
(1 oxepesnbs), KOTOpBIE pacHagaoTcsa Ha d mepuogoB AauHbl n/d (M.
B oroit cmu [BA I, rr. 4, § 2, ymp. 12, 13]). Ilootomy N(o?) = ¢¢,
a N(o*) = ¢™, m = HO/(n, k). Bemmaure N(o%) ¢ HOMd(n, k) = d
B cymme Y, N(o*) orBeqaer poero ¢(n/d) craraemsix (p — QyHxusa
Duiaepa). DTO 03HAYAET, ITO

e =
dln

[Tepexon K GpU3NIECKN PA3INIHBIM (HEOPUEHTUPYEMBIM ) OKEPEIbAM CBSI-
3aH C JONOJHUTEJbLHBIMU OTOXIECTBICHUAME DJEMEHTOB B (), mocpen-
CTBOM OOBIYHOI'O IBYMEPHOI'O JMHEUHOrO MPEICTABICHUA IPYIIILI TUI-
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pa D,,). HonsrranTech CAEIATH DTO CAMOCTOATENBHO.

He Toabko B PacCMOTPEHHBIX MPUMEpPaX, HO U B PEANbHBIX (HU3U-
YeCKUX 33a49aX JUHEUHBIE MPENCTABIEHNA TPYII BO3HUKAIOT CAMOIPO-
U3BOJBHO KAK OTPaXKeHWe TOU win WHOu cummerpun. COOTBETCTBEHHO
UIeN U SI3BIK TEOPUU TPEICTABIEHUN BECHMA €CTECTBEHHBL. Tak, mpuMe-
PBI, IPpUBOAUMEIE B § 1, KACAIOTCSA XOPOIIO U3BECTHBIX 33a49 U HE NAIOT,
Kak OyaTO, HUIEero HOBOrO. Mexny TeM caM (PaKT MOABICHWUS UX “TIOT
OJIHOU KpBIIIer” NOJXKEH HABOAUTH HA MOJE3HBIE PA3MBIILICHUA.

[lens, mpecieayemas TeOpUen IPEJCTABIEHNUN, BOAKAA: 1) YMCTO Ma-
TeMaTUIECKasd, TUKTyeMas OTUYACTH XKEIAHUEM UCIOIb30BATEH TOMOJHU-
TEeJBHBIN ANIapaT I UCCICTOBAHUA CAMUX TPYII; 2) MPUKIATHAA, WI-
JIOCTPUpyeMas, CKaXeM, APKUM €€ BKAAJIOM B KPUCTALIOTPA(UIO U B
KBAaHTOBYIO MeXaHWKy. Hu OfUMH U3 DTUX aCIeKTOB MO CYMECTBY HE OT-
paxkéH B HACTOAIIEU IVIaBe, EIh KOTOPOU OoJee YeM CKPOMHAs — CKa-
3aThb HEYTO CONEPKATEIHHOE O TEOPUY MPEACTABICHUN, OCHOBLIBASACH UC-
KJIIOYATEIBHO Ha JOCTYITHOM HAM MAaTepHUaje U3 JUHEUHOUN aareGphl u u3
TeopuM T'PYIIIL.

§ 1. Onpenenenus u IpuMepbI
JMHENHBIX IPeICTaBICHUN

1. OcuoBHble moHATUA. CTPOro roBOps, MBI yXKe 3aHUMAINCH
Teopuen MPEACTABJICHAN, KOrQa paccMaTpuBaaud B § 2 . 1 neucTtsue
CPYIII HA MHOXKECTBaX. BO3bMEM Temepb B KAIECTBE MHOXKECTBA BEK-
TOPHOE TPOCTPAHCTBO V' pasmepHOCTH 1 Hag mojdeM K W BbIIeIUM B
rpynne S(V) Bcex GuekTUBHBIX mpeobpaszoBanun V. — V' moarpymmy
GL(V) — rpynmy o0paTUMBIX JUHENHBIX OIEPATOPOB Ha V' (Wi rpymmy
aBTOMOpGU3MOB HpocTpancTsa V). flcuo, 4To npu mwb6om BhIGOpe Ga-
suca (e1,...,e,) B V rpymna GL(V) cTaHOBUTCA OOBIYHON MATPUIHON
rpynnon GL(n, K), KOTOpY10 MOXHO CIUTATH IPYIION aBTOMOP(MU3MOB
apudpMeTUIeCcKOro JUHenHoro npocrparcTsa K. Kax oMy auHenHoMy
oneparopy A € GL(V) npu srom orBeuaer marpuna A = (a;;) Taxad,
9TO

n
Aej = Zaijei, ajj € K, det A ;ﬁ 0.
i=1

Onpepgenenune 1. llycte G — kakas-to rpymnna. Beskum romo-
mopdusm @ : G — GL(V) HasbIBaeTCA JTUHEMHBIM Npedcmasaenuem
rpynnsl G B npoctpancTee V. [IpeacraBienne Ha3LIBAETCA MOUHbIM, €C-
Ju aapo npeacrasierus Ker & cocTOUT TOABKO U3 €IUHATHOTO DJAEMEHTA
rpynnsl G, u mpusuasbhoim (wim edunuunvin), ecia P(g) = &€ — enu-
HUYHBII OIEpPaTop A Bcex amemeHToB g € (. Pasmepnocts dimg V
Ha3BLIBAETCA TaKxkKe cmenenvio npedcmasaenua. llpy K = Q, R, C roso-
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PAT COOTBETCTBEHHO O PAIIMOHAIBHOM, BEHIECTBEHHOM WJIN KOMILIEKCHOM
npeacTaBieaun rpynnst G.

TaxuM 06pazom, JUHENHOE TpejcTaBieHne — »>To napa (®,V), co-
croaumas u3 npocmpancmea npedcmasaerwus V (wim G-npocmpancmea)
u romomoppusma ® : G — GL(V). Tlo onpenenenuto

®(e) = & — emUHUYHBIN OIEPATOD,

®(gh) = ®(g9)®(h) maBeex g,h € G.

YcaoBuBIIMCH, B OO03HAYEHUN ¢ * U [ JEUCTBUA JUHEUHOT'O OIepa-
Topa P(g) Ha BekTOp v € V', MBI IPUAEM K COOTHOIIEHUAM

gx(u+v)=g*xu-+gx*v, u,v €V,
g* () = A(g *xv), AEK,

exv=u,

1)
(gh) xv = g x (hxv),

IMATUPYIOLYM CBOUCTBA TUHENHEIX OEPATOPOB, IPUYEM IIOCIEIHIE BA
COOTHOLIEHN 3aMEHAT TO, ITO BHIPAKEHO Bblile nocpeactsoM @ (cpas-
HUTH C i), ii) B § 2 ru1. 1). Coornomenusavu (1) B JMHENHOM mpencTas-
aerun (P,V) Ha mepsoe MecTo BHABUrAeTCs G-IPOCTPAHCTBO V', 9TO
ObIBaeT yIOOHO IeJaTh IO TE€M WIM MHBIM NPUYUHAM (HAIpUMeD, KOIrga
V — He abCTPaKTHOE JXHENHOE IPOCTPAHCTBO, & KAKAA-TO €0 KOHKPET-
Has PeATU3aus).

C mpyrou CTOPOHBI, IPOCTPAHCTBO V' MOXKHO U HE YIOMUHATH, €CJIU
O[] JWHEUHBIM MPENCTABIEHUEM IIOHUMATDL MONPOCTY roMoMopdusMm P
rpynnsl G B maTpuunyio rpynny GL(n, K). ITo-nmpexuemy @45 = &,P),
HO 371eck P, — HEBBIpOXK AeHHAA MaTpuNa, npuieMm ¢, = F — equHnanas
MaTpuia. Marpudnas uaTepupeTanus 60J1ee IPUEMIEMa, ¢ BEIUACIATEIb-
HOU TOYKHU 3PEHUs, HO OHA MEHee MHBAPUAHTHA ¥ JUIIEHA IIPOCTPAHCT-
BeHHOU HaragHocTu. Ha camoMm gese BaxKHO BIaJeTh (HECHOKHBIM) MC-
KyCCTBOM CBOGOIHOIO epexoaa 0T (G-IPOCTPAHCTB K MATPUIHBIM MPEI-
CTaBJIeHUAM, 1 0OpATHO.

HamoMHMM B 5TOU CBA3M XOPOIIO U3BECTHBIN U3 KyPCa JUHEHHOU aJ-
re6pet [BA II] daxt, 9yTro aBe marpuiusl A, B, oTBedamme OTHOMY U
TOMY K€ JUHEMHOMY ONEPATOPY B PA3JMYIHBIX 0a3mcax, monoOHbL: B =
= CAC~! (C — marpuna mepexofa 0T OTHOTO Gazuca K apyromy). B
cIydae IpeICcTaBICHUN, KOrna pedb UAET O TPYIIe JUHEUHEIX OMepaTo-
POB, 3aBUCUMOCTE OT BEIGOpa 6a31ca yIUTHIBACTCA CIeIYIOMUIM 06pPa3oM.

Onpegpenenne 2. [pa junennsix npencrasienusa (®,V), (U, W)
rpynnsl G HA3BIBAIOTCA 9K6UBAAEHMHbIMY (U30MOPHHOIMU IIT N0J0OHbI-
MU), €CJN CYLIECTBYET U30MOPQIU3M BEKTOPHBIX IPOCTPAHCTB 0 @ V —»
— W, menarmoumu quarpamMmmy
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Vv 5w
®(g) 1w
Vv 5w

KOMMYTATUBHOU IIpu Bcex g € G, T. e.
U(g)o =o®(g), g€q,

WX, ITO PABHOCUIBHO,

U(g) = o®(g)o" (2)
(cpaBHUTB C OIpefeIeHneM SKBUBATEHTHOCTH JEUCTBUN IPYIIIBL HA MHO-
JKEeCTBaX, faHHBIM B yup. 1 u3 § 2 ru. 1). Bygem unorga nucate ¢ ~ ¥
Ui SKBUBAJEHTHHIX 1 P % W 151 HESKBUBAJEHTHBIX IIPEICTABICHUM.

IIpuBeném emé nBa BapmanTa OnpemeaeHus 2.

a) Tepmunonorus G-upoctpauncts. llycte G — rpynna u
V:(g,v) = g*v, W: (g,w) = g ow — nBa G-npoCTpaHCTBA C AEUCT-
BUAMU *, O, yAOBAeTBOpsommMY ycaosuaM (1). Mzomopdusm o 1 V. —
W BEKTOPHBIX IPOCTPAHCTB ABIACTCA u3omopPusmom G-npocmpancms,
ecau

goa(v) =o(gx*v) (2)

st Becex g € G u v € V. ToBopsaT eré, 470 0TO6paKkeHre o MepecTaHo-
BOYHO ¢ geuctBueMm G.

6) MaTpuunas TepMunHoaorud Ecm V = (vy,...,v,), W =
= (wi,...,wp) u ®,, ¥, — mMaTpuner uHenHbIX oneparopos $(g), ¥(g)
OTHOCATENHHO BLIOPAHHBIX 0a3MCOB, TO YCJIOBUE DKBUBAIEHTHOCTH (2)
BHIDAXKAETCS B BUIE

¥, =09,07", (2"

rae C' — HEKOTOpas HEBBIPOXKIEHHAA MATPUIA, OJHA U Ta XK€ JJIA BCEX
g € G. KoadppuuumenTsl Bcex pacCMaTPUBAEMBIX MATPHIl MPUHAIJIEKAT
ogHOMY TOJIO K .

OTHomenre mo106uA MATPUIL, BEIpakenHoe ycaosueM (2); ecTb or-
HOIIEHUE DKBUBAJICHTHOCTH, pazbusarommee Muoxectso M, (K) na neme-
pecekarommecs Kiaacchl. COOTBETCTBEHHO U TpeNCTaBaeHus rpymmsl G
pa3buBaOTCA HA KJIACCH DKBUBAJEHTHBIX IpeacTaBaeHun. 3 maabnen-
ero 6y AeT SACHO, YTO /IS TEOPUU IIPEICTABJICHUN NHTEPECHI U CYIIECT-
BEHHBI IMEHHO KJIACCBI OKBUBAJCHTHBIX Hpe,E[CTaBJIeHI/II‘/JI.

O6paIasach BHOBb K KypCY JUHEMHOU aareOphl, MOMBITAEMCS Oosee
HAIVIALHO IpencTaBuTh cebe geucrsue rpynnsl P(G) Ha mpocTpaHcT-
Be V. OrHocurenvuo auuenuoro omeparopa A: V — V B V moxer
CYILIECTBOBATH MHBAPUAHTHOE moanpocTpancTso U: u € U = Au € U.
JomonuuB npousBoabHBIN 6azuc (eq,...,ex) B U 10 6asuca BCero mpo-
crpancrBa V = (e1,..., €k, €11, -.,€En), MBL YBUAUM, YTO MATPULIA OIIE-
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paropa A B Gasuce (ej,...,e,) OpUMET OIOYHO-TPEYTOJBHBIN BUL:

A A
0 4

Baok A; cooTBeTCTByeT MHBAPMAHTHOMY MOAIPOCTPAHCTBY U, a 60K
As — daxropupocrpanctsy V/U. Ecin Ay — HyneBas maTpuia, TO
A=A+ Ay, — mpamas cymma 6moxkoB u V = U @ W — npsaMas cymma
MHBAPUAHTHBLIX MOAMPOCTPAHCTB.

CymecTBoBanue COGCTBEHHOIO WHBAPUAHTHOIO MONIPOCTPAHCTBA
oTHOCUTEIHHO A Beerjga 06ecmnedeHo, KoJab CKOPO OCHOBHOe moge K ai-
re6pandecku 3aMkHyTO (cM. [BA II]). Ecam, manpumep, K = C, To
Hauaércsa BekTop v € V., v # 0, mna xkoroporo Av = Av. 3mecs A —
KOPEHb XapaKTEePUCTUIECKOI'0 MHOI'OWIEHA

falt) =tE— Al =t" — (tr A)t" ' + ...+ (=1)"det A
(A — mpousBOJBHAA MATPUIA JUHEHHOTO omepatopa A). 1o coobpa-

JKEHUe TMO3BOJIIeT BHIOpaTh B V' 6a3uc, OTHOCUTEILHO KOTOPOro A mpu-
HUMAET TPEYTOJIbHBIU BULI:

Ay =

/\1 *
A2
A= ,
0 An
C XapaKTEePUCTUICCKUMU KOPHAMU A1, Az, . . . , Ay 10 guaroHaau. Heckouan-

K0 60JIee TOHKUU aHAJIN3 3aKAHIMBACTCA IpuBeneHneM A K xcopdanosoi
nopmaavroti gopme J(A) (em. [BA II] ) — npsamon cymme #copdanosvis
KALMOK

A1 0 0
T = 0 A1 0
0 0 0 A

(m X m — pasMep KJIeTKHU, A — OJUH U3 XaPAKTEPUCTUICCKAX KOPHEN).

3amerum, uro eciu A9 = E, To ng,x = E — exuHu4Has m X m-
MaTPHUIA LI KaXK TOH XKOPTAHOBOU KIETKH Jp, \ MaTpULBLL A, a 3T0, Ode-
BUIHO, BO3MOXKHO TOJBKO TOT'A, KOPAa M = 1 1 A — KOpPEHb CTENeHu ¢
u3 1 (no-mpexuemy cunraem K = C). 3uauur,

A 0
1 A2
Al = F = CAC™' = ) , M=1, (3
0 An
s Hekoropou obparumon maTpunbl C. To xe camoe caeayer us Goaee
IIPOCTO0 KPUTEPHUA IUArOHAJLHOCTH JUHEXHOT'O onepaTopa A ¢ MaTpu-
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1en A 1 XapaKTepuCTUIeCKUM MHOTOUIEHOM f4(t) = t9— 1 6e3 kpaTHBIX
KOpHEN.

Bcee st coob6pakenus, OTHOCAIIMECS K U30JIUPOBAHHOMY JTUHEHHOMY
omeparopy A : V — V, nonesso umeTs B BUIY IPU MEPEXOAE K TPYIIIE
{®(9)| g € G} auHEUHBIX OIEPATOPOB.

Onpegenenue 3. lycrs (P, V) — aunensoe npencrasieHue rpy-
et G. Tloampoctpanctso U C V' HasbiBaeTcsa unsapuanwmubim (WA yc-
motiuusbim) omuocumenvko G, ecim ®(g)u € U mus Beex u € U u Beex
g € (. HyneBoe mOATPOCTPAHCTBO M CAMO HMPOCTPAHCTBO V mpencras-
geausi ¢ OTHOCATCA K MPUBUAALHLIM THBAPUAHTHBIM I10JIPOCTPAHCT-
BaM. IIpencrasiaenue, 06/1a,1a011€€ AL TPUBAAILHBIMA NHBAPUAHTHLI-
MM TOANPOCTPAHCTBAMY, HA3BLIBACTCA HeNpueodumbim. Ilpemcrapienne
nPu60JduMo, €CIN Y HETO UMEETCs XOTsA OBl OHO HETPUBUAILHOE UHBAPU-
AHTHOE TIOATPOCTPAHCTBO.

CoryacHO CKa3aHHOMY BHIIIE B CIYYae IPUBOJAUMOTO MPEACTABICHU
(®,V) ¢ uaBapuanTHBIM noanpocTpancTBoM U mpoctpascTso V obia-
naeT 6a3MCOM, OTHOCUTEIBHO KOTOPOI'O

' PO
T, = ! (Ij, (4)
0 9

A Beex g € G. Tak xak @), = @ @), ¢, =E, u ®,(U) CU, To
oTrobpaxenne P': g <I>’g onpeaenseT NpeacTaBieHre Ha U, Ha3b-
Baemoe nodnpedcmasaenuem B ®. Ha daxropupocrpancree V/U Taxxe
omnpejeneHo npeacrasaenue. OHO HA3BLIBAETCA Hakmopnpedcmasienuem
u 3agaéres matpunamu ¥, g € G.

Ecau 6a3uc B V' M0XHO BLIOpATH TaK, ITO BCE MATPUIIBL <I>g B (4) ny-
JIEBBLIE, TO TOBOPAT O PA3A0HCUMOM IPeAcTaBIcHnT P, a ToIHEE, O NPAMOT
cymme npedcmasaenut ® = @' + &, Paznoxenne (®,V) B npamyo cyM-
MY OCYIIECTBUMO B TOIHOCTH TOT'1a, KOT1a MHBAPUAHTHOE IO ATPOCTPAH-
ctBo U C V umMeer donoanumeabroe HTHBAPUAHTHOE IOAMPOCTPAHCTBO

W, rax utro V = U & W — pasjoxeHue B NpAMYIO CyMMy IOAIIPO-
crpacts u ®(U) C U, (W) Cc W. Ecim 1o Tak, To & = & |y,
®" =& |y — orpaumyenus ® va U uua W coorBercrBeHHO.

Jlunennoe npencrasnenve (P, V) HABBLIBACTCA HEPAZAOHCUMbIM, €CIT
€I'0O HeJIb3A BBIPDA3UTH B BUIE HpHMOI;JI CYMMBI IBYX HETPUBUAJBHBIX I10O -
npeacTaBieHun. [oBOpAT Takxke 0 nepasaoxcumom G-npocmpancmee V.

[TocenoBaTenbHO pacuIeisas, ecan 370 Bo3MoxHO, V, U, W u 1. 1. B
MPAMBIE CYMMbI HHBAPUAHTHBLIX MOAIPOCTPAHCTB, MBI IPUAEM K IPAMON
cymme V.=V, @ ... @V, HECKOJbKAX MHBAPUAHTHBIX ITOAIPOCTPAHCTB
(coorBercTBenHo K mpamon cymme ® = &) f ...+ &) meckombkumx
npencrasienun). [Ipu mangmexainem BbIiObOpe Gasuca B V' MaTpUUBL Ju-
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HEMHBLIX OIEPATOPOB IPUMYT BHU[

a o ... 0
@)
g, 0 ® .. 0
0 0 3"

Ounpenenenune 4. Jlunennoe npencrasienue (¢, V) rpynunt G, as-
JIAIOIIEECs IPAMOUM CYMMOU HENPUBOIUMEIX MIPEICTABICHUN, HA3BIBACTCS
8Nn0ANE NPUBOIUMbIM. AHAIOIMIHAA TEPMUHOJIOT A IPUMEHIETCA 110 OT-
HOIIEHWIO K G-TIPOCTPAHCTBAM.

MHTYyUTUBHO SCHO, YTO HEMPUBOIUMEIE TPEICTABICHIA UTPAIOT POIb
CTPOUTEIBHBLIX OJI0KOB, U3 KOTOPBIX KOHCTPYUPYIOTCA IIPOU3BOILHBIE JIH-
HEWHLIE MPEeACTABICHNA. BIIOIHE TPUBOAMMBIE MPENCTABICHUA MOy Ia-
I0OTCA B PE3yJabTaTe MPUMEHEHUA MPOCTEHUIIEH KOHCTPYKIAN — IPAMOU
cymumbl. U3 gambrenmero 6y 1eT BUIHO, 9TO BO MHOTUX CIYYaAX 3TOTO J0-
CTATOYHO /IS OMUCAHUA BCEX MPENCTABICHUN. 3AMETHUM, YTO HEKOTOPLIE
BaXKHBIE I (PUBUKK CPYIINEBL, TaKue, KaK rpymnmna JIoperna, nMerT 6ec-
KOHEUHOMEPHBIE HENPUBoJuMbIE Npedcmasaenus. ECTeCTBeHHO, 9TO OHI
HUKAK HE CBOJATCA K KOHEIHOMEPHBIM U NOIKHBI U3y9aThCA OTAEIBLHO.

2. IlpuMepsl JUHETHBIX TpeAcTaBaeHnNn. Ml BBeIM BCe CYIIeCT-
BEHHBIE TOHATUA Teopuu mnpeacTapieHni. OCTATOCh HANOJHUTL WX
pPeaNbHBIM CONEePKAHUEM, MJIA Yero Ha IMEePBBIX MOPAaX BECbMa IIOJE3HO
MO3HAKOMUTHCS (M OCHOBATEIBHO PAa306paThCs) € IPUBOIUMOU HUKE Ce-
puen IpuMepOB.

IIpuwmep 1. [oanas aunennas rpynna GL(n, K) mag nozem K umeer 1o onpene-
JIEHUIO TOYHOE HEIPUBOAMMOE JUHENHOE NPENCTABICHNEe CTENEHU N C IPOCTPAHCTBOM
npeacraienus V= K™. Ha 5ToM Xe NPOCTPAHCTBE NEUCTBYET JIOOAs JUHEUHAA
rpynna H C GL(n, K) — TOYHO, HO, BO3MOXHO, IIPUBOJIMO.

AHanoruuHbIe 3aMeYaHUsA OTHOCATCA K APYTUM KIACCUYECKUAM CDYIIIaM, yKa3aH-
ueiM B § 1 ru. 1. Ckaxewm, yuurapaas rpynna U(n) gedcTByeT HENPUBOIMMBIM 00-
pa3oM Ha PMUTOBOM NPOCTPAHCTBE, & OpTOroHaabHad O(n) — Ha eBKIMAOBOM. JTO
HEIIOCPEACTBEHHO ClefyeT u3 AokasaHHoro B [BA II] Gonee cuabHOrO yTBEpKAEHU,
4gro rpynnsl U(n) u O(n) geRCTBYIOT TPAH3UTUBHO (B CMbICIE mpuMepa 3 u3 m. 3 § 2
1. 1) Ha MHOXECTBE BEKTOPOB €JUHUIHON [JIVHBIL.

IIpumep 2. 3acraBus pgencrBoBaTh GL(n, K) Ha BEKTOPDHOM MPOCTPAHCTBE
M, (K) marpun nopsgka n no mpasury ¥4 : X — AX (A € GL(n,K), X €
€ Myp(K)), mbl 6e3 Tpyxa ybexjaaemca B ToM, 4T0 W4 (aX + YY) = aPa(X) +
+BU4(Y)uVap = UuUp. [losromy (¥, My (K)) — auHENHOE HPELCTABIEHUE CTe-

nernu n2. Tlycts M,(f) — TIOANPOCTPAHCTBO MaTPUI]
0 X1 0
0 Tni 0

C €IVMHCTBEHHBIM OTJUYHBIM OT HYJA CTOJOIOM X @, Kax nxerko IPOBEPUTH, ITO
[OANPOCTPAHCTBO MHBAPUAHTHO oTHOCHTEIbHO W4, A € GL(n, K), HempuBoanMo



92 Ta. 8. Daemenmbr meopuu npedcmagaenut

n m3omopduo (kax GL(n, K)-IpoCTpaHCTBO) €CTeCTBEHHOMY mpocTpancTBy K™, Ha
koropom geuctsyer GL(n, K). Takum o6pasowm,

Mn(K)=MP(K) @ ..o MM (K)

— pa3loXKeHWe B IPAMYIO cyMMy n u3oMopdubix GL(n, K)-moanpocTpascTs, demy
COOTBETCTBYET PA3I0XKEHUE

U = \If(l)-i- e -i—\I’(n)

B IPAMYIO CYMMY 7 9KBUBAJCHTHBIX HpeACTaBHEHHﬁ. CUMBOIMYECKA DTOT dpa,KT 3a-
NUCBLIBAIOT B BUE

M (K)2nMP(K), @ rne®,

IIpumep 3. Onpegennm Teneps gencreue ® rpynner GL(n, K) na My (K), no-
aoxus B4 : X = AXA™L. Cuosa (®, M,,(K)) — IuHEHHOE TIPEICTABICHUE CTEICHY
n2. Ecm X = (245), TO, Kak 0o6brumo, tr X = > | x;; — creq marpunsr X. Xo-
pomo m3sBecTHO, 4TO tr(aX + BY) = atrX 4+ ftrY (mmmenHocts dyHKUuM tr) u
tr®4(X) = tr X. Orciona caexyer, aTo MaoxecTso MS(K) MaTPUIL C HyJIeBBIM CJe-
ZIOM ABJIAETCA MHBAPUAHTHBIM IIOANPOCTPAHCTBOM OoTHOCUTENLHO ®. C npyron cTopo-
Hel, P4 (AE) = AE u tr \E = n\. Takum 06pa3oM, B cry4ae nous K HyJIeBOU Xapax-
TEPUCTUKY MMEET MeCTO pasjoxkeHwe B npsamyro cymmy GL(n, K)-moanpocTpascTs

Mn(K) = (E) ® My (K) (5)

pasmeprocTeir 1 1 n2 — 1 COOTBETCTBEHHO. 3aMeTuM, 4TO mpu n = p u K = Zp
passioxkenne Tumna (5) OTCYTCTBYeT, OCKOIbKY B 9TOM ciaydae tr £ = 0.

CorJiacHO ONpeJeNeHNIO XKOPJaHOBA HOpMabHaA dopma J(X) marpuubt X ABIA-
€TCs He YeM MHBbIM, KaK yI00HbIM 1 npocrenmum npescrasurenreM GL(n, C)-opouTsr,
cogepxamerr X. Orpanudenune ® na ao0yio noarpynny H C GL(n, K) nenaer ec-
TECTBEHHBIM BOIIPOC O KAHOHUYECKUX MPeJCTaBUTeNAX H-0op6uT.

IIpumep 4. B npegsigymem npumepe nonoxuMm K = R u orpanuyum ¢ Ha Op-
Toronabuyio rpynmy O(n). Tak xkak A € O(n) < tA = A1, 70 *(AXA™1) =
=tA"1.tX.tA= AtX A~1. Buibupas B kauectse X marpuiy Y +!Y wm Y —tY,
MBI BIJAM, 9TO IPOCTPAHCTBO npexcTasienus My, (R) rpynnsr O(n) sanucbiBaercsa B
Bujge cymmbl O(n)-110 AMPOCTPAHCTB

Mn(R) = (E)r & M} (R) & M, (R)

— ojHOMepHOro mnpocrpaHcTBa (E)g ckamxapubix Marpun (n + 2)(n — 1)/2-mep-
HOT'0 IPOCTPAHCTBA CUMMETPUYHBIX MATPHIL C HyJIeBbIM clefoM u n(n —1)/2-mepHOro
IPOCTPAHCTBA KOCOCUMMETPUYHBIX MATPHUI. XOPOIIO M3BECTHO B3AMMHO OJHO3HAH-
HOE€ COOTBETCTBUE MEXIYy CUMMETPAYHBIMU (KOCOCMMMETPUYHBLIMU) MATPULAMU U
CUMMETPUYIHBIMU (COOTBETCTBEHHO KOCOCHMMMETDPUYHBLIMY) OUIMHENHBIMU (HOPMAMU.
Neiictaue O(n) ma (ER) ® M, (R) u na M, (R) mepeHoCHTCA Ha IPOCTPAHCTBA COOT-
BercTByOIMX (popMm. Teopema 0 npuBegeHUN KBAAPATUIHON GHOPMBL ¢(T) K MNIABHBIM
0CAM €CTh He YTO MHOE, KaK BO3MOXHOCTE BbI60pa B O(n)-opbure, cogepxament ¢(z),
AMArOHAIBHOM (OPMEL Y, )\Za:f C BEIIECTBEHHBIMU \;, ONPEAENEHHBIMY OJHO3HAYHO C
TOYHOCTBIO [0 NE€PECTAHOBKHU.

3amensaa R va C u O(n) na yuuraphyto rpynny U(n), Mbl IpUAEM K Pa3JIOKEHUIO

My (C) = (E)c & M,F (C) & M,; (C)

B npsamyto cymmy U(m)-110 AIPOCTPAHCTB CKAIAPHBIX, 9PMUTOBBIX C HYJIEBBIM CJIEL0M
7 K0coapMuTOBBIX Marpun. Caydan n = 2 61 mogpo6HO pasobpan B § 1 ru. 1.
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MMpumep 5. IIycrs G — rpynmna nepecTaHOBOK, NEMCTBYIOMAA HA HEKOTOPOM
MHOXecTBe ) ¢ umciaoMm dreMeHTOB [ =n > 1, T.e. G C Sy. BekropHoe mpoct-
PaHCTBO

V={(e| i € Vg

Haj moseM K HyleBOM XapaKTePUCTUKM C GA3MCOM, 3aHYMEPOBAHHBIM JJIEMEHTAMU
MHOXKeCTBA {2, MBI IPEBPATUM B G-IIPOCTPAHCTBO, IOJArasd

2(9) ( > )\iei) = Xi®(g)ei =D hieg(

i€Q S S

(¢ — g(i) — neucrsue mepecranoBku g € G Ha i € G. Tak kak (gh)(:) = g(h(3)), To
IIoJydaeTca JIPIHeI;IHOe npencTaBiaeHne CTEIIeHU N I'PDYIIIBL G. Ono HUKOI'1a HE ABJIACTCA
HEIIPUBOAUMBIM, IIOCKOJIBKY

V:<Zei>®{ Z ieil AiEK} (6)

i€EQ A+ An=0

— Da3IOXKEHWE B NPAMYIO CyMMY OZHOMEPHOro # (n — 1)-MepHOr0 WHBAPMAHTHBIX
nognpocrpancTs (ecau char K = p > 0 u p | n, TO IPAMON CyMMBI yKe He IIOJLy9UuTCAH).
Boeigenum aBa 9aCTHBIX Caydasd.

a) G = Sp. Monomopduam S, — GL(n,R), nocrpoenubnt B yup. 13 u3 § 4
1. 1, coBmagaeT ¢ HAIIUM JUHEUHBIM IpeacTaBieHueM P, ecau B3ATb B Ka4eCTBE €;
1-¥ KOOPUHATHBIN CTOIOEI] E(), Paznoxenne (6) mokaseiBaeT, 4TO AuA S, CyLECT-
ByeT Gosee KOHOMHOe Baoxkenue S, — GL(n — 1,Q). Ilo3guee OypeT gokasaHa He-
[PUBOAMMOCTD DTOI'0 JMHEMHOrO IpencTasienus crenenu n — 1 (naxe wang moaem C).

6) Peeyaaproe npedcmagaenue. Illycts G — NPOM3BONBHAA KOHEYHAs CPYLIA.
ITonoxuB Q = G, MBI HOJIYYXM TAK HA3bIBaeMOe peryiaapHoe G-IpocTpaHCTBO V =
= (eg | g € G) u cooTBeTCTBEHHO peayaaproe npedcmasaenue (p,V) rpynnst G :
pla)eg = eqg ansa Bcex a,g € G. Ecim yroaHno, peryispHoe HpeJACTABICHWE B He-
CKOIIBKO MHBIX O003HAYEHUAX HAM yXkKe€ BCTPEYAIOCh IIPU JOKA3aTEIbCTBE TEeOPEeMbI
Koaan [BA I, ru. 4], HO HAaC MHTEPECOBAIO TOrJa HE MPOCTPAHCTBO V, a MHOXKECTBO
{eg} ero GasucHbIX BeKTOPOB. 3HAYEHME PErYIAPHOrO IPEACTABICHNAA KOHEUHOU I'PYTI-
bl (G 3aKII09A€TCA B TOM, 9TO OHO COAEPKUT BCE HEIIPUBOAMMBIE IIpencrasienus G,
paccMaTpUBaeMble ¢ TOYHOCTBIO 10 SKBUBAJIEHTHOCTH (CM. § 5).

IIpumep 6. [Ipencrasienue crenesu 1 — 1o npocTo romomopdusm ¢ : G —
— K* rpynnst G B MyJbTUILIUKATUBHYIO rpymniy noasi K (K — ogHOMEpHOe BeKTOp-
HO€ IPOCTPAHCTBO Hajg co60M). Tak KaK MyJIbTUIIMKATUBHAA I'PYIIa NOJA abeleBa,
1o Ker® D G/, rae G’ — xommyrant rpynnst G (Teopema 5 u3 § 4 ru. 1). amerum,
YTO 9K6UBAAENMHOCTL 08YL 0dnomephbir npedcmasaenut ', ®'' (¢ ogmHAKOBBIM
IPOCTPAHCTBOM NPEACTABICHUSA) PABHOCUALHAG UL COBNAOEHUI0, TAK KAK

a®’(g)a™! = @"(g) = @'(9) = " (9) = @' = @"".

IIycts g™ = e. Torga ®(g)" = ®(9") = ®(e) = 1, T.e. P(9) — xopenn us
exquuunbl. S1apo M060r0 0JHOMEPHOTO NPEICTABIEHUA MOXKET ObITh HETPUBUAILHBIM
naxe ;s nqukaudeckou rpynnsl G. Ecau, nanpumep, G = Z4 u K = Z11, 1o Ker ® D
D 2Z4. C pgpyrou cropossl, B ciydae K = C mobas nukaugeckas Ipynna uMeeT
TOYHOE OJHOMEDPHOE NPEeACTABICHUE.

a) G = (Z,+). lpexacrasaenne k — A* mpu |A| # 1 Touno. Ecam |A| = 1, To no
dopmyre Dittepa A = €270 9 € R, u agpo orobpaxkenus k — €270 orpmuno ot
Hyus ToabKO npu 6 € Q.
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I‘pyrma VA 0611a,qaeT HEPa3JOXKUMBIMA KOMIIJIEKCHBIMU IIPpEACTABJICHUAMA CKOJb
yromHo BbICOKOﬁ CTeIleHU, KOTOpbI€, OMHAKO, HE ABJAATCA HEIIPUBO NUMBIMU. ﬂOCTa-
TOYHO COCJIATHCA Ha TEOPEMY O KOPAAHOBOW HOPMAJLHOM (POpMe MATPHIBI U pPac-
CMOTPeThb 0TOOpaKeHune

110 ... 0 op*
001 1 0 0
ke Jb =1 . . .
00 0 ... 1 1
00 0 ... 0 1

6) G = (a| a™ =e). lIyctb € = exp(27i/n) — NPUMUTUBHLIN KODEHb CTEIEHH 1

u3 1. I3 n 0OHOMEDHBIX [IPENCTABICHUN

o(m); gk oy gmk m=0,1,...,n—1, (7)
TOYHBIMU Oy ayT p(n). OTMETUM MHTEPECHBIN QAKT: YUKAUUECKAS 2PYNNG NOPAOKE T
UMEEM POBHO N NONAPHO HEIKEUBAAEHMHBIT HenPUueodumuir npedcmassenuti nad C.
Bce onu odnomepnor u umetom eud (7).

JleACTBUTENBHO, HYXKHO YOAUTHCA JUIIL B TOM, 9YTO Y KOHEYHON HUKIAIECKOU
rpynnel HeT HenpuBoAuMblix Han C npencrasienuit pasmeproctu > 1. Ho mepey ompe-
IeJeHreM 3 OTMedaica TOT (BaKT, YTO JIOOOU IMHENHBIH omeparop P(g) KOHEYHOrO
nopsaka guaronanusupyem uag C. B ganHOM ciydae 5TO PaBHOCHIBHO IOJHOM LIPU-
BogumocTu npeacrapienus ¢. Ecau dim & = r, ro ¢ pacnajgaercs B IpAMYIO CyMMy T
OJIHOMEPHBIX NPEeJCTABICHUN.

[l NUKIMYeCKON IPYIBI KOHEYHOI'O IOPSAAKA MOy Y€HO [0 CYIIECTBY OIUCAHUE
BCEX KOMILIEKCHBIX JUHENHBIX HpencTaBieHnil. C TOYHOCTHIO A0 9KBUBAJIEHTHOCTHU

a(i) 0
by = N
0 o)

rae ®(™) — onmo u3 npexcrasrenmit Buga (7).

Hamen 1enbio ABISETCA yCTAHOBIEHHWE NOAOOHBIX 3aKOHOMEPHOCTEU B OO6IIeM
caydae.

IIpumep 7. Yke B OpeAblAylIAX [MPUMEPAX UyBCTBOBAJACH CUJIbHAS 3aBUCHU-
MOCTB CBOUCTB JUHENHOr0 npencrasienus ¢ rpynnsl G 0T ocHOBHOrO noas K. Buecém
MOMOJHATENbHYIO ACHOCTH B 9TOT BOIPOC.

Hukanyeckas rpynna G = (a| aP = e) mpocToro mopsaika p, AEUCTBYIOIIAS
Ha JBYMEDHOM BEKTOPHOM IpocTpancTse V = (v1,v2) Hal IPOU3BOALHBIM HoaeM K
XapaKTEPUCTUKHU P II0 IPABUIY @ * U1 = U1, G * U2 = VU] + VU2, OIpeeIseT HepasJo-
xkumoe npegcrasienue (P, V):

1 k
0 1

B camowm gene, maTpuna @, nmeeT xapakTepucTUYeCKU KOpeHb 1 kparHOocTH 2. Ilo-
9TOMY PA3IOKUMOCTH P B IPAMYIO CyMMY ABYX OJHOMEPHBIX [IPEACTABICHUN O3HAYA~

ak»—HI)fj:H

) nggp_]-

. . 10
Ja, GBI CymecTBOBaHME 06paTuMol MaTpunkl C, mia kotopon Cb,C~1 = H 0 1 H

Ho Torga &, = C~1EC = E, 4T0 He Tak.
Mycre, namee, G = (a | a® = €) — nuxamueckas rpynna nopsagka 3 u K =

= R. IBymepnoe npexcrasaerue (®,V), V = (vi,v2), 3ajaHHOE B yKa3aHHOM 0a3uce

MaTpuIen

-1 -1

wa=| 7 7
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HEIIPUBOAMMO, MOCKOIbKY XaPAKTEPUCTAICCKAR MHOTOWIEH t3 + ¢ 4 1 5TOM MaTpuUIBI
HE UMeeT BelecTBeHHbIX KopHuen. Eciu xe V paccmarpusars Hag C, To, ecTecTBeHHO,
V' pasmaraercs B OpAMYIO CyMMy OJHOMEPHBIX (G-IIOANPOCTPAHCTB

V = (v1 4+ e ) @ (v1 + eva)

_ e 0
C®uC 1:H 0 e !

—-14++v-3
2 )
Takum 06pa3oM, NPy PACIIMPEHUN [OJSA CBOMCTBO HEIPUBOAUMOCTY HPEACTABIE-

HUA MOXET yTPaduBaThCA.

1 —e!
. es c=|y |

B nambmenmmeMm, 3a peIKuM UCKIOYEHUEM, OCHOBHOE mose K Gymer
HOJIeM KOMILIEKCHBIX ducet (Haubojee BaXKHBIM € OPAKTUIECKON TOYKU
3PEHNs) WX XKe TIPOU3BOJIBHEIM aAreOpandecKy 3aMKHYTHIM IIOJEM HY-
JIEBOU XaPaKTEPUCTUKMU.

YIIPAXKHEHU S

1. 'pynna SO(2) 3anaércsas CBOMM €CTECTBEHHBIM [IBYMEDHBIM IIPEICTABICHUEM

cos @ —sin 6

19y —
(0) = sin 6 cos 6

menpuBoguMmbiM Han R. IIposepurs, ¥To

0 .
/ -1 _ || € 0 1 1 3
AP ()A™ = ‘ 0 e—if nas A= VA RER € GL(2,C).
3uaunt, ®’ — npamas cymMMa IByX HEIKBUBAJIEHTHBIX (B JaHHOM CIydae IPOCTO pas-

JIMYHBIX) OHOMEPHBIX IPEICTABICHUN.

2. Henpusogumo au npu n = 2 u n = 3 GL(n, C)-npocrpanctso M2(C) B
pazaoxenun (5)7

3. Ilycts ® m ¥ — HENpuUBOAMMBIE KOMILUIEKCHBIE MPEACTABICHUA ITUKINICCKON
rpynusl {(a | a™ = e) nopagka n. Ilokazars, 4T0

n—

1
1 k 1, ectu & &~ U
— kY — ) y
o 2 (a)¥(ak) { 0, ectn & g 0.
k=0
4. Onupasce Ha yup. 3, yOeIUTHCA B CIPABELJIUBOCTH CIEAYIONIEr0 YTBEPXK TCHUA.
JI:06y10 KOMILIEKCHO3HAYHYO (PYHKIUIO f HA KOHEHYHON NUKINYeCcKou rpynme (a | a™ =

= e) MOXKHO 3aIMCaTb B BUJE PABMOKEHUA “IIO IEMEHTAPHLIM IapMOHUKAM”
n—1 .
2mi
f(a®) = g eme™k, 8:exp(—).
n
m=0
“Koadpdunmentsr Pypbe” ¢y, BBIYUCIAIOTCA 10 (HOpMYyIe
1 n—1
Cm = — E f(ak)s_mk.
" k=0
5. I3 popMybl Aus 9ucia oxepeaunt (CM. HA4aJIO TIABBI) BHIBECTH JIEMEHTAPHbBIE

CIeICTBUA:
a) ¢ — ¢ =0 (mod p) (manas Teopema PDepma, cm. § 4 ru. 4);

6) de e(d) = n.
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§ 2. YHUTApPHOCTDh U MPUBOAUMOCTD

1. Yuurapusie npeacrasaeausa. Hanomuum (cM. [BA II), uro
B KypCe JUHEHHOU aareGpbl HeBHIPOXKAeHHAA dopMa (u,v) — (u|v) Ha
BekTOpHOM npocrpancTee V Hag C Ha3BIBACTCA 9pMUMOB01, €CIK

(ulv) = (v]u),
(au + Bvjw) = a(u|lw) + B(v|w), (1)
(vlv) >0 maascex v #0

(xak Bcerga, z — Z — aBTOMOP(U3M KOMILIEKCHOT'O conpsukenus). IIpo-
CTpaHCcTBO V', paccMaTpuBaeMoOe BMECTE C HEBBIPOXK IEHHOU 3PMUTOBOU
dopmon (u|v), HABLIBAETCA IPMUMOBLIM TPOCTPAHCTBOM. Ero Bermect-
BEHHEIM AQHAJOTOM CIYXKHAT €6KA1J060 IPOCTPAHCTBO CO CKAMTAPHBLIM IIPO-
U3BEJCHUEM, 33JaBACMBbIM HEBHIPOXKIEHHOU CAMMETPUIHON OUIMHENHON
dopwmon. Bsss 6asuc ey, ..., e, BV, Mbl 3ammmem GopMy (u|v) g1 u =
=) uie;, V=) ;vje; B BUAE

(ulv) = E hijuiT;.

Marpuma H = (h;j) yaoBieTBopseT ycaosuio h;; = hj; u HasbBaeTCs
TaKXe IPMumosoi.

CyuecTByeT OpTOHOPMUPOBAHHEIN 6a3uC (ONpeneseMblil YCIOBIEM
(eilej) = 0;j), OTHOCHTEIBEHO KOTOPOTO

(uv) = Z W;U;.

Jlunenuw onepatop A: V — V| coxpausomuu 5Ty popmy, T.e. 06-
gagatommit ceouctBoM (Aul|Av) = (u|v), Ha3BIBaETCA YHUMAPHBIM ONE-
pamopom. B BemecTBEHHOM CIydae eMy COOTBETCTBYET O0PIMo20Haab-
nolti onepamop. YCJI0BUE YHUTAPHOCTH, 3AMUCAHHOE B MATPUIHOM BUIE
A-'"A=FcA=(ay), "A= A" = (@;;), Ham yKe BCTPeIanoCh B L. 1.
O6o3nauns (kak B [BA II]) wepes A* nuHenHbIM OmepaTop ¢ MaTPUIEH
tA = A* sBolpasuMm ycioBue yemTapHocTm B Buge A-A* =& =
= A* - A. T'pynny Bcex yHUTapHBIX MaTpull (CPYNIy YHATAPHBIX OIE-
PATOPOB WU HPOCTO YHUTAPHYIO I'PYHIy) HpuHATO 06o3HavaTh U(n).
ITo onpegenernuto U(n) C GL(n,C), u ecau npencrasienne ® : G —
— GL(n, C) Ttakoso, uro Im® C U(n), To (P, V) naswiBaerca yrwumap-
HOIM NPEICTNABACHUEM.

Teopewma 1. Beakxoe aunetinoe npedcmasaewue (®,V) nad C
Koneunoti epynnvt G IKBUBAAEHMHO YHUMAPHOMY NPEICTMABAEHLIO.
NoxaszaTeabcTBO. BoibepeM B IpOCTpAHCTBE IpeacTaBiIeHus V
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rpynnel G Kakyo-HUOY Ib HEBBIPOXK IEHHYIO SPMUTOBY (GOPMY

H: (u,v) =» H(u,v) = Zh”ulvj

(3ammCh OTHOCUTEIBLHO HEKOTOPOTro 6asuca ( fl, ..+, fn) mpocTpanctea V)
u paccmorpuM dopmy (u|v), norygaromyocs us H(u,v) “ycpennenuem”

mo G
(uv) = |G| > H(®(g)u, B(g)v). (2)
geG

Muoxurens |G|~™! mecymecTBen u mocTaBeH JUMb AJLA TOTO, YTOOH B
caygae yaurapHoctu ® mmeno mecto pasencTso (ulv) = H(u,v). Tak
KaK

H(®(g)u, ®(g9)v) = H(®(g)v, 2(g9)u),

H(®(g)(au + pv), ®(g)w) = H(a®(g)u + 2(g)v, ®(9)w) =
= aH(®(g)u, ®(g)w) + SH(®(g)v, ®(g)w),
H(®(g)v, ®(g)v) >0

mast v # 0 u Bcex g € G, To dopma (2) yaosaerBopser ycaosuaMm (1) u
ABJACTCA, CICOBATEILHO, HEBBIPOXK JEHHON SPMUTOBOU (POPMOMN.
Kpowme Toro (14 DTO caMOe TVIABHOE),

(h)u|®(h |G| Z H(P h)u, ®(g)®(h)v) =
e
ZH (gh)u, ®(gh)v GZH ®(t)v) = (ulv),
e BCE=:

1.e. oneparop P(g) npu aobom g € G ocrasiaser dpopmy (u|v) uHBa-
puanTHON. BribepeM B V' OPTOHOPMUPOBAHHBIM OTHOCATEILHO (HOPMBL
(u|v) 6asuc. Torga B sTOM Gasuce marpuusl &, oneparopos ®(g) OyayT
yHuTapHBIMET. [

3ameduanue 1. YTBepxKaeHue TeOpeMbl 1 He BHITEKAET aBTOMATU-
YeCKW W3 M3BECTHOI'0 HaM (haKTa, 9TO KaxKad oTAelbHad MaTpuma ®, ¢
g™ = e nogob6ua yHurapuou diag(Ar,...,Ay) ¢ A" =

3aMmeduaHue 2. B BemecTBeHHOM CJIydae COBEPIIEHHO AHAJIOIUYIHOE
paccyKeHue MoKa3bBaeT, 9To npencrasienue (P, V') sksusasenTHO Op-
TOTOHAJBHOMY.

3ameuanue 3. [To MHOrUM DpUYMHAM YHUTAPHBIE NIPEICTABICHILS
UCPAIOT BAXKHYIO POJIb B IPWIOKEHUAX TEOPUU IPEACTABJICHUN, U BECHMA
3aMevaTeNbHO, YTO TeopeMa 1 MpOomOIKAET OCTABATHLCA CIPABELINBON
OIS TOpa3fo 6oJee MUPOKOro KJIACCA KOMIAKTHBIX I'DYII TAKUX, KAaK

7 A.M.Kocrpukun
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U(n) u O(n). JokasaTemrsCTBO TO ke caMOe, HO CYMMUDPOBAHUE II0 DJIe-
MEHTaM YL 3AMEHACTCA UHTErPUPOBAaHIEM (110 HEKOTOPOU Mepe) Ha
rpynne. BemomunM, ato komnakTHas rpynmna SU(2) reomerpudecku He
OTIMYINMA OT TPEXMEPHOH cepsl S, I TO3TOMY IMeeT CMBICI FOBOPUTD,
HampuMep, o eé o6beMe. Booobire, CymecTByeT 3HAYMTENbHBIN MapaJLie-
JIU3M B TeOpuu HperZ[CTa,BJIeHI/Iﬁ KOHCYHBIX 1 KOMIIaAKTHBIX I'DYIIII, HO MBI
JIUIIIEHBI BO3MOXHOCTY HA DTOM OCTAHABIMBATHLCA. M3 mpumepa 6, a) § 1
BUJHO, UTO IPENCTABICHNAA HEKOMIAKTHBIX rpynn (Hampumep, G = Z)
VHUTAPHBIMU OBITH HE OOA3aHHBI.

B sakmouenue oTMeTHM, YTO XOTA JOKA3ATEIHLCTBO TEOPEMBI 1 KOH-
CTPYKTUBHO, ObLIO ObI HE OYEHb MPAKTUYHBIM WCIOJIL30BATHL €r0 /I
OTBICKAHUA YHUTAPHOU DPEANU3ANUN UMEIIEerocs mpencrasienus. Ha-
mpuMep, mia rpynnsl G, TOPOXKAEHHON DJIEMEHTAMHU ai,. . ., G4, TOCTa-
TOYHO HOOUTLCA yHuTapHOocTH Mmarpun ®,,.,...,®,,. Torga u rpynmna
®(G) Gyaer yHUTADPHOM.

IIpumep 1. Cummerpuyaeckas rpynna Sz = ((12), (12 3)) o6aagaer gByMepHBIM

npeacrasiesueM P, cogepKamuMCa B KA4€CTBE IPAMOTO CJIAraeMoro B €CTECTBEHHOM
TpéxMepHOM npexcrasieHun (cM. npumep 5 u3 § 1). imenno, eciu

d(m)e; = eqi, 1=1,2,3, fi=e1—e3, f2=e2—es3,

TO
@((12))f1 = ey —e3 = fo, @((12))f2:el—63:f1a
@((123))f1 =ey—e1 = —f1+ fo, @((123))f2 —e3—e; = —f1.

Tak xak 7 = (123)7(12)7,rae i = 0,1 w2 u j = 0 wim 1, T0 Ge3 TPyAa MOTYHAIOTCA
Bce MaTpuibl Wy = ®(7) (4 fo)"

1 0 0 1 -1 -1
61»—>H0 e (12)»—>H R (13)»—>H 0 b
1 0 -1 -1 0 1
(23)»—>H ~1 1 (123)»—)” 1 oIl (132)»—>H 1 .1 H
. -1 -1 5
W3 coornomennu det 1 o |I=1m (123)3 = e caegyer, 9TO
1 =1, | e 0 _ —14+Y=3
o el ] e

IS HEKOTOPOU HeBBIpOXK AeHHOoN MaTpulbl C. Conpsxkenne npu nomoiu C' HE TOJK-

HO HApPYIIaTh CBOUCTBA YHUTAPHOCTU MATPUIBI H ? é . JIMHEUHBIM yCJIOBUAM
0 1 0 1 -1 -1 e 0
R o S C O i B P
YIOBJIETBOPAET MaTPUIIA
1 —e?
= —g2 1

Temeps MBI MMeeM BO3MOXKHOCTL BBIINCATHL W3BECTHBIE HAM YHATAPHBIE IIPEI-
CTaBJIEHUA IPYHObI S3, & UMEHHO €IUHUYHBbIE <I>(1), 3 ;71— sgn(m) = £1 u
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TOJBKO YTO IOJYyYeHHOE ABYMEDHOE€ IIpejCTaBleHue o3 ~ U, [na mocaexyrommux
CCBHLIOK yno0OHa Takasd Tabuauiia:

S3 e (12) (13) (23) (123) (132)
o) 1 1 1 1 1 1
o2 1 -1 -1 -1 1 1
o |[1 0 0 1 0 L€ 0 et e 0 X e”t 0
0 1 1 0 e” 0 e 0 0 &~ 0 5

IIpumep 2. EcrecTBeHHOE OPTOrOHANBHOE MPENCTABICHNE OECKOHETHOU TPYTI-
nbl, a umenso SU(2), gocrasaser snumopguam ®: SU(2) — SO(3), nocTpoeHHbIN B
§1 ru. 1.

2. Ilonnas mpuUBOAUMOCTL. M3 ompenejeHun u 3aMeIaHUU, CIe-
JAHHBIX B § 1, ACHO, HACKOIBKO (DyHIaAMEHTAJBHBIM ABIACTCA CJAELYIONUIEe
yTBEDPXK IEHUE.

Teopewma 2 (Teopema Mamke). Kaxcdoe auneiinoe npedcmasaenue
rxoneunot epynnot G nad nosem K zapaxmepucmuru, ne deaswetd |G|
(6 wacmuocmu, wyse6ot), 6noine NPUBOIUMO.

HanomumM, 9TO yTBepXKACHUE TEOPEMEL 2 O3HAMACT Pa3JOKUMOCTD
(®,V) B mpamyio cymMMmy HenpuBoAuMbIX HpencraBieHunt. Co6CTBEHHO
rOBOp#, KIACCHICCKAsA TeopeMa Mallke TIacuT CIeAyIomee.

(M) Kaacdoe G-unsapuawmmuoe nodnpocmpancmeo U C V' obaa-
daem G-unsapuanmmubim donoanenuem W:

V=UaW. (3)

Mer 6ymeM [OOKa3bIBATH MMEHHO DTO YTBEPXKIEHWE, U3 KOTOPOrO
TeopeMa 2 cjaeayeT aBTOMATUIecKu. [encTBUTeNbHO, JubO0 MpeacTaBie-
uue (P,V) HEmpUBOAMMO, ¥ TOT A HEUErO TOKA3HIBATD, TUO0 CYLIECTBY-
eT cobcTBeHHOE (G-MHBAPUAHTHOE MOANPOCTPAHCTBO U, U TOrga UMeeT
MecTO paznoxenue (3) ¢ HekoTopsM G-noanpocrpancTsoM W. B sTom
ciygae dimU < dimV, dim W < dim V. Ilpumenss xk U u W Te xe pac-
CYX[IEHUs ¥ UCIOJIb3YS MHIVKIMIO IO PA3MEPHOCTH, IOIydIaeM Tpebye-
MO€ Pa3JIOKEHNE Ha HEIIPUBOAUMBIE KOMIIOHCHTEI.

Iepexomum x gokasarenscTBy yrBepxaerus (M ). Hac mo-npexnemy
6osbie uuaTepecyeT ciaydau noas K = C, mosToMy MONE3HO NMPUBECTH
ABa HE3aBUCUMBIX PACCYXKICHUS.

Tepeoe nokasareanctBo (K = C). Cormacuo teopeme 1
CyILIECTBYeT HEBLIPOXKIEHHAsa >pMuToBa ¢dopma (u|v) HA IPOCTPAHCT-
B€ MPEeACTABICHUs V, MHBAPUAHTHAS OTHOCUTEILHO JUHENHBIX OMEPaTO-
poB ®(g). [na xaxnoro mogupocrpauctsa U C V cymecTByeT opmozo-
HAABHOE JONOAHENUE

Ut={veV| (up)=0 YueU},

7
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7 TI0 U3BECTHOU TEOpPeMe U3 KypCa JUHEHHON aIreOphl
V=UeaU",
npuuém (UL)L = U. Tlpegnomoxum Temepb, uto U — G-TOATPOCT-
paucteo B V, T.e. ®(9)U C U pna Beex g € G. Tak xaxk ®(g) | —
aBToMopduaM, TO 060U odiaemeHT u € U 3amuceiBaeTcs B BHIE
u=®(g)u’, v €U. Ocraércs BOCIOIBL30BATLCI UHBAPUAHTHOCTHIO
(GOpMBI
ve Ut = (u|®(g)v) = (B(g)u'|®(g)v) = (u'|v) = 0.

Cramno 6bith, v € UL = ®(g)v € U*. Tonoxus W = U, npugém x
paznoxenuio (3). O

Bropoe gokazateancTno. IlycTs, kak u npexae, U — uaBapu-
AHTHOE OTHOCUTEIBHO HercTBusa (G mogmpocTpancTso B V. PaccmoTpum
NPAMYIO CYMMY

V=UalU,

rae U' — npousBoabHBIM 00pa3oM BhIOpanHOE nonoaHenue K U. Boo6-
me rosopsa, U' me apmserca G-maBapumanTHBEIM. PaccmoTpumM omepaTop
npoexkTupoBarua P : V — U’ onpeneéHnbiil COOTHOIIEHEM

Pv=u'
I BCAKOTO BEKTOpa v = u + u'. Umeem
v-PvelU,  PU)=0, P*=7P. (4)

Beexém Teneps “ycpeqHEHHBIN’ JIUHEUHBIA OMEPATOD
Po = |GI7 D o(hyPR(h)
heG
(mesenue Ha |G| mo ycaoBuo Bo3aMOxkHO). Umeem

®(9)Pc =Pa ®(g) VgeQG. (5)
[lencTBUTEIBHO,
2(9)Pa®(g™) = GI7' ) B(g)@(M)PR(h~")B(g7") =
heG
=G Y @(gh)Pe((gh) ) = |GI71 Y @()Pe(t) = Pe,
heG teG

4TO U IpuBOAUT K cooTHomenuio (5). Ilomoxum
W =Pg(V) ={Pgv| veV}
Coruacuo (5)
b(g)w = ®(g)Pgv = Pa®(g)v = Pgv' =w' € W

mis Besikoro w € W, Tak 4TO BEKTOpHOe moampocTpaucTtso W C V
ABAAETCA Ha caMoM gese G-IOATIPOCTPAHCTBOM.
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Ocranoce nokasarsb, 4to V = U G W — npamas cymma G-IOAIPOCT-
parcts. Tak kak ®(h™')v — P®(h~')v € U (em. (4)), To

v —®(h)P®(h v =&(h) {®(h~ v —PB(h v} € ®(WU =U

(nuBapmanTHOCTL U). Cie1oBaTenbHO,
v—Peuv =G> {v-2n)PMH o} =uel,
heaq

“ MBI TOTy4aeM v = u +w ¢ w=Pgv € W, tre. V=UGW.

Manee,
®(h YU CcU = PO(h")U =0 (cm.(4)) =

= ®(h)P®(h U = 0= Ps(U) = 0.
Crano ObITh,
v—Pgv=u€ U= Pg(v—"Pgv) =0,

otkyaa Pgv = PZv gus Beex v € V. D10 3Ha4UT, 9TO PG — MPOEKTH-
poBanue Ha W Bpons U:

Pa(U)=0,  PZ="Pa. (6)
Temepy v € UNW — Pgv = 0, nockombky v € U, u v = Pgv',
nockoIbky v € Pe(V) = W. Ucnoasays (6), norydaem
0 = Pgv = Pg(Pav') = P2v' = Pov' =v=UNW = 0.0

Bru1o 661 HEOCTOPOKHBIM CIeaaTh 60JIee CUILHOE 3aKII0ueHre 06 o-
HOBHAYHOCTH PA3JIOXKEHUs HA HEMPUBOIUMbIE KOMIOHEHTH (HEIPUBO I1-
Mble G-IIOATIPOCTPAHCTBA):

V=VieVd...eV,.

Ecan, nanpumep, ®(g) = € — eauuuunbIM OnepaTop A Beex g € G, TO
Ja000€ mpaMoe pasjoxeHue V Ha OJHOMEPHBIE HOAIPOCTPAHCTBA Oy 1eT
PA3JIOKEHAEM Ha HEITPUBOIUMBIC KOMIIOHEHTHI, & TAKUX PA3JIOKEHUN 6ec-
KOHEYHO MHOro. /Ipyroe mesno, eciu Mbl CCPYNNUPYEM BCE M30MOP(HEBIE
HEMPUBOINMEIE KOMIOHEHTHI:

V=U@®&...0U.

Tax xak MBI He pasaudaeM U30MOp(QHBIE (G-TIPOCTPAHCTBA, TO MOXKHO
CINTATH

U=VieVi®d...aV; =m Vi,

Us:‘/:q@vs@-n@vs:nsvsa

The n; — KPAMmHOCmb 6T0HCIeHUA HEIIPUBOIUMOU KOMIIOHEHTH V; B pas3-
goxernre V. Mel yBUIUM, YTO KPATHOCTHU ONPEREIIIOTCA OTHO3HATHO.
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YIPAXKHEHUSA

1. Beskoe ogHOMEpHOE HenpepbiBHOE npeacTasienue rpynnsl (R, 4+) (korga 6ans-
KUM 9UCIAM COOTBETCTBYIOT OJM3KHE OIEPATODHI) MMEET BUJ o@): ¢t s el pre
@ — KOMILIEKCHOe 4uciao. [lokazaTk, 4T0 &) YHUATAPHO TOI'a U TOJBKO TOI'A, KOT'Ja
a €R.
cost —sint
sin ¢ cos t
cocrouT u3 uucen t = 2wm, m € Z. Takum o6pasom, SO(2) = R/(277Z), n xaxzgo-
My HEIPUBOJAMMOMY YHUTAPHOMY IpeacTapieHuto ¢ (cormacHo pesyabraram § 4 0HO
06s3aTeabHO 0fHOMEDHO) rpynnsl SO(2) oTBeYaeT HENPUBOAUMOE YHATADHOE IIPEm-
CTaBIeHUE

2. fAapo romomopduama f: t — H H rpynnst (R,+) ma SO(2)

@ t+2mm — B(t), 0<t<2m,

rpynnsl R, ams xkoToporo <FId>(27r) = ®(0) = 1. BeiBecTn u3 yup. 1, 9To = o),
n € Z.B coderanun ¢ 3amedanuem 3) B 1. 1 570 03HAYAET, YTO BCAKOE HENIPUBO[UMOE
npejcrasrenue rpymmsl SO(2) umeer sug &) (1) = e n € 7. lipoBeputk, 4T0

27
i/ ikt Gl gy — gkl

2w
0

(cpaBHUTH € cooTHOIIEHEM B yup. 3 u3 § 1: mopsagok n 3amenén “o6bémMoM” 27 rpym-
ner SO(2)). B amanmse cuctema dynxmmin {€™} cry:;uT KIaccHIecKUM TpUMEPOM
[OJHOW OPTOHOPMUPOBAHHOU CHUCTEMBI MEPUOAMYeCKUX (YHKIUKA (i GyHKOUA Ha
okpyxuocT S ~ SO(2); cum., B gacTHOCTH, [BA I1]). C 5TOT0 HauMHAETCA OGMUPHAA
Teopusa panoB Dypwe.

3. Ilpr nmomomm Teopembl Maike p0Ka3aThb, YTO JIOO0€ TOYHOE KOMILIEKCHOE
IBYMEPHOE IpPeCTaBIeHuEe HeabeaeBOl KOHEIHOU I'PYIIIBI HEIIPUBO JUMO.

§ 3. Koneunble rpyInbl BpalleHun

Co BpeMEéH AHTUYHOCTU M BILIOTH A0 HAIIEr0 BPEMEHU OOBEKTHI,
obagaronme 60raTon CUMMETPUEN, TOCTOAHHO MPUBIEKAIOT BHUMAHUE
yuéunix. Haubosee naBecTHBIE U ApKUE IPUMEPHI TAKUX 0OBEKTOB — 3HA-
MEHUTHIE IATH IIATOHOBBIX TeJ, KPAcOTa KOTOPBIX HEIIOCPEAICTBEHHO, HA
4yBCTBEHHOM YPOBHE, TOCTYIIHA KaXK JOMY YeJ0BeKy. B pasHbie snoxu sTa
KpacoTa BIOXHOBJIAIA (PUIOCOPOB, MATEMATUKOB, aCTPOHOMOB, (PU3NKOB
HA CO3JaHNEe KaK MUCTUYECKUX, TAK M HAYYHBIX CHCTEM, DCTEeTUYECKU
CO3BYYHBIX MPABUIBHBIM MHOTOTDAHHUKAM IO CBOEM CTPOUHOCTH U 3a-
BepwénHocTu. B m3gannom B 1968 r. B pycckoM mepeBoje IUKJIE JEK-
uun “Cummerpusa’, IPOIUTAHHBIX BEIUKUM MaTeMaTukoM XX B. [epma-
HoM Bennewm [8], pacKkphITO 3HAYMEHNE HCCIEAOBAHIN PA3INIHBIX ACIEKTOB
CIMMETPUY KaK B CTAHOBJEHUM BCEI'O HAYYHOI'O MUPOBO33DEHU:A, TAK U
MaTEMATUKA B YaCTHOCTU. Y3Ke II0 DTOU MOMYJIAPHOU OPOIIIOpe MOXKHO
96TKO MPOCTIETUTDH TBA OCHOBHBLIX, MONIOMHAIOIINX APYD APYra acIeKTa
B MATEMATUYIECKOM ONUCAHUUA CUMMETPUYHBIX OOBEKTOB: HAXOXKIEHUE
HEOOXOAUMBIX YCJIOBHU CYIIECTBOBAHUA (B MPOCTEHIIMX CIydasx ¢op-
MyJUPYEMBIX B BUJ€ OJHOT'O WU HECKOJIBKUX MUO(DAHTOBHIX ypPABHEHUU
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[IJIsL OCHOBHBIX TapameTpos (cM. Hmke (1)) u npobrema KOHCTPYKTHUBHO-
PeOMEeTPUIECKOrO OMUCAHUSA, KOT 3 JeUCTBUTEIBHO CYNIECTBYOMME 00b-
€KTHI CTPOATCA B ABHOM BUe (HUKE — M300paKeHWs IATOHOBLIX Te).
C pasBuTHEM TEOPWUM IPYIII U TEOPUM MPENCTABICHAN TPYII CIEKTP UC-
CIEOBAHUU B OOJACTY CUMMETPUAN IPE3BLIYANHO PACIINPUICA, 3aTPOHY B
CaAMBIE€ PA3IAIHBEIE PA3IEIbLl MATEMATAKY, (PU3WKU, XUMUYU, OUOJOTHN 1
IPYTUX HAYIHBIX TUCIUILINH.

B sTom maparpade pedb mOMAET O KOHEYHBIX MOATPYNNAX T'PYIILI
SO(3). 3Haa ux, MBI 320[HO MOIYYAM OPTOTOHATBLHBIE HEIPUBOJUMBIE
MpecTaBIeHus TakuX rpynm, Kak Ay, Sy, As, npudémM B Jerko 3amomu-
HAEMOU TeOMETPUIECKON 060049Ke. [Ipu mepBoM YTEHHU MOKHO OILyC-
TUTh I. 1 ¥ 10Ka3aTeJbCTBO (BECHMa KOHCIEKTHBHOE) TEOPEMBL 2, HO
TOMY, KTO MOXKEIAET MPOBEPUTH IIPOIHOCTD YCBOEHUs OOIIEN UAen “mIeu-
crBus rpynnel” (§ 3 rui. 1), GygeT HONe3HO MO3BHAKOMUTHLCS C COLEDPKa-
HHUEM Bcero maparpada.

1. llopaaku koHeunwbix moarpynn B SO(3). Coruacuo Teopeme
Sunepa u3 Kypca aurenHon anre6ps [BA 1] sesaxuit srement A € SO(3),
A # &, aBaserca Bpamenuem (IOBOPOTOM) B €BKJIMIOBOM IPOCTPAHCTBE
R? BOKpyT HEKOTOpPOU Ocu. [PYTUMHI CIOBAME, UMEIOTCA POBHO IBE TOH-
KM Ha eJUHWYHOH ABYMEPHOH cdepe S?, oCTAOMuUecs HeIoIBUXKHEIMU
mpu geucTBun A: TOUKHU mepecedenus cepsl U OCU BPAIIECHUA. DTU IBE
TOYKY HABBIBAIOTC NOAOCAMU 8paujenus A.

Iycts Teneps G — koneunas noarpymna B SO(3), a S — muOXKeCT-
BO TIOJIIOCOB BCEX HEeNUHUIHBIX Bpamenuu us G. flcuo, uro G meuctsyer
KaK TPYIIa MepecTaHOBOK HA MHOXKecTBe S. Eciu & — moatoc niis Heko-
Toporo spamenus A # &, A € G, To npu ar06om B umeem

(BAB™Y)Bz = B- Az = Bz,

T. e. Bz — momioc gaa BAB™! u, cramno 6erth, Bx € S. O603uaMuM te-
pes Q) MHOXeCTBO BCex ynopanodenubx nap (A, z), rne A € G, A # &,
x — noutoc maa A. Ilycts, nanee, G, — crammonapHas noarpymma (cTa-
O6UIN3aTOP) TOYKHU Z, T. €. HOArpynna B G BCEX BIEMEHTOB, OCTABJAIOINAX
x Ha MecTe. Ecaum

G=G,UgG,U...Ugp, G,

— paasnoxenue G B JE€BBIE CMEKHbIE KIACCH 10 G, TO G-0pOUTON TOYKM
T OyJeT MHOXKeCTBO

G(z) ={z,922,...,gm, ¢}
¢ 4ucaom saeMeHToB |G(z)| = my,. Ilo Teopeme Jarpamxka N = mgn,,
rxe N = |G|, ny = |G| (mo cpaBrenuo ¢ § 3 ru1. 1 0603HAMEHNA HECKOIb-
KO M3MEHEHHI). 3aMeTHM, ITO N, — MOPALOK MUKIMIECKON [I0ATPYIIEL
B (f, KAXKIBIU U3 DJIEMEHTOB KOTOPOU SABJIAETCA BPAIIEHUEM BOKDPYT OCH,
NPOXOAAIen Yepe3 £. [OBOPAT, 9TO Ny — KPAmHKOCMb NOAOCE T WA ITO
T €CTB Ny-NoaocC.
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Kaxgomy snementy A # € us G cOOTBETCTBYET IBa MOJIIOCA, TOITO-

My |©2] = 2(N —1). C zpyrout CTOPOHBI, 1 KaxkK I0r0 MOMI0CA T UMEETCS

« — 1 sneMenToB 3 (G, OTVIMYHBIX OT € M OCTABJAIONIAX HEIOIBIKHBIM
nomoc z. CregoBarenasno, wucao nap (A, z) paBao cymme

=3 (na - 1).

€S
Bass 3a {z1,..., %)} MHOXKECTBO IIOJIOCOB, IO ONHOMY U3 KaX IO OpOuU-
THI, TIOJIOXKUB N; 1= Ny, M; := My, U 3AMETUB, 9TO Ny = Ny, = N; LI

Beex & € G(x;), MBI IOIY<IUM
k
zGS i=1
Takum o6pasowm,
k
2N —2=" (N —my).
i=1

Pazneaus na N 06e yacTu paBeHCTBa, Oy1eM UMETH

2—— 2(1——) (1)

IIpegnosaraem N > 1, tak 9ro 1 < 2 — 2/N < 2. Tak xak n; > 2, 10
1/2<1-1/n; <1, a mosroMy k JOMKHO PABHATHCA 2 WK 3.
Cayuan 1. k = 2. Torga

(- 1)+ (-2)

WK, 9TO PABHOCUIBHO,

N
2=—+ — =m3 +mao,
ny no
orkymami =ms =1, ny =ny = N. Crano 66Tk, G UMeeT B TOYHOCTH
oany ock Bpamenusa u G = Cy — nukandeckas rpymnmna nopsaaka N .
Cayuan 2. k = 3. Ilycts maa ompenenéHHOCTH Ny < Mo < N3.
Ecan n; > 3, T0 MBI Meun 6BL

& 1 & 1

S(1-7)>2(-3) =2

i=1 =1
9TO HEBO3MOXKHO. TakuM o6pasoMm, ny = 2, u ypasHenue (1) sanuceiBa-
erca B Buge 1/2 +2/N = 1/ns + 1/n3. OgeBugno, no > 4 = 1/ny +
+ 1/n3 < 1/2 — nporusopeune. Ilostomy ny = 2 wim ny = 3.

Eciu ny = 2, To ng = N/2 = m (1.e. N 001KHO OBITH YETHBEIM) U

m; = me = m, m3 = 2. DTU JAHHBIE COOTBETCTBYIOT I'DYIIE IU3IDA
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Dy, (cm. mpumep lus . 5 §4 i 1). Ecim ng = 3, 10 1/6 +2/N = 1/ng3,
U MBI IMEEM JIWIIL TPA BO3MOKHOCTH:
2Yn3 =3, N=12, m; =6, my =4, m3 = 4;
2Yn3 =4, N =24, m; =12, my = 8, mg = 6;
2/ ny = 5, N = 60, m; = 30, ma = 20, my = 12.
CobGepém Bce >Tu nanuble B Tabml. 1.
Tabauma 1

Hucao Ilopsaaxn
N S|
opour IEeHTPAJIN3ATOPOB
n 2 2 n n —
2m 3 2m + 2 2 2 m
12 3 14 2 3 3
24 3 26 2 3 4
60 3 62 2 3 5

Hamu nokasamo ciaexyroinee yTBEPK ACHUE.

Teopema 1. Iyemv G — xoneunas nodepynna 6 SO(3), omauu-
HaA OM YuKAUveckol u dusdpaavnot. Toeda das eé nopadka N umerom-
ca auwd mpu eo3moxcnocmu: N = 12, 24, 60. Apyeue oepanuuenus ma
epynny G codepacamesa 6 mab. 1.

2. I'pynnsl OpaBWIBHBIX MHOrorpaHHukoB. CymecTBoBanue
rpynn mopankos 12, 24 u 60, comepxamuxca B SO(3), mokasbiBaeTCs
coBceM npocTo. C TOYHOCTBIO A0 HOAOOUA CYLIECTBYET JUIIb IATH (13-
BECTHBIX ¢ QHTUYHBIX BPEMEH) MPABIILHBIX BBINYKJIBIX MHOTOMDAHHUKOB
B eBK.MI0BOM TpocTpancTse R? (em. puc. 5): Terpasap Ay, xy6 g, ox-
Tasap Ag, D0aeKasap Y12 U UKocazap Nag:

\ 1

|
| \ |
N
L 1-K”
LI
Sty
Ay Os Ag

A\

KX

*12 Azo

Puc. 5
Ecau unenTp mpaBuabHOTO MHOTOrpaHHUKA M MOMECTUTL B HAYAIb-
HyI0 TOYKY mpocTpaHcTBa R®, To Bpamenus uz SO(3), copmermaromue
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M ¢ cobon, COCTaBAT KOHEUHYO MOArpymy. [Ipu 5TOM, 0THAKO, BO3HU-
KAeT He IATh, a BCErO JUIIb TPU DA3NUIHBIE (HEM30MOP(HBIE) I'PYIIIILL
BpAIIEHUN, TOCKOIbKY I KyOa M OKTadapa, a TakXKe I NOAEKadIPa
¥ MKOCA3IPa OHU ONUHAKOBEL. JTO OYEHBb JIET'KO OOBACHUTH DEOMETPU-
gecku. Ecau COeIMHUTH OTpE3KaMM CepeIMHBLI CMEXHBIX T'DaHen Kyoba,
TO 3T OTpe3ku OyayT pébpaMu BOUCAHHOrO B KyO okTasapa. Beskoe
Bpamenne B R, ocTapamiomee Ky6 MHBAPUAHTHEIM, TIEPEBOJUT B cebs
BIMCAHHLIN OKTAadAP, U 0OPATHO. AHAJIOTUIHOE 3aMEYAHUE OTHOCUTCA K
nape noJeKas Ip—UKOCadIp.

B Taba. 2 Ny — uucio BepHmIMH MHOTOTDAHHUWKA, [N| — €HCIO
pé6ep, No — 9ucao TpaHen, [ — 9UCI0 CTOPOH (pE6ep) KaxK oM I'PaHMU,
a vV — YUCI0 TPaHen, CXOIAmUXcs K oqHou Bepimue. Kak u panee, N —
MOPAJOK COOTBETCTBYIOMIEN TPYIIIHL.

Tabauma 2

No | N1 | Nafp|Vv | N
Terpasap 4 6 4 31312
Ky6 8 12 6 41324
OxTanap 6 12 8 31424
Honmexkansnp | 20 | 30 12 | 5|3 | 60
Nkocasap 12 | 30 | 20 | 3|5 ] 60

B cooTBeTCTBUU € reOMETPUIECKON TEOPEMOU JDUIepa O MHOT'OIPaH-
HUKaX

Nog — N1+ Ny =2.
O611ee 9uCa0 MOJIOCOB PABHO
No + N1 + Ny = 2N; + 2.

ITpu a1060M Bpatennu, mepeBoAANIEM MHOTOIPAHHUK B cebs1, TaHHOEe ped-
po a1b; coBmemaercs ¢ mo0bIM gpyruM: ¢ a;b; wiu ¢ b;a;, Tak uro N =
= 2N;. Bamerum em§, 9o {u, v} = {ns,n3}, rae ne,ny — BBEIEHHBIE B
. 1 KpaTHOCTH MOTIOCOB.

Iycts, ganee, T — rpynna Terpasapa, O — rpynna ky6a (oxTas-
pa) u I — rpynna uxocasapa (gozexasapa).

OuemernTamu T ABIAIOTCA BPAILEHUA HA YIUIBI BOKPYT YETHIPEX OCEH,
COEIUHSAIOIINX BEPIINHEL C IEHTPAMH IIPOTUBOIOJOKHBIX TPAHEN, Bpalle-
HUA HA yrOJ T BOKPYTD KaXIOU U3 TPEX OCEU, COENUHSIONMX CEPEeINHBI
NIPOTUBOIIONIOXKHBIX PEOED, U €TMHUYHOE BPAIIEHUE.

B rpynne O, xpoMe €IUHAYHOIO, UMEIOTCSA BPAIEHUI Ha, YIVIBL 7T /2,
7, 3m/2 BOKpDYr TPEX OCEl, COeNUHSAIOMINX [EHTPH IPOTUBOIOJOKHEIX
rpaHen Ky6a, BpameHus Ha yruiel 27/3, 47/3 BOKpYr 4eTBIPEX Ocel,
COEIVHSAIOMNX SKCTPEMAIBHO IPOTUBOIIOJOXKHBIE BEPIINHEI, U BPAILIECHUs
HA YOOI T BOKPYD KaXKAOW M3 INECTH OCEU, COEAWHANIINX CEePEeIUHBI
IXArOHATHBHO-IIPOTUBOIIOIOXKHBIX PEGED.
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[IpaBuabHBIM TETPA3IpP BIUCHIBAETCA B KyO U OCTAETCSA UHBAPUAHT-
HBIM OTHOCUTEIBHO HEKOTOPHIX Bpammenun u3 O nopsaka 3 u 2. Buecre ¢
eIVHUIEN X HAOUPAeTCsA 12 IITYK 1 OHM COCTABIAIOT Kak pas rpymmy T.
CrepoBarensno, T C O, a Tak xax |0 : T| =2, 7o T < O.

Kaxnomy smementy u3 O cOOTBETCTBYEeT POBHO OJHA MEPECTAHOBKA
HA MHOXKECTBE, COCTOSAIIEM U3 YeTHIPEX OOJBIIMX auaroHasuen kyba. U3
paBeHcTBa mopsaakos rpynn |O| = |Sy| = 24 cregyer ux uzomopdusm:
0 =9,

CoorsercrBenno T = Ay.

Yup. 2 nokaseBaet, uro I = As.

Bossparmasce k [0Ka3aTeabCTBY TEOPEMBL 1, 3aMeTUM, ITO [IPU 1 =
=2, Ny = ng = 3 UMEIOTCA IBE IEeTHEIPEXIIEMEHTHBIE OPOUTHI

G(pl) = {plap27p37p4}a

G(q) ={aq1,92,93, 94}

IIOTIOCOB, TAe P; U ¢; — HTPOTUBONOJIOKHEIE TOUKH Ha cdepe S2. Ecmm
AY — TeTpadp ¢ BepIIMHAME D;, TO €TI0 TPYINa TPeo6Pa3OBAHUM CHM-
metpun TY conepxut G. Us |G| = 12 cregyer, uto A — mpaBwibubni
rerpasap, T.e. A=A, u T =G =T.

Ilpu no = 3, ng = 4 6epém wectudreMenTHyo opbury G(p;) =
= {p1,...,D6} HOIOCOB, KOTOPBIE PA3OUBAIOTCS HA MAPHI, IOCKOIBKY | 7
# 3 = n; # 4. DTu Tpu maphsl Touek Ha chepe S? MbI GepéM 3a Tpu
napbl IPOTUBONOMOKHBIX BepmuH okTasapa AY. Kax u B npeawitymem
cryaae, |G| = 24 = A9 (B ToM cMBIcae, uTO AY — IPABUILHBIA OKTa-
sap) u O = G = O.

Haxomer, npu ny = 2, ny = 3, n3 = 5 crpourtes uxocazap AY, ¢ Bep-
IIUHAMY D;, B3ATHIMU u3 opbutsl G(p;) = {p1,...,p20}. CHoBa |G| = 60
BJEYIST MPABAIBHOCTH mKocasapa Ay u cosmagenme rpynm: I = G =
= I. Ocranoch 3aMeTUTh, YTO JIOOBE IBA NPABUILHEIX MHOIOT'DAHHU-
Ka OJHOT'O W TOTO K€ THUIa, BIUCAHHLIE B cdepy S2, momydaoTcsa apyr
U3 Ipyra HEKOTOPBHIM BpAalleHUeM (3aMeHa CUCTEMbI KOODIMHAT). DTUM
YCTaHABIMBAETCA CONPMKEHHOCTL B SO(3) m30MOPQHBIX mOATPYyIIL.

Co6epéM moJIyYeHHBIE PE3YJbTATH B BUAE TEOPEMBL.

Teopewma 2. Bee koneunvie nodepynnvt 6 SO(3) ucuepnvisaromes c

MOUHOCBIO 00 UOMOPPUIMA 2PYNNAMU
Coy Dy mEN;
T§A4, O§S4 uI%’A5

Jobvie dee uzomopdunvie Koneunvie nodepynnovi conpaxcensvi 6 SO(3).

CrengcrBue. Ykazannvie 6 meopeme 2 uzomopdusmvr daom we-
nPUBOJUMbIE MPETMEPHBIE 0PMOL0HAAbHVIE Npedcmasaenus 2pynn Ag,
54 u A5.

Wcnoassys Teopemy 2 u snumopopusm P : SU(2) — SO(3) (reo-
pema 1 w3 § 1 1. 1), MBI JIerko mpugéM K ONUCAHWIO BCEX KOHEYHBIX
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noarpynn rpynnst SU(2) (MOXHO HeNcTBOBATL U B 0GPATHOM HMODSAIKE).
Jwobas Takas rpynna G*, OTIXYIHASA OT MUKIXIECKOU, SBIAETCA MPOO6-
paszoM HeKoTOpon koHeuHou noarpymmsl G C SO(3). BosaukaroT Tax
HA3BIBAEMEIE OUNAPHBLE 2PYNNbL

D® =3 Y(D,), T =& (T),
o*=9"%0), TI"=o'(I)

— OuHapHasg Ipynna AWd>apa, OMHApHAsA IPYHIA TeTpa’ipa, OuHapHasI
Ipynna OKTasApa M OMHADHAA IPYIIA UKOCAa’apa. BuHApHBIE I'DYIIIH,
PAaBHO KaK 1 OPTOT'OHAJIBHEBEIC IIPENCTABJICHUA

®: SU(2) — SO(3)

B IIJIOM BO3HMKAIOT €CTECTBEHHBIM OOPa3OM IPU OMUCAHUM COCTOSHUN
PUBNIECKON CUCTEMEI IACTHUI] CO CIIMHOM.

YIIPAKHEHU

1. B rpymnme ukocasapa I, toMuMo e IMHUYHON 110 ATPYIIIbLL, KMEETCH 15 COnpsAKEH-
HBIX IWKJINYECKUX MOATDPYHI HOPAAKa 2, 10 COIPMXKEHHBIX UKIWNYECKAX IOAIPYIII
nopAaKa 3 1 6 CONPAKEHHBIX MUKIMYECKUX NOATPYyHI nopaska 5. [Jokasars, uro I —
IpocTas rpyImma.

2. YcraHoBUTH m3oMopduaM Mexay rpymmamu I u As.

3. Ilokasars, 4yro ecim H — kOHedHasA MOArpynna HedéTHOro nopsika B SU(2)
nmu SO(3), ro H umkamdeckas.

4. Ecin xoneunas noarpynna H C SU(2) He sABaseTcs Ipoo6pazoM KaKOU-Iu60
noarpynnsl G C SO(3), To [H| =1 (mod 2). Y6esurbcsa B 9TOM.

5. IlokasaTk, YTO ¢ TOYHOCTBIO IO CONPAKEHUA

D§:<‘01"50

-1 0 0 !
6. Yro 06mero Mexay co60u uMeroT GMHApHAA T'pynna ukocadapa I* u rpynma

; 82+8—|—1:0>.

SL(2, Z5) = {

Z Z H | ad — be =15 a,b,c,d € Z5}?

7. IlycTb aToMbl ¢ pasaudHbIX cOpToB (¢ < 200) pacnosararoTCs BCEBO3MOMXKHBI-
Mu criocobamu (6e3 yuéra KaKuxX-1u00 XUMUIEeCKUX CBA3€H) B BEPUIMHAX IPABUILHOIO
MHOrorpanuuka M. “Mojexynbr”, moxydalomuecs Apyr U3 Apyra IOBOPOTOM BOKPYT
HEKOTOPOU ocH, He pasinvaiorcda. Ilycrs f(M,q) — 4uciao pa3aumdHbix MoJeky. Ilo-
JTYy9UTh HOPMYJIbI

q° 2
A = — 11
JBaa) =L@+ 1),
q2
f(Dﬁvq) = ﬁ(qG + 17q2 + 6)3

2
f(As,q) = 3—4(44 +3q% 4+ 12q + 8).

8. [lokasaTh, 9TO MOACYET YNCIA PABMUYHBIX PACKPACOK IDAHEN MHOI'OI'DAHHY-
Ka M KpackaMmu ¢ COPTOB IPUBOAUT B Clydae TeTpasapa A4 K TOU ke hopMyie, 4To
u B yup. 7, a B cIydae Kyba u OKTadapa (pOPMYyJIbl IOMEHAIOTCA MECTaMU.
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§ 4. XapakTepsl JUHEHHLIX IPeACTaBICHUN

1. Jlemma Illypa u e€ cireacrBue. B ocHOBe BCAKOU comepKATENb-
HOU MATEMATUIECKOU TEOPUU JEKUT OOBIYHO HECKOIBKO CPABHUTEIBLHO
HECJOXKHBIX (HO TOHKUX) cooOpaxeHun. QoHUM U3 KPACyTOJbHBIX KaM-
HEW TEOPUHU MPEJCTABICHUN ABIAETCA CAEAYIOIIEE YTBEPK TEHUE.

Teopewma 1 (remma IMypa). ITyeme (®,V), (¥, W) — dea nenpu-
800UMBIT KOMNAEKCHVIT npedcmasaenus epynnvt G v o: V. — W —
AUKETHOE 0MOBPANCEHUE MAKOE, UMO

¥(g)o =0®(g) VgeG. (1)

Toezda:

i) ecau npedcmasaenus ®, U nesxsusasenmmuvi, mo o = 0;

ii) ecau V=W, ® =T, moo =M.

MokaszarteascTBo. [Ipu 0 = 0 qokaswiBaTh Hedero. Cuuraem mo-
sromy ¢ # 0 u noraraem Vy = Kero C V.

Tak xak 0®(g)vg = ¥(g)ove npu J06oM vy € Vo, T0 ®(9)Vy = Vo,
T.€. IOAIPOCTPAHCTBO Vy MHBAPUAHTHO OTHOCUTEAbHO G. BBuay mempu-
Bogumoctu (P, V) umeem Vo = 0 wim Vo = V. Pasenctso Vy = V HeBos-
MOXKHO, TOCKOAbKY 0 # 0. Crano 6bith, Kero = 0.

Ananoruano, moaaras Wi, = Imo C W, 6ygem umers

wy € W, = ¥(g)wy = ¥(g)o(v1) = o(®(g)v1) = w} € Wy,

Tak yro Wi — umuBapuanTHOe nmogmpoctpancTso B W. CuoBa 0 # 0 =
= W; # 0, a mockoanky (¥, W) — mHenpuBogumMoe IpeICTaBICHUE,
OCTaéTCsA eIUHCTBEHHASA BO3MOXKHOCTE W1 = W.

i) Tak xax Kero = 0, Imo =W, 10 0: V — W — uzomopdusm, u
YCJIOBHE 1) €CTh HE YTO MHOE, KAK YCJIOBUE DKBUBAJEHTHOCTU IPEICTAB-
aeaun ®, ¥ (cm. § 1, onpenenenue 2). YTBepxkaeHue 1) TOKa3aHO.

ii) Ilo ycroButo 0: V. — V — nunennsm oneparop Ha V. Ilycts A —
OJIHO U3 er0 COOCTBEHHBIX 3HAYEHUN; OHO CYIIECTBYET, IMOCKOIBKY OCHOB-
uoe nose C anreGpanvecku 3aMKHyTO. JIMHENHBIN OMIEpaTOp 09 = 0 — AE
UMeeT HEeTPUBUAILHOE AAPO (B HEM COAEPKUTCA COOCTBEHHBIN BEKTOD)
u ynosjeTBopseT paseHcTBY ¥(g)og = 0o®(g). [lo panee moxasamHOMY
o0 =0,T.e. c =)A€ O

Cunencrsue. Iycmo (P,V), (¥, W) — dea nenpusodumbiz nped-
cmasaenus nad C xowewnot epynnvt G nopadka |G| w o: V. — W —
nPouU3BoAbHOE AUNETHOE 0MOOPaHcEHUe.

Toeda ycpednénmnoe omobpaxrcenue

G = ﬁ > U(g)od(g)”!
geG

obaadaem caedyYoWUMY CEOTCMEaAMU:
)PV = 07=0;
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tro

11)V=W,‘P=‘I’:>0:/\8a)\:m'

MoxaszaTeabcTBo. Umeem

T(g)5d(g) " =|G|7 Y U(g)(h)od(h) ' B(g)~" =

heG
=GI7 Y U(gh)od(gh) ™t = |G| Y ¥(t)od(t) ! =7,
h teq

tak 4To V(g)od = d ®(g) Vg € G. Ilo aemme Illypa cpasy momyvaroTcsa
062 yTBEPXK I€HUs, IPUIEM YTOIYHEHNE, KACAIOUIEECS KOHCTAHTHL A, BEITE-
KaeT U3 COOTHOIIECHUN

(dim V)A=trA& = tr5 = |G|7' ) trd(g)od(g)" =

geG
=|GI™! Z tro =tro.
9eG

31echb MBI BOCIOJB30BAIUCH U3BECTHBIM CBOUCTBOM (DYHKIUM CJIEIA:
trCAC™! =trA. O

Ham momagoburca mMaTpuuHasa GopMmyaupoBka caegcrsusa. C
STOU eJabIo BeIGepeM B mpocTpancTBax V, W kakue-HuGy1b 6a3uCHL:

V={(e;| i€l W =(f;| j€J).
SanumeM B 5>TuX 6a3ucax Haum 0TOOpaKeHUs (OTOXKIECTBIAA UX C CO-
OTBETCTBYIOIMMY MATPULIAMIY):

(I)g = (@ii’ (g))7 \I,g = (’wJJ’ (g))7
U:(Uji)7 5:(511), 7:77:16-[7 ]7]I€J
CoryacHO OmpeneNeHuo o
oy =G Z Vi (9o iilg™). (2)
geG i€l j ed

Orobpaxenne o: V — W y HaAC COBEPUIEHHO MPOU3BOJbHOE. MbI
MOXKEM B3ATH

0ji =0 V(j,i) # (Jo,io);  Ojoio = 1. (3)
YTBepx JeHuto i) CIeACTBUASA TOTJa OTBETaeT COOTHOIICHTE
IGI ! Z¢JJO *Pigi(g—1) = 0 Vi, ig, J,jo (4)
geG

(® u ¥ — HedKBUBAJEHTHBIE [IPEICTABICHU).
Eciau Trenepp V=W u ® = ¥, T0

t[‘o‘: E Uii = E 6j’i’0j’i’7
i i
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~ tro . tro

”Zaav&:%Féva‘mva@”W

CpaBHUBas IOy IeHHOE BBIpaxkenue ¢ (2), nonyqaeM
GI7 D i @ogaenile™) = d1m 7 Zéﬂéj T
9€G, .5’

OTKyJa B CIIy IPOU3BOJIA B BEIOOpE 0 (cM. (3)) IpUXOAUM K BBIBOLY, 9TO
YTBEDXK ACHUIO ii) CJIeICTBUSA OTBEYAET COOTHOIIEHNE

ji . .
-, €CJIu Jog = 19,
|G|~ Z ©jjo (9)Pinilg 1) = dim V'

9€G 0 B IpOTMBHOM CIydae.

(5)

B coornomennsx (4) u (5) 3akmoueHa BCsA HyXKHAA HAM MHDOPMA-
nua. O
2. XapakTepsl npeacTaBaeHnn. C Kax I5IM KOMILIGKCHBIM KOHEY-
HOMEPHEIM JuHeNHbIM npejcrasieaueM (P, V) rpynner G cBA3bIBaeTCA
dpyHKIUA
G —C,

OIpeneIéHHAsA COOTHOUIEHTEM

xe(g) =tr®(g), g€Gq,

U HA3BIBAEMAS TAPAKMEPOM npedcmassenus. & 0603HATAIOT TAKKE CUM-
BOJIOM Yy WU MIPOCTO X, €CIU ACHO, O KAKOM TIPEICTABICHUYN UAET Pedb.

Myctes &, = (¢;5(9)) — marpuma, orBevaromasn oneparopy ®(g) B
HEKOTOPOM 0azuce mpocTpaHcTBa V, a Ar,...,A\p, (n = dim V) — eé
XapaKTePUCTUICCKUE KOPHHU, B3ATHIE ¢ yIéTOM KpaTHocTen. Ilo ompene-

JICHUIO
xe(9) =xv(g) = ZSOii(g) = Z)\z

Ecmu C — no6as obpaTumMas MaTpuIa, To
tr C‘I{QC_l =tr,.

Ho mpI 3HaeM, 4uTo Bcsikoe npexncrtasienue ¥, skBuBasitenTHOEe P, umeer
Bug g — C®,C~'. Ilosromy zapaxmepvr uzomopduos (sK6usasenm-
HBIT) npedcmasaenut cosnadam. DTO 3aMevaHue MOKA3LIBAET, ITO 10~
HATHUE XapaKTepa ONPEeIeJeHO IPABIILHO.

OTMmeTuM emgé psg dIeMeHTAPHLIX CBOUCTB XapaKTepOB.

IIpennoxenue. [Tycms Xo — TapaKmep KOMNACKCHOL0 AUKETEHO20
npedcmasaenus (®,V) epynnw G. Toeda:

i) xo(e) = dim V;

ii) xo(hgh™!) = xa(9) Vg,h € G, m.e. xo — Pynryus, nocmosnnas
HA KAGCCAT CONPAHCERHBIL daemenmos epynnbl G
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i) xo(97") = xa(g) 0aa m06020 ssemenma g € G Koneunozo no-
padka (wepma 03nauaem KOMNACKCHYIO CONPAHCENHOCTD);

iv) npamoti cymme ® = ®'+@" npedcmasaenuii omseuwaem Tapaxmep
Xe = X&' + Xor-

HokasaTteabcrBo. [lencrsurensro, yg(e) = tr®(e) = tr& =
=dim V. anee,

Xa(hgh™) = tr ®(hgh™") = tr &(h)®(9)®(h) ™" = tr ®(g) = xa(9)-
[llna nokasaTenrbcTBa iii) 3aMeTuM, 4TO
g"=e= ®(g)" =&,
U ecau Aqj,..., N\, — XapakTepucTudieckue KopHu omeparopa P(g), To

AT, A — xapakrepuctuieckue kopau oneparopa ®(g)*. B wacrroc-
t, A" =1, 1 <4 < n, u, crano OuTh, [N =1, \; = )\i_l. IMosTomy

xa(g™) = trd(g ZA_ ZX’:ZM:X@(Q)

Hakonen, B ciyqae & = &' +<I>" MBI 3HAEM, 9TO TPU HAIJICKAICM
BBEIOOpE 6a3nca B IPOCTPAHCTBE HpeacTaBileHus V Bce maTpuusl ®,, g €
€ G, npumyT BUJ

!
S
0 @

?

“-|

otkyga tr &, =tr &, +tr®y. d10 m smatmT, UTO Xa(9) = Xa'(9) +
+xar(9)- O

3amerum, uro mpu n = dim V = 1 6yzetr xa(g9) = ®(g), HO mpm
n > 1 xapakTep ¢ He aBiasercsa romoMmopdusmom G B C*.

IIpumep 1. Paccmorpum rpynmy SU(2) B €€ eCTECTBEHHOM JBYMEDHOM IPEJ-
crasaenun. [lycrs x — coorBercrBytomui xapakrep. Coruacuo (5) u3 § 1 ru. 1 mo6as
Marpuna g € SU(2) conpsixena ¢ MaTpuLen
eiv/2 0

0 e—iv/2 || 0< <2,

-

TAK 9TO KJIACCHI CONPSAKEHHBIX dieMeHToB rpynnsl SU(2) napamMeTpusyoTcsa BemecT-
BEHHLIMM YMCJIAMU ( U3 YKA3aHHOI'O MHTEPBAJa. B COOTBETCTBUU CO CBOMCTBOM ii)
XapaKTepOB UMeeM

x(9) = X(hboh™") = X(by) = €*¢/? 4 ¢7/* = 2cos .
IIpu kanonmdeckom npegcrapiernu ®: SU(2) — SO(3) marpuna by, nepexogur
B MaTpuUILy
cos ¢ —sing 0
By, =1| sing cose 0 |,
0 0 1
KOTOpas TaKke CIyXUT yAOOHBIM IPEICTABUTENEM B KJIACCE CONPAXKEHHBIX OPTOrO-
HaJbHBIX MaTpun rpymmsl SO(3). O4yeBuaHO, 4TO

Xao(By) =14 2cos ¢. (6)
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Dopmynon (6) MBI BOCIOIB3YyeMCA O3 THEE.

Muoxectso C¢ = {G — C} Beex dyrkumit u3 G B C Hazeneno ec-
TECTBEHHOU CTPYKTYPOU BEKTOPHOro npocTpancTsa Hay C: it ay, an €
€ C, x1,x2 € CY mox a1 +aszx2 HOHEMAETCA (PYHKIHAA CO 3HAICHUAMM

(a1x1 + a2x2)(9) = a1x1(g) + aax2(9)-

PDyuxmua u3 CE HazpBaeTCA YeHMPaIbHOU, €CIM OHA MOCTOMHHA, HA,
CONmpsAXKEHHBIX Kaaccax rpynnel G. IerTpanbaele GyHKIIu 06pasyioT,
OYeBHIHO, BEKTOPHOe mognpocTpancTso B C&, koTopoe MBI 0603HAMMIM
Xc(@). Boobme roeops, X¢(G) — 6eCKOHEUHOMEPHOE IPOCTPAHCTBO, HO
€CJIu B prHHe G nMeeTCA JUIIIb KOHECYHOE YUCJI0 KJIaCCOB COHpH}KéHHBIX
snemenToB K1, Ko, ..., XK, (Tak OygeT BCeraa misa KOHeIHOU rpynusl (),
70 npocrpauctso X¢(G) koreunomepro. Hanpumep,

X(C(G) = (FlaF‘Za o 7Fr)(Ca

rae
1, ecim g € K,

Li(g) = { 0, ecm g ¢ K. (7)

Ilo moxasammomy (mpemtoxenue ii)) xapakTepnl rpynnsl G npuHaLIe-
ka1 npocrpadcTBy Xc(G). Mbl yBuguM, 9T0 HATAHYTOE HA HUX NOJ-
IPOCTPAHCTBO HA caMoM fete coBnanaet ¢ Xc(G), mo kpauHen Mepe s
KOHEYHOU rpynisl G.

Nanee mpeamonaraem, 9o rpymma G koxeuna. IIpespatum C¢ B op-
MHUTOBO IPOCTPAHCTBO CO CKAJAPHLIM IIPOU3BEICHUEM

(0716 = 5 0@, o 7T ®)

Jlerko mposepsiercs, uto dopMa (0,7) — (0,7)g yAOBIETBOPAET BCEM
CBOUCTBAaM HEBBIPOXK IEHHOU SPMUTOBOU (pOopMbI. EE cyxeHue Ha mOAIPO-
crpancTo X¢(G) C C¥ okassBaeTCs BeChMa MOME3HBIM MHCTPYMEHTOM,
B OCOOEHHOCTHU MPU U3YIEHUNM XAPAKTEPOB JUHEUHBIX MPEACTABJICHUN.

Teopema 2. IIyemv ®,¥ — mnenpusodumvie Komnaekcubie npeod-
cmasaenus xKoneunot epynnot G. Toeda
|1, ecaud 0,
(Xe, xw)a = { 0, ecau ® % . (9)

JokazaTeabCcTBO. B MATPUIHBEIX 0003HAMEHUAX UMEEM
n n
xe(9) = > wul9),  xwlg) =D vulg).
i=1 i=1
Monaras igp = 4, jo = j B cooTHOeHuu (4), a 3aTeM CyMMUPYA IO i U j

8 A.U.Kocrpuknn
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(B IOMYCTUMBIX /s § U j TIPEIeNax), MLy UM

0=1G17" Y vi(9)ealy >|G|—1=Z(Z¢y<g>)(2mg—l>)=

956,J

=167 Y xulgxalg™) =1GI™" Y xuly = (xw, xe)a

geq geG

A JTIOOBIX HESKBUBAJICHTHHIX HENMPUBOAUMBIX mpeacTasicamua P, ¥
rpynnsl G.
Ucnoassyem Teneps (mpu ig = i, jo = j) coorHomenue (5):

_ i » > (ij cu@) (Lents™) =

=G| Z xa(9)xa(97") = (xe, xa)a

geG

Tax Kak XapakTepsl M30MOD(MHBEIX IPEJCTABICHUN COBIAAIT, TO U
(Xe,xw)g =1mpn & ~ ¥. [

Coornouterne (9) HazpIBaeTCA (NEPBBIM) COOMHOWEHUEM OPTNO20-
HAADKOCTNY UL XapaKTEPOB.

Caencrsue. ITycmo
V=Vie...0V (10)

— pasaoxcenue Komnaexcnoeo G-npocmpancmea Vo 8 npamyo cymmy
nenpusodumvir G-noonpocmpancms Vi. Ecau W — Kxaxoe-mo nenpueo-
oumoe G-npocmpancmeo ¢ TaPaxmMePom Xw, MO YUCAO CAGRAGEMBIT Vi
8 (10), uzomopguvir W, pasno (xv,Xxw)c U me 3asucum om cnocoba
pazaoncenus (Kpamuocms sxoncdewus W e G-npocmpancmeo V). Asa
npedcmasaenus (dea G-npocmpancmea) ¢ 00nuUM U MeM He Taparme-
POM U3OMOPPHDL.

MokazaTteanbcTBo. Kak MBI yxe orTmedamu panee (IpemioxKe-
HEE iV)), XV = XV, + ...+ XV, 4 IODTOMY

(v, xw)a = (Xvisxw)a + - -+ (v, xw)a

ITo Teopeme 2 cmpaBa CTOUT CyMMa U3 k HYJeH U €IWHUL], TIPUIEM TUC-
JIO €IMHUI] COBIAAAET C YuCIOM G-moanpocTpascTs V;, uzomoppusrx W.
Ho ckansproe npoussenerue (Yy, Xw )G BOOOIIE He 3aBUCAT OT KAKOTO-
aub0 paznoxenus (CM. onpegensanee cooTHouerre (8)), Tak ITO OIHO-
BPEMEHHO HAMU JOKA3aHA WHBAPUAHTHOCTL KPATHOCTY BXOXaeHus W B
G-npoctpanctso V.

MBa G-npoctpanctsa V, V' c O1HUM 1 TeM XKe XapaKTepoM Y = Xy =
= Xy’ COJep¥KaT B CBOUX PABJIOKEHISX J1I000€ craraeMoe, n3oMopgHOe
naHHOMy HempuBogumMoMy G-mpocTpaucTBy W, OIMHAKOBOE YUCJIO Pas,
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a uMeHHO (X, Xw )¢. [loaTOMy B pasiokeHusax

k !
V- V-
i=1 j=1

Ha HENPUBOJUMBIE IPAMBIE CJIaraeMble MBI MOXeM cuutarsb | = k, V| =
=2V, 1 < i < k. CregoBarenbro, n3oMOp@HBEL 1 caMu (G-IPOCTPAHCT-
Ba V,V'. O

3aMeuaHus, CIeTaHHbIE TIOCHEe T0KA3aTeNbCTBA TeopeMbl Maruke, u
CJIeICTBUE TEOPEMBI 2 TAI0T BO3MOXKHOCTH BHIPA3UTH XapaKTeP X ¢ JTH000-
0 KOMILIEKCHOTO JuHenHoro npeacrasierus (®, V) koneunon rpynner G
B BH/J€ LEJIOYUCACHHON JUHENHON KOMOMHAIINN

S
Xe = Z miXi-
i=1

31ech Mm; — KPATHOCTh, ¢ KOTOPOU HEMPUBOAUMOE IIPEINCTABIECHUE
(®;,Vi) Bxogur B pasnoxenue (®,V), Tak uro ®; % ®; mpu i # j.
Vcnoas3ys COOTHOIIEHNE OPTOrOHAMLHOCTH (9), MBI MOXKEM HAINCATH

S
(Xes Xa)a = »_m;. (11)

i=1
Crajo 6bITh, ckaaaprvil Keadpam (X&, Xe )G TAPaxmepa xe 406020
Komnaexcro2o npedecmasaenus Y eceeda asaremes ueavim wUCAOM, PaB-
wolm 1 6 mounocmu moeda, xoeda ® — mnenpusodumoe mpedcmas-

aenue. U

Mg npuiuin K 3aMedaTeqbHOMY Pe3YIbTATY. XapaKTephl, WIn “cie-
I TIPEICTABICHUN , HECYIIUE CKYTHBIE CBEICHUSA O KaXKIOM OTACILHOM
JauHenHOM onepatope P(g), BHIPpAKAIOT CYMIECTBEHHBIE CBOMCTBA UX CO-
Bokynuoctu {®(g)| g € G}, T.e. cBoucTBa camoro mnpexcrasienus P.

MIpumep 2. Yoeaumcsa B Henpusogumoctu Hajg C npencrasrenun rpynn Ag, Sy,
n As BpalIeHUAMHU TPEXMEPHOrO HPOCTPAHCTBA. A HTOr0 HATO BEPHYTHCA K CIAE[I-
CTBUIO TeopeMbl 2 u3 § 3 U BOCHOJAB30BaTHCA popmytamu (6) u (11). Ilpencrasienue
®, onucanuoe B § 3, IOKA3bIBAET, YTO €CIAM T — MEPECTAHOBKA IOPAAKa ¢, T0 P(7) —
noBopoT Ha yroxa k-2 /q, HO(k,q) = 1, Bokpyr HekoTopou ocu. [IoaToMy 3HAYEHUS
XapakTepa X = X¢ BBIYUCIAIOTCA HEIOCPEACTBEHHO 10 dgopmyse (6):

1+v5 1—-V5
2 72

)

2
x(7) =1+ 2cos k=X =3,-1,0,1,
q

ecau cooTBeTcTBeHHO ¢ = 1,2,3,4,5(k = £1),5(k = £2). 3amernm, 4To

0 0
1+5 € 1-5 )
+—\/_:tr 0 e ! 0|=e4+et41, —\/_:€2+5_2—|—1,
2 00 1 2
2m
e —ep(220).

8*
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Brrauciaenue nopsajgka NepecTaHOBKY 7T IO €€ PA3JOXEHUIO Ha HE3aBUCUMBIE I[AK-
ast onucano B [BA I, ru. 4, § 2, yup. 13]. Pacopenenesue 31eMeHTOB IO KIACCaM CO-
MPAXKEHHOCTU NPUBOAWIOCEH PaHee B Buje Tabauil. BoT Te xe Tabaniibl, JOIOJHEHHbIE
3HAYCHUAMM XapakTepa X:

21 3 1 1
Ay [ e | (12)(34) | (123) | (132)
X |3 —1 0 0
24 [ 1 3 6 8 6
Si | e | (12)(34) | (12) | (123) | (1234)
X |3 —1 —1 0 1
60 | 1 15 20 12 12

As | e | (12)(34) | (123) | (12345) | (12354)
X |3 —1 0 (1++v5)/2 | (1 =+5)/2

CooTHOIIEeHUs
1

5{1'32+3(_1)2+4'02+4'02}:1’

(Xx)a, =

06X)s, = % {1-324+3(-1)?+6(-1)> +8-0% +6-12} =1,

2 2
(XX)as = %{1'32—1—15(—1)24_20.02_1_12 (1"‘2\/5) 112 (1—2\/5> }: L

[OKa3bIBAIOT, 4TO npejcTasieHne ® ¢ xapakrepom x Hempusoaumo Hag C (cm. (11)).

YIIPAYKHEHUSA

1. IIycts ®, ¥ — HenpuBOAUMBIE KOMILIEKCHBIE IIPEICTABIEHUA KOHEYHOU I'DYII-
bl G. IloxyunTs 06001MeHre TeopeMbl 2

1G> " xw(hg)xe(9) = da,w
g9

31eck h — npou3BOILHEIN d/1eMeHT rpynnbl G dp w = 1 min 6g ¢ = 0 B 3aBUCHMOCTH
OT DKBUBAJEHTHOCTH WJIM HEdKBUBaJeHTHOCTH ¢ n W.

2. [IpuMeHUTh KPUTEPUN HEIPUBOIUMOCTY, OCHOBAHHBIN HA XapaKTepax, K IpPe/-
craprenuio ®3) rpynmer S3 w3 mpumepa 1 m 1 § 2.

3. [lokaszars npu nomomu JemMmel 1Ilypa, 94T0 Bce HENPHUBO AMMbIE NIPEICTABICHUA
najg C aGereson rpynnst G 0JHOMEDHBI.

4. Eciu rpynna G o6iagaeT aBTOMOPGU3MOM T, TO ¢ KaXKAbIM JUHEUHBIM MIPeJ-
crasienuem (P, V) aToM rpynmel accoumupyercs emé oaHo mnpexcrasierue (P7,V),
onpenenéunoe 1o npasuity ®7(g) = ®(7(g)). [IpoBepurh, YTO 9TO AEUCTBUTEILHO
TaK, M MO0Ka3aTh, 4TO HENpUBOAMMOCTb ¥ BieuéT HenmpuBosumocTh $7. Kak mpa-
B0, 7 & &, HO OGBIBAIOT Ciy4am, KOI'Ja IIOJIy4aeTCA HOBOE IIpencraBieHue. ITo
CIefyeT OXWAATh B Clydae BHyTDEHHEro aBToMopdusma?

IIycrs G = As u ® — npeacrasienne, pacCMOTpeHHOe B npumMepe 2. OTobpaxe-
e 7 : 7 — (12)m(12)~! aBaserca (BHemHmMM) aBTOMOPGU3IMOM TPYIIBl Aj, mepe-
CTaBIAIONMM KJIACChI ¢ npegcTasuTeasyu (1234 5) u (12354). MuOoXecTBa 3HAYEHUI
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XapaxTepoB X u X7 MOMYHaloTCA APYT W3 Apyra mepectanoskoi mectamu (14 /5)/2
u (1 —+/5)/2. TlokasaTs, 4T0 XapakTepel X7 U X HEOKBUBAICHTHLL.

5. Ilycte ®: G — U(n), ¥: G — U(n) — OKBUBaJIEHTHblE YHUTApPHBIE
HEIPUBOIUMBIE [IPEACTABIEHUA KOHEYHOU rpynnbl G. [lokazaTh, 9TO HAUAETCA YHU-
Tapuaa Marpura C, 1is KOTOpOu C’<I>gC’_1 =¥, Vged.

6. [lokasaTb, 4uro ueHTp Z(G) koHeunou rpynnsl G, 00raLaromed TOYHBIM He-
npuBoAUMBIM npencTaBienueM Haj C, Bcerga TPUBMANLHBIM WAV NUKJIXIECKUN.

7. llycts g = @4, g — ¥y — nBa MATPUIHBIX KOMILUIEKCHBIX NPEICTABICHUA KO-
nevnou rpynmnsl G. [Ipeanonoxum, 9To 1t Kax q0oro g € G HanAéTCA HEBBIPOXK IeHHAA
matpuna Cg Takas, 910 Cg®gCy ! = w,. Mokasars, 4T0 cymecTByeT HEBHIPOXK [eH-
Hasg marpuna C, He 3aBUCAIIAA OT ¢, NJIA KOTOPOU C<I>gC_1 =¥y,.

§ 5. HenpuBogumsbie mpeacTaBiaeHUs
KOHEYHBLIX I'DYIIII

1. Ync/io HeMPUBO AUMEBIX IpeAcTaBJeHN. B ciIyvae KOHETHEIX
CPYII IPEIBIAYIIAE PACCMOTPEHUA MO3BOMAIOT OTBETUTD HA, MPUHIIUTIA-
aJbHBIE BONIPOCHL Teopun npeacrasieHul. O IHOU 13 OCHOBHBIX ABJIAETCA
CIeIyommast

Teopema l. Hucao menpusodumbl MONAPHO HEIKEUBAACHIMHIL
npedcmasaenuti Koneunot epynnvt G nad C pasno wucay eé xaaccos
CONPAHCEHHIT IAEMENMO8B.

[JokaszaTeabCTBO TEOPEMBI CONEPKUTCA B JeMMax 1 u 2, ecaum
3aMETUTD, YTO YUCIO T KIACCOB COMPKEHHOCTH Ipynnbl G MBI HHTEP-
OpeTupyeM Kak pa3MepHOCThb npocTpancTsa X¢(G) HeHTPATbHBIX KOMII-
JIeKCHO3HAYHBIX pyHKuun Ha G (cM. (7) m3 § 4). Tak xak XapakTephl Ju-
HEWHBIX MPEICTABICHUN — HEHTPAIbHBIE (DYHKIUU, TO OHU MTOPOXK JAIOT
B X¢(G) amHeNHOE NOATPOCTPAHCTBO HEKOTOPOU pazmeprocTu § < r. Ilo
TeopeMe 2 u3 § 4 xapaKTephl HENPUBOJUMBIX MPEACTABICHUN COCTABIIA-
0T OPTOHOPMUPOBAHHEIN 6A3UC (B METPHUKE (*, * ) DTOr'0 MOATPOCTPAH-
crBa. CTano OBITH, MHTEPECYIOIee HAC YUCJAO COBIALAET C S, U OHO HE
npesocxoaut 7. OCTAIOCh yCTAHOBUTH PABEHCTBO S = T

Jemma 1. Iyemv I' — yewmpaavras Pynkyus wa xoneunot epyn-
ne G u (®,V) — mnenpusodumoe npedcmasaenue wad C ¢ zapaxme-
pPomM X&.

Toz2da das aunetino2o onepamopa

or =Y T(h)e(h): V—V
hed@

umeem Pr = AE, ede
,_ _lal

~ xale)

(X@? F)G’

(T — yenmpaavnas Gynxyus, onpedeaénnas pasencmeom L(g) = I'(g)).
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MoxaszaTeabcTBo. Tak kak [' — menTpanbHas GyHKIUA, TO

®(g)erd(g)~t = Y T(W)@(g)P(h)B(g ") =
heG
= T(ghg)®(ghg™") =D T(1)®

heG te@

Urax, or®(g) = ®(9)Pr Vg € G. Jemma Ulypa (reopema 1 uz § 4),
npuMeHEHHAs K caydao o = Pp, nmokaswiBaer, 4To P = AE. Beruucusas
CJiefl OIIepaTOPOB, CTOSIMIKX B 06X YaCTAX HTOr0 PABEHCTBA, HAXOIUM

Axe(e) =Adim V =trAe = trdp = Y T(h)tr &(h) =

heG
=1G1{I617 Y xe(WTW) } = |Gl(xa, D). O
heG
Jemma 2. Xapaxmepvt X1,...,Xs 6CET NONAPHO HEIKEUBAACHMHBLT

nenpusodumuiz npedcmasaenuts epynnvt G nad C obpasyom opmonop-
muposarnbiii 6azuc npocmpancmsa Xc(G).

NokasaTteancrso. [To Teopeme 2 u3 § 4 cucrema xi,...,Xs Op-
TOHOPMUPOBAHA, U €6 MOXKHO BKIOYATHL B OPTOHOPMUPOBAHHBLIN 0A3UC
npocrpadcTBa X¢(G). Ilycte I' — mpousBoabHas ueHTpaabHas QyHK-
1Us1, OPTOrOHANbHAA KO BCeM X;: (Xi, )¢ = 0. Torma mo semme 1 au-
HeHHEBIR OIIepaTop ‘I>(Fl)
Xi, PaBEH HYJIO.

Ilo Teopeme Marke BcsiKOe KOMILIEKCHOE MpencTaBaeHue ¢ MOXKHO
Pa3J0XKUTH B IIPDAMYIO CYMMY

®=m®Y + ... +m,d®

C HEKOTOPBIMU KPATHOCTSAMU M, ..., Mg. B COOTBETCTBUU C DTUM pa3-
JOXKEHueM M1 onepaTopa Pr, ompeaeréHHOrO0 COOTHOIIEHNEM

or =Y T(h)(h

heG

, orBeuasoumit mpegcrasienmo ®(9) ¢ xapakTepom

nMeeM . .
or =m @M+ .. Fmel =o.

B uacTHOCTH, 5TO OTHOCUTCA K JIMHEMHOMY OIEPATOPY pr, [Ae p — pe-
ryJasapHoe npegcTtasienue (cM. mpumep 5 u3 § 1). Ho B Takom caywae
OyaeM uMeTh (0603HaYAsA BDEMEHHO € IMHUYHBIN 3IeMEHT IPynnbl G cuM-
BOJIOM 1, YTOOHI U36€XKAThH COYETAHNUS €, )

0= pr(er) Z T'(h)p(h)e; = Z T(h)er, => T'(h) = 0.
hea hEG

Dro Bepuo mpu mobom h € G, mosTomy I =0 u, CIegoBaTeIbHO,
r=0.0
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IIpumep 1. Teopema 1, npuMeHEHHAA K CUMMETPUIECKOU IpyIIe S3, yTBEPXK[a-
€T, YTO 9Ta Trpylna 06J1a,qaeT POBHO TpeMA HENPUBOJUMBIMU KOMILIEKCHBIMU
npeacrasienusaMu. VckaTh X He HYXHO: Tabauna B KOHIE . 1 m3 § 2 comepxkuT
BCIO HEOOXOIUMYIO MHMOPMAIUIO. 3aMETUM, MEXK Iy IPOYMUM, 9TO KBAIPATHI CTENEHEeN
npegcrasrennit ®(1), ®(2) &G) yroprersopsaior coornomenmnio 12412422 = 6 = |S3].
CeI;I"IaC MBI YBUAUM, ITO U B OGH.IQM CIy“ae BBIIIOJHACTCA aHAJOI'MIHOE COOTHOIICHUE.

2. CTeneHu HeMPUBOAMMBIX MpeAcTaBIeHuA. PaccMOTpuM He-
CKOJIBKO Oozee MOAPOOHO peryJsipHoe mpeicrasieHue (p, (e, | g € G)e).
O6o3naunm vepes Ry maTpuiy Jusennoro omepartopa p(h) B maHHOM
casuce {e, | g € G}. Tak kak p(h)e; = ey, TO BCe JUATOHATBHEIE DIIe-
MeHTBI MaTpuisl Ry, npu h # e paBubl myaio u tr Ry, = 0. Crano 6bITh,

Xo(€) = |G, Xp(h) =0 Vh # e. (1)

IIycts Tenmeps (P,V) — npoOM3BOIBLHOE HENPUBOAMMOE MPENCTABIE-

uue rpynnel G man C. Kak noxasbiBaeT cienctBue TeopeMmsbr 2 u3 § 4,

KPaTHOCTH BXOXjaeHus ¢ B p paBHA CKAIAPHOMY IPOU3BEICHUIO
(Xp»x@)a- Cormacuo (1)

(Xpox@)a =G> xp(W)xa(h) =
heG
= |G xp(e)xa(e) = |G| 7! |Glxale) = dim V. (2)
Mur BuguM, 9TO KaxJ0€ HEIPUBOAMMOE IIPEACTaBJICHUE (paccMaTpu-
BaeMO€ C TOYHOCTBIO IO SKBI/IBaJIeHTHOCTI/I) BXOOUT B pPEryJjJasapHOe C

KPATHOCTBIO, PAaBHOU cBoeu crTenenu. Ilo Teopeme 1 umeercs r momap-
HO HEDKBUBAJEHTHBIX HEIIPUBOIUMEIX IPENCTABICHUN

<I:(1), q,(?)’ o &™)

(r — 9MCI0 KIAACCOB COMPSKEHHOCTH IPYNIEL (G ), KOTOPBIM COOTBETCTBY-
0T XapaKTephl

X1 X25 -5 Xrs Xi:XSDZ)a
CTeneHen

ny, N2, -.., Ny, nl:Xl(e)

O6brano 3a ®(Y) Gepyr eguamanoe mpeacrasrenne, Tak aTo Xi(g) = 1
Vg € G. CooTHomenue (2) MOKa3HBAET, ITO

p= nl@(l) + ..+ nr@(r),
OTKYyJAa
Xp =n1X1+ ...+ NpXp-
B ugacTaOCTH,
|G| = x,(e) =nixi(e) +... +n.x-(e) =ni +...+nl.

Teopewma 2. Kancdoe nenpusodumoe npedcmagaenue &4 sxodum
8 PABAONHCENUE DERYAAPHO20 NPEICTNABAEHUSL P C KPAMHOCTIBIO, PABHOT
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ceoeti cmeneny n;. Hopadox |G| xoneunotd epynnvt G u cmenewu nq, . . .
.My 6CET €€ HeNPUBOIUMBLT NPeJCMasACHUT CBAZANBL COOMHOULEHUECM

> ni =G| (3)
i=1

st Tpynm HeGOMBIIOrO MOPAAKA KPACMBOIO COOTHOIIEHUs (3) mo-
CTATOYHO, YTOOBI HAUTU BCE CTENEHU N1, ..., N, XOTA B OOIIEM CIydIae

HYKHBI, KOHEYHO, NOIOJHUTEIbHBIE COOOpaKeHNU .
CBeieHns 0 XapaKTepaX HENPUBOAUMBIX [IPeNCTaBICHuN (I KOPO-
ge: 0 HenpusoduMblL TAPAKMEPaT) yAOOHO 3aNUCHIBATEL B BULE TAOIUILL

G e g2 g3 gr

x1 | n1 | xale2) | xa(gs) | .- | xalgr)
x2 | n2 | x2(92) | x2(93) | --- | x2(9r) |»
xr | 7 | xr (gz) Xr (93) s X (gT)

HA3BLIBAEMOU mabauyel rapaxmepos. B eé BerHeﬁ CTPOKE CTOAT IpeJ-

CTABUTENN BCEX 1 KiaccoB conpskénnoctu K; = gl rpynnsl G. Hampn-
Mep, TabIuIa XapaKTepoB TPYNIBL S3 UMEET BUJL

S3 [e] (12) ] (123)
XL | I | 1 1
x2 | 1| -1 1
xz|2] o0 -1

(cpaBHUTS ¢ Tabauuen B kKouue 1. 1 us § 2). Kak Bcerga, o6o3nauumM cum-

BosoMm C(g) = Cg(g) uenrpanmusarop B rpynne G srementa g € G. Mur
amaem, ato |C(g)||9%| = |G| (cm. m. 2 w3 § 3 rur. 1). TloaToMy cooTHOITE-
uue (9) u3 § 4 (mepBoe COOTHOIIEHNE OPTOTOHATBLHOCTH ), IEPENUCAHHOE
B BUIE

xig;)  xx(gy) |G|
= Xi(95)xx(g5) =
Z\/ICQJ|\/|CQJ |G|Z|Cga !

gz Xi(9; X (95) xi(g =

geG

= (Xi» Xk)& = Oik,
O3HAYAET, UTO I X P-MATPHIA

u= (o)

YHUTapHA 10 cTpokaM. Ho yHITapHOCTB 0 CTPOKaM PaBHOCHIBHA yHH-
taprocTu no cronbuam (M - M = E = 'M - M), Tax 410

Z Xi(9;) Xi(gk) _&k
VIC) VIC]
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wim, B 6osee IoaAPOCHON 3aIuCH,

T
| 0, ecmu g u h He CONPSAKEHSL,
;X’(g)xz(h) h { |Ca(g)| B nporusrOM caywae. [ (4)
P

Coorromenue (4) HA3BIBACTCA GIMOPLIM COOMHOUEHUEM OPMO20-
HAABHOCNU I XaPAKTEPOB.

3. IIpeacraBnenus aGeneBbix rpymi. Onucanue HENIPUBOAUMBIX
MPENCTABIEHAN UKJIMIECKAX TPy B mpuMepe 6 u3 § 1 nomyckaeT cie-
IyIolllee ecTeCTBEHHOe 0000IIeHue.

Teopewma 3. Kasxcdoe nenpusodumoe npedcmasaenue xoneunot abe-
aesoti epynnvt A nad C umeem cmenews 1. Jucao maxus nonapuo neax-
8UBALEHMHLLE Npedcmasaenudi pasro nopadky |A|l. O6pammno, ecau Karc-
doe menpusodumoe npedcmasaenue 2pynnvt A umeem cmenenb 1, mo
A — abeaesa epynna.

MokazaTeabcTBo. Yucao r KJIACCOB COMPAXKEHHOCTU AbEICBOU
rpynnel A COBIagaeT ¢ e€ mops KoM, IOSTOMY TEPBHIE ABA Y TBEDK ICHUA
BBITEKAIOT U3 TeopeMel 2 (cM. Takxke yup. 3 us § 4). [loroxus, namee, B
coorHowernun (3) Bce n; paBHBIME 1, MBI HOXy4uM r = |A|, 9TO paBHO-
CUJIBHO KOMMYTATUBHOCTH T'PYIbL. [

Ounpenenenmne. [Iycre A — abeneBa rpynma. MuOX)ecTBO

A = Hom(A,C¥)

romoMopdu3MoB Tpynnsl A B MyabTummkaTusHyio rpymmny C* moas
KOMILIEKCHBIX YUCeJ, PACCMATPUBAEMOE BMECTE C IOTOYETHON OIIEPAIInen
YMHOX€EHU

(x1x2)(a) = x1(a) x2(a)

(xi € A, a € A), HaspiBaeTca epynnot rapaxmepos rpynusl A Han C
=%

Teopema 4. I'pynnvt A u A UB0MOPPHb.

NokaszarteabcTBo. I3 Teopembl 3 MBI 3HAEM BO BCAKOM CIydae,
gro |A| = |A| Cornacuo pesyabraraM § 3 u3 1. 2 rpynna A gomyckaeT

pasJoXKeHne
A:A1XA2><...><Ak

B IPAMO€ IPOU3BeJeHne IuKandeckux rpynn A; = (a;) (HeBaxkHO Kakux,
OPUMAPHBIX WX HET; MbI BLIOUPAEM MyJbTUILIMKATUBHY O 3AMUCH 3aKOHA
ymuoxenus B A). Ecan |4;] = s; u €, — OPUMUTUBHEIN KOPEHb S;-U

cTemenn w3 1, TO KaxIOMy DIEMEHTY a = aj'ay ...a}* w3 A oTewaer

XapakTep X, € A, OnpeeaéHHbI COOTHOIIEHUEM

rity rata

r1 T2 Tk — Trlr
Xal@i'ay® ... apk) = e e) .

- Ep

O4eBnIHO, YTO XoXao' = Xaa' (CM. OIpegenerue). Ecan

— gligt? te £ gl1 gt b _ o
a=ai'ay ...a) #al'ay...af =a,
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TO CyIiecTByeT uHIekc i ¢ t; # t;. Torga

t; ti _
Xa(ai) =& #&;' = Xar (i)
CJIe OBaTEJBbHO, BCE XapaKTEPHI X, INOIIAaPHO PA3JUIHBI 1 oTobOpaxkeHmne
9
a — Yo yCTaHaBauBaeT Tpebyembin uzomopduam mexay A u A. O

MeTon mokasaTeabCcTBa TEOPeMbI 4 TaéT, OXEeBUIHO, ABHYIO KOHCTPYK-
LU0 BCEX HEMPUBOAUMBIX MPENCTABJICHUN abeIeBON I'PYIIIHI.

IIpumep. Ilyctes Vor — smemenTapHas abeneBa rpymnmna mopsagka 2™, y — eé
HENPUBOLUMBIN KOMILIEKCHBIM XapaKTep, OTIMYHBIM OT eIMHUYHOro, T.e. x(a) # 1
ana mHekoToporo a € Vaon. Torga Kery = B = V,,—1 ¥ mMeeT MeCTO pa3foXeHUe
Von = B U aB Ha CMeXHbIe KJIAaCChl 0 B, Tak 4T0

x(a't) = (-1)",  i=0,1.

B uacTHOCTH, YeTBepHaa rpynna (Kuenna) Vi, 0 mpeicTaBleHUAX KOTOPOU yIOMUHA-
J0Ch B 3aja4e 2 u3 § 2 rui. 1, uMeeT CJAeAyIONLyl0 TabAUIy XapaKTepOB:

Vi
X1
X2
X3
X4

ab
1
-1
—1
1

a
1
-1
1| —
—1 | =

—= ===
e B

Pesyaprarer 0 mpeacraBieHusx abeJeBBIX PYIII MO3BOJISIOT IIOJY-
YUTH HEKOTOPYIO NH(MOPMAIINIO ¥ O NPEICTABICHUAX IPOU3BOJILHBIX KO-
HEYHBLIX I'PYIIIL.

Teopewma 5. Ilpedecmasaernus cmenenu 1 xoneunoti epynnvr G nad
C nazodamesa 6 6ueKmMUBHOM COOMBEMCMEUU C HENPUBOIUMBIMU NPED-
cmasaenuany gaxmopepynnv G/G' (G — xommymanm epynnw G). Uz
wucao pasno undexcy (G : G').

NokasaTteabcrBo. Coemaem cHadaga obmee 3amedanwe. Ilycrs
G — upousBoabHas rpynna, K — eé sHopmansHas noarpynmna. Ecin ¢ —
npeacrasienue rpynnsl G ¢ aapom Ker ® O K, To MOXHO ompeneinTb
npeacrasienue @ daxroprpynmer G /K, monaras

D(9K) =®(g9), g€G.
KoppekTHOCTH 5TOr0 ompeneneHus oueBUAHA (CM. NOKA3ATEIbCTBO Te-
opemer 1 w3 § 4 r. 1). Hanee, Ker ® = (Ker ®)/K. B wacTaocTn, npu
K = Ker ® momy4aeTcsa TOYHOe IpecTaBIcHue P.

O6paTHO: BCAKOe auHenHoe npeacTasieane ¥ rpynnsl H nHAyIMpyeT
npeacrasierue ¢ rpynmer G, nomyckatomen snumopdusm w1 G — H.
[loCcTaTOYHO TOIOKUTH

®(g) = ¥(r(g))-

Tak kak T — suumopdusM, o (G) = ¥(H) u ¢, ¥ ogHOBpEMEHHO IIPU-
BOAMMEI Wiy HenpusoauMel. IIo Teopeme o coorBercTBHM (TeopeMa 3 u3
§4 r1. 1) Ker ® = 7~} (Ker ¥). C 1106BIM OJHOMEPHBIM HPEICTABICHAEM
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® rpymmer G accounumpyetcs abeneBa (a TOYHEE, NUKIMIECKAA) TPYIIHA
Im ®, tak aro Ker® O G’'. [Joka3aTelbCTBO TEOPEMBI TOMYyIaeTCA Te-
IIepb B Pe3yJIbTaTe IPOCTOrO COEIVHEHUs TEOPEMEI 3, CIeJAHHOIO BHIIIE
3aMevanus, u Teopemsr 4 u3 § 4 . 1. O

4. IIpeacTaBiaeHUs HEKOTOPHIX CIHEIUAIbBHBIX I'PYII. XOTSA B
NIpUHIUAIIE O IIOJYYCeHUsA BCEX HEIIPUBOAUMBIX HperZ[CTa,BJIeHI/Iﬁ KOHEI-
HOU rpynnbl G NOCTATOYHO PA3NOKUTH €€ PEryJIapHOe MPeNCTABICHUE
(TeopeMa 2), Ha IPAKTUKE 5TO BHI3bIBAET 3HAYUTENLHBIE TPYIHOCTH U
MPUXOANTCA 36upaTh 06x0aube TyTr. OOBIMHO GBIBAET MPOIIE IOCTPO-
UTH CHaYaIa TAbJIUIy XapaKTepOB, & 3aTeM yiKe KOHCTPYUPOBATH CAMU
npeacTaBieHus (CM. B >Tou cBa3u § 4 u3 ru. 4). Bupovem, B Tex cpaBHA-
TEJIBHO HECJOXKHBIX IIPUMepPax, KOTOPHIe IPUBOIATCA HUXKe, TpuderaTtsb K
KaKUM-Iu00 YXUIIPEHUAM HET HEOOXOIUMOCTH.

A) ycrs G — npousBoabHAs 2-TPAH3UTUBHAA TPYIIIA I€PECTAHO-
BOK, gercTByomas Ha MHOX)ecTse () = {1,2,...,n} (cM. npumep 3 u3
§ 3 ru. 1). IIycTe, nanee, & — ecrecTBeHHOE IpeAcTaBIeHNE Ipynnbl G
Ha mpocTpancTBe V = (e1,€2,...,6e,) ¢ geuctsueM P(g)e; = ey;) (cm.
npumep 5 u3 § 1). Kax merpyaHo mousaTs, 3HavMeHue X¢(g) coBIAZaeT C
qucaoM N(g) Todek ¢ € ) (6a3UCHBIX BEKTOPOB €;), OCTAIOMMXCA HEMO-
oBUKHBIMU Tipu geuctsun g. [lo Teopeme 3 u3 § 3 ru. 1 umeem

> xa(@xale) = Y xalg)* =Y N(g)® =2/G|,
geG geG geG
9TO, OUEBUIHO, EPENUCHLIBACTCA B BUIE

(X®, Xxa)a = 2. (5)

CpasuuBas (5) ¢ coornomenueM (11) uz § 4, MBI IPUXOAUM K 3AKIIO-
YeHnio, 9T0 ¢ — mpaMas CyMMa IBYX HEIPUBOAUMBIX MPEICTABICHUN
(2 =1+ 1 — eauHCTBeHHAs 3amMKUCh 2 B BHUAE CYMMBI KBaJPATOB Ha-
TypansHbix uncen). Ho mam mspectHO Takxke, uro ® = &) LU rge
(@), U) — egummanoe npejcrasienue, a ¥ — (n—1)-MepHOe mpescTas-
JIeHUe, TeUCTBYIoIee Ha IpOocTpancTBe W = (€] —ep, 2 —€pn,. .., en1 —
— ey). Ecau 61 pasaoxkenve V. = U @ W MOXHO OBLIO IPOJOKUTH
3a cIéT pasnoxeHus W, TO HENPUBOAUMBIX CIACAEMBIX [TOJIYYIUIOCH OBI
6oabie nByX. TakuM 06pa3oM, UMeeT MECTO CIeAYyIOlIee HeTPUBUATILHOE
yTBepXK JeHUeE.

Ecmecmesennoe aunetinoe npedemasaenue (®,V) 2-mpanzumusnot
epynnvt nepecmarnosor G nad nosem C asasemes cymmoti eduruurnozo
npedcmasaenus u ewé 00H020 HENPUBoIUMo20 NPedcmasAeHUL.

B uwacTrOCTH, Kaxaas u3 rpymoa S,, n > 2; A,, n > 3, obragaer
umenpuBoguMbiM npeacTaBieauneM ¥ nag C crenenu n — 1 ¢ xapakTepoMm
X, BEIUACAAEMBIM TIO (HhOPMYJIe

xw(g) =N(g)—1. O (6)
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Kaxk 6b110 mokasano Ha npumepe rpynnst S (mpumep 1 u3 m. 1 § 2),
maTpuisl ¥, Haxogarcsa 6e3 ocob6oro Tpyaa. [l BEIMUCICHUA 3HAEHUN

Xxw(g) mo dopmyne (6) TOCTATOYHO 3HATH LUKJIOBYIO CTPYKTYPY MHepe-
cTaHOBKE ¢. HeGombmas mtocTpanus:

As | e | 12)34) | (123) | (132)
Xw |3 -1 0 0

Sy lela2@a | a2 | @23 | (1234)
xw | 3 -1 1 0 -1

As |e| (12)34) | (123) | (12345) | (12354)
xw | 4 0 1 -1 -1

B) Henpusodumvie npedcmasaenus 3waxonepemennoli epynnvt Ay.
Mgl cobepéM yxke m3BeCTHBIE HaM (akTel. ['pymma A4 mmeeT deThipe
KJIACcCa COMPsKEHHBIX dreMeHTOB. llpencraBurenn KIaccoB M X MOII-
HOCTU YKA3aHBI B ABYX BEPXHUX CTPOKAX TAOIUIILI

12 | 1 3 4 4
Ag | e | (12)(34) | (123) | (132)
x1 |1 1 1 1
x2 |1 1 € g1
x3 |1 1 P €
x4 | 3 -1 0 0

Kommyranr A} = {e,(12)(34),(13)(24),(14)(23)} umeer ungexc 3 B

Ay, m modToMy A4 obragaeT TpeMs OJHOMEPHBLIMU MPEACTABICHUAMU:
M = yi, @ = xy, ®B) = x3 (c agpom Ay mce® =1, ¢ £ 1),
u ogHuM TpéxmepHbM mpeacrasrenmem P4 (12 = 12 + 12 4 12 + 32).
CpaBuuB Tabiuusr it A4 n3 npumepa 1 um us npumepa 2 u3 § 4, MBI
ybemumca B ToM, uTo npegcrapienne (4 ¢ xapakrepom Y4 SKBUBAIEHT-
HO mpencTasaenuio ¢ rpynner A, BpameHusaMu (Cpymma TeTpasapa) u
npeacrapieanio ¥, CBA3AHHOMY C 2-TPAH3UTUBHOCTLIO IPYIILL Ay.

B) Henpusodumvie npedcmasaenus cummempuveckot epynnvi Sy.
[lBe BepxHUME CTPOKU TAOIUIIBL

24 | 1 3 6 8 6
Sy |le| (12)(34) | (12) | (123) | (1234)
x1 |1 1 1

x2 |1 1 -1 1 -1
x3 | 2 2 0 -1 0
xa |3 -1 -1 0 1
xs | 3| -1 1 0 -1

B3aTel 13 yup. 4 § 3 1. 1. IIpescrasrenne &1 = y; exummanoe. pes-
crasrenue (2 3anaéres wéTHOCTBIO (3HAKOM) MepecTanoBoK u3 Sy. Tak
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kak (S :S)) =2 (upumep u3 m. 2 § 4 1. 1), TO OJHOMEDHBIX IIPENCTAB-
Jenmit 6oabie Het. JIBymepHoe mpeacrasaenne ®(3) ¢ xapakrepom Y3 u
¢ agpom Vy <1 Sy mosydaeTcsa u3 COOOPAKEHUN, U3JI0KEHHBIX B TOKA3a-
TenpcTBe TeopeMer 5. IIpencrasienne ®4) ¢ xapaxTepom Y4 oTBedaeT
BpamenusaM Ky6a (cMm. Tabauiy mias S, u3 mpumepa 2 § 4). Ilpeacrasie-
ane ®) = ¥ ¢ xapaxTepom X5 (cM. Tabauiy B mpumepe 1) cBs3aHO C
2-TPaH3UTUBHOCTHIO rpymnbl Sy. OHO DKBUBANEHTHO TAKXKE NPEICTAaB-
JIEHUIO, OTBEYAIOIMIEMY BCEM NPeoOpPa30BAHUAM CHMMETDHAN TETPAIAPA
A, (BpaleHus IUIIOC OTPAKEHUA; UMEHHO DTU MPEOOPA3OBAHUA BAXKHBI
[IPY ONUCAHUY KOJIeOAHUE MOJEKyIbl ocdopa (3agada 2 u3 § 2 ru. 1B

[BA I)).

I') Henpusodumvie npedcmasaerus 2pynnbl K6amMepruonos (s.
O rpynme (Js Bcé ckazano B mpumepe 2 w3 1. 5 § 4 i 1. Tam xe
npuBeneHo (HO He HAa3BAHO CBOMM MMeEHEM) ABYMEDHOE HEIPUBOLUMOE

npexcrasiaenue $O) ¢ xapakrepoM Ys;

8 1 1 2 2 2
Qs | e | a? a b ab
x1 | 1] 1 1] 1
xe | 1] 1]|=1]-1] 1
xs | 1] 1]|-1] 1]-1
xa |1] 1] 1]-=1]-=-1
x5 | 2 —2 0 0 0

YeTripe OZHOMEPHBLIX IMIPENCTABIEHUS UMEIOT CBOUM SIPOM KOMMY-
TanT (a’) U ompeeAITCA U3 TAOIUILI B TIPUMEpe TI. 3.

YIIPAKHEHNU S

1. Iloxy4urs cooTHOmeHue (4), BBHIIMCHLIBAA B ABHOM BUJE BBIDAKEHHE l;j =
= (T4, ;) Ana koadpdunuenTos pasnoxenus I'; = Z]‘ t;jX; 6A3MCHON IIEHTPATBHOM
dbyuxuuu I'; (cm. (7) u3 § 4) 4epe3 HeIPUBOAUMBIE XAPAKTEPHI.

2. IIpoBepuTh (M BCIOMHUTBH 06 M30MOPGU3MEe MeX Iy BEKTOPHBIM IPOCTPAHCT-
BOM V ¥ CONPSKEHHBIM K HEMY NPOCTPAHCTBOM V* JMHEMHBIX (DYHKUUM), HYTO

orobpaxenne T : A —> /1, OIIpeLeIéHHOE YCIOBUEM
a” (x) = x(a),

3a4aéT u3oMopdusM abeneBou rpymnmnsl A HA A.

DTO yIpaXHEHWe BMeCTe C TeOpeMOU 4 yCTaHABIMBAET YaCTh TAK HA3bIBAEMOI'O
3aK0Ha 080UCMEEHHOCTNU NI KOHEYHBIX abeIeBbIX MPYIIl. AHAJIOTUYHBIN, HO I'OPA3 40
60Jiee TIIyOOKUU 3AKOH JBOMCTBEHHOCTH [JIA TOMOJOIMYECKUX a0eJIeBbIX T'PYIII, [IPU-
BOJAIIMY K BAXHBIM CJAeACTBUAM, Obl1 ycTanoBiaeH B 30-x rogax JI.C. IlonTparusbiv.

3. Jlokazarh, 4TO eCiau KOHedHas abereBa rpymnna A NOMyCKaeT TOYHOE KOMII-
JIEKCHOE HEIPUBOAUMOE IIPEACTABICHUE, TO A — NUKINYeCKas TPyIIa.

4. Ilyctb A — komevHasa abesneBa rpymnma, B — eé moarpynna. /[lokasaTb, 9TO
M0601 XapakTep rpyHibl B IpOJ0IKAETCA 00 XapaKTepa IPYInbl A U 9UCIO TaKuX
IIPOJOKEHUN PaBHO MHIEKCY (A : B).
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5. O60ocHOBaTh (pasy mepen 3aKIIOYATENILHBIME CKOOKamMu B B) m3 1. 4.

6. Yemy paBHA CpelHsAA BEIMYUHA ﬁ > g X(g) 3HAYEHUN KOMILUIEKCHOI'O XapaK-
Tepa X Ha DJIEMEHTaX KOHeYHOU rpynmsl G?7

7. Cobparh 13 pasHBIX MeCT TAaGIUIBI, OTHOCAINMECA K rpymne As, B CBOLHYIO
TabIuIy XapakKTepoB

60 | 1 15 20 12 12
As | e | (12)(34) | (123) | (12345) | (12354)
x1 |1 1 1 1 1
x2 | 3] -1 0 1+V5E)/2 | (1 -5)/2
xs | 3| -1 0 (1—v5)/2 | (1+5)/2
xa | 4 0 1 -1 -
X5 * k k * k

JlaThb onucaHue HENPUBOAUMBIX [IPEICTABICHUN C XaPAKTEPAMHI X1, X2, X3, X4- 3a-
HOJHUTD MOCJIEAHIO CTPOKY TabIUIbI, UCIONb3Ys BTOPOE COOTHONIEHNE OPTOrOHAIb-
HOCTH (4) AIA XapaKTepoB.

8. llycts P = (A'BIC*; 0 < i,5,k < p— 1) — rpynna nopsagka p3, paccMoT-
pennas B ynp. 3 u3 § 3 ru. 1; V = (eo,el,...,ep_l)c — KOMILIEKCHOE€ BEKTOPHOE
[IPOCTPAHCTBO Pa3MEpPHOCTH P; € — IPUMUTUBHBIN KOpeHb crenenu p us 1; A, B,C —
JIMHEMHbIE OLePATOPBI Ha V, OIpee€HHbIe COOTHOMEHUAMY

Ae; = eir1, BFe; =e ke, Cre; =eley, 0<i<p—1

(HnKHUE MHIEKCH y GA3MCHBIX DIEMEHTOB 0E€PYTCA 10 MOAYJIIO D).
ITokasaTb, 4TO OTOOpaXKeHUE

o). A A, B BE, ¢ CF

3a4aéT JMHEMHOE HempuBOAMMOE upencrTasienue rpynnsl P. Ilpexcrasrenus
o) .. &®~1) nonapHo HEIKBUBAIEHTHBI U BMECTE C P> OJJHOMEPHBIMHU [PE/CTABIE-
muamu (p? — ungexc kommyTanTta P’ = (C) B P) HCYepPIBIBAIOT BCE HEITPUBOIAMEIE
KOMILIEKCHBIE [PENCTABICHUsA IPyIbl P.

9. /lonoJHATE BBIYUCIEHUAMU clepytoniee paccyxpenue. [IycTs

Dy = (a,b] a® =e, b® =¢, bab~! =a™ 1)

— Ipylna Ausapa HOPAAKA 2N, CBOMCTBA KOTOPOU (BKIIOYAsA OIKCAHME KIACCOB CO-
PAXKEHHBIX DJI€MEHTOB) faHbl B npumepe 1 u3 m. 5 § 4 ru. 1. Tak kax (a) < Dy, TO
orobpaxenusvu a — 1,b — 1 u a — 1,b = —1 3aga0TCa ABa OJHOMEDPHBIX IIPE/I-
crasaenus. [[ycTh € — IPUMUTUBHBIN KOpeHb n-u crenenu u3 1. Torga orobpaxkenue
e 0

¢('J) a—r 0 =i

OyzeT ompenenaTh npeacrapienue crenenu 2. I[Ipexcrasienue o) HEIPUBOJUMO IIPU
j=12,...,[(n —1)/2] ([a] — nenas gacTh BemecTBeHHOro 4ucIa «). IIpu n = 2m
npencrasiaenne $") pacmagaeTca B mpAMYIO CyMMY IBYX OJHOMEDHBIX MPENCTAB-
pernu: @ — —1,b — 1 uwa — —1,b — —1. Dr0 cormacyercs ¢ TeM (HpaKTOM, YTO
koMMyTanT D) - umeer mugexc 4 B Doy um Doy /Dl 22 Zo X Zz. Bce ykasau-
HbIE [IPEICTABICHUA HEIIPUBOAUMBL ¥ COCTABIAIOT IIOJIHOE MHOXKECTBO HEIIPUBOIUMBIX
KOMILIEKCHBIX Hpe,E[CTa,BJIeHI/II/[ rpynnbl gusapa. HallTu BelieCTBEHHYIO DeaNn3aruio
IpenCTaABICHUN &), Ykaszars B ABHOM BUZE n30MOpHU3M (SKBUBAJIEHTHOCTD) &0 n
~®®) k>m, j<m.
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10. Kpucmaaaoepapuueckue epynnos (k 3anade 2 w3 § 2 ra. 1 B [BA I]). Ilycrs
E — n-MepHOe €BKJIMJOBO NPOCTPAHCTBO U V — aCCOUMMPOBAHHOE C HUM BEKTOD-
HO€ IPOCTPAHCTBO C €BKIMAOBBIM CKaJAPHBIM IIPOMU3BEIACHUEM. BCHKOMy ABUXKEHUIO
d npocTparcTea E OTBedaeT OpPTOrOHAJIbHOE JHHeiHOe mpeobpasosanue d C O(n),
npuaéM Tax, 9To ddz = dids. I'pynma D IBIKeHWH MPOCTPAHCTBA HABBIBACTCA KPUC-
maanoepaPuueckot epynnot, ectn D-opOuTa IPOU3BOIBLHON TOYKHM AWCKpeTHA (He
HMeeT MpeelbHbIX TOYEK) M CYyIIeCTBYyeT KOMIIAKTHOe MHOXecTBO M C E, nusa ko-
roporo D(M) = Uyep d(M) = E. Cnpasenmusa Teopema Iléndumca-Bubepbaxa,
COMJIACHO KOTOPOU KpucTauiorpadudeckas rpynmna D COLepXKUT n HE3ABUCUMBIX ad-
(UHHBIX IEPEHOCOB, MOPOXK AAOMUX B D HOpMaJbHYIO noarpynmy L, u DD /L —
KOHEYHas rpymna (TovYedHas KpucTasiorpaduieckas rpynmna). Becero reomerpudecku
PA3IMYHBIX TOYEYHBIX KpUCTALIOrpaduieckux rpymnma npu n = 3 umeerca 32. Cpe-
I¥ HUX, OY€BUIHO, JOIXKHBI ObITH I'PYINIBL, COLEPKAIIMEe OTPAKeHNA (HeCOOCTBEHHbIE
nBYKeHWs). VI3 yCIOBHU KPUCTALIOIPadUIHOCTH CIEIYyeT, YTO BCAKOE COGCTBEHHOE
Bpamenye u3 D m300pakaeTca MATPUIEH, [I0L06HOK

cos§ —sinf O
A= sin @ cosf 0
0 0 1

ctr A= 1+2cos 6 € Z.Onupasch Ha TeopeMy 2 u3 § 3 ¥ Ha OTMEYEHHOE COOOPaAXKEHUE,
MOKa3aTh, YTO IPU N = 3 TOYEUHBIMU KPUCTALIOrPAPUIECKUME IpynnamMu 6e3 oTpa-
Keuun OyayT, aumb nukanaeckue Ci,Ce, Cs,Cy,Cg, nusapansubie Do, D3, D4, Dg,
rpynna rerpasipa T u rpynna xky6a (oxrasapa) O.

§ 6. IIpegcraBirenus rpymnm SU(2) u SO(3)

Yacreio “Gpusndeckoro” MBIIUIEHUS ABISIOTCI KOHKPETHHIE 00Pa3Hl,
cBsa3anuble ¢ npegcrasienuaymu rpynnsl SO(3). deucrsue SO(3), oTpa-
KAIIEe CAMMETPHUI0O MHOTUX (PU3MYECKUX 334ad, C MATEMATHIECKOU
TOYKHU 3PEHUsA UHTEPECHO, B YACTHOCTU, TE€M, ITO OHO UHIYLIUDPYET Teu-
CTBUE Ha IPOCTPAaHCTBe pemenun ypasuenus Af = 0, rae

0? 0? 0?
A= Ox? + Oy + 072
— muddeperunaibabm oneparop Jlamraca. /[ByMepHBI aHAJOr >TOU
3a1a4u OBLT PACCMOTPEH B CAMOM HadaJe MVIaBbl (3aga4a 1).

Besikun saement rpynnet SO(3) ABiaseTcs NpOU3BEIEHUEM HECKOIb-
kux oneparopos B, Cg Buga (1) us § 1 ra. 1. Ho By, He genicTByer Ha 2,
a Cy na . [losTomy naBapmanTHOCTL ypaBHeHus A f = (0 oTHOCUTEIBHO
B, u Cy BEITEKaET U3 TeX BHIKIAJOK, KOTOPEIE OBLIM IPOBEJEHHI B IBY-
MepHOM caydae. Mbl IpUXOAuM K 3aKI04YeHnto, IYTo ypaBHenue Af = 0
MHBAPUAHTHO OTHOCUTEIBHO Beel rpynmst SO(3), wim, 9T0 TO X)e camoe,

Af=0= A(®,f) =0 VgeSO(3),

rgae &, f — ¢yHxnua, onpegeséHHAA COOTHOIIEHIEM

(‘I’gf)(x,y,z) = f(g_l(x)vg_l(y)ag_l(z))' (1)
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1

Ilo ycroBuio misi OPTOrOHAIBLHOIO MPEOGPA3OBAHUA ¢+ C MATPHUIEN

(a;j)} cTonben HOBLIX IEPEMEHHBIX MMEET BUJ

g (z) a1 aiz ais T
g‘l (y) || =] a2 a2 a3 )
g7 (z) asy asz ass z

Coruacuo (1)

(@y(®nS))(2,y, ) (@nf) g (2), 97 (v), 97" (2)) =
= f(h7 g™ @) A T W), h T (9T () =
=f((gh)‘1(fv),( h)~H ), (gh) ™1 (2) = (B f) (@, y, 2).

®,®), = Py,

T.e. nHenHble onepaTopsl $y, g € SO(3), gelcTBYIOT HA QYHKINAX TAK,
a0 oTo6pakenue @ : g — P, aBaserca npexcrasreruem rpynnsl SO(3).
ODTOT BECHMA €CTECTBEHHBIU CIOCOO MOCTPOEHUs IpeicTaBieHun (pax-
TUYECKYM TPUMEHEHHBIN HAMU PaHee MPU PACCMOTPEHUM CHUMMETPUIEC-
KUX (QYHKOUE ¢ OEUCTBYIOMIEN rpynmon Sy,), TOAUTCI B IPUHIULE s
IIXPOKOrO KJIACCA TPYII U OTHOCUTCA K TUMUIHBIM METOTAM (PYHKIIMO-
HAIBHOT'O aHAIM3a. HyKHO JUIIb, UCXOAA U3 KOHKPETHEIX YCJIOBUM, BLI-
OpaTh HaJex)alee NIPpOCTPAHCTBO (DYHKIUU U 3aTEM PA3JIOKUTL €r0 Ha
HENPUBOAUMBIC HHBAPUAHTHBIE IOANPOCTPAHCTBA (3a4a4a MrapMOHUYIEC-
KOT'O aHAIN3A).

B cayuae rpynmer SO(3), xorga Bce HENPUBOAUMEIE MPEICTABICHUS
KOHEYHOMEDHBI (06Ul HAKT A KOMIIAKTHLIX TPYI), 3a GyHKIUU Ge-
PYTCA OJHOPOIHBIE MHOTOUICHBI

f:vy, Zastxytmst

Crano OBITh,

(ukcupoBannou crenenu m (m = 1, 2,3,...). Ouu 06pa3yoOT IPOCTPAH-

ctBo P, pasmeproctu (")?) (em. [BA I, rw. 5, § 2, ymp. 4]). Tax

kak Af € Pp_o, 7o ycaosue Af = ( 5KBUBaJEHTHO (’;) JIUHETHBIM
yCIoBUAM Ha KOX(DUUUEHTH as . Pemenus f € P, ypaBheHus Af =
= (0 Ha3BIBAIOTCA OJHOPOJHBIMU 2aPMOHUUECKUMY MHO20UACHAMY (2ap-
MOHUNECKUMYU NOAUHOMAMY) CTEIEHN M. BBUY JMHENHOCTH OmepaTopa
A oHZ 06pasyoT TOAIPOCTparcTBO H,, pasmeproctn (™37%) — (1) =
=2m+ 1 (y mac < 2m + 1, HO HA caMOM JeJie UMeeT MECTO PABEHCTBO).
CoruacHo BHIIECKa3aHHOMY H,;, WHBAPUAHTHO OTHOCUTEIBLHO TEUCTBUIL
® = & rpymmer SO(3). OxaseiBaeTcs, CIpaBeINBA TEOPEMA O TOM,
w10 npocmpancmeo H,, npedemasaenus &™) wenpueodumno nad C u ao-
6oe nenpusodumoe nad C npedcmasaenue epynnwvr SO(3) axeusasenmmno
00nomy u3 npedcmasaenud (S H,.) newémuoti pazmeprocmu 2m +
+1. BmecTo TOro 4T00BI JOKA3BIBATD DTY TEOPEMY, MbI, OrDAHUIUBIINCH
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cKa3aHHBIM, 00paTuMmcs K rpymnme SU(2), rae HECKOIBKO JIerde MOLy YU Th
CEeMeNCTBO HENPUBOAUMBIX IPEACTABICHUN. BBUIy HAIWYIUA €CTECTBEH-
Horo smmmoppusma SU(2) — SO(3) ¢ agpom u3s marpun £F (cm. § 1 u3
ri1. 1) Besakoe mpencrasienue ¥ rpynner SO(3) MOXHO cUuTaTh TakKe
npexcrasienneM SU(2) (cM. nOKasaTersCTBO TEOpeMHl 5 u3 § 5), yI0B-
JIETBOPSIIOLINM TAK HA3BIBAEMOMY Yyca06uto uwémuocmu: ¥_, = U,. Ilpu
9TOM, pasyMmeeTcs, Oy LeT TaKkKe BHIMOMHATHLCA paBeHcTBO ¥_g = ¥, mia
Becex g € SU(2). O6paTHO: IpW BBLINOJIHEHUM YCJIOBUA IETHOCTHU MpEI-
craprenne ¥ rpynner SU(2) sBaseTCa OJHOBPEMEHHO MpPeICTABICHAEM
rpynner SO(3). Pusudeckuin cMBICK UMEIOT U “IBy3Ha4YHBIE” NIpPENCTaB-
aenus SO(3), T.e. npegcrasrenus rpynnst SU(2), He yAOBIETBOPSIONIAE
ycaoBuio aérHocTr. K MX 4MCIy OTHOCUTCS, HAOpUMED, OOBIMHOE IBY-
MepHOe (CIUHOPHOE) HPEACTABIEHIE.

OrMmeTuMm emig, 9To JH000€ HENPUBOAUMOE MPENCTABIEHUE T'PYIIIBI
SO(3), oTu4HOE OT €UHUYHOrO, ABJIAETCSA TOIHBIM, KAK 3TO IPAMO BhI-
tekaeT u3 npoctoTsl SO(3) (Teopema 3 w3 § 1 . 2).

Teopewma 1. ITyecmp V,, = (zFy"*| k=0,1,...,n)c — npocmpan-
CMB0 00HOPOOHVIT MHOCOUAEHOE CMENEHU N OM J8YL KOMNAEKCHLIT Ne-
pemennoiz ¢ deticmeuem U wa uwém epynn SU(2), onpedeaénmnbim no
npasuay

(T £)(z,y) = f(@z — By, Bz + ay)

das Kancdo2o saemenma

e
o= 5o epse-t
Toeda (¥ V,)) — muenpusodumoe npedcmasaenue 2pynnv SU(2)

pasmeprocmu n+ 1. IIpu n wémmuom (\Il("), Vi) Asasemes maxice nenpu-
s0dumvim npedcmasaenuem 2pynnovt SO(3).
MoxaszaTeabcTno. [Ipennonoxum, 9T0 MHOTOWICH

n
k, n—k
fla,y) = apa*y™F #£0
k=0
COJEPKUTCSA B HEKOTOPOM MHBApUaHTHOM mnoxanpocTtpancrtee U C V.
Torga Takxe
n
—ipr\k ok on—k _ _—ing/2 (g(n

S (e ragatyE = em 2 (U f) (3,y) € U,

k=0
rae b, — sxement u3 SU(2) Buga (4) w3 § 1 . 1. Tak xak ¢ — npous-
BOJILHOE BEIIECTBEHHOE Y10 u3 uHTepsaia (0, 27), TO MOXKHO COCTABUTD
JMHEVHYIO CUCTEMY C OmpefenuTeseM BaHgepMOHIa, 13 KOTOPOU CJAeLy-

eT, 94To
flz,y) €U = zkyn* cU (2)

9 A.U.Kocrpuknn
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1715 mo60ro ogHOWwIeHa, ¢ KoadduimenTom ay # 0. Ho ecmn z¥y" % € U
IJIST KAKOT'O-TO k, TO U

@kﬁn_kx" + .+ (@z - By)*Br + ay)" = \Ilgn) (*y"*) e U.

Bass g ¢ aff # 0, Mbl npugém B cuy (2) k Bkatodenuto " € U, KoTopoe
B CBOIO OvY€penb AaéT HaM

; (M) & (=paryrev.

Tax xax ()@ (—=B)"~* # 0, To 2°y"~* € U, s = 0,1,...,n. Cramo

66T, U = V},, 1 menpusogumocts (¥, V,) noxasama.
Manee

B (kY ) = (o) (—y ) = (~1)ahyn

TaK 9YTO IPU N = 2/ BBIIOJIHEHO yCJIOBUE YETHOCTU (CM. 3aMedaHue
orme) i (U™ V) MOXKHO CINTATH HEMPUBOAMMBIM MPEICTABICHIEM
pasmeprocTu 2n + 1. O

Ha camom gere ¥(2™) skpuanentno npegcrapiennio (™) rpymmer
SO(3) Ha IPOCTPAHCTBE OTHOPOAHBIX TAPMOHUYIECKAX MHOTOYIEHOB CTe-
IICHU 1M, HO MBI Ha 9TOM HE€ OCTaHaBJINBAEMCiA, KaK 1 HE IIBITa€MCsA (XO’I‘fI
5TO BO3MOXKHO) BHIODATH B V,, TAKOU 6a3UC, YTOOBI IPENCTABIEHNE )
CTaJIO YHUTAPHBIM. OTMeTI/IM TOJBbKO, 3aUMCTBYsA TEPMUHOJIOI'MIO U3 TEH-
30pHOrO aHaIM3a, 9To mpejcrasiene ¥ rpymmsr SU(2) peamusyercs
TaKXe B KJACCE KOBAPUAHTHBIX CUMMETPUAYHBIX TE€H30pOB paura n. [loi-
HYI0 U JOCTATOYHO MPO3PAYHYI0 TEOPUIO MPEACTABICHUN KOMIAKTHBIX
rpynn, Braodas SU(2) u SO(3), 00bIMHO Pa3BUBAIOT B PAMKAX MH(MUHU-
TE3UMAaJbHOT'O METOA, ONUPAIOMIEr0Cs Ha COOTBETCTBUE MEXKIY I'PYI-
namu u anre6pamu Jlu. HemHOro0 1o sToMy moBogy roBOpHIOCH B II. 2.

YIIPAYKHEHUS

1. IToctpouTs 2m + 1 IMHENHO HE3ABUCUMBIX OJHOPOJHLIX FAPMOHUYECKUX MHO-
FOYJIEHOB CTEIEHU M.

2. [lokasark, 9TO BCAKUM ONHOPOAHBIN MHOTOWIEH f € P, 3anuceiBaeTcs B BUje
JIMHEAHO KOMOMHAIMM ¢ KodddumuenTamu, sapucamumu ot 2 + y2 + 22, rapMonu-
YECKUX MHOI'OYJIEHOB CTelneHen m,m — 2,m —4,...

3. BeiBecTH u3 ymp. 2, 9TO BCAKaA HMOMMHOMMANbHasg GyHkuus g : (X, Y,Z) —
— g(z,y,2) Ha chepe S? : x2 + y2 + 22 = 1 pasnaraerca no chepuuecrum Gynryu-
AM — OTDAHUYEHUAM TapPMOHUYECKMX MHOT'OYUJIEHOB Ha S2.

4. ITokasars, He 0OPAIAACH K IIOJHOMY ONMCAHUIO HENPUBOJMMBIX IIPEJCTaBIE-
aun rpynnsl SO(3), yro romomopdusm 7: SO(3) — SU(2) MoxeT ObITH TOIBLKO
TPUBUAAIHHBIM.
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§ 7. TeusopHOE MpOU3BEJCHUE MPEACTABJICHUN

1. KouTparpeauenTHoe npegcrasiaenue. [lycts (P,V) — npen-
crapaenue rpynnsl G Hag morem C. Beeném B paccMOTpeHUe AyaabHOE
OPOCTPAHCTBO V* (IPOCTPAHCTBO JMHENHBIX (DYHKUIUE HA V') 1 TOI0XKIM

(@*(9))(v) = f(@(g™)v), feV", veV. (1)

Jlurennocts oneparopa ®*(g) nposepserca HemenreHHO. Bribepewm, xa-
qee, BV u V* nyanbHble 6a3UCHL:

V:<61,...,en), V*:(fl,...,fn), fi(ej):csij.

Marpuua aunennoro omneparopa ®*(g) B 6asuce (fi,...,fn) ABIgeTCA
TPaHCTIOHMPOBAHHOK K MaTpuiie ormepaTopa ®(g~ 1) B 6asuce (ey, ..., e,):

O ="%,1. (2)
Tak xak
(I);h = tq)(gh)—l = tq)h—lg—l = t(q)h—lq)g—l) = tq)g—l tq)h—l = (I); q’;,

T0 coornomernueM (2) (wm (1)) ompenenseTcs, BOOOIIE TOBOPS, HOBOE
aunerHoe npeacrasienue (®*)V*) rpynner (G; 0HO Ha3LIBAETCS MpEI-
cTaBneHueM, kowmpazpeduenmubin (wmm dyasvnbin) x (B, V). Heobxo-
IUMOCTb PACCMOTPEHUA TAKUX MPEICTABICHUN BO3ZHUKAET KaXKIBIU Pas,
KOT[Ia TPYIIY, TEUCTBYIOIIYIO Ha BEKTOpPaxX (KOHTpABaAPUAHTHBIE TEH30-
PBIL), MBI 3aCTaBIAEM, KaK 3TO (PAKTUIECKH yKe ObLIO B § 6, 1encTBOBaThH
HA KOOPAMHATAX BEKTOPOB (KOBAPUAHTHBIE TeH30PHI). Kak HeTpy1HO BU-
neTb xoTsa Ovr u3 (2), (®*)* =~ &. IIpegcrasienus, KOHTPArpeIUEHTHLIE
IPYT K APYTY, MOT'YT M HE OTJIMIATHCA WA OBITH SKBUBAJEHTHBHIMU. Fc-
s, Hanpumep, (P, ) — BelecTBEHHOE OPTOrOHAIBLHOE IPEICTABICHNE,
To 7 = t<I>g_1 = &,. Ho B obmem ciay4ae npejcrasieHua ®* u ® me
SKBUBAJICHTHBI, KAK MOKA3BIBAECT MPOCTEUIINI TIPUMED:

C3 = (a| a® =e); ®(a) =e¢, ®*(a) = * (e?+e+1=0).

s xkorewnou rpynnsl G TOUYHBIM KPUTEPUN SKBUBAJEHTHOCTU KOH-
TPArpeINeHTHLIX IPENCTABICHUN MMOSYYaeTCA HA S3LIKE TEOPUH Xapak-
Tepos. Tak Kax XapaKTepuCTUIeCKre MHOTOUwIeHs MaTpu, A u ‘A cos-
HATAI0T, TO U3 DJIEMEHTAPHBIX CBOUCTB XapaKTePOB (IPENIOXKEeHUe u3
§ 4) BEITEKAET, 9TO

xa+(9) = xa(9)-

B wactrOCTH, IpeacTaBaenne ¢ ¢ XxapakTepoM, IPUHUMAIOIIAM TOJIHKO
BEIIECTBEHHBIE 3HAUECHUA, DKBUBaIeHTHO ®*. Paszymeercs, Bceraa

(Xa*, Xo+)a = (X&) X2)G»

Tak 4T0 ®*, ® OIHOBPEMEHHO MIPUBOIUMEL WU HEIIPUBOIUMEI.

9*



132 Ta. 8. Daemenmpr meopuu npedcmasaenud

2. TenzopHoe npou3sBegeHne npegcrasaeann. B [BA II] onpe-
IEJIEHO U IIOCTPOEHO mensoproe npouzsedenue T =V @ W npoussonn-
HEIX BEKTOPHEBIX IpocTpaHcTB V, W Hax nmonem P. BELIO onpeneseHo Tak-
K€ TEH30PHOE IIPOM3BEJICHUE

ARB: VoW — VoW

auHenubix oneparopoB A : V. — V, B: W — W. Nwmeercs B Bugy,
970

(A®B)(vew)=Av® Bw, (3)

a JaJjee o JUHEHMHOCTHU
(AeB) (Y vow) = Av Bu;.
ij i

OTMeTUM HEmOCPEeACTBEHHO BBITEKAOIINE U3 OupefeneHusa (3) COOTHO-
LIEHUSA

(A® B)(C ® D) = AC ® BD,
A+C)eB=A®B+C®B,
AR(B+D)=A B+ A®D,
CARNB=XAARB=\NARDB),

a Takxe GOpMyJIy NJId Caema
trA®@B=trA-trB. (4)

IIycts Teneps (@, V), (¥, W) — nBa TUHENHBIX IPEICTABICHUS IPYII-
nbl G ¢ XapakTepaMu X¢ U Xy COOTBeTCTBeHHO. Ompenenum ecTecTBeH-
HBIM 00pasoM npencrasiaenue (P ® U,V @ W), nonaras

(@®¥)(9) =2(9) @ ¥(9) VgeG.

N3 o6mux CBOUCTB TEH30PHOT'O MPOU3BENEHU JUHENHEIX OEPATOPOB U
u3 popmyJsl (4) BoiTekaeT, 1To oTo6paxenue ¢ Q¥ Gyger 1euCTBATENDb-
HO 33,/1aBaTh NPEACTABICHNE IPyINbl G ¢ IPOCTPAHCTBOM MIPEACTABICHU
V ® W u c xapakTepom

Xeow = X&XU- (5)
Bynem rosoputsh, uro (& @ ¥, V @ W) — menzopnoe npouseederue
npedecmasaenut, (®,V) u (U, W). lIpu ¥ = & W = V rosopsar rakxe
0 menzopnom Keadpame. B mpason dactu Gpopmyast (5) CTOUT OOBIMHOE
MIOTOYEIHOE POU3BEIEHUE IEHTPANLHLIX (PYHKIMNA X¢ U Y-
CosepiteHHO 04eBUAHO, 4TO ecau U — G-UHBapMAHTHOE MOIPO-
crparcTBo BV, Tou URW 6yaer G-uHBApUAHTHBLIM MOATIPOCTPAHCTBOM
B V ® W. Ananoruvynoe 3amedanue OTHOCUTCA K (G-MHBAPUAHTHBIM MO
npocrparcTeam B W. Ho u3 menpuBogumoctu V u W BOBce He ciegyer
HenpuBOAUMOCTE V' ® W, Kak MOKa3bIBA€T IPUMEDP TEH30PHOT'O KBAIPa-
ra &) ® &) geymeprOro mpescrapienums rpymmer Sz (CM. Tabamy B
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m. 2 § 5). B camom mene, dimg ®3) ® () = 4, a MakcUMaIbHAS CTEIICHD
HEIPUBOJUMOTO MPENCTABICHUA IPYIILL S3 PaBHA 2.

3amada >(PpPEeKTUBHOrO OMUCAHUA HEIIPUBOAUMBIX IPEICTABICHNAN, CO-
pepxamuxca B  ® U u, 6oee 00110, B TEH30PHOM IIPOU3BEICHIN

Moo g.. . we@

HECKONBKUX JUHEUHBIX MPEJICTABICHUN, UMEET MPUHIUIUAILHOE 3HAYe-
HUe, TOCKOJbKY MHOTUE BaXKHBIE M BECbMA €CTECTBEHHBIE MTPECTABICHUA
IPYIN BO3HUKAIOT KAK TEH30PHBLIE MPOU3BEAeHUsA. VIMEHHO ¢ DTOU TO4-
KW 3DEHus HyXKHO CMOTpeTb Ha mpencrasiaenus rpymn SU(2) u SO(3)
(cm. § 6), a makxke Ha mpumepsl 3 u 4 u3 n. 2 § 1. NuBapuanTusie
MO ATPOCTPAHCTBA CAMMETPUIHBLIX ¥ KOCOCUMMETPUYHBIX KOBAPUAHTHBIX
(11U KOHTPABAPUAHTHBIX) TEH30POB IIOCTOAHHO BCTPEUAIOTCA B PA3IUY-
HBIX T€OMETPUIECKUX MPUIOKEHUAX. PaccMaTpuBaeMas 3a1a4a IPUBIE-
KaTeabHa B OCOOEHHOCTHU TOTJa, KOT A CIPABENINBA TEOpeMa O MOJHOU
MPUBOAUMOCTHY TPEACTABJICHUN.

3. Koabo xapakTepoB. [ljig IpOCTOTH OTPAHUYIUMCS CJIYIaEM
koreuynon rpymnel G u moaa C. Iycrs &M &) &) — pommoe
MHOXKECTBO TOIMAPHO HEDKBUBAJIEHTHBLIX HEMPUBOIUMEIX IIPEICTABICHAN
rpynnsl G Hax C u x1,X2,--.,Xr — COOTBETCTBYIOIINE UM XaPAKTEPHL
(r — ¥mCaI0 KIACCOB CONPSXKEHHBIX daeMenToB B (). Ham usBecTHO, 9TO

PU~mdY 4 .. fm, e,
rie KpaTHocTu m; 3aBucaT Toabsko oT ¢ u U. Ilo dpopmyae (5)

XeX¥ =miX1+ ...+ MpXp.

IIycte X7(G) — MHOXKECTBO BCEBO3MOXKHBIX LEJIOUUCICHHBIX JTUHEN-
HBEIX KOMOMHALIUM XapaKTEPOB X1,--.,Xr. MBI NOKaszaam paHee, UTO
(X1,---5Xr) — OPTOHOPMUPOBAaHHBLI Gazuc npocrpancrea Xc(G), mo-
sromy Xz(G) C X¢(G) sBasercs BO BCIKOM CIydae CBOOOIHON abeaeBon
rpynmnou = 7" ¢ 00pa3youmMuA X1, . - . , Xr- EE€ DIeMEHTH HA3bIBAIOTCA 06-
00w EnnbIMY Tapaxmepamy rpyunsl G. UcTuaHbIME XapakTepaMu Oy 1y T
JIAIIB KOMOUHAIMA » |, m;X; € my; = 0.

W3 npeabiaymmx paccy IeHUN BUAHO, UTO TEH30PHOE MPOU3BEICHUE
npeacrasienun uHAynupyet Ha Xz(G) OuHApHYIO anrebpanveckyio omne-
paIuio — KOMMYTATUBHYIO, aCCOLMUATUBHYIO, MO TUNHSIIOUIYIOCT 3aKOHAM
aucTpubyTuBHOCTH. KOpOUe roBops, CpaBeiinBa

Teopema 1. Obob6wénnvie Tapaxmepvl 06pa3yiom KOMMYMAMUBHOE
accoyuamusnoe Koavyo Xz(G) ¢ edunuyed — edunuunbim xaparxme-
PoM X1

B cBomw ouepens X¢(G) — xoMMyTaTUBHAA aCCOUUATUBHAA aaredpa
pasmeprocru r Hag C. Crpoenne xompua Xz(G) (aarebput X¢(G)) noa-
HOCTBIO OIPENeIAeTCA CMPYKMYPHbIMU KOKCTAHMAMY — UETLIMUA TUC-
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Mamu mf; w3 cooTHOme U

_ k
XiXj = E mi; Xk- (6)
k
k k k. _ . l
B uacTHOCTH, paBeHCTBA my; = my;, my; = 5k] OTPaXKaT CBOUCTBA

koMmyTaTusHocTH X7(G) u equrnanoctu ;. Coraacuo (6)

(9) =Y _mixilg) Vgeq.
k

YMHOXUB 00€e JacTU 3TOr'0 COOTHONIEHUS HA ﬁ Xs(g), mpocymmupoBas

1m0 g € G U BOCIIOJIB30BABLINCH NEPBBIM COOTHOIIEHUEM OPTOrOHATBHOC-
TH 1A XapaKTEPOB, nonytn/nv{

2] - |G| Z Xl X] (g) (7)
geG
Takum 06pa3oM, CTPYKTYPHBIE KOHCTAHTHI BRIPAXKAIOTCA B TEPMUHAX Ca-
MHIX XapaKTepOB.
13 (7) MOXKHO M3BJIEYb OJHO HECIOKHOE yTBEepXK aeHue. IMeHHO,

ml, = % Z i@ (9@ = |_cl:| Z xi(@)x3 ()

= ﬁ > 9 (9) = (e

rae xj = xw, ¥ = ®()* — xapaxTep IpesCTABICHUA, KOHTPAIDEIU-

errHoro x ®) (cm. m. 1). Takum o6pasoM, eduruunoe npedcmasaenue
srodum 6 Kauecmee Komnonenmovi 6 pazaodcenue 0 @ &) mozda u
moavko moeda, koeda B sxeusasenmmno npedemasaenuio Pl = i)
(B mpoTUBHOM CiIydae mllj = (Xi» Xj)e = 0). OTveTnm emg, 110 Mmensop-
noe npoussedenue 00nomeprozo npedcmasaenus Y u npouzsoavrozo
nenpugodumozo npedcmasaenus P9 gcezda JLB/M@TYLCJL HENPUBOOUMBIM
npedcmasaenuem mot sce pazmeprocmu, wmo u ®9). Do 1oBoIBHO TO-
HATHO 0€3 BCAKUX OOBACHEHWU, & (POPMAJBHO BBITEKAET U3 KPUTEPU
HEIPUBOJUMOCTHU XapaKkTepoB. Kcan

X = Xoeet) = XiXj,

TO X;(g) — KOMILIEKCHBIN KOPEeHb HeKoTopou cremenu u3 1 u x;(g)x:i(g) =
=1, a mosTOMYy

06X |G|sz )X g)xz(g)xj(g)
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Ilpumep 1. G= 53 (cm. Tabmmupt B 1 m3 § 2 m B . 2 m3 § 5):
MW 260 @ g eB) B,
Ilpumep 2. G = 54 (cm. mpumvep 3 w3 m. 4 § 5):
0?2 g o) » oB), 2 200 o),
Haxkonern, gokaxkeM CIeIyIONIYIO JIOOOTBITHYIO TEOPEMY, CIYKAIIYIO

06001IeHrEeM TEOPEMBL 2 U3 § 5 0 PA3IOKEHUN PErYIAPHOTO MPEJACTABIC-
HUA.

Teopema 2. IIycmb XY = X& — Tapaxmep mouno2o npedcmasienu
(®,V) xoneunot epynnvr G wad nosem womnaexcuvir wuces C, npuwu-
marowuti wa G po8HO M PABAUNHBIT 3HAUEHUT.

Tozda xaxcovli nenpusodumvili rapaxmep X 6rodum c Henyneebm
%osgﬁgﬁuuueanM 6 pazaodxcenue Toma v 00nozo0 xapaxmepa X° = x1, X,
X2, XM Apyeumu caosamu, ecaxoe wenpusodumoe npedcmasae-
Hue cod?epofcumcaz 6 PazA0KHcENUL HEKOMOPOTi men3opnoti cmenenu B =
=P®...0%,0<i<m—1, 406020 mounoeo npedcmasaenus P.

HJoxasareascTso. ycts w; = x(g;), j = 0,1,...,m — 1,
PA3IUIHbIE 3HAYEHUA, IPUHAMAEMBIE XapaKTepoM Y Ha G, mpudéM wy =
= deg ®. IlycTs, masee,

G ={9 € G| x(9) = x(g;) = w;}-
BBugy Tounoctu npeacrasienus ¢ nvmeem
Go = Ker ® = {e}.

[lycTs x; — HEeNmpuBOAMMBIN XapaxTep rpymmbl G, HE BXOAAIUN B
pasioxeHune HU OTHOTO u3 XapakTepoB x'. Torma
0=1GI(x" xk)a =
m—1
=Y (@)’ Y xelg) =D wiTy,  0<i<m-—1,
j=0 9g€eG;

— OJHOPOMIHAA CACTEMA JUHENHBIX YPABHEHUN OTHOCUTEIBLHO

Ty = xil9)

9€G;
C onpeneauTenaeM
1 1 1
i wo w1 cee Wim—1
iy
det(wj) = )
m—1 m—1 m—1
Wo Wy W1

OTIMYHBIM OT HyJs (ompegemuTens Bamnepmonga). Taxum o6pazom,
T;,=0,5=0,1,...,m—1, Te.

S xlgH =0, j=01,...,m-1.
QEG]'
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B wacTHOCTH,

0= xxlg™") =xxle)

9€Go

— IPOTHUBOpeYNe, TOKA3BIBaOIee TeopeMy. [
B caydae peryasapHOro npencTaBieHus p, O9€BUIHO, M = 2.

4. uBapuaHThI JUHEUHBLIX Tpynd. Junetinotl epynnoti cmenenu
n MBI, KaK OOBIMHO, HasbBaeM a0yt noarpynny B GL(n, P), rne P —
HEKOTOpoe moje. B panpuenmem moxHO cuutath P = R wm P = C.
Ecaiu G — abcrpakthas rpymma u ® : G — GL(n,C) — eé aunen-
HOe mpencrasiaenue, To napy (G, ®) Mbl Toxe GyneM Ha3BIBATH JWHEN-
Hou rpynnou. Jlunennsie mpeobpasoBauua $, TeMCTBYIOT Ha CTOJOIEL
MEPEMEHHBIX Z1, ..., Tyt

(I)g(fL'l) T
: =%, :
Py(zn) Tn

Onu nepesogatT 00y Gopmy (0IHOPOSHBIN MHOIOWIEH) f CTEIeHU 1M
CHOBa B (pOpMY CTeIeHUu m:

(Pgf)(@1,--san) = f(Rg-1(m1), ..., Ry-1(2p)).
PaBJII/I‘IHBIe YaCTHBIE CIIyYal 3TOr'0 rZ[eIk/’ICTBI/IfI HaM y2Ke€ BCTPEYIaJIUCh (CM.
§ 6). Orobpaxkenue $ omnpenenseT npeacrasaeHue rpymnmnsl G Ha Ipo-
crpancrse P, ¢popm mag C cremenu m (mim KOBAPUAHTHBIX CHMMET-
PUYHBIX TEH30DPOB PAHTA 1M).

Onpepgenenne. Popma f € Py, oCTAIOWAACA HENOJBUKHOU 1P
geucrun @, (1. O,f = f Vg € G), HasbIBaeTCA (Yeabim) UHBAPUAH-
mowm creneru m Juuennon rpynnst (G, D).

Ha CaMOM Jlefie Hy2KHO OBLIO OBI OpaTh OCTAIOMIMICA HA MECTe IIPHU
nercteun P(G) muOrOwIeH 0T Koa(pduUmeHToB “0bmen” GOpMBL CTere-
vz m. Tak mocTynamoT B 00LMIER TEOPUU UHBAPUAHTOB, HO MBI [JI IPOC-
TOTHI OTPAHMYUMCA JTAHHBIM ompeaenreHueM. Ecau B kadecTse f B3ATH
PALMOHANBHYIO (DYHKIIWIO, TO MOXKHO MPUUTH K TOHATHUIO PAUUOHAALHO-
20 UMBAPUAHMA. BaXHBIM SABIAETCA TAKKE MOHATHUE OMHOCUMEALHOR0
unsapuanma f, Korma

Q,f =wyf,
rge wy € C — MHOXUTENDb, 3aBUCALIMI OT d/IeMeHTa g € G.
fAcHo, uTo m060e MHOXKECTBO {fi, f2,...} MHBAPUAHTOB JUHETHOU
rpynnst (G, ®) mopoxgaer B Clzy,...,z,] nogkoasuo C[fi, fa,...] us-

BapUAaHTOB.
Paccvorpum HEGOIBIIOE YUCIO IPUMEDPOB.
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) IIpumep 3. KBagpartuinas popma x% + a:% +.. .u—i— x% # J06ble MHOI'OYWIEHBI OT
Heé ABIAIOTCA LIEABIMYU MHBAPUAHTAMY OPTOrOHAIBLHOM rpymnsl O(n).

IIpumep 4. DiaeMeHTapHbIE CUMMETPUYECKME MHOTOUIEHBI S1(L1,...,%n);. .-
...ysp(x1,...,2pn) ABIAIOTCA NEIBIMA WHBADHAHTAME CAMMETDUYECKOM TPyNHBI Sy,
paccMaTPUBAEMON BMECTE ¢ KAHOHMYECKMM MOHOMOpdusmoMm @ : S, — GL(n,R).
OCHOBHasA TeOpeMa O CAMMETPUIECKAX MHOTOWIEHAX YTBEDKAAET, ITO WHBAPWAH-
THI S1,...,Sy CTENeHen 1,2,...,n ajre6pandecKy HE3ABUCUMBI, a IOJIMHOMUAAILHBIMY
(panuoHaIBHBIMK) QYHKIUAME OT HUX MCUEPIBIBAIOTCA BCe ILelble (palMOHaIbHbIE)
MHBAPMAHTHI rpynnsl (Sy, ).

OTHOCUTEJIbHBIMU MHBAPUAHTAME JUHEMHON rpymnsl (Sp,P) ciyxar KoCOCHM-
meTpudeckue MHOrowneHs:: O f = (det ®r)f = erf. Mst Bugesm [BA I, ru. 6, § 2,
yup. 4], 9T0 10604 KOCOCUMMeTpHrdecKuil MHOrouwieH f umeer Buj f = A, - g, rge
A = Uj<i(xi — ), & g — NPOU3BOJLHBIA CUMMETPUAIECKUNA MHOTOUIEH, T. €. abCo-
JIIOTHBIA MHBAPUAHT.

Opuwmep 5. lpeacrasaenuio 4 : X — AXA~! crenenu n? momHOM JUHEIHOK
rpynnst GL(n, K) ¢ npocrpancrsom npegcrasienus My, (K) (cm. npumep 3 u3 § 1)
OTBEYAET CUCTEMA U3 1 aare6pandecKu He3aBUCUMBIX MHBAPUAHTOB — KOd(ddunnen-
TOB XapaKTEPUCTUIECKOI'0 MHOrowaeHa marpunsl X = (z;;). K HuM oTHOCATCA, B

ACTHOCTY, XOPOIIO M3BECTHBIE HAM MHBAPMAHTHI tr X = Y x4 u det X.

IIpumep 6. Ha xBagparuauyo Gopmy

f(x1y...,2n) :Zaijxixj,
3aIMCAHHYIO B BUJE
flz1,... zn) = tXAX, ;A= (a55) = tA, X = [Z1,...,2n],

ILEencTByeT oproroHaibHas rpymma O(n):

C e€0(n) = (C7 ) (@1,...,xn) = H{CX)A(CX) =
=!X!'CACX = !X (CTLAC)X.

B sToM ciydae IpUHATO TOBOPUTH 06 MHBAPUAHTAX KBAAPATUIHON (HOPMBI f OTHOCH-
reasro O(n): tr A, ..., det A. [lna Gunapuoi KBagpaTuaHOU dopMbl ax? + 2bxy + cy?
MHBAPUAHTHI @ + ¢ U ac — b2, XapaKTepuayiomme MeTPUYeCK PasINdHbIe KIACCHI
KPUBBIX BTOPOI'O MOPSAIKA, U3BECTHHI €I U3 KypCa aHAJUTUYECKON MeOMEeTPUM.

IIpumep 7. CummeTpuyeckyto rpymnmny S3 pacCMOTPUM KaK JMHENHYIO IPYIILY
CTeNeHU 2, UCIONb3YsA IpeacTaBieHue [', 5KBUBAJIEHTHOE IIPELCTaBICHUIO ®(3) u3 Tad-
JUIbl B KOHIE 1. 1 § 2:

0 1
’ F(23):H 10

e 0
Tazg = 5 e
e24+e+1=0.

DKBUBAJIEHTHOCTH OCYIIECTBIACTCA HOCPENCTBOM CONPSKEHUA
-1
e 0 3| € 0
[o 1ol | =
0 1 0 1

IIycts w,v — HE3AaBUCUMbBIE I[IE€DEMEHHbIE, JUHEMHO IPeoOpasyIoIuecs IIOCPeACT-
BOM ['5:

Pogy(u) =eu, T(ag(v) = ety

Lagy(u) =v, Tg(v)=u.
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Tak kak

f(l 9 3)(uv) = 1"(_112 3)(u)I‘(_112 3)(1)) = ly-ev = wo,

f‘(2 3y(uv) = vu = uv,
D123 (@8 +0%) = (e7u)® + (e0)® = u® + 0%,
f(23)(u3 +0%) =03 4 ud =u® 403,
To rpymnna (S3,I") nmeer Gopmsr
L=u, Iy=u+0® (M)

crerneHen 2 U 3 B KA9ECTBE CBOMX MHBAPUAHTOB.
[lazee, rpynmna S3 feUCTBYET €CTECTBEHHBIM 00pa30M HA MHOrOwIeHaX f(z1,T2,Z3)
OT TPEX HE3ABUCUMBIX MEPEMEHHBIX:

(ef)(@1,22,23) = f(To1,%02,To3).

ITonoxus .
u =1 + a2 + exs,
v =21+ ex2 + &3,
MBI YBUAUM, 9TO
2
Po(u) =51 + 6" To2 + £T03.
B gacTHOCTH,
2
1"(123)(u) =x9 +e°x3 + w1 = €u,
2
[o3y(u) = 21 + a3 + 32 = W,
2 —1
L123)(v) =22 +ex3 +e"w1 =€ v,
2
Lo3)(v) = o1 + a3 + 722 = 0,
T.e. geucrBua 'y Ha u,v M 0 Ha 1,T2,%3 coraacoBasbl. [Ipm moacraHoBke (8) B
naBapranTh! (7) HOCIeIHME EPENLYT B CUMMeTpUYeCKue PyHKIUNA OT X1, T2, L3, KO-
Topble o Teopeme 1 u3 [BA I, rui. 6, § 2] MOXHO BBIPDA3UTH 4Yepe3 DJIEMEHTAPHBIE
cuMmmeTpudeckue GyHKuuY s; = s; (21,22, 3). Heboabmoe ynpaxHenue I0Ka3bIBaeT,

41O
I = ZE% + ZE% + x% + (e + 52)(:v1:r2 + z123 + x223) = s% — 3s2,

I, = Q(w‘i’ + {E% + :E%) - 3({E%CD2 + ZE%ZE:; + xlxg + :Eyr% + x%xs + ZE2{E§) + 12z1 2023 =

= 2511)' — 9s180 + 27s3.
CnenuanusupyeM 3Hadenus I1,I», B34AB 3a 1, 2,3 TPU KOPHA HEIOJHOTO KyOu-
YEeCKOI'0 yPaBHEHUs
% + pr+q=0.
Torpa s1 =0, s2 = p, s3 = —¢, U, CIeIOBATEILHO,
I =-3p, I,=—-27q. 9)
Ho w3 (7) caegyer, uaTo

Iy V£
v=—, 12:u3+—g,
u (7
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Bce paawkansl BEIOEPAIOTCA TAKAME, ITO OCIE TOACTAHOBKY 3HadeHnn (9) moryvaT-
cs popmy.JIbl

27 3
3
U= {/—— -V =3D
B q+ 5 >
27 3
3
v=4{/——q— =VvV—=3D
2973 ’
uv = —3p,
¢ Bermamuon D = —4p3 —27¢? — IMCKPUMUHAHTOM HAIIEro KyOWYeCKOro ypaBHEHMS

(em. B [BA I, ra. 6, § 2, popmyay (16)]). Tak kKaxk w ¥ v Temepb U3BECTHBI, TO U3
JIMHEWHON CHUCTEMbI

z1 4 e%x0 + a3 = u,

Ty +exo +e%ag
T1+T2+23 =0

U,

HAXOIATCA CaMU KOPHM. MBI IPUILIA JOBOJLHO €CTECTBEHHLIM IyTEéM K hopMyaam
Kapaano, o KoTopeix ynomuHaaocs B [BA I, ru. 1, § 2, 3agaga 1].

[Mocaenuun mpuMep HE CIYYAWHO YCTAHABIUBAET CBA3L MEXK Iy UHBA-
PUAHTAMU TPYINEL S3, ABIAIOUIEHC Tpynnon [anya o61mero Ky 6uaeckoro
ypasHenus, u gopmyaamu Kaprano. Teopus [Nanya B sHaquTEILHON Me-
pe CBs3aHa C U3YdYeHWEM WHBAPMAHTOB MOJTEN (M COOTBETCTBYIOIAX MM
CPYII), TIOPOXK JEHHBIX KOPHAMHU aIreCpandecKuX yPaBHEHUMN.

OTMeTuM HEKOTOpPLIE (PAKTHI, OTHOCAIINECA K CUCTeMe 00pa3yonmx
KOJIbIIA MHBAPUAHTOB. IlycTh w — mpom3BoJabHAA (POPMaA OT N HE3ABU-
CUMBIX TIEPEMEHHBIX L1, ..., ~%,. KoHeuHasa rpynna G ¢ JUHEUHBIM Mpe-
crapieaueM ® CTeNeHN N JeUCTBYeT KaK TPYIIIA IePeCTAHOBOK HA MHO-
JKEeCTBe

Q= {®(w)| geG}

HAcuo, 9To Mr06as1 OFHOPOAHAA cuMMeTpudecKas GyHkuus |G| saeMeHToB
u3 0 (w1m, BO3MOXKHO, HEKOTOpOro gemutets uuciaa |G|) Oymer wHBa-
puanToM JuHenHou rpynusl (G, ®). Ecaiu Tenepb B3ATH B KadecTBe w
MEPEMEHHYIO T, TO Z; OyAeT KOPHEM AJIreOpandecKoro ypPaBHEHUSI

[ -, =0,

geG

KO3 PUIMEHTEL KOTOPOTro ABIAITCA uHBapuanTamu rpynnst (G, ®). Ta-
KUM 00pa3oM, Kaxk 1as IePeMeHHas Z; ABIAeTCs (arre6pandeckon ) pyHK-
[uen MHBapUaHTOB. Ecau ObI aare6paniecku He3aBUCUMBIX NHBAPUAHTOB
OBLLTO MEHbIIIe, UeM 73, TO MBI BHIDA3WIUA OBl Z1,..., T, Uepe3 MeHbIIee
YnCA0 ANrebpamdeckKy HE3aBUCHMEBIX IIEPEMEHHBIX, & DTO HEBO3MOXKHO.
CueoBaTenbHO, MBI JOKA3aau (€I MOXKHO HA3BATH JOKA3ATEIbCTBOM
CTOJIb CMEJIOE OOPAIIEHNE C ANreOPAnIeCKON 3aBUCAMOCTBIO BEIUINH) O/1-
HY U3 BaXKHBIX TEOPEM TE€OPUU WHBAPUAHTOB.
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Teopema 3. Koneunas aunetinas epynna cmenewy n 6ce2da 06.4a-
daem cucmemoti u3 N aaee0PaUUECKY HE3A6UCUMBIE UHEAPUAGHMOE.

Muast rpynner (Ss,T) Takuvmu nHEBapUaHTaMu ABAAIOTCA GopMbl (7).

MoxkHO 6110 OBI JONOJIHUTHL TEOPEMY 3 YTBEPKAECHUEM O TOM, UTO
BCE KOJBIIO IEJBIX WHBAPUAHTOB KOHEYHOU TPYIIBI CTENEHU 7 TMOPOXK-
MAETCA N aare0pamvdecKu HE3AaBUCUMBIMYU WHBapuUanTamu fi, fo, ..., fn
U, KaK MPABWIO, €lIé ONHUM WHBAPUAHTOM fnp11 (ABIAIOIMMCA aired-
pamdeckon (GpyHKIUEN IEePBBIX 7 MHBApUAHTOB). [pyrumu croBamu, BCe
OCTaJbHBIE WHBAPUAHTHI ABIAIOTCA MHOTOWIEHAMYW OT fi,..., fn, fat1-
IToT GPAKT CHPABENIUB [IJs MHOPUX APYTUX JUHEWHLIX DY, KAK TUC-
KDETHBIX, TAK U HENPEPLIBHBIX.

O6uian Teopus MHBAPUAHTOB, pa3BuTas B cepeaune XIX Beka Tpy-
nmamu Komu, CunbBectpa, fkobu, dpmura, Knebua, l'oprana u gpyrux,
a 3aTeM HCIOBITABIIAA BTOPOE POXKIAEHUE B HECKOIbKUX (PyHIaAMEHTAJIb-
HBIX padorax . I'misbepTa, B HAIIKM JHU CTaIa YACTHIO AAreOpanIecKOn
reOMeTPUM U Teopur airedpamdeckux rpymil. [[oCTOAHHBIN MHTEpEC K
TEOpUU WHBAPUAHTOB OOYCIOBIEH TAKXKe MUPOKUMU BO3MOXKHOCTIMU €8
NPUMEHEHUU BO MHOTUX OOJACTAX MEXAHUKU U (PUBUKMU.

YIIPAYKHEHUSA

1. IIpu nmomormmu dpopmyast (6) n Tabaun u3 n. 1 § 2, 1. 2 § 5, n. 4 § 5 nposepuTs,
YTO CHPABELIMBBI PA3JIOKEHUA

33 200 o) Lo LoB)

A TEH30PHOr0 KBaADaTa JByMepHOro mpescrasienua ®(3) cummerpuyueckoi rpymn-
nel S3 u
d0) 200 o) Lo LB Lol
JJIA TEH30PHOIO KBaJparTa AByMepHOro mnpexcrasrenua ®(3) rpynmbr ksaTepruo-
HOB (Jg.
2. lIpedcmasaenus npamozo npoudeedenus 2pynn. IlycTb UMEIOTCA ABE TPYIIILI
G, H ¢ munenabivu npegcrasieruamu (®,V), (¥, W). Torga, moxaras

(2@ W)(g-h) = 2(g9) @ Y(h),

rae g-h — saement npamoro npousBenenus G X H rpynn G, H, mbl 3actasum G X H
MENCTBOBATH HA TEH30pHOM mpomsBenenuu V Q¢ Wi kak 00LITHO,

(2(9) @ ¥(h))(v @ w) = 2(g)v ® ¥(h)w.
IIpoBepuTh, 9TO Tak OUpENEIEHHOE 0TOOpAKEHUE
R U: GXxH— GL(VQW)

ABIAETCA mpejacTaBieHneM rpynnbl G X H ¢ xapakTepoM Xogw = X&Xw- [okasaTh
crenyromee yreepxgenue. Iycre (1) ... &) (coorsercrsenno W) ... w(s)) —
BCe HEIPUBOAUMBIe IIpecTaBieHus rpynnsl G (coorsercrBenno H ). Torga npegcras-
gerna &) @ W) rpynner G x H HEeNpUBOAUMBL, ¥ BCE HEIPUBOJUMBIE NIPECTABICHAA
rpynnsl G X H #CYepuBIBAIOTCA [IPENCTABICHUAMYU

(I)(i)(g)\p(j), 1<igr, 1<j<s.
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3. ®opwmbl xy, " + y" ABAAIOTCS UHBAPDUAHTAMU [BYMEPHOU JUHENHOU TPYIIIIBI

AMIPa
e 0 0 1
o= 2l 2 4]
e =1

(cm. yop. 9 us § 5). [TokasaTs, 4TO0 1060 APYrou (1eabli) uHBapuasT rpynust (Dy,, ®)
“MeeT BUJ MHOIOWIEHA OT Ty, £ + y™.

4. IIpoBepuTh, YTO I'pyIla KBATEPHUOHOB, PACCMATPUBAEMasA B CBOEM JByMep-
HOM HENPUBOAMMOM HPENCTABICHUU, HE 00Ja1aeT KBAIPATUIHLIMU U KyOUIeCKUMU
uHBapuaHTaMu. ITO MOXKHO CKazaTh o popmax x2y?, zt + y*?



I'naBa 4

KOJIBIIA. AJITEBPBI. MO YJIN

IMoBTOpHOE paccMoOTpeHre aaredpamdeckux CTPYKTYD, YKe U3ydaB-
LINXCA PaHee, MOTUBUPYETCS CIeAYIOUMMU coOOOpaxKeHuaMu. Bo-nepBhIX,
XOTEIOCh ObI B KAKOU-TO MEPE MOMOJHUTE COIEPKATEALHBIMI Y TBEDXK 16~
HUAMU HAIIA CBeJEHUs O IMOMAX U KOJbIAX, ONMUPAACH, I'e 9T0 HeOOXOAU-
MO, Ha COJUIHYIO T€OPETUKO-IPYIIOBYIO 6a3y. Bo-BTOpHIX, pe3yabTaTh
TVIABBI 3 O IPEJCTABJICHUAX IPYIII €CTECTBEHHBIM 00Pa30M BKIIOYAIOTCA
B OOIIYI0 TEOPUIO MOLYJEN HaJ KOJbIAMU, U ObLIO OBI XKajlb HE YIOMs-
HYTb 00 5TOM XOTs ObI B KpaTkou ¢opme. DyHIaMEHTAILHOE TOHATHE
MOZyYJIs BaXKHO CaMO IO cebe M TOCTONHO M3YUeHUs B [OPa3 g0 6osee -
POKOM acCHIeKTe, HO 111 9TOI'0 YATATENI0 PEKOMEHAYeTCs 00paTUThCA K
OPYTUM UCTOIHUKAM.

§ 1. TeopeTUKO-KOIbIEBbIE KOHCTPYKIINHU

1. A geansr kogen n ¢akTopKoabna. Koubla KJIaCCOB BEIYETOB
1 rOMOMODP(U3MEI KoJel, paccmoTpenusie B [BA I, rui. 4, § 3], mogroro-
BWIH JOCTATOYHO OJATONPUATHYIO MOYUBY [Jis BBEIEHUs OOIIUX TOHATUN.
Hamomuum, 910 %dpom roMoMopdpusma

f: (K7+7) — (Kla@aQ)

naseBaerca nogkoasuo Ker f = {a € K| f(a) = 0'} ¢ K. Henocpea-
CTBEHHO BUHO, YTO DTO OTHIONL HE MPOU3BOJBLHOE MOAKOABIO. [lenct-
BurensHo, eciu J = Ker f C K, to J -z C J (nmockoibky f(zz) =
=fx)of(z) =006 f(z) =0 gascex z € J)u z-J CJ muaseex
z € K. Cramno 6wits, JK C J u KJ C J. llogkoasio J, obaamarormee
STUMU CBOUCTBAMU, HA3LIBACTCA (d8ycmopornum) udeasom xombua K.
Urak, sgpa roMOMOpP(MU3MOB BCET 1A, ABIAOTCSA UACATAMHA.

IIpumep mZ C 7 moacKasbIBAeT CIOCOO MOCTPOEHUSA UAEAJIOB (BO3-
MOXKHO, He BCEX) B IIPOU3BOILHOM KOMMYMAMUEHOM Koable K: ecin a —
KaKOU-TO dieMeHT u3 K, To MHOXKecTBO a BCerga SBIAETCA UACATIOM
B K. [leuicTBUTEILHO,

ar +ay =a(r +y), (az)y = a(zy).

Tosopsat, aro aK — eaasubili udeaq, MOPOXK AEHHBLIN dIeMeHTOM a € K.

Ecau 6parhs Koablia TOJBKO C €IUHUIEN, TO MAeaJaMu OyIyT MOI-
CPYIIIEL a1 IMTUBHOU I'PYIIIBLI KOAbIA, BHLICPKUABAIOIIAE YMHOKEHUE CJIe-
Ba U CIPaBa HA DJIEMEHTHI KOJbIA, a B OOpeaeieHue romomopdusma f :
K — K' uenecoo6pasuo saectu ycaosue f(1) = 1'. Ilpu snumopdusme
9TO yCJIOBHE, KOHETHO, aBTOMATUIECKHN BBIIIOJIHACTCA.
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HopmaabHble TOATPYNOBI T'PYIN, BBEAEHHLIE B TVI. 1, W UIEAJbBI
KOJIEI] UMeI0T Oblee MIPOUCXOXKIEHNe — OHU SABIAIOTCA SIPAMHU ['OMO-
MOPPU3MOB. ITO 0O6CTOATEALCTBO HAXOAUT CBOE BBIPAKEHUE U B OOIIHOC-
TU KOHCTPYKIUE (PAKTOPOOPAZOBAHUN, HA IEM MBI COOMPAEMCI BKPATIIE
OCTAHOBUTHCA.

IIpu moctpoenuu daxmoproavyae K/ J konena K mo ngeany J 6ynem
UCXOQUTH M3 TOr0, YTO “OCHOBY” KOJBIIA COCTABIAET AIAUTUBHASL abe-
aesa rpynmna. [looTromy 3a srementsl u3 K/J caenyer 6paTh CMeKHBIE
KIacCH a + J (Ha3bIBaeMbIe KAGCCAMU BbIUEMO8 N0 Modyao udeasa J),
CJIOXKEHYE KOTOPBIX OCYIIECTBIAETCA IO OOBIYHOMY IIPABUILY:

(a+ D)@ b+J)=(a+b)+J,

ola+J)=—-a+J M)

B kadecTBe npousBeneHus Tex ke KiaccoB Hepém
(a+J)© b+ J)=ab+ J. (2)

Heo6xoauMa yBEPEHHOCTb B TOM, UTO 3TO YMHOXKEHUE OMPEICICHO
MPABUILHO, T.€. HE BABUCUT OT BEIOOPA MPEACTABUTEICH COOTBETCTBYIO-
mux kaaccos. llycts ¢’ =a+z, b =b+y, rge z,y € J. Torga

a't = ab+ ay + b’ = ab + z,

rae z = ay + zb' € J, nockoabky J — mBycropouHmiu maeaa. IlosToMy
a'b' 1eXUT B OMHOM CMEXKHOM KJIACCE C DIEMEHTOM ab, a BDTO U 3HAYWT,
4TO mpousBegeHue (2) onpenenreHo npaBuiIbHO. [/ KPATKOCTH TOIOKIM
a=a+ L, tak 9ro
adb=a+0b, a®b=ab.

B wactaoctu, 0 = Ju 1 =1+ J (ecimu exunmma 1 nveerca B K). Hyxno
emé ybeautsbes, uro g MEoxecrsa K = K/J = {a| a € K}, paccmar-
PUBAEMOT0 C ONEPANUAMHI B, ), BHITOJIHEHBI BCE AKCHOMBI KOIbIIA, HO 3TO
MOBOJILHO OYEBUIHO, HOCKOIBLKY OMEpAIM Hal KIACCAMU BLIYETOB B K

CcBOAATCA K onepauuaM Han sremenTamu u3 K. Ckaxem, guctpubyTus-
HOCTB IIPOBEPAETCA TAK:

@®b)©c=(a+bc=(ac+bc)=acdbc=aocdbOC.
Bcé 510 mokaswiBaeT, ITO 0OTOOpaXKeHue
T a—a
sasgercs snuMmopdusmoM koaen K —» K ¢ agpom Kern = J. OT wacr-
HOrO mpuMepa (aKTOPKOIbUa Zy, = Z/mZ u snumopdusma Z — Zy,
MEI IIepenuin K paCCMOTPEHNIO CUTYAlIUN B IIPOU3BOJBHBIX KOJIBIIAX.
OTMeTuM Tenepb, YTO BCE TOMOMOP(MHBIE 00passl Koibia K ucdep-

MBIBAIOTCA 1[I0 CYIIECTBY (PAKTOPKOJbIaMu JK 1O COOTBETCTBYIO-
mwmM uaeanam. [leucreurensro, ecmu f: K — K' — romomopdusm u
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f(K) — o6pas xompua K oTHOCHTETBHO f, TO, paccmarpuBaa f(K) C
C K' Bumecto K', Mbr mpuaém K smumoppusMy. UTOOB HE YCAOKHATH
0003HAYEHUN, CIATAEM C CAMOT0 Hadauaa [ SIUMOp(U3MOM, T.e. TOoJa-
raeMm f(K) = K'. Cornacuo ofmeMy NpUHIMNIY, u3JoxkeHHOMY B [BA I,
ri. 1], f onpenenser orromenue skBuBatenTHOCTH Of Ha K; B 1aHHOM
cayae Oy 3amaércsa pasbuenuem K Ha cmexuble kaaccel a + Ker f =
= (,. Orobpaxenue f ycTaHaBauBaeT OMEKTUBHOE COOTBETCTBUE |’
mexay saementamu a' € K' u wrnaccamu C,, a umenno f'(C,) = a',
ectu ' = f(a). Hpu sTom

f(Ca+Cy) = f'(Cays) = flatd) = fa) + f(b) = f'(Ca) + f'(Ch),
f'(Ca - Cy) = f'(Cap) = f(ab) = f(a) - f(b) = f'(Ca) - 1'(Ch),

Tak 4TO OueKTMBHOE oToOpaxkenwe f' — wmsomopdusm (mus mpocTo-
ThHI ONEPAIYA CIOKEHNA U yMHOXKeHUA B K, B KOIbIle KIaCCOB BHLIYETOB
K/Ker f u B K' 0603Ha4al0TCA OIUHAKOBO: + ¥ - ).

ITo cyTu mena mamu mokasana

Teopema 1 (ocHOBHAsA Teopema 0 romoMopdusmax). Jwboi ude-
aa J xoavya K onpedeasem (npu nomowu dopmya (1), (2)) cmpyxmypy
Koabua wa daxmopmnoncecmee K/J, npuwém K/ J asasemca 2omomopd-
oM 06pazom xoavua K ¢ adpom J. Obpamno: xaxncovii 20momop@rbii
obpaz K' = f(K) xoavya K usomopden gaxmoproavyy K/Ker f.

3ameuanue. [Ipasas gacte Gpopmyast (2), BooOLIE FOBOPS, HE COB-
majaeT ¢ NPOoM3BeJeHneM KiaccoB BeraeToB a + J u b+ J B Teoperuxo-
MHOXKeCTBeHHOM cMbicae. Hanpumep, npu K = Z, J = 87 uesnoe 1ucio
24 € 16+87 ne conepxutca B (4+87)?, nockonbky (4+8s)(4+8t) = 16u.

Mer 3uaeMm, 9to Z,, = Z/mZ — moae TOrja U TOJBKO TOTAA, KOraa
m = p — MPOCTOE UUCIO0. EBKINIOBOCTD KOIbIA Z M KOJbIA MHOIOYIE-
HOB P[X] Hag nonem P ABIAETCS NPUYMMHON UX GOJBIIOTO CXOACTBA.

2. Ilose pa3iaoxxeHuss MHorowiena. Kak gacTo OvIBaeT, B3IVIAL
CO CTOPOHBI Ha XOPOIIO U3BECTHBIA MPUMEP AAET BO3MOXKHOCTH JLydIIe
MIOHATH €0 U IMEePEUTH K PasyMHBIM OOOOIIEHUAM.

Teopema 2. Cnpasedausvl caedyrouue ymeeprcoenus:

i) scarut udean J xoavya muoeousenos P[X]| nad nosem P eaasnoi,
m.e. J = (f(X)) := f(X)P[X] das nexomopoeo muoeousena f;

ii) gaxmoproavyo P[X]/(f(X)) asasemes noaem moeda u moavko
moeda, xKoeda f — nenpusodumbili nad P mmo2o0uqsen.

doxaszarenbcTno.i) Bribepem B J MHOrOWIeH f MUHUMAIBHOU
crenenu. Ecin g — mo6ou MHOrOWIeH u3 J, TO geJeHue ¢ OCTaTKOM Ha f
(P — moJie, moTOMY HET Hy XK IbI 3a00TUTHCA 00 06PATUMOCTHU CTAPIIETO
koadunuenta y g(X)) mact Ham pasenctso g = qf +r, deg r < deg f.
W3 uero cregyer, uarto r € J, HOCKOIbKY ¢, f,qf — sremenTs ugeana. B
cuity BeIGopa f 3akimodaeM, 9to r = 0. 3uauur, g(X) nemurca na f(X)
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uJ = (f(X)) = f(X)P[X], r.e. J cOCTOUT U3 MHOI'OWICHOB, TEALIAXCS
a f(X).
ii) Ecm f(X) = a(X)b(X), 0 < deg a(X), deg b(X) < deg f(X),

To kaaccel Beraetos a(X),b(X) € P[X]/(f(X)) ormumanet ot myas 0, HO
a(X)b(X) = f(X) =0.

3uaunt, P[X]/(f(X)) obragaeT HETPUBUAILHBIMU IEJUTEIAMU HYJIS U
nojeM OBITH He MOXKET.

C Ipyrou CTOPOHEBI, MPEICTABATENEM JHOOOT0 KJIACCA BHIYETOB B
P[X]/(f(X)) moxet BricTynaTs MEOrouneH a(X ), dega(X)<deg f(X),
u ecmn a # 0, a f HenpusoguM, To HaugyTcs b, ¢ € P[X] Takue, aTo ab+
+c¢f = 1. B makom caygae ab+cf = 1, T.e. @b = 1. 3HaumT, 1I060H KIace
BEIMETOB @ # 0 06paTtuM, n koabno P[X]/(f(X)) asaserca noxem. O

TTog4uepkHEM TO OGCTOATENBLCTBO, UTO 2IeMeHTH @ = a+ (f), rae a €
€ P, obpasywor B P[X]/(f) nogkonbio, usomopdroe nomo P. B ciyuae
Henpusoaumoro muorowiena f(X) daxropxoasuo P[X]/(f) mo Teope-
Me 2 SIBIAETCS MOJEM, COLePKALIUM IO AIoae, udoMopdHoe P.

CunegcrBue. Jas 4106020 nenpusodumozo muo2ousena f(X) nad
nosem P cywecmeyem pacwupenue F D P, 6 xomopom f(X) umeem
no xpatinet mepe 0dun xopewvb. 3a F moxcno 63amb noase, uzomopdnoe
PIX]/(f)-

__ JloxasaTeabcTno. O6paTuM BHUMAHUE HA CICIUATBHEIA JIEMEHT
X € P[X]/(f). Muna m06b1X ag, a1, ..., am € P umeem

S @Y =Y fa+ (HHX + (N} =
k=0 k
=Y fa+ DHX + (D} = { L ax*} + () =Y aux*.
k k k

Kopoue, ecmn g(Y) =Y, a;Y* € PY], mo g(X)=g(X). 3amucsb
g(X) uMeeT, KOHEWHO, CMBIC TP OTOMXKAECTBICHHA P ¢ M30MODPQHBIM
emy noseM, cogepxkamumca B P[X]/(f). B sactaocTnm,

FX) =fX)=f+(f)=() =0,
T.e. mement X € P[X]/(f) apaserca kopuem muorowrena (f). O

3ameuanue. [lo Teopeme 1 umeem uzomopdpusm C = R[i] = RX]/J,
rge J = {f € R[X]| f(i) =0}. Tak kax a +ib # 0 npu (a,b) # (0,0),
uTak Kak i +1 = 0 = X? +1 € J, To U3 pacCy:KIeHHuH, TOKA3BI-
Baromux Teopemy 2, puiTekaer, uto J = (X2 + 1)R[X]. Daementamu
daxTopkoasua R[X]/J asisorcs cMmexnsle kaaccsl (¢ + bX) + J; a,b €
€ R; coorBercTBuE a + ib — (a + bX) + J ycranaBiuBaeT u3oMOppu3M
mexay C u R{X]/J.

10 A.M. Kocrpukuu
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B cooTBeTCTBUM € yCTAHOBUBIIENCA TEPMUHOJIOTUEN TPUHATO TOBO-
puTh, uTO pacmupenue F' C P u3 caeqcTBUAs IOJYYIEHO [IPUCOEINHEHTEM
K P oxsoro xopus ¢ muorowiena f: F = P(c). lIpu stom f(X) = (X —
—¢)g9(X), rge g € F[X]. Ham npegcraBmiach peajbHas BO3MOXKHOCTH
MOCTPOUTH pacluperne moas P, B KOTOPOM MHOTOWIEH f TMOJHOCTBIO
pacnagaeTca Ha JUHEHHbLIE MHOXKUTEIN.

Onpegenenmne. llycrs P — mone, f — HOpMAIU30BAHHLIN, HE 0051~
3aTEILHO HENPUBOAMMBIN MHOTOWIeH crenenn n u3 P[X]. Torga pacmn-
perne F' C P maswiBaeTcs noaem pasaoscenus f vag P, ecam f(X) =
=X-¢1)...(X—¢n)BF[X]uF = P(cy,...,¢,), T.e. F monydaercs

u3 P mpucoeauHeHueM KOPHEH Cyp, . . ., ¢, MHOTOWIEHA f.

Teopema 3. Jas 6CAK020 HOPMAAUIOEAHHO20 MHO20uAEHG [ €
€ P[X] ecmenenu n > 0 cywecmeyem coms 0bi 00H0 NOAE PAZAONCEHUA.

[JoxaszaTeabCTBO. YCIOBUE HOPMAIN3OBAHHOCTY HECYIIECTBEHHO
¥ UCIOJIb3yeTCs TOIbKO mias yroocrsa. [lycrs

f(X) = [(X)... fr(X)

— pasaoxkenue f Ha HEIPUBOAUMBIE HOPMAIU3OBAHHLIE MHOXUTEIN B
P[X]. CornacHo CIEACTBUIO TEOPEMEL 2 CYLECTBYeT pacumpenue P D
D P, B KOTOPOM uMeeTCs XOTs Obl OTUMH KOPEHb MHOIOWIEHA f1. DTOT
KOpEHb ¢ Oyaer, pasyMeeTcs, KOpHeM u mis f.

[Iycts yxe mangeno pacumpenue P, O ... D P; D P, Ha1 KOTOPBIM
f umeer pasmoxenue

fX)=X=-c)...(X —er)g1(X)...g5(X)

¢ k (me 06s3aTeIBHO PA3IUYHBIMU) JUHEVHBIMA MHOXUTELIMHA, k < n.
[TprMeHNB ONATEL CIEACTBUE TEOPEMBL 2 K TIOMI0 Py 1 K HEMPUBOIMMOMY
HOPMAaJIM30BAHHOMY MHOTOWIEHY g1 € Pi[X], Ml mocTpoum mone Pyyq D
D Py, mO3BOJAIOIIEE OTINENATH JMHEUMHBIN MHOXHUTETb X — Cpy1, DOe
Cr+1 € Pygy1, MHOrOwIeHa g1 (X), a cregoBarensto, u Muorowiena f(X).

[Ipogomkas nencTBOBATL MOAOOHBIM 0OPA3OM, MBI TIPUAEM K TIOJHO-
My Pa3JOXKeHWIO [ Ha JMHEMHbIE MHOXKWUTEIN HAJ HEKOTOPHLIM PACIIApe-
uuem P, D P. Jlu6o P,, mu60 xaxoe-To ero moamosae F' u Oyxer moaem
pasznoxkenus aiasa f. He uckimodeno, aro F cosnagaer ¢ P. [

[okaszaTeabCTBO TEOPEMEL 3 CONEPKUT CJAUIIKOM MHOT'O IPOU3BOJIA,
YTOOBI MOXKHO OBLIO TOBOPUTH O €IUHCTBEHHOCTH TIOJIA PABJIOKEHUI MHO-
rowrena f. XOTsA HA CaMOM [eJie TIOJIE PA3JIOKEHUA C TOIHOCTBIO 10 U30-
MOp(hU3Ma ONMPEAENEHO OJHO3HAYMHO, MBI NOKAXKEM DTO JIUIIb B CJAEAYIO-
men riuase. Cerdac Mbl OTPAHMYUMCSA PACCMOTPEHUEM MPUMEDPOB IMOJEN
PABIOKEHUA.

1) Kgagparuanoe more Q(v/d) — mome pasiokeHus MHOTOWICHA
X2 —d.

2) Ecan npucoeauuuTh K Zs KOPEHb § HEIPUBOAUMOIO MHOTOUIEHA
X? + X + 1, To monyuntca none Zo(#) = {0,1,6,1 + 0} us deTwipéx



§ 1. TeopemuKo-K0abye8ble KOHCMPYKUYUY 147

BIeMEeHTOB, m3oMopdHoe Kak momio Zo[X]/(X? + X + 1), Tax u momio
GF(4) us [BA I, . 4, § 3, n. 5]. 3amernm, 4T0

X2+ X+1=(X-6)(X -6,
T.e. Zo(f) — mone pasnoxenus MEOrowrena X2 + X + 1.

3) Muorouren X 2+ 1 HempuBoamMM He TOMBKO HaT R, KOT1a ero moiem
pasnoxenus Oyaet C, HO M HAT HEKOTOPBLIMY APYTUMH TOJIAME, HATPUMED
uan Zz. llycts 6% = —1 (ecmm yroauo, = X + (X2 +1)Z3[X] — saement
nosa k1accos BuraeTon Z3[X|/(X? +1)). Tak kak X2 +1 = (X —6)(X —
—63), T0 Z3(0) = {a+b0| a,b € Z3} — none paznoxenns aia X2 + 1
HAL Z3.

Mex ny npounm, Z3(f) u30MOPMPHO MOT0 MATPUIL _ab , a,b €
€ Z3,m3 [BA I, ru. 4, § 3, yup. 11]. BoT cooTBeTCTBYyIOImEE 0TOOPAKEHTE:
1 0 0 1
arvgrra] o 7|0 7 g

O6paTuM BHUMAaHZE HA TO, YTO
Zs@)* =(\), A=14+6, N=-6, N¥=1-0, \=-1,
N=-1-0, XN=9, N=-146, NN=1,
T.e. MyJbTUININKATUBHAA I'pymnmna mois Zs(f) He TOAbKO abejeBa, HO U
OUKJINIECKasA, KAK € MOJOXKEHO OLITh.
4) CorsracHo KpuTepuio DU3eHIITeiiHa MHOTOWwIeH X ° —2 HelpPUBO IuM
man1 Q. Tak xax He Bce ero Kopuu BemecTsennbie, To Q(v/2) He MoxeT

ObITEH mOJeM pasnoxenus. Ha camom geme mosem paznoxennsa gas X 3.2
cryxur Q(v/2,€), rie € — OPUMHTHBHEIA KODEHb CTemeH: 3 u3 1:
X3 —2=(X - V2)(X —eV2) (X - *V2).

Yro KacaeTcs KOiel MHOMOWIEHOB OT HECKOJIbKUAX HE3aBUCUMBIX IIe-
peMeHHBIX, To yxe B R[X, Y| ugeannst 3aBeqoM0 He UCIEPIBIBAIOTCS TVIAB-
HBIMU.

IIpumep. MuoxecTBo

J={Xf+Ygl| f, g €RX, Y]},
cocrosamee u3 MHOrowenos h(X,Y) rakux, uro h(0,0) = 0, oueBuAHO, ABIAETCA
uxeaaoM B R[X,Y]. Tak kak 1 € R[X,Y], To us J = ¢(X,Y)R[X, Y] caexoBano 66t
srarodenve ¢(X,Y) € J. Ilosromy ¢(0,0) = 0 u, cramo ObiTh, deg ¢ > 1. ¥ Hac
X,Y € J, rak 4To
X = qu, Y = quv,

OTKyJa C HeOOXOQUMOCTBIO BHITEKAIOT paBeHcTBa deg u = deg v =0, T.e. u, v E R u
Y = u~1vX — mporuBopeune, mokaswIBaoniee, 9TO uxean J He ABIACTCA TVIABHBIM.

3. Teopembl 06 maomMopdusmMe KoJen. Mbl yxe pacmogaraeMm
IOBOJIBHO 3HAYUTEIBLHBIM apCEHAJIOM TUIIOB KOJEIl U CPENCTB, IIO3BOJIA-
IOLX CTPOUTH HOBHIE KOJBIA U3 MAHHOTO ux Habopa. [Ipumepamu ciy-
KaT KOHCTpyKumu koabia mMarpuy M, (K), noas orsomenun Q(K) n

10*
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Koabua MEOrOweHoB K[X1, ..., X,], rne K — KOMMyTaTUBHOE KOJBIO
(ueaoctroe B cayuae Q(K)). Honesno o6¢cyauTs emé, XoTsa Obl BKPATIIE,
TEOPETUKO-KOJIBIEBEIE AHAJOTH TeX OOMMX (PAKTOB O TOMOMOP(DU3MAX,
KOTOpHIE OBLIN yCTAHOBJAEHB! i rpynn B rii. 1. [loxasarenscTBa, Kax
MPABUJIO, HUYEM HE OTIMYAIOTCA OT CJIydas CPYIIIL, U OCTABIAIOTCA YATA-
TEJI0 B KAYEeCTBE YIPAKHEHUN.

OcHOBHYI0 TeopeMy O TOMOMOPdU3MAxX AIA KoJen (Teopema 1) Mbl
IOIIOTHUM IBYMs Teopemamu 00 m3oMopdusMe.

Teopemad. [lycmv K — xoavyo, L — nodxoavyo, J — udeas 6 K.
Toeda L+ J={z+y| z €L, ye J} — nodkoavyo 6 K, codepacauee
J 6 xauecmee udeana, LN J — udeas 6 L. Omobpaxrcenue

prz+J=z+(LNJ), x €L,
OCYWECTNEAAETN, UBOMOPPUIM KOAEY;:
(L+J)/J=L/(LNJ).

MokasarteancTBo. llepBrie aBa yTBEPXKIEHUs COBEPIIEHHO Ode-
BUAHBEL ITO KacaeTcs MOCAENHErO, TO HYKHO PaCCMOTPETH OrpaHude-
Hue Ty = 7 |, ecrecTBerHOro snuMopdusma m: K — K/J. Ero o6pas
Im 7wy cocTout m3 cMmexuwIX KiaccoB £ + J, © € L, T.e. Immg = (L +
+ J)/J. flapo Ker my snumopduama mo : L — (L + J)/J cocrour u3
aneMeHTOB & € L, misa xoropeix © + J = J. 3uaunt, Kermg = LN J.
ITo Teopeme 1 coorBercTBHe ) @ & + (LN J) = mo(z) = & + J ycrana-
BauBaeT usomopduam L/(LNJ) = (L + J)/J. Ocraéres 3aMeTuTh, 9TO
p = f()_l. O

Mer mpoBesn 3TO pPaCCyXKIeHUE, CKOMMPOBAHHOE C JTOKA3aTEIbCTBA
TeopeMbl 3 u3 § 4 ru. 1, nyis TOro, YTOOB MOAYEPKHYThH MOJHBIN TapaJ-
JIEJIU3M C T€OPUen T'PYIIIL.

Teopema 5. ITyemb K — xoavyo, J,L — e20 nodkoabya, npuuém
J — udeas 6 K uwJ C L. Toeda L = L/J — nodxoavyo 6 K/J u * :
L — L agasemca buexmusnbim omobpaxcenuem mnoxrcecmsa UK, J)
nodkoaey ¢ K, codeprcawyuzr J, na mmoxrcecmeo Q(F) ecex nodxoaey
xoavya K. Ecau L € Q(K,J), mo L — udeasr 6 K mozda u moavko

mozda, koede L — udean 6 K, npuuém
K/L=T/T = (K/J)/(L]]).

JokazaTeabcTBO — JErKOe yIpaKHeHue (CM. T0Ka3aTeIbCTBO TeOPe-
Mmet 4 B § 4 . 1).

Cunegcrsue. [Iyemb K — xommymamusnoe xoabyo ¢ edunuyet 1.
Hoean J maxcumanen 6 K moada u moavko moeda, xoeda Paxmopron-
yo K/J — noae.

Ha muOXECTBE 116a10B KOIbIa K ONpeIeNe bl CIe Iy ONie Omepallin:

cymma  Jy + Jo = {z1 + 22| m) € Ji};

nepecevenue JiNJy={z| z € J, z € Jo};
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npouseedenue J1Jo = {Z X1i%2; | Thi € Jk} cJinNnds.
i

MoxkHO TakXke T'OBOPUTH O CyMMe, II€DECEYEHUU, MNPOU3BENEHUN
J000r0 KOHEYHOrO YHUCIa WUAEATOB, MPUUEM CIPABEMJIUBO CJAEIYIONIEe
YTBEPK JECHUE.

Mpegnoxenue. Ecau 6 xoavye K ¢ edunuyeti umerom mecmo pa-
8eHcmea
J+Jp =K, k=1,...,n,

Oas udeanos J, Ji,...,Jn, Mo cnpasedsusbl makxice pasencmea
J+Ihnbn..NJ,=K=J+J1Jo...Jy.

NHoxaszareancrBo. Tak kak J1Jo...J, C JyNJoN...N.J,, TO
IOCTATOYHO YCTAHOBUTH paBeHCTBO J + JiJo ... J, = K. IIpun =1 ono
BepHO 1o yciaoBumo. [Ipu n = 2 umeem

1=1%=(z1 +y1) (2 + ¥2) = 2 + Y192,
rae x1,x2,x € J, y; € J;. 3naunr, 1 € J+ 1 Jou K = J+J1Jo. Jaree —
OYeBUIHAA MHAYKIUA 110 9UCTy 1. [

Mycrs K,...,K, — xoneunoe cemenctso koier, K = K; X ...
... x K, — mexapTOBO mpou3BeneHue MHOKeCTB. BBemém na K cTpyKTy-
Py KOJBIIA, ONPeleNIuB ONePAlun CJI0KEHNI M YMHOXKEHUSA ITIOKOMIIOHEHT-
HO:

(xla"'axn)'i'(yl’""yn) = (xl +y177xn+yn)a
(@1, zn) - (Y1, Yn) = (@Y1, -+, TnYn)-
Mer npuxogum K enewnets npamot cymme K = K1 & ... & K, xoaey
K;. Kaxnas usz komnouenT K; apiaseTcs o6pa3oM npu suuMopdusMe m; :
(x1,...,2p) = z;, 1 <i < n. Ecam, ganee,
Ji = {(0,,371,,0” X; GKZ‘},
o J; 2K, J; —ungeans K u K =J, + ...+ J,.

IIycte Tenepr K — xoabno ¢ ugeanamu Ji, ..., Jy, npuaém
K=d+..+d  H0(3J)=0 1<k<n
ik

Torpga K = J1®...®J, — 6Hympennis npamas cymma CBOUX 40eat06 Jy.
Kax u B Teopuu rpymmn, pazantdne MeK 1y BHY TPEHHUMHA U BHEIITHUMU TIPsI-
MBIMU CYMMaMHU KOJIEI] YUCTO TE€OPETUKO-MHOXKECTBEHHOE, 1 HET CMBICJIa
OTpaXKaTh €ro B 0603HAYEHUAX.

YIIPAYKHEHU S

1. [ToxaszaTs, 9T0 KOabLO @Qps(Z) BCex paumoHanbHbIX 4mcer a/b ¢ b, e memrs-
MUMCA Ha (PUKCUPOBAHHOE IPOCTOE HUUCIO P, COAEPKUT €NUHCTBEHHBIN MAKCUMAIb-
HBIA KMJean

J={a/be Qm(Z)| p nemur a}.
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Besakoe xoubifo, 06magaomnee equHCTBEHHBIM MaKCAMAJIbHBIM ¥ I€aJI0M, HA3BIBAETCHA
AOKAALHBIM KOALYOM.

2. TlokazaTh, 9TO B JIOO0OM JOKAJBHOM KOJbIe K C MAaKCUMAJbHBIM HIEAJIOM M
3JIEMEHTBHI, He Jexallue B M, 06paTUMBL.

3. U gean p koubua K ¢ efUHALIEN HA3BIBAETCS NPOCMbIM, €CIN (HPAKTOPKOIBIO K /P
IeTOCTHO. BeAkmy MakcuMadbHbIM waeana npoct. [Jomonrnenne M = K \p B Koublle K
ABIACTCA MYAbMUNAUKAGMUBHLIM N0OMHOANCECMEOM (MOHOUAOM, He coaepxkamum 0).
Kouabmo Q M(K ) B DTUX yCIOBUAX 0003HA4YaeTCA dalle cuMBoaoM M 1K wm mpoc-
T0 Kp.

TTokas3aTs, 9TO KOIBIO K| BCerja JOKATHLHO M YTO €r0 MAKCHMAILHBIN HAeal My
cocrouT u3 4acTHEIX Buga a/b, rae a € p, b € K\ p. [lokazars Taxxe, 910 mp NK = p.

Omnepamus nepexoja oT K K JIOKaIbHOMY KOJbIy Kp Ha3bIBACTCA A0KAAU3AYUEN
KOIbIA K OTHOCUTEIBHO IIPOCTOTO UAeAnd .

§ 2. OTaenbHBIE PE3YAbTATHI O KOJbIAX

Dot naparpad MOXKHO PACCMATPUBATE KAK HEGOIBIIOE, HO IOJE3HOE
ponosHenve k rasam 4 u 5 B [BA I).

1. ITennie rayccoBnl ynciaa. Panee Obuia nokasana (pakTOPUAIb-
HOCTB €BKJINIOBBIX KOJIEIl, K IMCIYy KOTOPBIX OTHOCATCS Koabla Z u P[X].
Huke mpuBoguTcs emé oA IpuMep eBKJINI0BA KOJIbIIA, a B CJAEIYIOIIEM
MyHKTe — IpuMep PakTOPUAJBLHOIO KOJAbIA, He SBSOIIErOCT €BKINI0-
BBIM.

Teopewma 1. Koavyo yeaviz 2ayccosnx wucen Z[i] e6xaudoso.
NokaszateascTBo. IMeercs B BUAY IUCIOBOE KOIBIO
Z[i)={m +in| m,n € Z},
comepxammeeca B kpaaparuwarom moxe Qi) € C, i> +1 = 0, u reo-
METPHUYIECKH OTOXK ICCTBIIEMOE CO MHOXKECTBOM Y3JI0B (TOUEK) LEI0INC-
JeHHOU pemérku B koMmmekcHou miockoctu C. Ilomarwso, uro Z[i] —
Hea0CTHOE Koablo. Mel onpegennm Ha Z[i])* = Z[i] \ {0} oroGpaxkenue
0 : Z[i]* — NU {0}, nonaras
S(m +in) = |m +in|> = m* + n?
(r.e. 6(a) = N(a) — nmopma umcaa a B Q(7)). Kax ussectno, §(ab) =
= 6(a)d(b) mnn Bcex a,b € Z[i]*, Tak uro csoucreo El) u3 onpexenenus
eBKIMI0BA KOabLa (cM. 1. 3, § 3 ru1. 5 B [BA I]) aBroMaTuvecku BHIION-
Hero. UTo6wr ybeauThea B cnpasegmusocTu E2), samumem 1pobs ab~! ¢
b#0BsBur ab! =a+if ca,f € Qu pospMén bmmkanmme K «, 3
nenste uucaa k,l taxue, uto « = k+v, f =1+ p, |v| < 1/2, |p] < 1/2.
Torna
a=0b[(k+v)+i(l+p)] =bg+r,
rreq=k+il € Zli],ar =b(v +iu). Tak xak r = a — bq, To u r € Z[i],
IpUIEM

50r) = Irf? = BP0 + ) < 60) (5 + 1) = 5 60) < 50).
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Crano OerTh, Z[i] — eBKINIOBO KOIBLO. [

Kombro measx rayccoBeix uucen Z[i] yao6HO AiA IeMOHCTDAILA B
MUHZAATIOPE METOA0B Teopun airedpandeckux ducen. [lopTomy mMbr ocTa-
HOBUMCsI HA CBOUCTBaAX Z [i] 1yTh nogpo6Hee. CHAUATA JOKAKEM HECKOIb-
KO TPOCTHIX YTBEPK ICHUN.

Onpeneaenue. llerocTHoe koubIo K, BCe uaeansl KOTOPOT'O IIaB-
HBIE, T.€. UMEIOT BUA aK , HA3BIBACTCA KOALYOM 2AGBHBIL UICAA08.

IIpenaoxenue 1. Bce e68KkAud08bl KOALYG ABAAIOMCA KOADYAMIU
2AABHBIT U0EAL08.

HokasaTteabcTBo. Jua Z u P[X] 5T0 GbLIO yCTaHOBIEHO paHee
([BAI] u reopema 2 u3 § 1), a B 00ImeM carydae pacCy X JeHUs COBEPIIEHHO
AHAJOTUYHBL: ecaun J — maeaa eBKIugoBa Komabia K, To J = aK, kak
Toapko @ € J u 6(a) < 6(z) pasecex 0 £z € J. O

Mpegnoxernue 2. I[Tyemv K — npoussoavnoe €6%4ud060 K0AbYO
¢ pynxyuet § uw U(K) — epynna eeo obpamumvir saemenmos. Tozda

u€U(K) <= 0(u) =0(1) < 6(uzx) =d(x) Vze K" (1)

HokasaTteabcrtBo. J[lencrsurensuo, cormacao El), 6(z) =
= 6(1-2) > 6(1) pua Bcex z € K*, a ecim v € U(K), To 6(1) =
= 0(u-u"t) > 6(u), Tax uro §(u) = §(1). O6paTHO: B COOTBETCTBUU
¢ npegnoxenueM 1

O(uz) =6(z) Vo € K* = uzK = 2K =
= zcz=urv=—=w=1=uecU(K) O

B npumenenun k koably Z[i] kpurepun (1) osHavaer, 910 m + in €
€ U(Z[i]) <= m*® +n? = 1. Crano 6uite, U(Z[i]) = (i) — uukrmuieckas
rpymnmna nopanka 4.

Onpemenenue. Unean J xonbia K HAa3BLIBAETCA MAKCUMAALHLIM,
ecin J # K u Beakun ugean T, cogepxammuu J cOOCTBEHHBIM 00pa3oM,
copmagaet ¢ K.

IIpegnoxenue 3. B esxaudosom xoavye K ceoticmso saemenma
p € K 0bimb npocmuim dK6UBAAEHMOM YCAOBUIO MAKCUMAALHOCTNY UJEa-
aa pK.

MokaszaTeabcTBo. B camoMm mese, mycTh p — MPOCTOU DJIEMEHT U
pK CT C K,rune T — unean B K. Cornacuo npemioxenuio 1 T = aK,
u Tak Kak p € T, To p = ab, rae ogux u3 sreMeHTOB a,b obparum. Eciu
beU(K), oT =aK = abK = pK.

O6patno: nycts ugean pK makcumanes u p = ab ¢ a ¢ U(K). Torga

oK #K n pK CaK = pK =aK =
= a=pu=abu =bu=1=beUK) =

=—> p — mpocTou daeMenT. [
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2. KaHoHMYecKoe pa3jioXKeHHue CyMMBbl AByX KBaapaToB. llo-
CMOTPHUM TEEPb, YTO MPOUCXOAUT C MPOCTHIM UUCJIOM p € 7Z B KOJbIIE
Z[i]. He uckmodeHO, 9TO p OCTaETCA MPOCTHIM DIEMEHTOM u B Z[i]. B
IIPOTUBHOM CJjytvae CIpaBeIInBO

IMpeganoxenue 4. Ecau npocmoe wucao p € 7 donycxaem wempu-
suaabnoe passoxcenue 6 Z[i], mo

p=(m+in)(m —in) =m? 4+ n?, (2)

2de m +in, m —in — npocmoie daemenmut 8 Z[i].

MoxkaszaTteabcTBo. [lycts p = szl P, — €U0 eIMHCTBEeHHOE (110
Teopeme 4 u3 [BA I, §3, n. 5]) pasnoxkeHue Ha IPOCTBEIE MHOXUTENA Dy,
B KomuuecTse r > 1. B cuny npegnoxkenus 2 umeem §(py) > 1, Tax 4To
s p? = §(p) = [[6(pr), u w3 daxTopuarbHOCTH Z CIETYIOT ¢ HEOOXO MU~
MOCTBIO PABEHCTBA

r=2,  p=pip2, d(p1) =6d(p2) =p
Ecau p; = m +in, To
p=206(p1) =m?>+n?=(m+in)(m—in) = py=m—in. O

B uactaocTH, 2 = (1 +4)(1 —{) He ABIAETCA NPOCTHIM HIEMEHTOM
B Z[i].

Mgl rOTOBBI TENEPhb TOKA3ATh CJAEIYIOUIUN KPUTEPUN.

Teopema 2. IIpocmoe wucao p € Z ocmaémes npocmvim 6 Z[i]
moeda u moavko moeada, xoeda p = 4k — 1.

Bceaxoe npocmoe wucao p = 4k+1 npedemasumo 6 sude p = m?+n?2,
2de m,n € 7.

NoxaszaTenabcTBO. 3aMeTuM cHadama, uto t> =0 (mod4) wm
t? = 1(mod4) s mo6oro t € Z. [loaToMy 1A HEISTHOIO MPOCTOTO
qucaa p, He ABJAIOIIErOCA IPOCTHIM B Z[i], npegnoxenue 4 IpUBOIUT K
BBIBOIY:

p=m?+n?=0,1,2(mod4) = p =4k + 1.

B cayuae p = 4k 4+ 1 monoxum ¢t = (2k)!. Tax kak, 01eBuIHO,

t=(=1)%k2k) = (-1)(=2)...(-2k)=(p-1D(p—-2)...(p— 2k) =
=((p+1)/2)...(p—2)(p — 1)(mod p),
TO

2= (2N (p+1)/2)... (0~ 2)(p—1) = (p — 1)! (mod p),

nin, ¢ yaéToM Teopembl Burbcona [BA I, ri. 6, § 1], t2 + 1 = 0 (mod p).
Ecau Temeps p — mpocTon saeMeHT B Z[i], To u3 pasenctsa (t + 1) (t —
—i) =t*+1=1Ip, | € Z, no Teopeme 1 w3 [BA I, rr. 5, §3] cregyer
JeIMMOCTb Ha P OXHOTO U3 BaeMeHTOB t + 4,¢t — 4. Ho t £ i = p(m +
+in) = +1 = pn, n € Z, 970 ABHO HEBO3MOXKHO. [
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U3 ycraHoBmreHHBIX HaMmMu (PAKTOB HECTIOXKHO H3BJIEKAETCsa OO0IIas
TEeOPETUKO-IUCIOBAA TEOPEMA.

Teopema 3. Qucao t € Z npedcmasumo 8 sude cymmvl K6a0pamos
deyr wucea m,n € 7 mozada u Moavko mo2da, k020G 6 KAHOHUYECKOE
pazaoncenue t ma NPocmovle MHONCUMEAY Kancobilh npocmoti deaumens
p =4k — 1 sxodum c uémmnvim noxaszamenem.

MokaszaTeabcTBo. [JelNCTBUTEIBHO, HOCTATOYHO MOKA3ATh, ITO
ectu HOM(m,n) = 1 u p| (m? + n?), To p = 4k + 1. D10 KOBOTLHO
AICHO, €CJIN 3aMEeTUTD, ITO:

HOM(m,n) =1, m?+n? =0 (mod p), mn # 0 (mod p) =
= mP~!' =1 (mod p), n®=-m? (mod p) =

= (mP?n)? = m***n? = —m?*~? = —1 (mod p).

2

Takum 006pa3oM, CyIIECTBYeT IeI0€ UUCI0 § € 7Z Takoe, U9TO S
= —1 (mod p), s* = 1 (mod p). Cramo 6BITH, TOPATOK P — 1 MyIB-
TUIIMKATUBHON Tpynnsl Z* nemurca ua 4 u p = 4k + 1. O

Corzacuo npemioxenuio 3 npocrora p = 4k — 1 B Z[i] sxBuBaneHTHa,
MaKCAMAJIBHOCTH uneana pZ[i], 970 B CBOIO 04€peIb BHIPAXKAETCSA CBOU-
ctBOM dakTopkoabua Z[i]/pZi] 6erTh monem u3 p? 31eMeHTOB (CM. B 3TOH
cessu yup. 11 B [BA I], r1. 4 § 3 u Teopembl 06 u30MOpdu3aMe 1JIs KOTer]
B §1). DTO U He yAUBATEIBHO, €CAN YIeCTh, 9TO npu p = 4k — 1 MHOrO-
anen X2 + 1, paccMaTpuBaeMblil Han Z,, HempusoauM. Bosee moapo6HO
00 »TOM OyIeT rOBOPUTHLCA B CJAEAVIOIIEH IVIaBe.

3. IosmHOMUANBbHbIE pacIIMpeHna (PaKTOPHUAILHBIX KOJEI.
IMokaxem, 4To KOabula MHOrO4IeHOB Z[Xi,...,Xp] u P[Xi,...,X,]
(P — mone) dpakToOpuaIbHBL Ipu J060M P. DT0 BaxHOE yTBepXKIeHUE
HEIOCPEICTBEHHO BEHITEKAET U3 CAENYIOMEN TEOPEMHEIL.

Teopema 4. Ecau daxmopuaavno xoavyo K, mo daxmopuasvno u
Koabyo muozousenos K[X].

NoxaszaTeabCTBO. B 0OCHOBE NOKa3aTeILCTBA JIEXKAT CBOUCTBA
MHOI'OJIEHOB, CBA3aHHBIEC C IIOHATHUEM IIPUMUTUBHOCTU U IIPUMBIKAIOIIAE
k aemme Taycca [BA I, ro. 5, § 3]. Vimenno, HaM TOHATOGATCA CIeAyIOMITe
IBa, CBOUCTBA.

a) Hpumumuenvie mnozouqenvt f,g € K[X], accoyuuposannvie 6
Q(K)[X] (Q(X) — noae omuowenutd daxmopuasvroeo xomya K), ac-
coyuuposanvt 6 K[X] (1érxoe ynpaxuenue).

6) Mnozouaen f € K[X] nososcumeapnot cmenenu, nenpusodumviii
nad K, nenpusodum maxxce nad Q(K) (mokasareasctso B [BA I mua
K =7 rogurcsa u B 00LIEM CIydae).

IIpucTynas HEMOCPEACTBEHHO K JOKA3ATEILCTBY TEOPEMBL, 3AINIIeM
muorouwred f € K[X] nmonoxurensuon crenenu B Buge f = d(f)fo, rae
d(f) — comepxanue mHOrowieHa f, a fo — €ro IPUMUTUBHASL COCTAB-
JAOIIAA. I/IHFE[yKHI/IeIL/)I 110 CTeleHU IIPUMUTUBHBIX MHOI'OIJIEHOB MBI IIOJY-
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quM pasjoxenue fo B npoussBenenue fo = fi...fs HEIPUBOIUMBIX HAI
K UpUMUTUBHBIX MHODOYIEHOB f1, ..., fs.

Mycts fo = g1...9: — emmé 0aHO Takoe XKe pasjoxkenue. Torma co-
raacHo 0) f; u g; Henpusogumsl Hag Q(K), a mockoabky koaso Q (K)[X]
daxropuaaso (cm. [BA I, ciencreue teopemer 4 u3 § 3, . 5]), s =t
U TPU HAIEKAIEM YIOPATOYEHUA MHOTOWIEH f; acCOIMMPOBAH C g; B
Q(K)[X], a crenoBaremsuo (no a)), u 8 K[X].

Yro kacaercsa mHorowiena f c¢ HeobpatumbiM B K comepxanueMm
d(f), o, B3aB emé paznoxenue d(f) = py ...p, HA IPOCTHIE MHOKXUTEN
p; € K, mpl npugém k pasznoxenuto f. EQUHCTBEHHOCTH TAKOTO Pasio-
xKenus (B OOBIYHOM MOHUMAHUM) CAEAYET U3 TOJABKO YTO YCTAHOBICHHON
€IMHCTBEHHOCTH pa3Joxkenus fo u u3 pakropuasbaocTu K, OTBEUaOMen
38 eJUHCTBEHHOCTH pasnoxkenus d(f) =p;...p,. O

Teopema 5. Amerom mecmo cmpozue 8KAOUCHUS:

{eskaudosvr Koavya} C {Koavya eaasnvix udeanos} C

C { f axmopuaavrvie Koavya} (3)

ToxasaTeabcTso. [leppoe BKIIOUEHNE YCTAHOBICHO IPEITOKEHN-
em 1. CymecTByioT npuMepsl (MbL XX HE IPUBOLUM ), TOKA3BIBAIOLIAE, ITO
OHO CTpOTOe.

,I[Jlﬂ AJOKa3aTeJbCTBa BTOPOI'O BKJIIYCHUA PACCMOTPUM B KOJBIE
[VIABHBIX HIeaToB K BOBPACTAIOMIYI0 MOCIEI0BATEIBHOCTH WIEAIOB
(d1) C (dy) C ... Henocpencreenno mposepsercsa, aro D = U;(d;) —
ugean B K. Caegosareasno, D = (d). Ilo onpegenenuio d € (dy,) C D

IJIST HEKOTOPOro m, oTkya (dy,) = (dm+1) = ... Crabuwimusanus Ha KO-
HEYHOM IIIare BO3PACTAIONMIEH LEMOYKA UIEATOB BICIET OOPHIB LEMOYKN
HeoOpaTuMbIx geautenen di,ds,ds,... ¢ d; | d;—1 u, crano GbITh, Cy-

MIECTBOBAHME PA3IOKEHUA B K Ha HEPa3IOKUMBIE DICMEHTEL.

EuHCTBEeHHOCTD pasnokenua B K ABIACTCA CICACTBAEM TEX K€ TIPH-
qWH:

(a,b) = aK +bK = dK = (d) = d = HO/I(a, b) = ax + by.
[JanbHenmme paccy X [eHus MOBTOPSIOT TOKA3aTeIbCTBO CICACTBUA ii) u3
Teopemsl 3 B [BA I, ru. 5 § 3.

Npeansr (2,X) B Z[X] n (X,Y) B R[X,Y] e apusrorca riaBHEIME
(cm. mpumep u3 §1). B o ke Bpems mo Teopeme 4 xoabna Z[i] u R[X, Y]
daxTopuasbHbl. TeM caMbIM MCTUHHOCTH Henoduku (3) ycranosaeHa. [

Kombia NIaBHEIX U1€AM0B MHTEPECHBI ¢ YUCTO aare6pantecKor To4-
KW 3PeHWs, MOCKOMbKY OHHM XapAKTEPU3YIOTCSA CBOMCTBAMEU TAKHUX €C-
TECTBEHHBIX 00BEKTOB, KaK Axpa romomMopdusmos. C npyrou CTOPOHEL,
eBKINJOBLI KOJIbIA 6oJee YIOOHBI IJA UCCICHOBAHNAA B CULY HAIAIAA B
HUX aJTOPUTMA JEJEHUSA C OCTATKOM.

4. Crpoenue myabTuLIuKaTusHou rpynnsl U(Z,). Yausep-
CAJBbHOE CBOUCTBO MPAMBIX CYMM 3aKIIOYAeTCA B CACIYIOMEM TOBOJBHO
OYEBUIHOM yTBEpXK JCHUM.
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Ecau S=K, ®...0 K, u K — npoussoavnoe K040 ¢ 3adanmbl-
mu 20momopdusmamy ; : K — K;, mo cywecmeyem eduncmesennvii
eomomopduzm ¢ = (p1,...,0n : K — S) ¢ adpom Kerp = NKerp;,
deaarouyuti mpeyzoavuvie Juaepammbl

K i K;
N A
S

npu i = 1,...,n Kommymamusuvimy (T; — KaHOKUUECKUE 0MOOpadtce-
HUA).

IIpumenum 510 yTBepk geHue K Konbiy K ¢ 1 u c ugeamavmu Jy, ..., J,
U K TPAMOU CyMMe

S=K/Lh&...®K/J],.
Ionoxkus @; : K — K/J; = K;, MBI O1y4uM TOMOMOPQU3M
pram(@+J,..x+ Jp) (4)
xoabia K B S ¢ sgpom Kerp = J; N...N J,.

Teopema 6 (kuraiickas Teopema 06 ocraTkax). Ecau 6 ykazanuvlx
sviue ycaosuar K — xoavyo ¢ edunuyet v J;+J; = K dan 1 < i #j <
< n, mo omobpasxcenue @ (cm. (4)) asasemca InumopPHuamom.

NokaszaTtenbcrBo. Ham HyxHO yOeauThCs, 9TO NpU JOOBIX 3a-
MAHHBIX DJEMEHTaX X1, ...,~L, € K nangérca ¢ € K, nusa koroporo z; +
+Ji=z+J, e x—2;€J;, i =1,2,...,n. Ilpu n =1 570 0¥eBUIHO,
a mpu n = 2 BO3bMEM dJIEMEHTH a1 € Ji, as € Jy, IS KOTOPHIX a1 +
+ as = 1, u mogoxum & = x1as + r2a;. Torma

T — a1 = (z102 + T201) — z1(ay + az) = (22 — x1)ay € Ji,
T — To = (.7,‘1(12 + Izal) - :cg(al + ag) = (.Zl - Iz)az € Jo.

[anee paccyxkgaeM UHAYKIMEX 1m0 7. [[yCTb MBI y2K€ HAILUIU DJEMEHT
Yy, aasg kotoporo y —z; € J;, 4+ = 1,2,...,n — 1. Tak xax mo ycmuo-
puo J; + J, = K, 1 < i < n—1, To cornacuo npemaoxeruto u3 § 1
Jin...N Jp_1 + Jp, = K. [IpumennM pa3soOpaHHBIT HAMEA CAYYIAA 1 = 2
K ugeanam Jy N...N J,_1, J, u K saementam £ — x,, € J,. Ho

r—yeSN..NJp1=2x—-y€J;, 1<i<n—1.
C yuérom BBIGODA Y HOTyIaeM
z—zi=(@—y)+y—)€ I<i<n—-1

Crano OBbITh, DJIEMEHT I yIOBJIETBOPSET BCEM IOCTABJIEHHBIM TPEOOBa-
HuaMm. [
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B Teopeme 6 u B mpeAmIeCTBYIOMIMX €U PACCYXKICHUAX KOAbIO K He
Ipeanoaaragock kKommyraruBHeiM. [lycTs, namee, K — menocTHOE KOTb-
10 u ai,...,Qa, — €ro n IHONAaPHO B3aMMHO HPOCTHIX 3JIEMEHTOB, T.€.
a; K +a;K = K npu i # j (B daxropuaibHOM Koable K aTo onpexerne-
HUE COTVIACYyeTCs C OMpeIeIeHNeM B3aMMHOU MPOCTOTHI, MOy IAOIIAMCS
U3 PA3IOKEHUs @; HA IPOCTHIE MHOXKUTENN). SAIUCHBAA BKIIOUEHUE T —
— z; € a;K B Buje cpaBHeHWs IO MOIYJIIO DVIABHOTO muaeasta a;K, MbI,
KaK OOBITHO, MOJIb3yeMcsa obo3HadeHueM ¢ = x; (mod a;).

Caencrsue 1. [Iyemv K — yeaocmuoe Koavyo  ay, . ..,a, — €20
NoONGPHO B3aUMHO Npocmbie semenmut. Toeda das 41066IT T1, ..., Ty €
€ K natidémca saemenm x € K maxot, wmo

z = z; (mod a;), i=1,...,n.

Caencrsue 2. ITycmv n — HAMYPAABHOE UUCAO C KAHOHUUECKUM

pasaodcenuem n = pit ... ptr, Zy, = L[/l — K0AbY0 KAACCOB Bblue-

mos no modyao n u U(Z,) — mysvmunaukamuenas 2pynna e2o oopa-
mumviz saemenmos. Toeda:
1) Zn = Zyma @ ... 0 Zype (npamas cymma Kosey);

i) U(Z,) = U(Zp;’ll) X...XU(Zymr) (npamoe npoussedenue epynn).

HoxasaTeabcTBo. 1) 3amenus B (4) n Ha 7, IOJIOXKUB
— — i —
K=17, Ji—pi 7, S’—ZPT@...@ZP;M,

MbI puAEM K roMomopdusmy ¢: Z — S ¢ agpom Kerg =, J; = nZ.
DnuMOpPGHOCTH ¢ BHITEKaeT u3 TeopeMsl 6, nockoabky HOd(p;, p;j) = 1
npu i # j.

ii) Tak kax B npousBoabHOU mpamon cymme K = K1 @ ... ® K, xom-
noueHTsl K; aHHympyioT apyr gpyra: K;K; = 0, ¢ # j, To Henocpen-
CTBEHHO U3 OIpefeJeHus 00paTUMBIX DJIeMEHTOB caenyer, uro U(K) =
=U(Ky) x ... x U(K;). OcTaércsa IpUMEHUTD 3TO K pasaoxkenuo 1). O

3amevanue. I3 yTBepxaeHus ii) HENOCPENCTBEHHO BUIHO, HUTO
e(n) = TTi_, ¢(p/*), a Tak kak (™) = p™~'(p — 1), To BHOBB TO-
aydaercsa (opMmyaa Ausa 3HadeHud QyHKmmm Ourepa (cM. [BA I, ru. 1,
§ 9, yup. 3]). lopsaaok s1eMeHTa KOHEYHON MDY ABAAETCA LEIUTENeM
HOPAJKA TPYIIIEL, TOSTOMY

a?™ = 1(mod n)

IJISL JIIOOOTO LEJOr0 YUCIA ¢, B3AUMHO IPOCTOro ¢ 1 (0600Ienne Maaon
Teopembl depmMa, U3BECTHOE MO HA3BAHUEM Mmeopema Jiiepa).

[ns monHOro moHuMaHus crpoeHus rpynnsl U(Z,) HaM B cuiy
CleqCcTBUsA 2 U3 TeOpeMbl 6 [OCTATOYHO pa30o6paTh caydau n = p'™.

Teopewma 7. Ilycmv m — yeaoe noaoHUMEALHOE YUCAO.
i) Ecau p — neuémmoe npocmoe wucao, mo U(Zpm) — yukiuuecras
2pynna.
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ii) pynnw U(Zs) v U(Z4) — yukauuecrkue nopadkos 1 u 2 coom-
sememeenno, 6 mo epema kax U(Zym ), m > 3, — npamoe npouseedenue
yuxauneckot epynnv nopadka 2™ 2 u yuxauueckot epynnv nopadka 2.

HoxkasaTeabcTro. i) [lo onpegeseHnio B3aUMHO IPOCTOE C N 11~
JI0€ 9uCIO ¢ uMeeT nopadox T no modyaw n, ecau |(t + nZ)| = r, T.e.
t" = 1(modn), wo t* # 1(modn) aaa k < r. Ipu r = p(n) rosopar o
npuMUMUEHOM (WIX NEePe0oopasnom) Kopre t no modyao n. OOLIUHO t
6epyT 3 TpuUBEAEHHOU cucTeMbl BerieToB 0, 1,...,m — 1 mo Moaymio n,
HO MBI HUKAKOW CHUCTEMbI BHIYETOB He (DUKCUPYEM.

o —
Corsacno Teopeme 11 w3 § 3, rr. 2 rpynma Z; = U(Z),) nukmmieckas,
m—1
T.e. CyIIECTBYeT IPUMATHBHBIN KOPEHb Gg 110 MOAyIo p. Tak xax af =
m—1

= ap (mod p), TO u HenOe IUCIo a = ap Oy eT IPUMUTUBHEIM KODHEM

o Moayao p. C Apyrou CTOPOHHI,
a?~! = agm_l(p_l) = a(f(pm) =1 (mod p™).

3HAYMUT, CMEKHBIN KIacC @ = a + p™Z nopoxkgaer B U(Zym) nukandec-
KyI0 IOArpynmy nopagka p — 1.
Manee,

(1+p)?

M@

()p—1+p+ p—i—Z()

=0 123

Tak kax p > 2, 10 (1+p)P = 14+p? (mod p?). IIpeAmon0KB IO MHIYKITAN,
aro (1+p)? =14 p'*! (mod p/?), Mer Haxogum

(1 +p)pj+1 = [1 +(1+ sp)pj+1]p =

AME

Il
o

( ) (1 + sp)iplith)i
(2
. 1 .
=1+ (1 +sp)p™ + 50— (1 +sp)p? T+
OTKyJa ' ’ '
(1+p)*t =1+ p/*? (mod p/*3).
B uactHOCTH,
m—1
(1+p)” =1 (modp™),
HO .
(L+p)P " =1+p"" " £ 1 (mod p™),
U, CTAN0 OBITh, CMEXHEIA Kiacc b = 1 + p 4+ p™7 ¢ mpejcraBuTeneM
b = 1+ p mopoxgaer B U(Zym) MMKIMUECKyI0 TPYIITy mopsaka p™ L.

Corsracro npepmoxernio 2 w3 § 3 1. 2 3IEMEHTHI @, b B3aMMHO IPOCTHIX
nopaakos p — 1, p™ ! mopoxgaroT muktndeckyo rpynmy (@b) mopsamka

P p—1) = (™) = |U(Zpm)|.
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C rpyunavn U(Z3) u U(Z4) BCE sacuo. Ilpu m > 2, ucxons us Tpu-
BHATBHOTO cpapreHus 5 = 1+ 2?(mod 23), unayxumei mo j Jerko mpose-
pAETCA, 9TO

57 =14 272 (mod 2713).

B gacrTrOCTH,

52" =14 2m 7 £ 1(mod2™), 52" =1(mod2™),
TaK ITO 5 MMeeT MopALOK 272 1mo Moy 0 2™ 1 CMEeKHBIR Kaace 5-+2"M7
mopoxaaeTr B U (Z«Zm) UUKIAYECKY HMOATDYIIY HHIEKCA 2. 3aMeTuw,
aro —1 4+ 2™mZ ¢ (5 + 2™Z), HOCKOABbKY

5/ = —1(mod2™) = 5/ = —1(mod 4) = 1 = —1(mod 4)
— nporuBopedre. Tak kax |(—1 + 2mZ)| =2, 0

UZ]2"Z) = (5+2™Z) x (—1+2™Z)

— abereBa 2-rpymnma Tuma (2™2,2) (eM. §3 w3 nr. 2). O

Canencrsue. Ipynna U(Z,) asasemcs yurxavueckot (uau, wmo
PABHOCUADHO, NPUMUMUEHVIE KOPEHD NO MOOYAI0 N CYwecmsyem) moada
U MoAbko mozada, Koeda yeaoe wucao n > 1 umeem eud 2,4, p™ uau 2p™,
2de p — Heuémmoe nPocmoe YUCAo.

2m—3

YIIPAXKHEHUSA

1. [oka3aTh, YTO HEHYJEBOU JJIEMEHT P (PAKTOPUAILHOrO KOablla, K ABIAETCA
IPOCTBIM TOrJA M TOILKO TOrAa, korga K/pK — 1erocTHOe KOIBIO.

2. Jloka3aTb, YTO €CaIu LeJOCTHOe Koabno K He sBiaserca moxeM, To K[X] me
SABJIAETCA KONBLIOM INVIABHBIX M IEAJIOB.

3. IlokasaTh, 9TO daeMeHTH T + yv/—3, rae x,y € Z uu xe x = (2k +1)/2,
y = (21+1)/2, k,l € Z, cocrapaaor neaocruee xoabno K. Ilposepursb, 9TO OHO
eskimuaoBo ¢ dynxumeir § = N (mopma B Q(v/—3)). IlokaszaTh, 4TO TOAKOILIO
Z[v/=3] C K me apuserca naxe haKTOPUATLHBIM.

4. HailTu BCe IPOCTHIE DIEMEHTHI KOIbIA IIEIbIX I'ayCCOBBIX YUCE.

5. YCOBepIIEHCTBOBATH CIEACTBUE TEOPEMBI 6 B Ciydae (hpaKTOPUAIHHOI'O KOJIbIIA
K, nas 4ero, HapALy € IOIAPHO B3AWMHO IPOCTHIMU DIEMEHTAMU A1, . .., 0y , BBECTH
DJIEMEHTHI G; = Hj;éi a;. Hairtn b; € K, 11a KOTOPBIX

b; =1 (mod a;), b; =0 (mod a;), 1<i<n.

IIycrs 1,...,2n € K. BBectu saemenT & = Y, b;x; U IPOBEPUTH, YTO T =
= z; (mod a;), 1 < ¢ < n (ygo6CTBO, OLIyTUMOE B TeX CIydYasX, KOIAA UMEIOT IelI0 C
GOJBIIUM YUCIOM HAOOPOB Z1,...,Tn).

6. [IpuMeHnTH IpeapIAyInee yIpaXKHEHNEe K MOAYIAM a1 = 5,a2 = 9 U K Iapam
(z1,22) = (2,5),(3,2),(3,5). IT0 MOXKHO CKa3aTh O HOPAAKE T [0 MOAYIIO 457

7. Tlycts p — meddTHOE mpocToe uucio. Ecau cpasnenue x2 = a (mod p) umeer
pelieHre, TO LEM0e YUCIO G HA3BIBAETCA KEAOPAMUUHLIM GLIUEMOM N0 MOOYAI0 P, B

a
[NIPOTUBHOM Cily4ae — Keadpamuunvim nesviwemom. CumBoa Jlexannpa (1—)) ompe-
[NeNAeTCs COOTHOIICHUEM

a 0, ecaua =0 (mod p),
(—) = 1, ecama # 0 (mod p) — KBajpPATUIHBIN BHIYET,
p —1, ecaua Z 0 (mod p) — KBaAPATUYHBIN HEBLIYET.
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ay _ 2 ay — Bzt aby _
[loka3aTs, 9TO (1—)) =l<=a+plec(Z;)’n (ﬁ) =a 2z (mod p). Nazee, (7) =
= (%) (]—I;) M YUCIO KBaJPATUUHBIX BLIYETOB B IPUBEISHHON cucTeme 1,2,...,p —
— 1 CcOBNaaeT ¢ YMCJIOM HeBBIYeTOB. [IDOBEPUTH A HEOGOMBIINX HEISTHBIX TTPOCTHIX

qucCeJ P U q BBIIIOJIHEHUE neadpamuunozo 3aK0HA 83AUMHOCTNU

(2) (2) = '

NOKa3aHHOrO B 06meM crydae (MEHOrmMu cnocobamm) Dayccom. UsBaeds u3 Teopemst 1
— p_1
COOTHOIIEHNE (Tl) =(-1)"= .

2
. p -1
8. loka3ars (B 0603HAYEHUAX IPEABIAYIIErO YIPAKHEHNA), ITO (%) =(-1)"3,

T.e. 2 ABIAETCA KBaApAaTOM 10 mod p B TOYHOCTH TOrAa, Korga p = +1 (mod 8).

9. (Jononnenue x [BA Lru. 3,§ 4]). Hycrs f(X) = f(...,2i,...) — HeHyIeBOK
MHOIOHJIEH OT N’ HE3aBUCHMBIX HepEeMEHHBIX rij € K, 1 < 4,7 < n, ¢ xooddu-
UUEeHTaMU B 7 WIA B HEKOTOPOM IIOJ€, PACCMATPUBAEMBIN KaK (DYHKIMS MATPUIIBI
X = (z4;). Jokasars, uyro ecmn f(XY) = f(X)f(Y) mua Bcex X,Y € My (K), To
f(X) = (det X)™, roe m — HEKOTOPO€ HEOTPUIATEILHOE Iel0€e YUCI0. B gacTHOC-
Tu, f(X) = det X, xons ckopo f(diag(z,1,...,1)) =z.

§ 3. Moayan

TMousaTue Moy st CiyKuT HOCHTENeM (PYHIAMEHTAILHOTO IIPUHITATIA,
BBIpabOTAHHOrO B aarebpe modru cTo JgerT Hazag. OH 3aKI0YaeTcs B
TOM, YTO TIIPEIMETOM U3YUeHU JHOO0U aIre6paniecKon CUCTEMBI TOJIK-
Hbl OBITH HE TOJBKO BHYTPEHHUE CBOUCTBA DTOU CUCTEMBI, HO U BCE eé
[IpenCcTaBIeHns (B CaMOM MIXPOKOM CMBICJE DTOO CJIOBA).

1. IlepBoHaYa/bHBIE CBegeHUuA 0 Moayaax. Hauném c kmaccu-
geckoro ompegaenenus. [lycts K — acconuaTuBHOE KOJIBIO C €[UHULICH U
V — agguruBHO 3anuceiBaemas abeneBa rpynmna. I[lycTs, gasee, 3amano
orobpaxenue (r,v) — xv u3 K xV BV, ynoBierBopsiomiee yCIoBUAM:

M1) z(u +v) = zu + zv,

M2) (z + y)v = zv + yo,

M3) (zy)v = z(yv),

M4)1l-v=w
s Beex z,y € K, u,v € V. Torga V maswiBaetca aesvim K -modysem
(unu sesvim modysem nad Koabyom K). AHamoruvno onpenesseTcs mpa-
e K-Moayan. B manbHeneM Mbl FOBOPUM MIPOCTO O K -Momyae, X0Ta
B HEKOTOPBLIX CUTYalUAX 00a BUIa MOMYJIEU MOABIAIOTCSA BMECTE.

Axcunoma M4) (ycaoBue yrumaprocmu MOLYJI), €CTECTBEHHO, ABJIA-
eTCsa JuiHen, ecin Koabio K He obranaet equuunen. Bomee cyiecTsen-
HO, YTO BO3MOXHBI MOguduKanuu akcuoMbel M3), mpucnocobaeHHbEe K
HEKOTOPLIM HeaCCOIUMATUBHLIM KoabliaM. [Ipumep MO nyJ/is Ha g HEacCcoIm-
ATHBHBIM KOJBIIOM IPUBEIEH B KOHIE MIAaBhL. Iloka MBI OyAeM MCXOOUTH
13 JaHHOI'O BHIIIE OIPEICTCHU.

IIycrs V — K-monyas. Hoarpynna U C V HasbiBaeTcsa nodmodysem
BV, ecam xu € U muascex x € K, u € U.
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IIycts, mamee, U u V' — npowusBoabhbie K-moxyau. Iomomopdus-
mom K -modyaet; (wiu npocro K-2omomopgduzmom) us U BV HasweiBaercs
oTtobpaxenue o : U — V Taxoe, 4To

o(uy +u2) = o(u1) + o(u2),
o(zu) = zo(u)

nnsa Beex uj,uz,u € U, x € K. Jlerko mpoBepsercs, uto Kero =
={u € U| o(u) = 0} sBaserca K-nogmonyuaem B U, a o6pas Imo —
K-mommonynem B V.

Co Beaxum moamoayiaem U C V maxg K accommupyercs @gaxmopmo-
dyww V/U = {v+U| v € V} (paxroprpynna aijuTUBHON abeJeBON
Cpymmel) ¢ gercTBueM K, ONpeneséHHbIM 10 IPABUIY

z(v+U)=2v+U.

OcHoBHas TeopeMa 0 TOMOMOPPU3MAaX U IBE TEOPEMBI 06 U30MOphuU3Me,
MOKA3aHHBIE HAMU JJIs TPYIII, & 3aTeM [JISA KOJEIl, TOCJOBHO IePEHOCATCA,
C HE3HAMUTEIHHBIM M3MEHEHUEM MOKA3aTeIbCTB, HA MOIYJIN.

Iocne . 1, rae pacecmarpuBaauch akcuomsl tuna M3), M4), u noc-
Jie OCHOBATEIBLHOU DI 3 0 mpeicTaBieHusx rpymnn (akcuomsr M1), M3),
M4)) npumepsr K-Monyser, KOTOpbIE MbI IIPUBEAEM, BPAL JU BBI3OBYT
OLIYIIIEHVE HOBU3HBLI. TeM He MeHee CTOUT WX OOCYAUTH U COMOCTABUTH
APYT C ADYTOM.

1) Beakas abeneBa rpynma A ssiasercsa Z-monyaem. Umenno, oTo6-
paxenue (n,a) — na w3 Z X A B A yIOBIETBOPAET BCEM AKCHOMAM
M1)-M4). Touka 3peHus Ha abeneBBl I'PYHNLI KaK Ha MOyJad HAX Z
OKAa3BbIBAETCA BECHMA, MOJIE3HON. B 5TOM MBI yOeqUWINCh B TUI. 2 TIPU OMU-
CAHUU KOHEYHO TOPOXKAEHHBIX a0eJeBBIX IPYIII, e [0 CYTHU Aeia ObLIa
UCIIOJB30BAHA BCSA MOAYJIbHAS TEPMUHOJIOTHS.

2) Besaxas abeneBa rpymmna A ABIACTCS MOLYJIEM HA CBOUM KO.b-
yom andomopduzmose End A. Tlo onpenenenmio End A cocrour u3 Bcex
oTobpaxenun ¢ : A — A, ynosrersopsommx yciosuio o(a + a') =
= p(a) + ¢(a'). Onepanun croxenus u ymuoxenusa B End A BBogsaTcs
€CTEeCTBEHHBIM 00pa30M:

(¢ +9)(a) = p(a) +1(a), (p¥)(a) = p(¥(a)),
1(z) =2, 0(z)=0.

Orobpaxenue (p,a) — ¢(a) 3 End A x A B A manenser, 01eBuIHO,
A crpykrypou End A-momyas.

3) Bexropnoe npocTpancTso V Hax motem P ABIAeTCsA, HECOMHEHHO,
P-monynem. Ecau vam gan emé aunensbu omepatop A : V. — V| 1o
MBI HagemuM V cTpyKTypon moayis V4 Ha  KOabIoM MEOrOwIeHoB P[X ],
[oJIaras

F(X)w=f(Av =aw+arAv + ... + apAv
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st moboro v € V' ou moboro muorowiena f € P[X]. Akcmomer M1)—
M4) Brmosnsensr, nockoasky Bmecte ¢ A omeparop f(A) Gymer Takxe
JIMHEUHBEIM 1

(F+9)(A) = f(A) +9(A),  (f9)(A) = F(A)g(A)

(yHEBEpCAIBHOE CBOUCTBO KOJer MHOrOwWIeHOB). [lonmonyasvmu B V4 Gy-
OYT CIyXKUTH A-MHBapUAaHTHBEIE TOAIPOCTPAHCTBA. PasimaHbIM JIUHEHR-
HBIM OIIEPATOPaM ONHOT'O W TOTrO JKe MPOCTPAHCTBA V COOTBETCTBYIOT,
BOOOIIE TOBODs, pasiudnsie (HemzoMmopdusie) P[X]-moxym.

4) TpownssoabHbIL JeBbN uaean J xoabua K HaTeTéH eCcTeCTBEHHON
crpykrypon K-monymas ¢ geuctsuem (z,y) — zy, * € K, y € J, un-
OYyUUPOBAHHBIM omepanuen ymuoxkenus B K. B cayuae J = K komabio
K paccmarpuBaeTcsa kKak Monyib g K Hamg cobom. IToT B3TyAm Ha K
TIPUBOJUT K IIOJOTBOPHBIM PE3yIbTaTaM.

5) Bosspamasach k mpebloymeMy NpPUMepPY, TOCTPOUM (haKTOPMO-
oyms K/J ={y+ J| y € K}. Cornacuo obmemy onpenenesuio (x,y +
+J) = zy + J — pencreue K ma K/J. 3amernm, 4TO KAHOHMYECKUN
snumopdusm 7 : K — K/J, aBussace romomopdusmoMm K -mopnyaen,
yaoBaeTBopser coorHomenuo 7(zy) = zy+J = z(y + J) = a7 (y). Ecin
xe J — gBycroponuuy ugeau, vo K/J — xonbno u m1 — romoMopdusm
xoner: 7(zy) = w(x)w(y).

Ilepeceuenue N;V;, mo6oro cemencrsa moamonyaen V; C V wan K sas-
asercs noagmonyaeMm B V. B gacTHOCTH, mepecedeHne BCeX MOAMOIYJIEH,
cogepx)aumx 3agagaoe Maoxkectso 1I' C V, npusogut k nodmodyao (T'),
NOPoHCIERHOMY MHoHcECMEoM T M COCTOAMEMY U3 BCEBO3MOKHBIX DJe-
MEHTOB BUA L1ty +...+Zsts, vae x; € K, t; € T. 3ameTum, KCTATH, 9TO

HEHYJIEBBIE DJIEMEHTHI t1,...,ts € V HA3BIBAIOTCA AUHEUHO 3a6UCUMbLMY
nad K, ecim x1t1+. . .+x5ts = 0, rae He Bce z; paBHH HyT0. [logMony b,
OPOXK AeHHbIN ceMmencTBoM { Vi, ..., Vi, } nogmonynen V;, HassiBaeTCs ux

cymmoli m 0603HaUAETCA OOBIYHEIM O6paszom: »_, Vi = Vi + ... + V.

Mounyns V manx K, mOpOXIEHHBIN €IUHCTBEHHLIM DJIEMEHTOM U, Ha-
seBaeTca yukavveckum. O umeer Bug V = Kv = {zv| = € K}, rge
v € V, 1 ABIAETCs AHATIOTOM IUKJIMIECKOU T'PYHObl. B 9acTHOCTH, IUK-
muaeckuit Monyab g K = K -1 (cm. npumep 4) — amagor rpynusl (Z, +).

Ecmm V = Kvy + ...+ Kv, — cyMMa KOHEYHOT'O YUCJIA IIUAKIAIEC-
KX MOAYJEH, TO MOIYJIb V HA3BIBAETCA KOHEUHO TMOPOHCOENHbLM WA
K-modyaem Koneunoz2o muna.

Jlerko mpoeepseTcs, 9To 0TOOPAKEHUE T —> LU ABJIAETCA TOMOMOP-
dusmom moxyren g K — Kwv. Ero agpo Ann(v) = Anng(v) = {z €
€ K| zv =0} — sneBbt ugean B K, HABBIBAEMBIN GHHYAAMOPOM (WK
Kpyuenuem) daementa v. Takum obpasom, Kv = K/Ann(v). DaeMent
v € V ¢ Ann(v) # 0 masbiBaeTcsa nepuoduueckum. Momyas, Bce dreMeH-
THI KOTOPOT'O MEPUOAUIECKHE, TOXKE HABBIBACTCA nepuoduueckum. Ecau
V' He comepKUT HEHYIEBBIX MEPUOAUIECKUAX DIEMEHTOB, TO TOBOPAT, YTO

11 A.M. Kocrpukuu
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V — modyav 6e3 wpyuenua.
Annyasmopom (wmm xpyuewuem) K-momyas V HaswiBaeTCA MHO-
KECTBO
Amn(V)={a € K| aV =0} = ﬂ Ann(v)
veV

Moayas HazwBaeTcs mounbim, ecan Ann(V) = 0.

K Tem e MOHATMAM MOXHO MONOUTH C APYrou CTOPOHBL IlycTh
V(x) — MHOXKeCTBO d1eMeHTOB v € V| aHHYJIUPYEMBIX DJEMEHTOM I €
€ K. Ecmu K — uenocrroe koasuo, To V(z) + V(y) C V(zy) u nmeer
CMBICJI TIOHATHE N00MOOYAS KPYUCHUS

Tor (V) =Y V()
zeEK
(xpyuerue — ot torsion (amra.)). B cayuae pasenctsa Tor (V) = V
roBopar, 4to V. — modyab xpyuenus. Ecam xe Tor (V) = 0, To MbI
CHOBA MIPUXOIAM K TOHATUIO MOAYJA 0€3 KPYIeHUs.
XapaKTepHbIe IPUMEDLI IEPUOINIECKUX MOAYJICH: ) BCAKASA KOHE-
Has abejeBa rpynna (MepruosrndecKnil MOAYJIb KOHEYHOrO TUma Hajg Z;

KpydeHue — mZ WIX IPOCTO IOKA3ATeNb 1 TPYNILL); 6) MOAYIbL V4
Hag P[X], acconumpoBaHHbIl ¢ JUHENHBIM onepaTopoM A (cM. mpumep 3;
KpydeHue — TVIABHBIN UJIeaJl, MOPOXK IEHHBIN MUHUMAJILHBIM MHODOUIE-

HOM omepaTopa A).

Mpegaoxenue 1. Ann (V) sceeda asasemca 08ycmopornnum
udeasom xoavya K. Ioaazas (x + Ann (V))v = zv, st wadeasem V
cmpyrmypoti mounoeo K/Ann (V))-modyas.

HokaszareabcTso. [Hoaoxum A = Ann (V). flcuo, uro A — agau-
tuBHas noarpynna B K. Naree, (zaz')v = za(z'v) = (za)v' = z(av') =
=2-0=0 g1 mobuix z,2' € K, a € A, v € V, oTkyaa u crenyer,
uro KAK C A, 1.e. A — aBycropounun ugean B K. Ecau Temeps x +
+A=2"+A 10x -2 € A, orkyga (z — z')v = 0, wm zv = z'v.
Crano 6biTh, (z + A)v = (¢’ + A)v, T.e. gencTBue dpakTopKoibLa K /A
Ha V onpegeneno koppekTHO. HeTpyIHO IPOBEPUTH, ITO OTHOCUTEIBHO
aroro geucrsus V sasasercs (K/A)-monynem. Hakownen,

(x+A)V =0=ao+A€Amg (V)= 2V =0=1z¢€ A
CrenoBarensHo, umib HyJaeBon saemedT B K /A anuymupyer V. O

W3 mpennoxkenus 1 BeiTekaer, 9ro daxTopkoasuo K/Ann (V) uzo-
MopdHO nmoaxoaby koabia End (V) (cM. mpumep 2).

Ecmu V,W — nBa K-mogyas, to muoxecrBo Hompg (V, W) Bcex
K-nunennbix roMoMopdusmoB o : V. — W saBiseTcs abeseBou Cpymnmnon
OTHOCHUTEJIBHO OII€PpalU IIOTOYECTHOIO CJIOKEHUA FOMOMOpCpI/I:iMOB:

(0 +7)(zv) = o(zv) + 7(2v) = 20(V) + 27(V) =
=z(o(v) +7(v)) = z((o + 7)(v)).
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s momynenm V,W Han KOMMYyTaTUBHBIM KOJBIOM K MHOXECTBO
Homg (V,W) camo ssmserca K-moxyaem, ecau mon zo, © € K, o €
€ Homg (V, W), nounmats oroGpakenue v — x(o(v)):

(z0)(yv) =z - o(yv) = 2(yo(v)) = (zy)(o(v)) =
= (y2)(0(v)) = y(zo(v)) = y((z0)(v)).

B caygae W = V muoxectso Endg (V) = Homg (V,V) asasercs
KOJIBIIOM; YMHOXKE€HUEM CJIYyXKHUT €CTECTBEHHAS KOMIIO3UITUA K-FOMOMOp-
du3MOB @ 0 Y:

(o) (zv) = pW(av)) = p(x(v)) = 2p(Y(v)) = z((¢ ° ¥)(v)).
CaenyeTr uMeTh B BULY, UTO, paccMaTpuBas V Kak aqIuTUBHYIO abeIeBy
rpynny, mel numem Endz(V) u, Boobme rosopsa, Endg (V) — cober-
Bernoe nonkoabuo B Endy (V). B cayuae BekTopHOro mpocrpascrsa V
Hag noaeM K o6brauno nuuryT L(V) = Endg (V'), masesas L(V) xoavyom
(nu aqeebpoil) aunetinbix onepamopos.

Komeno Endg (V) K-sagomopdusmoB Moayas V Ha3BIBAIOT emié
yewmpaauzamopom xkoavya K na V. Ero pors oco6eHHO 3aMeTHA B CIy-
9ae HeMpUBOIUMEIX MOy aen. Moayas V' nan koabiom K HasbiBaeTCs me-
npusodumbim (Wi npocmuim), ecau: a) V # 0; 6) 0,V — eausacTBeHHBIE
noamonyau B Vi B) KV # 0 (5T0 ycioBre aBTOMATHYIECKY BHINOTHAETCA,
ecin K comepxur eaunuiy). flcao, uro K-modyas V' # 0 nenpusodum

mozada u moabko moeda, koeda V = Kv — yuxauveckut modyab npu
aobom v #£ 0 uz V.

IMpegnoxenue? (remma lllypa). Ecau V,W — dea nenpusodumvix
K-modyasn uw o — mnenyaesoti K-zomomoppusm uz V. e W, mo
o — uzomopgusm. Hasee, Endg (V) — xoavyo ¢ deaenuem (meao) das
4106020 wenpusodumozo K-modyas V.

MokazaTenncTBO cM. B § 4 ru. 3, rge Ta xe gemma llypa (Teo-
pema 1) moxasama mIsa HEMPUBOAUMBIX (G-IIPOCTPAHCTE.

2. CBo6oaubie Moayau. Mol nasbiBaem K-monyas V (ewympennet)

npamoti cymmoti cBoux nodmodyaet Vi, ..., Vy, ecan
V=Wi+...4+Vy n ;N> V;=0 g i=1,...,n
J#i

Opyrumu croBavu, V = Vi @... &V, (0603HaYeHNE IPAMOU CyMMBI IO~
MOZYJIEN), €CJIU JIOOOU DAEMEHT v € V eIMHCTBEHHBIM 00pa30M 3aIMChI-
BAETCA B BUE JUHEMHON KOMOMHALINNA U = V1 +. ..+ Uy, U; € V;. Buewnas
npamas cymma K-modyaeit Vi, ..., V, onpemenserca oueBUIHBIM 0Opa-
30M (KaK B CAydae Kojen), ¢ JercTBueM (vi,...,v,) = (xv1,...,x0,)
saemenTa x € K Ha cTpoky (vi,...,vp), v; € V.

IIycrs, naxee, V. — K-moxyab u {vi,...,vy} — KOHEYHOE IOIMHO-
xkectBo B V. Tosopsar, aro {vi,...,v,} noposxcdaem V ce060dno, ecin
V = Kvi+. ..+ Kv, 1 kKax10e 0TOOpaXKeHNE ( MHOXeCTBA {V1, ...,V } B

11*
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kakon-moo K-momyas W mpomomxkaercs mo K-romomopdusma
@:V — W, Tak uro p(v;) = p(v;), 1 <i < n.
Mogyas V mamx K, cBOGOIHO MOPOXIEHHBIM HEKOTOPBIM ITOIMHO-

KECTBOM {V1,...,Un}, HA3LIBAECTCA C60000HLIM MOJYAeM DaAH2a T, A
{v1,...,0,} — ero (ce0600nbim) bazucom vag K.

Mpegaoxenue 3. IK6UBAIEHMHBL YMEEPHCIEHUA:

i) mmoscecmeo {v1,...,v,} nopoxrcdaem V ce060dwno;

ii) mmoacecmeo {vy, ..., vy} aunetdno nezasucumo u (vy,...,v,) =V;

iil) xascdvid saemenm v € V. odnosnauno sanuceisaemces 6 eude v =
= Zixﬂ}i, r; € K;

iv) V=Ku &...® Kv, — npamas cymma v Ann(v;) = 0;

V)V K®... &g K — npamas cymma n sxzemnaspos g K (maxum
0bpazom, c60600nbitl K -modyav parwea n ommocumenvro 6aszuca {vq,. ..
.o, Un} usomopden modyaro K™ cmpox (z1,...,%,) daunbt n ¢ KoMNO-
newmamy z; € K).

JdokazaTenbCcTBO OMU3KO K PACCYXKACHUAM, MPOBEIEHHBIM B
[BA II] mis1 IMHEMHBIX IPOCTPAHCTB HAJ [IOJEM, HO HYKHO COOIIOJATH He-
KOTOPYIO OCTOPOKHOCTD, CBA3AHHYO OO0 C HEKOMMY TATUBHOCTHIO KOJTb-
ua K, 6o c cyiecTBOBaHrEM HEOOPATUMBIX daeMeHToB B K. O

NmeroTcs OOBOJBHO CIOXKHBIE IPUMEPHI HEKOMMYTATUBHBIX KOJEI] C
K™ = K" npu m # n, HO KOMMYTATUBHBIE KOJbIA B 3TOM OTHOIICHUN
BeIyT cebsa XOPOUIO.

Ilpengnoxenune 4. Pane Koneuno noporcoénmno20 modyas nad ye-
Aocmubim Koavuyom K onpedeaén odnosnauno.

Hoxasateabcrtso. Hycts {vy,...,vn}, {ui,...,un}— oBa Ga-
3uca cBoboguoro moayasa V uam K. Torma

m n
v =Y agui,  ui= Y brvk.
im1 k=1

BBuny xommyrarusrocTu K mias marpun A = (ai;) u B = (by) pasme-
POB M X N U N X M COOTBETCTBEHHO TOJYIAIOTCSA COOTHOIICHH

AB=E,,, BA=E,.

Baoxkue K B mosne orromenun (J(K), MBI MOJyYUM MOCPEACTBOM TEO-
pemer 3 w3 [BA I, ru. 2, § 3] (Bepron mis 060r0 mOJsL, & HE TOIBKO
pas R), aro min(n,m) > m, min(n,m) > n, orxyga m = n. Joba-
BUM, 9TO CIydau m < 00, 7 = 0O HEBO3MOMKEH, TOCKOJIbKY B BLIPAKEHU
IUIA U; BXOAUT JIUIIb KOHEYHOE YUCIO OA3UCHBIX DJEMEHTOB Uy, CBOOOIHO
ITOPOXK TAOIINX BeCb MOyab V. [

3amevaHue. B ciydae npousBoJpHONO KOMMYTATUBHOTO KOIbIA, K
¢ eqUHULEN OyJeT TOCTUTHYT TOT ke dP(PEeKT, KaK B MpeIoxeHun 4,
ecau BHIOpaTh B K HEKOTOPBHIM MAKCUMAJBHBIN uaean J U mepeutu K
nouto K/J. letanu MBI OIyCKaeM.
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3amMeTnm, 9TO0, B OTINYINE OT CATYAWA B BEKTOPHBIX IPOCTPAHCTBAX, IIPON3BOIb-
HO B3ATOE MOPOXIAM0IIEe MHOKECTBO CBOOOAHOTO K-MOMyna He 006A3aHO CONEPKATH
6asuc momyas. Hampwmep, nBa PasiIm9HBIX OPOCTBIX GUCIA P, ¢ BCEra MOPOXK AT
272, NOCKOIBKY up + vq = 1 nas HekoTOpeIX u,v € Z. Ho {p,q} He aBuasercsa Gasucom,
u6op-q—q-p=0, aZp, Zq— coOOCTBEHHBIE IOIMOLYJIHA B 77 .

Ponb cBOGOAHBEIX MOAYJIEH 3AMPOrPAMMUPOBAHA B UX OIMPEICTCHNAMN.

Teopema 1. Kaocdoiti K-m00yab Koneuno2o muna A6ALEMCA 20M0-
MOPPHLIM 00pa3om c606001020 K -modyasn Koneuno2o muna.

HoxaszaTteascTBo. llycte U = Z?zl Ku; — K-monyab, mopox-
NEHHBIA N DJIEMEHTAMH Uy, . . ., Uy. Bo3bMéM cBOGOAHLIN K-Monyan V ¢
6asucom {vy, ...,V }. Ero cymecrBoBanue 06eCrnedeHo IpeIoKeHneM 3,
v). OTobpaxkenue ¢ : v; — U; TPONOIKAEMO B COOTBETCTBUU C OMPEe-
JeHueM cBOGOIHOTO Moayas g0 K-romomopdusma ¢ : V. — U. O6pa3
Im @ comepxut mopoxpgatoriee MHOXECTBO Monyisa U u, cTajgo OBITb,
Bech moayas U. O

He Bcerma moamoayiab CBOGOAHOT'O MOAYJIA CBOOOMEH, Naxe €CAU OH ABIAETCH
€ro mpAMBIM caaraeMbiM. BoT mpocremmun npumep. lycrs K = Zg, U = K(2 +
+6Z), W = K(3+6Z). Torna K = U @ W — npamas cymma K-mogynen U, W, un
O/VH M3 KOTOPBIX He ABIAETCA cBOGogubIM: |K | = 6, B TO Bpems kak |U| = 3, |[W| = 2.

Teopema 2. Iyemp V = Kv1 & ... ® Kv,, — c60600nuiii mM0dyab
panea n nad xoavyom K 2aasubiz udeasos. Toeda kaxcoviii e2o nodmo-
dyab U — c60600nviii panea m < n.

lNoxkaszaTteabcTso. [Iycts cuavana n = 1, T.e. V = K. Jlio6on
nogmonyas U C V uszomopden ugeany B K u, cramno 6uith, U = (u) =
= Ku. Ecim w = 0, o U = 0 (Hy1eBou mOAMOAYIb MOXHO CIUTATH
CBOOOIHBIM MOJIyJeM HyJeBoro pasra). Ecau xe u # 0, 1o au # 0 gusa
Bcex 0 # a € K, nmockoinbky K — menocTHoe Kouablo. 3uadut, U —
cBOOOAHBIN (HUKINIeCKUN) MOayab paura 1. IIpu n > 1 paccyxgaem mo
UHIYKIWA.

Paccmorpum B V' cBoGogubm moamogyte V' = Kvy @ ... & Ku,
paura n — 1. ®akropmoayas V' = V/V' cBoGOgHBIN, C UUKIMIECKOU
obpasytomen U = vy + V'. Ou conepxut nogmoxyas U = (U + V') /V'.
Ecmm U = 0, To U C V', u Torga yTBep:KIeHHE TEOPEMEI BEPHO IIO
IPEeanoNOXKEHNIO NHIYKINN.

Ecm xe U # 0, To paccyzeHne, TpOBeIEHHOe BBIMIE A CIyHas
n = 1, mokaswiBaer, uto U 061a1aeT UUKINIECKON OOpa3ywomen U =
=u + V', roeu; €U.

Ecm emé UNV' =0, To

vel=tu=u+V'elU=T=al, e € K =u—au €V =
— u=a1u; — U = Ku; — cBOGOAHBIN MOIY/Ib paHra 1.

IIycrs, nakonen, UNV' # 0. Ilo unaykuuu mogmoxyas UNV' ceo6oa-
Horo moayas V' parra n—1 o6aagaer cBOGOIHEIM 6A3UCOM {Us, . . ., U, },
rae 0 <m —1 < n— 1. IToyru KOCIOBHO MOBTOPsSI IPOBEIEHHOE BHIIIE
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paccyxaeHne, yoex1aeMcsa B TOM, 9TO {u1,Us, ..., Uy} — CBOGONHBINL
K-6asuc qna U. [JencTBurensHo,

vwel =u=u+V eU =0=a1Ty, ) € K =
= u—au EUNV = u—a1u; = asus + ... + apity, =
= U =a1U1; + a2z + ...+ Qply,, M < N.

CorzacHo mpemjoxeHuo 3, ii) HaM HYXKHO yOequThCA B JWHENHOU He-

3aBACAMOCTH OOPABYIOWIAX U], . .., Upy. HO leluz =0 = 1wy =
= =Y so®i; = 0 B V. 3naumr, ¥, = 0, mockoabky u; — Gasuc B
V, a Tak xak {us,...,u} — cBo6oguwm Gazuc 8 U NV’ To

ToUs + ...+ Ty =0= 20 =...=x, =0. O

Crenmcrsue. Kancdvili nodmodyad modyss xoneunoeo muna wad
KOADYOM 2AABHVIL UOEAA08 CAM ABAALTNCA MOOYAEM KOHEUHO20 MUNG.

[Joka3aTeabCcTBO BBITEKAET U3 TeOpeM 1, 2 U U3 BTOPOU Teope-
MBI 06 m30MOpduU3Me (TEOPEMBbI O COOTBETCTBUM MEXK Y TIOIMOIYJIAMN).

[loCTaTOYHO HECJIOXKHO MOMYIUTh IOJHOE ONMUCAHUE MOIYJeN KOHE'-
HOI'O TWIA HAJ KOJIbLOoM K IIaBHBIX maeatoB. Ho caMmble MHTEpECHbIE
CIydan HaMU PACCMOTPEHBI (mepuogudeckue Moayau Han Z u Hag P[X]
B 2 uB [BAIL, ru. 2, § 3]). JemMoHCTpaLmio Xe €IUHOTO MOAYILHOTO
MOAXO0Aa K APYTOro POAA 3aJa9aM MOXKHO HAUTHU B CIUCKE TOMOJIHUTE b
HOU JIUTEPATYPHI.

3. Heuvblie smemenTsl Koabiia. Ilycts K — 1eJ0CTHOE KOJIBIO. JJe-
MeHT ¢ € K HasweBaercsa yeavim (yeavim nad 7)), ecau ¢ — KOPEHb HOD-
MaIu30BaHHOTO MHOTOWIeHa X" + a; X"~ ! + ... + a, € Z[X]. B Tom
crydae, korga K — xoHednoe aarebpamveckoe pacumpenue mouas Q mim
ke K — mome, mopoxIEHHOE BCEMU KOMILIEKCHBIMU AIre0pandecKuMu
YUCIAMU, TOBOPAT O UEAbIT aA2e0PaUUECKUL YUCAGT, OTHOCA K HUAM, €C-
TECTBEHHO, BCe djeMeHTHl u3 Z. Jlerko BugeTh (CM. Takke IuI. 5), 9TO
PAIMOHAIBLHOE YUCJIO ¢ ABAAETCA MEJIBIM alIreOpanvIecKuM TOTIa U TOMb-
KO Torga, xorga t € Z. Ecan, gamee, agu™ + a1u™ ' + ...+ a, = 0,
To (agu)™ + apai(apu)" "t + ...+ ala, = 0, a 370 3HAUUT, ITO W060E
aA2E6PAUUECKOE YUCAO, YMHONCERHOE KA NOOLOdswuT daemenm ag € Z,
CMAROBUTNCA YEABIM AA2EOPAUNECKUM UUCAOM.

O6pamasce kK obIeMy ciIy4ai, 3amMeTuM, 410 K yro6HO TPaKTOBATH
KakK Z-monyab. Jliobbie daeMeHTHI t1,to,...,t, € K mnopoxpgatoor B K
noamonyab Kty + Kts + ...+ Kt, xoueunoro tumna. Eciu, B yacTHOCTH,
t — meanni saeMenT u t" + a t" " + ... +a, =0, a; € Z, TO IIOIKOIBIO
Z[t] C K sBasercs Z-MOLYJIeM KOHETHOIO THUIA, OCKOIbKY Z[t] = Z1+
+ Zt+ ...+ Zt"'. O6partno: mycTs Z[t] — Z-MOZYIb KOHETHOr'O THIA
¢ obpasyoummn vy, . .., v, € K. Torma cooTHomenus

tv; = a1 + @iV + ...+ Ay, 1 <0 <N,
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¢ marpuuen A = (a;;) € My(Z) npuBOAAT K BEIBOAY, 9TO JMHEUHAA OJ-
HOPOJHAA CUCTEMA,

(t — 0,11)331 —a12T2 — ... — AIpnTp = 0,

—Ap1T1 — Apa%s — ...+ (t — app)xy =0,

paccmarpuBaemas Han nojteM oTHomenunn (K ), umeeT HeHyseBOE pele-
e (L1,...,2,) = (v1,...,0,) (HE Bce v; PABHBI HYJIIO, TOCKOIBKY 1 €
€ Z[t]). 3rauuT onpegeanTens cucTeMbl paBed Hy o (cM. [BA I, ri. 3])
u t — KOopeHb HopMaau3oBauHoro Muorowiena f(7T) = det(TE — A). Mut
NOKa3aId, 9TO daemenm t € K agasemea yeavim moz0a v moavko moe-
da, K020a nodkoavyo ZL[t] C K aeasemca Z-mo0ysem KoHeuno20 mung.

Teopema 3. Ieavie saemenmbr xoabyas K ob6pasyiom 6 K nood-
KOADUO.
HoxaszaTteascTBo. llycts u, v € K — neanie saemenTrsl. Torga

Zlu,v] = Z Zu'v’

i<n, j<m

— Z-MOoayab KOHeYHOr O Tuma. Tak Kak Z — KOJIBIO IVIABHBIX UIEAJO0B, TO
CJIeICTBAE TEOpeMBbI 2 (WIM HEMOCPEeICTBEHHAsA MPOBEPKA) MOKA3BIBAET,
uro nogMonyau Zu — v, Zuv] Toxe ABIAIOTCA Z-MOLYIAMYA KOHEIHOIO
tuna. COriacHO MPUBEIEHHOMY BBIIIE KPUTEPUIO DIEMEHTHI U — U, UV
MOMKHEI OBITH HeabIMu. [

IIpumep. Kopens € mo6ou crenenu u3 1 ABIsgeTCA, O4€BUAHO, 1IEIBIM aareopan-
qeCKUM 9ucaoM. 1o Teopeme 3 IeM0YnCIeHHbIe JUHENHbBIe KOMOMHAIMY KOpHen u3 1
TaK¥XKe 6y,l[yT eJbIMN a.JIl"eﬁpa.I/I‘IeCKI/IMI/I qucaamu. B gacTHOCTH (CM. JOKa3aTeab-
cTBO npejgnoxkenus u3d § 4 rua. 3), snauenus Xo(g), g € G, zapaxmepa X 41006020
aunetinozo npedcmasaenus ® nad C xoneunoti epynnovt G A6440MCA YeAbIMU an2e0-
DAUNECKUMY YUCAGMY.

YIIPAYKHEHUSA

1. Ucnone3ys o6mue pesyabrarsl 0 MOAyiax Hajg C[X], HaMeTuTh CxeMy JOKa-
sarenscTBa TeopeMbl 0 2KHD (cm. [BA II).

2. Ucnonb3ys obmue pe3yJabTaTbl O MOAYJIAX HAX Z, HAMETUTH CXEMY NOKa3a-
TEJIbCTBA TEOPEMbI O KOHEYHO IOPOXKAEHHBIX a0eNeBbIX I'DYIIIax.

3. Ilycts A = P[X1,...,Xp] — KOIBIO MHOIOYIEHOB OT T NEPEMEHHBIX HaJ
noxem P. IlocaegosarensHocts (fi,...,fr) W3 r MHOro4IeHOB f; € A Ha3bBaeTCA
ynumodyaaprot, ecma Afy + Afo+...+ Afr = A, Te.

uifr +usfo+...+urfr=1 (*)

414 HeKOTOpBIX u; € A, 1 < i< r.

IIycrs, mamee, V. — moayib koHedHoro rtuma Hax A. B ¢BA3u ¢ HEKOTOPBIMU
TOHKMMHM BOIIPOCAMHU U3 AJIreOpamdeckod TI'eOMeTPUHM (QPAHIY3CKUM MaTeMaTHUK
2K.-II. Cepp (1955 r.) BEIABUHYJI TUIOTE3Y

(VoA > AT — v > At
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KOTOpOU OBLIA IPUAAHA CIETyIOMAs U3AMHAA GOPMa: BCAKOE COOTHOWEHNUE (*) MOXKHO
3aIUCaTh B BUE PABEHCTBA

fi  f2 Ir
U221 u22 U2y 1
Url  Ur2 Urr

IpY HOAXOAAIMX U;j € A. DTO yTBepXKeHue, HeCMOTPSA Ha CBOIO KaXKyIIyIOCs MPOC-
TOTY, 6BLIO JOKA3aHO Jumb B 1976 r. mesasucumo A.A. Cycannsim (Poccus) n . Keua-
aerom (CIIA). IHHonpoGyiTe 5TO pealn30BaTh IPU HEGOIBIINX 7 U T.

OcHuoBHas uges — ma3ydnTh geucteue rpynnsl GL(r, A[X1,...,X,—1]) A MHO-
JKECTBE YHUMOIYJAPHBIX [IOCJEI0BATEILHOCTEN U UCIOAL30BaTh MHAYyKIUO 1o n. C
IOKa3aTeIbCTBOM MOXHO IO3HAKOMUTBLCA 110 OPUIMHAIBHOU crarbe: Cycaun A.A.//
OAH CCCP. — 1976. — T. 229, Ne 5. — C. 1063-1066; wau 1o nokaany Ha CEMUHA-
pe H. Byp6aku: Ferrand D.// Sém. N. Bourbaki, 28 éme annee, 1975/76, Juin 1976.
W3noxkeHue BIOJIHE dIeMeHTapHOe. Kakou [eHOU OHO JOCTUIHYTO, MOXKHO CYyAWTH IO
Gosee pamHeMy pnokiaanxy Ha cemuuape H. Byp6axu: Bass H.// Sém. N. Bourbaki,
26&me annee, 1973/74, Juin 1974. B yka3aHHOU JUTEPATYPE COAEPKATCI HOCTAHOBKY
HEPEIIEHHBIX 3a/1a49. BeCh Kpyr BOIPOCOB OYEHb XOPOII A OGCYXKIEHUA Ha, CIIelCe-
MUHADE.

§ 4. Anre6psl Hag oOIEM

1. OnpegeneHus u nmpuMepbl aare6p. Mel yxe MOIB30BAIACH
MOHATHUEM aAre0OpHl B CAMBIX Pa3HbIX cuTyanuax (cm. ri. 1 § 1, a Takxke
[BA I, II]), mosToMy ompeneneHue HyxKe IPUBOAUTCS (HAKTUUECKH JIUIIb
[UIA TIOMHOTHI U3JOKEHUA.

Onpenenenune. Ageebpoti (wm aunetinot aszebpoti) nax nosem P
HA3BIBAETCA Mapa, COCTOsmaA u3 Koibha (A, +,:) U BEKTOPHOrO mpoO-
crpadcTBa A Hajg P (6asucHOe MHOXECTBO A y KOJbLA U BEKTOPHOIO
IPOCTPAHCTBA OOHO U TO ¥K€; OMUHAKOBBI TAKKe OMEPAIUA CIOKEHUs +
u Hyaeson saeMeHT 0). IIpu aTom

AMzy) = (Ar)y = 2(Ay)

A Bcex A € P, x,y € A. ArreGpa Ha3BIBAETCA GCCOUUAMUBHOT, €CIU
acconuaTuBHO KOIbLO (A, +,:). Pasmepuocts Hany P BEKTOPHOrO mpo-
CTpaHCTBa A HA3LIBAETCA TAKKE PAZMEPHOCTLIO as2elpbl A.

Ha anre6pbl mepeHocATes, ¢ HE3HAYUTENbHBIMU Y TOYHEHUAMEI, OCHOB-
HbIE TOHATUA Teopuu Kojen. Tak, nodaszebpoti anre6psl A cuuraercsa
BCAKOE TOAKOJIBIO B, ABJIAOIIEECA OTHOBPEMEHHO MOANPOCTPAHCTBOM
BekTOopHOro mpocrpanctea A. Ecmm T — mnogmuoxectso B A, TO
nopoxaéuHas uM nogaarebpa P[T] sBageTcs mepecedeHMeM BCEX
nogaiare6p B A, comepxamumx 1T'. AHATOTMYHBIM O0OPa30M OMPENeaAI0T-
csa upeasasl u (pakTopaarebpsl mo HuM. ['omomMopduamamu aarebp ciy-
KAT TOMOMOP(MU3MEL KOJIEI, ABIAIINECS BMECTE ¢ T€M P-IuHeNHBIMU
0TOOpaXKEHUIMU.
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Iewmp Z(A) accoyuamusnot aseebpvi A onpepenseTcs Kak MHO-
JKECTBO BCEX DIEMEHTOB @ € A, IepecTaHOBOYHBIX C KaXK IBIM 3JEMEHTOM
m A: a € Z(A) < ax = za Yz € A. OueBugno, uro uenrp Z(A) —
noganre6pa B A. Pasencteo Z(A) = A umeeT MECTO TOTAa U TOJBKO
Torga, korga A — KOMMyTaTuBHAs aaredpa.

Ecin A — accommarupHas aarebpa ¢ equHUIEd 1, TO HEIOCPEICT-
BEHHO IpoBepsieTcs, 910 A - 1 € Z(A), mpuuém coorBercTBme A — A - 1
VA € P, onpenenser monomopduoe orobpaxenne P B A. B sToMm cMbIC-
Je o anrebpor A MOXKHO IMOHUMATB KOJALIIO A BMECTE C BBIIEJEHHBIM
[OATIONEM, cofepKamuMmcsa B nenrpe Z(A).

IIpuBeaéM HEKOTOPLIE IPUMEPHI ACCOLMATUBHBIX aaredp.

1) Pacmumpenne F' O P koneunon crenenu [F' : P] noas P sasuser-
Csl, OYEBUIHO, KOMMYTATUBHOU ACCOIMATUBHON aarebpon (C eIuHuIen)
KOHe4HOH pasmeprocTu dimp F' = [F : P].

2) Koapuo muorounenos K = P[Xy,...,X,] ¢ koodpdunnesramu B
mose P HecET eCTeCTBEHHYIO CTPYKTYPY OECKOHEYHOMEPHOU KOMMYTa-
TUBHOU aCCOLUATUBHON aIreOpsl Ha L moaeM P. 3aMeTum, 9To

K=Ky K oKy P...

— MpAMAasA CyMMa KOHETHOMEPHBIX BEKTOPHBIX IOANPOCTPAHCTB K, o-
HOPOJHBIX MHOrO4IeHOB cremenn m(Ko = P), mpuuém K;K; C Ky ;.
Asnre6pnbr mOAOOHOTO TUIA HABBIBAIOTCSA 2Padyup o6 aHHbIMU.

3) Kommyrarusnas aarebpa X¢(G) ¢ eiuHuuen xi, NOPOXKIEHHASA
max C Bcemu xapakTepaMy KOHEYHOU Tpynmbl (G, UMeeT PasMepHOCTh T
PABHYIO YUCIY KIACCOB COMPKEHHBIX DIeMeHTOB B (.

4) Koo M, (P) KBagpaTHBIX MATPUI HOPALKA N ¢ KODDUIIEH-
Tamu B mote P apisercsa arre6pon pasmepuoctu n’ mag P. BasucHbe
sremenTsl {E;j | i,j = 1,2,...,n} amrebper M, (P) mepeMHOXAIOTCA
no npasuty E, Ejj = 0 E;;. Cormacuo Teopeme 4 w3 [BA I, § 3, ru. 2]
uentp Z(M,(P)) = {\E} = P.

Hazosém accoumaTuBHyio anre6py A ¢ equHULIEN 4eHMpasbhot npo-
cmot nad nosem P, ecin Z(A) = P u B A HET IBYCTOPOHHUX UJEAJOB,
orimaHBIX OT 0 1 A.

Opegnoxenue 1. M,(P) — yenmpasvras npocmas ai2ebpa.
HoxasaTteabcTro. lycts J — ugean B My, (P), OTIXYIHBIT OT HY-
JIEBOT'O, U HyCTB

O#GZZaijEij € J

v)

Ecm agy #0, 10 By = gy ' Eg - a- Ey € J npu 06w s,t =1,...,n,
u, crauno Oeith, J = My (P). O

AHBanornyHoe yTBEPK [eHIE CIPABEIINBO 1A IOJHON MATPUIHON aJl-
re6pul M, (D) nax npousBoibHbiM TeaoM D. UcKIounTelbHO BaxHAA
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Teopema Bemaepbapua, a B 6oqee o0meM KOHTEKCTe — Teopema Bemn-
nepbapHa—ADPTHUHA [VIACUT, UTO 8CAKAA KOHEUHOMEPHAS ACCOUUATNUBHAL
npocmas anzebpa wad nosem P uzomopdna M, (D), ede namypasvnoe
wucA0 N onpedeaeno 00no3nauno, a meao D (asasoweeca aazebpoi xo-
weunot pazmeprocmu wad P) — ¢ mounocmuio do uzomopdusma.

Marpuunas aare6pa M, (P) obaanaeT emé caeIyomuM yHIBEPCATb-
HBIM CBOUCTBOM.

Ilpegaoxenue 2. Beakaa n-mepnas accoyuamuenas aqzebpa A
nad nosem P uzomopdna nexomopoii nodaseebpe ¢ My (P), ede k <
<n+1.

dokasareabcTBo. Bymem cmavana cumrats A aarebpou ¢ 1 u
BroxuM €€ B M, (P). C 5Tol meabio KaxI0My dIeMeHTy a € A mocra-
BUM B COOTBETCTBUE JUHEWHLIN omepaTop L, : & — ax HA BEKTOPHOM
npocrpancTBe A. Jlumenuocts L, ABIACTCA CICACTBUEM OWIMHENHOCTH
omeparuu ymuHoxenus B A. Tak xak, oueBuguo, Ly, = ALy, Lotp =
= Lo+ Ly, Loy = LoLy (accoumatusuocts) u L1 = &, TO oToOpakenue
a +— L, asasercsa romoMopdusMoM. Ero nHbEKTUBHOCTL 06eCIIevueHa Cy-
IECTBOBAHUEM E€IUHUYIHOrO djieMeHTa: a # 0 = L, -1 = a-1 = a,
Ly #0.

IIycts Teneps A — aarebpa 6e3 equuunbl. BBeném B paccMoTpenue
BEKTOPHOE IPOCTPAHCTBO A = P @ A u ompegeanM Ha HEM yMHOXKEHHE,
moJIaras

(A a)(N,a") = (AN, aa' + Ma' + Na).

JIerKo MPOBEPAETCA, 9TO C HTUM 3AKOHOM YMHOKEHUA A ABIACTCA aire6-
pon Hag P ¢ egunmanbiM snementoM (1, 0).

Tax kak dimp A = dimp A+1 =n+ 1, To mpegbIAyIEe paCCy K qeHue
nosBosAeT BIOKUTH A, a BMecte ¢ Tem u A B My, (P). O

Herpyaso ycMOTpeTh MOMHOE CXOACTBO B JOKA3aTEAbCTBAX IIPEIO-
xenus 2 u TeopeMbl Kosu [BA 1] gna xorneunsix rpynn. B o6oux ciyuasx
UCTIOAB3YETCs PEryIApHOe IpencTaBaenue. boaee o6mmo: non npedcmas-
aenuem aseebpvr A Han P moruMaeTcs 060U ToMOMOpQU3M

A — L(V) = Endp(V),

rae F' D P — mekoropoe pacmupenue noas P. [Ipyruvu cioBamu, Bek-
TOpHOE TPOCTPaHcTBO V Hag F CHAOGXKAETCA CTPYKTYPOU JEBOIO
A-MOIyJIsl B CMBICJE ONpEAeTeHuN § 3, IpuaéM

(M) -v=z-(lw) VAXeP, z€A veV.
Bui6pas B V' kakou-HuGyIb 6a31UC, MBI IPUAEM, KAK U B CIydae TPYIIIL, K
MaTpuaHoMy npencrasienuto A — M,.(F), roe r = dimp (V).
2. Aare6psr ¢ genenmeM (Tesma). Kak mokasweBaer cdopmyiu-

poBaHHAA BHIIE TeopeMa BexaepbapHa, udydenue aaredp ¢ AeIeHreM —
BaXKHAs COCTABHAA YaCThb OOIIEN CTPYKTYPHOU TEOPUM ACCOIUATUBHBLIX
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anre6p. Jemma Ilypa (mpemtoxenve 2 u3 § 3) Takxke MOATBEPKIAET
510 coobpaxenue. [Ipex e yem mpuBOaUTH Kakue-1ub0 Pe3yIbTATHEL 006
anrebpax c neneHueM, OCTAHOBUMCA Ha O JHOM BCIIOMOT'aTeJbHOM Y TBEDIK-
IEeHUN.

Mpennoxenued. B accoyuamuenoti aszebpe A (¢ edunuunbim sge-
menwmom 1) pasmepnocmu n nad nosem P xasncdoii saemenm a € A s6-
AAEMCA KOPHEM MHO20usena b, € P[X] cmenenu < n. Saemenm a € A
obpamum 6 mounocmu moeda, K02da y(0) # 0. Ecau 6 A nem deaume-
aeth nyas, mo A — anzebpa ¢ deaewuem. Ecau nose P aseebpauuecku
samxnymo, mon=1u A= P.

MokasaTeabcTBo. B cunry komeunomepuoctu A saemenTs 1,a,
a?,... He MOryT OBITH BCE JUHEHHO HeaapucuMbIMu Hag P. CTano 6bITE,
HaWASTCA HOPMATM30BAHHBIN MHOTOWICH fq(X) = X™ + oy XM~ 4 ..
... + a,, HauMeHbIen cTeneHn M < N ¢ Koapduimentamu «; € P Takon,
4TO fig(a) = 0. Ecmn ayy, # 0, TO cooTHOmenue pi,(a) = 0, mepenucannoe
B BHUZE

[—afnl (@™ ' +aga™ .+ am_l)]a =1,
MOKA3BLIBAET, UTO G — OOPATUMBIN DJIEMEHT.

OO6paTHO: IPEANONOKAM, ITO @ € A HE ABIAETCA AETUTEIEM HyJd, HO

amy, = 0. Torga

(@™ '+ a™ .t ap)a=0=
= ad" a4+ ., =0,

YTO MPOTUBOPEIUT MUHUMAIBHOCTH fio (X ). 3HAUUT, vy # 0. B wact-
HOCTH, BCE DJEMEHTHI B A, HEe ABJIAIOIINECS TeTUTEIAMA HYJISd, OOPATUMBL.
Eciu mone P anrebpam<ecku 3aMKHYTO, TO

(X)) =X —¢1)...(X —¢m), ¢ €P,

OTKyAa
(a—c1)b=0, b=(a—c2)...(a—cm) #0.

OrcyrcTBHE neauTenen Hyasi B A OCTaBIAET €IMHCTBEHHYI BO3MOXK-
HOCTB: m = lumwa—c =0, a = ¢ € P. Tak kak 3TO BepHO g
a060ro saemenTa a € A, to A= P. O

Msl BUIUM, 9TO CBOMCTBA AIreOpHI C JAEJIEHUEM CYIIECTBEHHO 3aBU-
CAT OT OCHOBHOTO moJas P. EcTecTBeHHO, YTO MCTOPUYECKM AIreOpHI ¢
JdEeJEeHUEM Had IIOJIEM BEIIECTBEHHBIX YUCET ]R BBI3BIBAJIN OCO6I:>II>JI NHTE-
pec. CymectsoBanue noast C = R + iR naBajgo moBox x momckam Apy-
rux “runepkoMmiuieKcHerx” cucrem. B ru. 1, § 1, m. 5 6buia paccMoTpena
anrebpa kBaTepHUOHOB H, ABIAOMIALCA ACCONUATUBHOM, HO HEKOMMY-
TATUBHOU aIreOpou ¢ pereHueM. MecTo, 3aHEMAEMOe KBATEPHUOHAMM,
XOPOIIO BHIABIACTCA CICAYIOMIEH 3aMedaTeIbHON TEOPEMOU ¢ KPACUBBIM
IOKA3aTeIbCTBOM.
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Teopema 1 (I'. ®pobennyc). Had nosem R cywecmsyom auvwn
MPU KOKEUHOMEPHBIE accoyuamuenbie azebpu ¢ deaenuem: R, C u H

IIpex e YeM mpUCTYHNATh K NOKA3ATEALCTBY, OCTAHOBUMCS HA al-
IUTUBHOU CTPYKType aarebpsl ¢ neaenueM A. B paccyxpenmax Humxke
cymecTBeHHO TO u3BecTHoe HaM u3 [BA I, BA II] o6cToarenscTBo, 9T0
MUHIMAJBHBIM MHOTOWICH fig(t) (CM. mpennoxenue 3) a000ro s1eMenTa
0 # a ¢ R gomkeH GbITH HENPUBOAUMBIM U, CTAJIO OLITH, KBAADATUYI-
HBIM. 3aMETUM eIlE, UTO fi, () — eCcTb He YTO WHOe, KAaK MUHAMAJILHBIL
MHOT'OWIEH JUHENHOro onepaTropa L, :  — ax va A. Bonee koHKpeTHO:
pz(t) =t —a wm t2 — 2at + B, a®> < B. Ecm z ¢ R, To, momoxus
y =2z — a, 6yaem umeTh pi, (1) = 2 + (8 — o?). Utax, Kax bl SIeMeHT
m A mveer Bug a+y, rarec €ER, y=0mwm y?> =y <0, yER.

Jemma 1. ITodmmoxcecmso

A'={ue A| v’ €R, u? <0}

ABAAENCA BEKTNOPHBIM TLOONPOCTNPAHCMEOM 6 A.

HokaszateabcTBo. fAcHo, uto u € A", « € R = au € A’, no-
5TOMY AOCTATOYHO yOEAUTHCA B CIPABEIIUBOCTU UMILTUKAUWU U,V €
€ A= u+v e A 111 HENPONOPIUOHAIBHLIX BEKTOPOB U, V.

CHavama NmpoBepuM, UTO JUHEHHAA 3aBUCUMOCTL 4 = av + [ ¢
a, f € R meBosamoxua. B camom gese, mo ycaoBuwo uv # 0 u

u? =<0, v? =6§<0.
IlosTomy
u=av+ = v=u’=(av+p)? = a’§ + 2abv + %

Tak xak v ¢ R, o af =0, re. a =0 wm f = 0. Ecaim o = 0, To u €
€ R, aecau 5 = 0, To 4 nponopruonaabuo v. O6e BO3AMOXKHOCTH 3apaHee
UCKIIOYAINCE.

Nrak, TuHenHAA HE3ABUCUMOCTD U,V € A' IpUBOIUT K JIUHEUHOU He-
saBucumoctu 1,u,v. O6a diaemeHTa U + v, % — U — KOPHU KBAIPATHBIX
yPaBHEHUN, T.€.

(w+v) =plutv)+q (w-v)’=r(u-v)+s paqrsek
Ncnonb3ys cooTHOUIEHU
(u+v)? =u® + (uv + vu) +v°, u? =, v? =4,

OyjaeM uMeTb
v+ 0+ (uv + vu) = p(u +v) + g,

v+0— (uwv +vu) =r(u—v)+s.
CkiiauIBas, HaXO UM

p+r)u+(p—r)v+(g+s—2y—2) =0.
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Ho, xax MbI Bugeau, u, v, 1 JUHEMHO HE3ABUCUMEL, TIO3TOMY p = 7 = 0.
Crano 6e1Th, (u+v)? = ¢ € R, a Tak xax u +v ¢ R, 70 ¢ < 0. D10 1
3HAMMT, 9TO u + v € A, T.e. A’ — nmognpocTtpancreo B A. [

NoxazaTendbcTBo TeopeMsl 1. Muau € A’ mamem u? = —q(u),
rae q(u) € R u g(u) > 0. Kpome toro, ¢(u) = 0 <= u = 0. OueBuguo,
q(au) = a*q(u) u

F(u,0) = q(u +v) = q(w) — g(v) = —(uv +vu)
— cuMMeTpHUYIHAA OwinHenHas popMa Ha A, 0TBEIAIOMIAA TTOJOKATETHHO
OTpenenéHHON KBAAPATUIHON (POPME (.

Ecam A = R, To paccyx nenus sakanumpatorcs. [lycts A # R. Torga
A" # 0, m mbI Moxem BEIOpaTh BekTOp 1 € A ¢ ¢(i) = 1, T.e. i = —1.
C rounocTBIO JO M3OMOpPdU3Ma morydaeM paseHcTBo R[i] = C = R+ Ri.
Ecin A = C, To Hamm paccyXJeHUsS CHOBA 3aKAHIMBAIOTC.

Cunraem A 2 C. Tor,qa A" 2 Ri, m MOxHO BEIGpaTh d1eMeHT j L Ri,
q(j) = 1. Borom cryuae j = —1uij+ji = — f(i,j) = 0, Tax 4To0 ij = —ji.
IMonaras k = ij, nony<um k2 = —1, ik + ki = 0 = jk + kj. CaenoBarenn-
mo, k€ A’ mk 11i,j. Cramo 6biTh, 1,1, j, k auHenno He3aBUCUMEL U

R+Ri+Rj+Rk =H

— ajreOpa KBaTEPHUOHOB.
Ecm A 2 H, ro cymecteyer 1€ A’ ¢ ¢(1) =1 n1.14i,j,k. Ipyravm
CJIOBAMH,

li=-il, 1j=-j, lk=—KkL

OHAaKO B CHIY aCCONUATUBHOCTU YMHOXKEHUsA B A mepBble 1BA COOTHO-
LIEHUSA TAI0T

Ik = 1(i§) = (10)j = ~(ij = ~i(l) = iG) = (1 = kL
[MoaxyuaeTcsa nmpoTuBOpe«dne ¢ TPETBUM COOTHOIIEHUEM. SHAYUT, A =
=H O

3amevanue. CPaBHUTEILHO HENABHO HA OCHOBE NVIYOOKUX TOIIOJO-
TUYECKAX COOOPaXKEeHU! OBbLIO AOKA3aHO, UTO Had R 6caxas Komeuno-
MmepHas aazebpa ¢ desenuem (He 0043aMEALHO ACCOYUAMUBHAR) UMEET
pasmeprocmyv 1, 2, 4 uau 8. Bce 803m0xucHOCMU PEAAU3YOMCA.

B magame XX Beka Begnep6apHom OBLI MOSYdIeH PE3YJILTAT O KOHEU-
HBIX TeJaX, UMEMOIINN BaXKHOE 3HAYEHUE A IeOMETPUHU. DTy TEOPEMY
MBI CEMYAC TOKAXKEM, OMUPASACH, MPABIa, Ha HEKOTOPHIE JIEMEHTAPHBIE
CBOMCTBA KPYT'OBLIX MHOTOWIEHOB P, (X ), yCcTaHABIMBAEMBIE B CJACAYIO-
men riase. [[IOpOYHOro Kpyra mpu 3TOM HE BOBHUKHET.

Teopema 2 (Beggmepbapn). Kasxcdoe roneunoe accoyuamuenoe
K0AbYO ¢ dedenuem KOMMYMAMUEHO, M.e. ABALEMCA NOAEM.

NHoxaszaTeabcTBo. [IycTts D — KOHEYHOE KOJIBIIO C AeT€HUEM, Z =
= Z(D) — ero uentp. OueBugHo, uro Z — nose u D — KOHEIHOMEPHOE
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BEKTOPHOE MPOCTPAHCTBO HAI Z:
D=Zei+Zey+ ... + Ze,.

CorzacHo pe3yabTaTaM, yCTAHABIMBAEMBIM B IL. 5, § 2, Z = F; mua Heko-
Toporo ¢ = p™, Tax uro |D| = ¢". Hycts, nanee, x € D\ Z. llepectano-
BOYHBIE C & DJeMeHTH 00pasytor MHOxkecTBO C(z) = {y € D| yx = zy},
3aMKHYTO€ OTHOCHTEILHO OIEPAIN CIOKEHUA U yMHOKeHuA. [pyrumu
caosamu, C(x) — moganre6pa ¢ geaenweMm B D, comepxaman Z. Eciau
q? — «mcao anementos B C(x), T0o d = d(r) — pemrens n, d < n,

IOCKOJIBKY, HHTEpIpeTupys D Kak JeBoe BEKTOPHOE IIPOCTPAHCTBO

D=C@fi+... +Cw),
wax C(z), mMer mveem ¢" =|C(x)|" = ¢¥". 3ametum Temepn, UTO
Z* — menTp MyabTHILTEKaTEBHON rpymmer D*) a (¢" — 1)/(¢¢ — 1) =
= (D* : C(x)*) — 4uCI0 BIEMEHTOB, CONPKEHHBIX ¢ ¢ B D*. IlosTomy
dopmyaa (2') uz §3 ru. 1 npunuMaer Buj

n * qn_l
_1:|D|:(q_1)+zqd—_17 (%)
d

riae d mpoberaer HEKOTOPOE MHOXKECTBO JEIUTENEH 7, MEHBIINX 7.

Ceoucta kpyrosoro maorowiesa ®,(X) (cm. yop. 6 u3 § 2 ru1. 5) mo-
Ka3eBalOT, 4T0 wenoe uucio P,(¢) memur kak ¢" —1, Tak wu
(¢" — 1)/(¢? = 1) mpu d | n, d < n. B Takom caydae cormacHo ()
®,(q) | (¢ — 1), a ar0 Breuér (cm. ynp. 7 us § 1) pasencrBo n = 1 u,
cTaao ObIThH, KOMMyTaTuBHOCTE D = Z. [

3. I'pymnnossle agreGpbl 1 MOAYJANA HAJ HAMHU. B cBssu ¢ pery-
JIAPHBIM TIPEICTABJICHUEM KOHEIHOU rpynnel G B § 1 u3 ri. 3 BBOIWIOCH
BEKTOPHOE IPOCTPAHCTBO (¢4 | ¢ € () man momrem K. Mer mpespaTtum
ero tenepb B K-amrebpy, mosaras egep, = €gp U PACIPOCTPAHAL DTO
IPABWJIO IO JUHEMHOCT! HA IPOU3BOJIBHLIE “BEKTOPHL” Y €y, 0ty € K.
[l yIpOIIeHns 3aIUCK €, OOBIMHO 3aMEHSIOT HA ¢ U PACCMATPUBAIOT
MHOKeCTBO K [G] BCeBO3MOKHEIX (POPMAIBHBIX CYMM Y g9, oy € K. Ilo
OTIPEeICHUIO

Zagg:Zﬁgg@ag =8, Vgeaq.
g g

Omnepanuu HAT POPMATBHBIMEU CYyMMaMUI

D0+ 3 50 =3 (o 5)g
(Z agg) Z Aag)g, 1)
(Z agg) (Z 5hh> Zagﬂhgh Z'yuu, Yu = Z ayBy-1u
9 h
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sagaor Ha K[G] cTpyKTypy accoumaTuBHOU aareOpwl. IIpuHATO HA3LI-
Batb K[G] epynnosot aseebpoti xowewnot epynnwvi G Hapg momem K.
Basucubivu saemenTamu npoctpanctsa K [G] cayxat GopMaIbHBE IPO-
m3Begenus 1-g, g € G, oTOXAeCTBAsAEeMbIe C »aeMeHTamu g € G

dimg K[G] = |G|. Taxum 06paszoM, rpynna G CIATAETCA BIOXKEHHON B
aareopy K[G). Egunuaneii onement e € G sapasercs equuunen B K[G].
B Tom ciyuae, korga K — KOMMYTATHBHOE ACCOLNUATHBHOE KOJBLO C

eIUHULIEN, NOLyYIaeTCs epynnosoe xoavyo K[G| rpynner G mvag K.
Kpowme Toro, amanornysas KOHCTPYKIWA MPUMEHAMA K IIPOM3BOIL-
HOHU, He 00A3aTEIbHO KOHEYHOU rpymnmne (G, eCam yCIOBATBCA PACCMAT-
PUBATH JUIIb CYyMMBL » . (gg C KOHEYHBIM YUHCJIOM OTIMYHBIX OT HYJA
K02 PUuUEeHTOB. Y IOOHO TakK:Ke UHTEPIPETUPOBATL S = Y ;g Kak
dyukmumio Ha rpymne G (co sHadennamu S(g) = a, B K), paBHyIo no4Tn
BCIOAY HyJAI0 (T.e. ¢ KOHEUHBIM YHCJIOM OTJIWYHBIX OT HYJS 3HAYCHUMN).
IIpu »rom popmyraam (1) oTBeHalOT OmEpanUM MOTOYETHOI'O CJIOKEHUS

(S1+ S2)(g) = Si1(g) + S2(9)

u ceépmra Pyrnryui

S3 = 51 xS, ESI SZ g 1“)

Teopus rpynnoBBIX KOIEI — 06Lm/1prm pasgen aareGpbl, UMEIOIINN
COGCTBEHHYIO MPOGIEMATUKY, HO Mt Hac K[G] — mumb wimocTpanus
O0OLIUX TIOHATUY, BBEIEHHBIX B MOCJAEIHIX ABYX IVIABAX.

Teopema 3. Cywecmeyem 63aumMno 00HO3HAUHOE COOMBEMCMEUE
mencdy K[G]-modyaamu, A6AL0UUMUCS KOHEUHOMEPHBIMY BEKMOPHBIML
npocmparncmeamy nad nosem K, u aunetdnbimu npedcmasaenuamu epyn-
not G.

HoxasaTteabcTro. lycrs (®,V) — npeacrasrenue rpynns G.
Ipogomxum & o suuenHOCTH Ha daeMenTs u3 K[G], onpexenss

‘5(2 agg) = Zagq)
(Z agg) ov = Zagq)(g)v YveV.

Omnepanus o BeoguT Ha V cTpykTypy K[G]-MOayas B OOBIMHOM IOHU-
MAHUU 3TOTO CAOBA. 3AMETHUM, ITO

(P aug) 0 0) =3~ a,@(9)(00) = 3 ey A (g0 =
(S attan) =A((Se) o).
;

T.e. yMHOXeHUs Ha ckaaapel B V u B K[G] cornacosannt. Iapy (@,
€CTECTBEHHO HA3BIBATH Aukelinbim npedcmasaerwuem aneebpor K[G.

1 IIOJOXKHUM

)



176 T'a. 4. Koavya. Aseebpoi. Modyau

O6paTHo: ecim V' — BEKTOpHOE MPOCTPAHCTBO HAA K, ABJAIONIEEC
moayaeMm Han K[G] ¢ gercTBuem

(Zagg,v) — (Z agg) ow,
5(2(199)1} = (Z agg> ow,

ME onpegemay romomopduaym @ : K[G] — Endg (V) (. e. npegcras-

aenne aare6per K[G]), orpanudenne koroporo ® = @ |¢ Ha G gacT HaM
npeacTasierue rpynnsl G. O

B coorBercTBuE ¢ TEOpEMOU 3 IPOCTPAHCTBO NpEACTABICHUA V rpyn-
bl G 9aCTO HABBIBAIOT Modydem npedcmasaenus rpynnsl G uim, KOpoT-
k0, — G-modysem. COOTBETCTBYIONUINE TEPMUHOIOTUICCKNE N3MEHEHUS
KaCalTCA IPYIUX MOHATUA TEOPUU NPENCTABICHUN.

IIycts, nanee, G — koneunas rpynna, K = C — mose KOMILIEKCHBIX
gucen. COrIacHO pe3yabTaTaM IVI. 3 KaXK IbIM HEIPUBOAUMBIN (WM, TOBO-
par emwg, npocmoti) G-moxyas Hag C (t.e. C[G]-Monyas) ¢ xapakTepom
Xi M30MOp(EH HEKOTOpOMY JeBoMy ugeany J; aarebper C[G] (cM. B sTOR
cessu npumep 4 u3 § 3). Ecan dimc[G] = n;, o C[G] cogepxur npamyio
CyMMy

TO, TIOJIAras

Ai = Jz‘,1 @@Jz,n,

aesbix naeanos, C[Gl-uzomopdubx J = J; 1. Beibupas B Kaxk[0M KIacce
“30MOP(QHBIX JIEBLIX UIEAJOB II0 OJHOMY IPEICTABUATEIIO J;, MBI MOXEM
HANKACATH PA3JIOXKEHUE

CAl=4A104:&..0A4,, (2)

COOTBETCTBYIOLIEE PABIOKEHUIO PErYIAPHOrO IPEACTABISHN IPY Il G.
3aMeTuM, YTO KaxKas U3 KOMIOHEHT A; OmpeneneHa OnHO3HATHO.

Ecan reneps J — MuHEMAIbHBLIN JeBbl ngeat amreoper C[G] u t €
€ C[G], To Jt — Toxe MUHUMATLHBIN JEBBEIN Ueal (BO3MOXKHO, HyJe-
Bon). Crano GerTh, oTOGpaxkenue ¢ : J — Jt, OnpemeséHHOE COOT-
BercrBueM v — vt (v € J), ABasgeTcsa aubo HyJeBHIM OTOODaKEHUEM,
m60 C[G]-uzomopduamoM, mockonbky zv € J s moboro z € C[G] n
o(zv) = ()t = z(vt) = xp(v). o sroun mpuuure J C A; = Jt C
C A; vt € C[G] u, crenoBarensuo, A; — nBycroponnun ugneatr B C[G].
Paznoxenue (2) npsamoe, Tak 4T0

Z#]ZAzAJCAzﬂAJZO
Mzer cobupaemcs noayuuTh 601ee TOIHYI0 MH(MOPMAIMIO O PA3JIOKe-

Huu (2), onupasch Ha Pa3BATYIO B TVI. 3 TEOPUIO XapaKTepoB. BHauaie
Haugém neatp Z(C[G]) rpynnoson aarebpsr C[G]. Io ompegenernto

z € Z(CG]) <= zg =9z Vg e qG.
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Ecma z = 37, c Ynh, TO
S vt =g(3 mh) = (X mh) 9= wert,
teG h h teG

OTKYZa Yg-1¢ = Yig-1 VI € G. llonoxus t = gh, moxyIuM vn, = Ygpg—1-
DTO 3HAYUT, ITO

Z(CG)) = (K4, Ks, ..., K,)c,

rae
— E _ G S
Ki— 9, :Kz_gza 1_1727"'37' (3)
geXK;
(91,92, - -, gr — IPEICTABATENN KIACCOB CONPSIKEHHBIX 2IEMEHTOB I'PYII-
nel ). Housarwuo, uto Ky, Ko, ..., K, — IUHENHO HE3aBUCUMBIE DIEMEH-

THI, ¥, cTajo OuTh, dime Z(C[G]) = r.
Kaxgomy smemenTy a € A; OCTAaBUM B COOTBETCTBUE JIUHENHBIN OTIe-

parop LSL’), IEeNCTBYOIINY Ha MUHMMAJIBLHOM JEBOM ujeate J; = J;1 IO

IPaBUTY Ld (v) =av, v € J;. Tak xak, oueBuHO,
LY =, 1, =19 +1, LY =10

+
TO @ : a+> Lgl) — roMomopdu3M airebpul A; B aaredpy >HIOMOPQHU3-
moB EndcJ; =2 M, (C). TIpegnonoxum, uro 0 # a € Ker ¢, T.e. aJ; = 0.
Bce neBvre ngeaner J; ;  C[G]-uzomopdusl, u ecan ¢;: J; — Jij —
uzoMopdusM, TO

atij = ap;(Ji) = apj(e;) = pj(a-e;) = ¢;(0) = 0.
3uauut, ad; = aJi1 + ...+ ad;,, =0, a B Takom cayyae u aC[G] = 0,
nockombkKy @ € A; = aA; = 0 s Bcex j # 4. OgHako ae = a #
# 0. Mony4yennoe nporuBopeure nokaswiBaer, 4To Kerp = 0. Crauo
OBITB, ¢ — MOHOMOP(U3M, a Tak Kak dim 4; = n? = dim M,,(C), o

©
A; =2 M,,(C). C yuéroMm npemtoxkeHus 2 MBI IPUXOAUM K CJIEIYIOLIEN
TeopeMe 0 crpoeHuu rpynnoson anreopsr C[G].

Teopewma 4. I'pynnosas aazebpa C[G] xoweunot epynnvr G nad
nosaem Komnaexcwuir wuces C pazsaeaemesn 6 npamyro cymmy (2) npoc-
mulx deYCmoponHuT u0ear0s, u30MOPPHHLIT NOAHBIM MAMPUYHBIM AA2E0-
pam:

ClG] 2 M, (C) & My, (C) @ ... & M, (C).
B wacmmocmu, epynnosas aszebpa abesesotli 2pynnbi nopadxa n nad C
U30MOPpPHa Npamot cymme n Ix3emnaapos noas C.

Cunegcreue (reopema Bepucanga). ITycmp & — wnenpusodumoe
mampuunoe npedcmasaenue cmenenwu n nad C xomeunot epynnu G.

Tozda cpedu mampuy P, umeemca n® aunelino ne3a6UCUMBIT, Mm.e.
(@] g €G)c=My(C).O

12 AWM. Kocrpukuu
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Crpoenne nenrpa Z(C[G]) xak kommyTaTuszon nogaiare6ps B C[G)
OTHOCTBIO ONPENEIACTCA CIPYRMYPHLLMY KONCIMANTAMY — TETBIMI
k

qnucjaaMmn n” 13 COOTHOLICHUN

.
KiK;=> n}K,. (4)
s=1
Nmesn B Bugy Beipaxkenue (3) masa K, Jerko mOHATb, 9TO n;; — TUCIO
map (g,h), g € Ki, h € X;, nua xoropeix gh = g5 € K. Bribepem B
Z(C[G@]) mpyrou 6asuc

n; —_— .
L= sz 95K =120 > xilo)g, 1<i<r (5)
Gl & o] 2
31ech, Kak 1 B § 5 u3 1. 3, X1,...,Xr — XapPAKTEPhl HEIPUBOTUMBIX
IPENCTABIEHUN, Ny, . . . , N, — UX cTenenn. OOGPATHBIN TEPeX0O COBEPIIa-

eTcsa 1o popMyJIe
T
_ Xi(9s)
- |:Ks| Zl T Iz
1=

TT06BI yOEAUTHCS B DTOM, HYKHO BOCIOIL30BATHCA COOTHOIEHNEM (4)
u3 § 5 ru. 3. OHO ke MOKA3BIBAET, ITO

21 51 0 m) = g X0 3 welo) =

geG i geG i 1
elCale)| =e

el

Hanee, npuMeHnsis 0600IIEHHOE COOTHOIIEHNE OPTOIOHAIBHOCTH U3 yIIp. 1
§ 4 . 3, MBI HAXOAUM

LI = TGT; > xil9) x;(Dgt = ’TC?( Z{|(1;| >_ xi(9)x; (h) }h -

g,teG geG
_ ”l”] 9ij Z _
IGI = 6ijIj.
y=re

Taxum 06pa3oM, HEeHTPAILHBIE 2IeMEHTH [;, BEIMHUCIAEMEIE IO (POPMY-
ae (5), yAOBJIETBOPAIOT COOTHOLIEHUSIM

€:Il+IQ+...+I7«,
2 _ _ . .
I =1, LI; =0, i#}j,
U HA3LIBAIOTCA [0 DTOU IPUIUHE YEHIMP AAHBLMY 0PTMO20HAALHBLMY UOEM-
nomewmamu rpynnoson anre6pst C[G]. Coornomenne e = I +. . .+ 1, —

ycJaoBue HOJAHOTHL 5101 cucreMsl. Ilonoxus B; = I;C[G], Mbl HeMegneH-
HO oOHapyxkuBaeM, 4To B; — gBycroponnnu ugean B C[G] ¢ equuu<aHbIM

(6)



§ 4. Aseebpvl nad nosem 179

saeMEHTOM I; M 9TO MMeeT MECTO PA3JIOXKCHHUE B IPAMYIO CYMMY
(C[G]=B1@B2@...@Br. (7)

Henocpencreenno u3 (5) crenyer, 910
1 -
x; (L) = el > xi(9)x;(9) = nidi;.
g

IMosToMy B; COmEPXKUT MUHUMAIBHBIN JeBHIN ngeat J C A;, oTBedaro-
UK XapakTepy X;- lak kak A;, u B; — nBycTopouuue ngeasisr, 10 A; C
C B;. CpasuuBas pasnoxenus (2) u (7), mbl 3akmodaem, 4to A; = B;.
Nrak, nokazan yCOBEPIIEHCTBOBAHHLIA BAPUAHT TEOPEMEI 3.

Teopema 5. Saemenmur I;, 1 < ¢ < 7, sbiuucasembvie no Gopmy-
ae (5), 00pasyom NOARYIO CUCTNEMY YEHMPAALHBIL OPMO2OHAALHBIT UM~
nomewmos epynnosot aseebpur C[G] xoneunot epynnei G. IIpocmas
rxomnonenwma I;C[G] npamozo pasaoxcenus

CG] = LC[G) & LAG] & ... & LG,

uzomopPras noanot mampuunot aseebpe M, (C), codepucum ece mu-
HUMAADHIE ALEHIE UOEAAbl, OMEEUANUUE TAPAKMEPY X -

Bcio Teopuio mpeacTaBieHrn IPYIN MOXKHO PA3BUTh, UCXOA U3 TEO-
pemer Bengnepbapua—ApTuna (cM. m. 1) u u3 o6IIen CTpyKTYPHON TEOpUn
CPYNHOBBIX AIre6p (eé 3aKIYUTENbHBIA BHIBOJ A KOHEYHBIX IPYIII
cdopMyIupoBaH B TeopeMe 3). Mbl nuin B 06paTHOM HAIPABIEHUH, O~
pasicy o cymecTBy Juiib Ha Jemmy Hlypa.

B zakmoueHne gokaxkeM ABa MOJE3HBIX YTBEPKACHUA O CTEICHAX U
3HAYEHUAX XaPAKTEPOB HEMPUBOIUMBIX MIPEICTABICHUN.

Teopema 6. Cmenewv n nenpusodumozo npedcmasaenus (®,V)
nad C xoweunot epynnvi G deaum nopsadox |G|.

HoxaszaTteascTBo. Illycte ® — cooTBercTByIOIIEe IpeacTaB/Ie-
uue rpynnoson aare6per C[G]. Ilo aemme Mlypa (npenaoxenue 3 u3 § 3)

aunensei oneparop P(K;), nepecranosounsiu co Bcemu ®(g), g € G, un
noromy npunagrexanmii Endeg (V), nomxen 6bITh KpaTeH eInHITHO-

My OIepaTopy: 5(K) = w;&. Nmeem
nw; = trw;& = tr ®(K Ztr@ hgih™) =|Kilxa (9:),
OTKy 2

|Kilxa (9:)
m .

Wi =

Mpumensas ® k coorHomenuaM (4), TOLyIUM
T
_ k
wiwj; = nijwk.
k=1

12*
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Crauno 6biTh, Z[w;] — nogmonyab Z-moxyis Z{ws, . . . ,w;] KOHETHOTO TH-
Ma W COMVIACHO pe3yabTaTaM . 3 u3 § 3 w; — Ienoe aarebpamveckoe
sucao. Ilo Tem xe mpuanHam

1G] _ 1G]

= elxe)e = %ZX@(Q)X@(Q) =
g
= —Z|:K |- xo(9:) xe(9:) Zwmb

i=1

— meJoe ajarebpamdeckoe duciao. 3uadut, |G|/n € Z. O

Jemma 2. [Iyemb A — yukauueckas 2pynnae v X — e€ rapaxmep,
803M09#cH0, NPusodumbli. Hosomcum S = {a € A| A= (a)}. Jonycmuunm,
umo x(s) #0 Vs € S. Toeda

Y X = 18]

seS

Hoxasarenbcrso. llycts n = |A| u F' — moze pasioxeHus MHO-
rowrena X" — 1 mag Q B cremyiomen rirase msydaerca rpymma [amya
G = GalF/Q u gencrsue G Ha xapaxrepax. [lna HarasgHocTH OyaeMm
1300paXkaTh 3TO JEUCTBUE DKCIOHEHIaIbHo. Ecim o € G u ( — kopenb
crenenu n u3 1, ro (¢ = (", HOHA(m,n) = 1. Haznee, x(s) = (1 +

.+ (k, ¢ = 1, u mo onpejeneHnO

X7(s) =G 4+ G = (™).

I'pynna G abeneBa u a — @, o € F, — Toxe srement u3 G, Tak 4T0

a’ = (@)?, a € F,0 € G. Takum o6pazom,
[a”]* = a’a” = o7 ([@)" = (a@)” = (|af*)",
(X)) = [x(s™)?, HOL(m,n) =1

(m 3aBUCUT TOIBKO OT 0).

3ameru™, uro § € S = s™ € S, eciw HOZ[(m,n) = 1. Kpome
TOrO, & H— " — Ouekusa Ha A, ABIAOIIAACA TEPECTAHOBKOU. SHAYUUT,
[Ics |x(s)|* — umBapumanT oTHOCHTeabHO (F, A TMOTOMY ABIAETCA pa-
UUOHAJIBHLIM YUCIOM. BMecTe ¢ TeM 5TO menoe aareGpamdeckoe Iucio.

Taxum 06pa3oM, DTO YUCIO JOIKHO dexarh B Z. ITo yeaosuio x(s) # 0,
nosromy [],c4x(s)[> > 1. Ho

k
% Zm > (1_[7%)1/’c
i=1 i

[JIs JIIOOBIX TTOJOKUTEIbHBIX BEII€eCTBEHHBIX YIUCET T'1,...,Tk. B mamem

caydae
ses
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Teopewma 7 (Y. Bepucann). ycmv G — xoneunas 2pynna, X €
€ Irr(G). Ecau x(e) > 1, mo x(g) = 0 zoma 6b1 dasn 0dnoeo g € G.

MoxaszaTeanbcTBo. Pacuenum G Ha KJIACCH, HA3BAB IBA DJEMEHTA,
3 G DKBUBAJIEHTHBIMU, €CJIU OHU MOPOKJAIOT OAHY U Ty K€ IUKINIEC-
kyto noarpynny B G. Ilpeanonoxnm, ato x(g) # 0 mia moboro g € G.

Torma mo remme 2
D I =18
seS

JUIA KaXK 0o KaacCa SKBUBAJIECHTHOCTH S. CyMMI/IpyH II0 BCEM KJacCCaM
OKBUBAJIECHTHOCTU HECOMHUIHBIX JJIEMEHTOB, IIOJMYYINM HEPABEHCTBO

> Ix(@l? > 1G] - 1.

g#e
Takum o6pasowm,

Gl=" Ix(9)f 1G] = L+ x(e)%,

g€G
orkyna x(e) < 1 — mporuBopeune. [
CaemcrtBue. Fcau epynna G cosnadaem co c60uM KoMMYMar-

mom G', mo
6 [1xi= (IT1%l) 3 mi ®)
i=1 i=1 =1

(m.e. yenmpanvuvie sanemenmut [ [, K; w ), K; usa Q(G] nponopyuonan-

Hbl).

HoxasaTteascTBo. Ilycts ¢1,...,9, — NPEICTABUTENN KJIACCOB
conpskéunoctu Ki,..., K, nu Ki,...,K, — CyMMBI DJIEMEHTOB U3
Ki,..., K. Mot saaem (cm. (4)), uro

KK Zn”m,

w(K Zn”w (K1),

rae w(K;) = x(9:)|Ki|/x(e) — umemoe a.nre6pamqec1<oe YUCI0. YMHOXKAA
06e 1acTu COOTHOIICHU

XOPD) 1| = 3o il

Ha X (gs) ¥ cyMMuUpYys 1O ), HOIydaeM (HOPMYJIY A CTPYKTYPHBIX KOH-
CTaHT

s |:Kz||g< I x(9i)X gs)
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ITo amasoruu ¢ (9), DoI0KUB

T T
H K; = Z NK,
i=1 =1

OyjaeM UMeTb

x(@1) - ;«(g:{l}:l Gl _ > Nox{anlsl

TaK ITO

[ 1] — x(g1) - - - x(g )x(gs) .
Ne= S5 Z ) : (%)

Ecan Teneps G = G, To Bce xapaxTepsl, KpoMe 1g, IMEIOT CTENeHb
6oubite 1 (Teopema 5 u3 § 5 rur. 3) u x(g91)x(g2) - - - x(gr) =0 mua x # lg

no Teopeme 6. Henocpencreenno us ¢popmyast (*) umeem Ny = HI |J|< i

Vs, T.e. TO, YTO HyXkHO. []

3ameuanue. llycte A — m06as (T.e. He 00A3ATEILHO ACCOUMATUB-
Has) aareObpa MPOM3BOIBHOU pasMepHocTy Hag mojeM P. Kaxaniv Tpém
DJIEMEHTAM %, Y, 2 € A MOCTABAM B COOTBETCTBUE BhIpaxkeHue (I,y,z) =
= (zy)z — z(yz), HA3BIBAEMOE UX GCCOUUAMOPOM. B 3aBHCHMOCTH OT
TOXKJECTBEHHBIX COOTHOIIEHUN, CBA3BIBAIOIINX ACCOLMMATOPHI WIN WHBIE
BLIDAXKEHUs, HOLYIAIOTCA PA3IAIHBIE TUNLL (KAK emé TOBOPSAT, NpUuMU-
MUBKHYLE KAACCHL, MH02000pa3us) anreOp. [IpuMepamu ciyxkar:

1) accoyuamusnwvie aazebpor (x,y,z) = 0;
2) asvmeprnamusnvie aseebpur (z,z,y) =0 = (y,z,);
3) tiopdanosvi aqzebpvr (z,y,1?) =0, zy —yz = 0.

ITo sToMy akcrmOMATHIECKOMY IIyTH MOXKHO, OY€BH IHO, ITBATCATHCS He-
OI'PAHUYEHHO. 3aMEYaTeJbHO, OJHAKO, UYTO MHOTHE KJIACCHI HEACCOLMa-
TUBHBIX aIreOp BO3HUKIN €CTECTBEHHBEIM IyTEM B OOJACTAX, NAJIEKUX
oT auareOpHl Kak Hayku. B kadecTBe HambosIee APKUX IPUMEPOB CJAELY-
eT Ha3BaTh MOPAAHOBHI AIreOpHI, IPUIIEIIINE B MaTeMaTHUKy, KaK yImo-
muHanock B [BA II], us ksanToBon mexanuku (ot ¢usuka Woppana),
7 anarebpel Jlu, npesHasHAYEHHBIE TEPBOHAYAIBHO UCKIIOIUTENBHO /I
onucanus (IpU ONPENeNEHHBIX YCJIOBUAX) JOKAIBHOU CTPYKTYPBL TOMO-
gorwdeckux rpynn (Codyc Jlu — oxun U3 KpynHEMIIHX MAaTEMAaTUKOB
XIX Bexa). 06 anredpax JIu peus yke ula Ha CTPAHWUIAX KHUTH, U OHA
O6yayT GUIypupOBaThH CHOBA B CJIeAyIOIEM maparpade.
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YIPAXKHEHUSA

1. Aueebpa 0606w énnbir K6amepruonos. 1lokaszaTsb, 4TO TAOIUIEN YMHOXEHUA

1 el €9 es
1 1 el €9 es
€1 €1 n es nes
es | ea —es3 m —meq
€3 €3 —ne2 meq —nm

cn,m € Z, nm # 0, Ha YeTHIPEXMEPHOM BeKTOpHOM mpocrpanctse H(n,m) =
= (1,e1,e2,e3)g HaL Q BBOAWTCA CTPYKTYpa ACCOLMATUBHON aIreGpbl C €JMHULEN.
Vcnonb3oBaTh [Jd 3TOM IMeTd MpeJCTaBIeHune

o+ x1v/1N To/m + x3/nm
Ta/m — x3/NM 1o — T1V/N ’
2

Omnpegemnrens det Ay = £3 — z3n — x2m + T3nm Ha3BIBAETCA HOPMOT daeMENMA T .
IIpoBeputh, 9TO npm BeIMOAHeHHH ycaosus x € H(n,m), * # 0 = N(z) # 0
npocrparcTso H (n, m) apiaserca arredpon ¢ gererueM (0606w énnoti aa2ebpot Kea-
mepruoros). VCnoab3ys MOHATUA U Pe3yabTaThl ynp. 7 u3 § 2, mOKa3aTh, ITO NPH
npocroM p = £3 (mod 8) auarebpa H (2, p) GyseT aare6pou ¢ geleHUEM.

2. [Iyctp A — aarebpa c¢ egununen 1 vag R. I[IycTts Ha A 3amana omepanms CO-
NPSKEHUS T > T, 06JIaKalomas CBOUCTBAMY T = ¥, T§ = y@. CHAGAMM TPOCTPAHCTBO
AP A={(z,y)| z,y € A} OninHeNHON OmEpALMEN yMHOXEHUIL

T =10+ T1€1 +w262+$363'—>Am:’

(z,y)(u,v) = (zu — Ty, yu + v).

Ilony4daercs anrebpa, HasbIBaeMas ydeoeHnuem aa2ebpovl A.

IIpoBeputrs, uro C — yaBoenue anre6psr R, a H — yaBoenue anre6per C. Y-
Boenue airebpor H naswiBaeTcs aszebpoti Koau Ca.

IIposeputh, 9r0 Ca — HEKOMMYTATUBHAsA U HEACCONMATUBHAsA ajirebpa. Boipa-
3UTH B ABHOM Bufe onepanuio conpsxkenusa Ha Ca.

3. PaccmoTrpers Fon Kak BeKTOpHOE NPOCTPAHCTBO V' paszMepHOCTH n Haj Fo.
Hapsany ¢ onepanuen cioxkenus, Hacaegyemon u3 Fon | BBecTH Ha V' omepanuio yMHO-
KeHus (x,y) — T oy = /Y. 3aeck T — /T — aBToMOppuaM Ha Fon , 0GpaTHBIA K
x — 2%, Tak 4T0 /T Ty = /& + /. lokazars, uro (V,+,0) — KoMMyTaTUBHAA
(meaccounarusHasn) anre6pa nan Fo, ob6aagaoman cBoucTBamu: a) B V HeT geauTenen
HyJsd ¥ HeT eIuHULbl; 6) ypaBHeHHEe a 0o = b ¢ a 7# 0 OJHO3HATHO PA3PEIINMO;
B) rpynna asromopdusmos Aut(V) meucrsyer ma V \ {0} TpansuTusHO.

4. B m060u anredpe BBINOJHAETCA TOXKAECTBO IJSA aCCOIMATOPOB

t(xayvz) + (taxay)z = (tac,y,z) - (tvxyvz) + (tvxayz)‘

Y6eauThCA B 9TOM MPAMOU MPOBEPKOU M MOKA3aTh, YTO €CAU B airedbpe A ¢ eIuHU-
neu 1 Han moseM P s BCeX acCONMATOPOB MMeeT MeCTO BkIodeHue (z,y,z) € P-1,
TO A — acconuaTuBHAA ajarebpa.

5. [Iyctes G u H — xoneunste rpynust 1 C[G] = C[H] — usomopduam C-anredp.
MoxHO au yTBepXKaarh, 4ro G =2 H?

6. IIyctb & — KOMIIEKCHOE MATPUYHOE HEIPUBOIMMOE IIPEACTABICHNAE CTEIeH!
n KoHedHOU rpynnsl G. [lokasaTs, ITO ecin

tr{C®,} =0 Vazed,

rge C — mocrosuHaA (n X n)-marpuna, o C = 0.
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§ 5. Henpusoaumeie moayau Hag aare6pou Jlu sl(2)

1. Ucxoaabiz MmaTepuaa. HanoMmuuM, 9To B aarebpe Jlu L Haj mo-
aeM P mpousBejieHne nJIeMeHTOB Z,Yy € L mpuHaTo 0003HaYaTh [, Y] win
emé npome [zy]. o onpegenenuto aare6per Jlu OGuavHenHAA Omepanus
(z,y) — [zy] yzoBireTBOpseT ABYM TPEGOBAHMAM:

i) [zz] =0 ([zy] = —[yz] — ewmuxommymamusrocmy);

i) [[zy]z] + [[vz]z] + [[2z]y] =0 (moacdecmeo Ardou).

Meur 3naem Takxke us [BA II), uto ecim A — acconmaTusHas atre6pa
HaJ moseM P, To Ha BEKTOPHOM NMPOCTPAHCTBE A MOXKHO 331aTh CTPYK-
Typy aarebper Ju L(A), monaras [zy] = zy — yz (KOMMyTaTOp ABYX
DJIEMEHTOB).

IIycrs, B wactHOCcTH, A = Endp(V) = L(V) — aarebpa Bcex aunen-
HEBEIX ONEPATOPOB KOHEYHOMEPHOT'O BEKTOPHOTO mpocTpancTea V max P.
JIrobou romomMopdusm

o L — L(L(V))

HA3BIBAETCA npedemasaenuem aqeebpur Ju L. B cooTercTBUM C Tep-
MUHOJOTUEN TIPEIBIAYIINX maparpad)oB IPOCTPAHCTBO MpeaCTaBICHU V'
HA3BbIBAETCA TAKXKe L-modyaem (wim modyaem nad aseebpoti Ju L). Dop-
MaabHO L-MOAy/Ib 3a0a€TCsA TPEMSI aKCUOMAMU:

L1) z(au + Bv) = azu + pzv;

L2) (az + By)v = azv + Byv;

L3) [zylv = z(yv) — y(av).

Ha camom mese xaxabi L-MOIyJb ABIAETCA MOLYJEM HAJ yHUBED-
canpHOUM O6EpThIBatomen aare6pou U(L) — accoumaTuBHOU aareGpoum,
nopoxgaemon L (teopemy Bupkropa—Burra Ha 5TOT CuéT MBI He QOp-
MYJIUPYEM).

Ilpumep 1. Jupdepenyuposaruem NPOU3BOIBLHOU aazebpbr A (He 06A3aTEIBHO
acconuaTUBHOM) HaJj nojieM P masbiBaercsa auddepennuponanue D koubua (A, -):

D(u+v) = D(u) + D(v), D(u-v)=D() v+u-D), u,v € A,

nepecTaHoBO4YHOE ¢ gencTsueM KoHCTAHT ud P: D(Aa) = AD(a), A € P, a € A. YmHO-
KeHue
['Dl'Dz] = 'D1D2 - DZDI

HaJeIAeT MHOXECTBO Bcex auddepenuuposanui Der(A), ABIAOIEECT BEKTOPHBIM
npocTpancTBOM Hax P, crpykTypon aire6pst Jlu.

Eciu, B wactaoctn, A = P[X] — aare6pa muorowenos, 1o Der(A) cocrour u3
muddepennupoBanuit Dy, u € A, 1eNCTBYIOMUX [0 IPABUILY
df
D =u—=uf.
W) =i =uf

ITo onpepgenenuio

[DuDu](f) = Du(Daf) = Do(Duf) = Du(of') = Do(uf’) =
= u(of') —o(uf) = u(@'f +of") =o' f +uf") = (w' —u'v)"
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CJiie10BaTEIBHO,

[DUDU] = Dy’ —u'vs
7 MBI BuamM, 9T0 aare6pa Der(A) msomopdra 6eckonednomepron anredpe Jlm (A, [x
*, *]) ¢ 6a3UCHBIM TPOCTPAHCTBOM A 1 ymHOKeruem [uv] = uv’ —u'v. onoxus A ;) =
= (X*t1)p, MBI OTyuUM pazioxenue A B IPAMYIO CyMMY

A=A @A DAL O AR ...\
06Ja1akoIIee CBOUCTBOM 2padyuposannoti aseebpol Ju
[Aw), A C Agits)

(cp. ¢ mpumepom 2 m3 m. 1 § 4). Auarebpa Jlu (K, [*,*]) geAcTByeT Ha BEKTOPHOM
npocrpanctee K asymsa cmocobamu: 1) (a, f) — af’ (ecmecmeennoe deticmeue);
2) (a, f) = af’ —d' f (deticmeue npucoedunénnvimu sndomopPusmamu). B peayiabrare
HOLY9a0TCA 1Ba HEM30MOPMHBIX (A, [*,*])-M0xyLs.

IIpumep 2. TpéxMepHOE BEIIECTBEHHOE IIPOCTPAHCTBO
51((2) = (kl, k2, kg)R

KOCODPDMUTOBLIX MATPHI[ C HYJEBLIM CJIEJOM HAJEJIEHO CTPYKTypou aireGpwr Jlum.
CooTHOLIEHU
[kiks] = k3, [koks] =ki, [kski]=ko

B TOYHOCTM MOBTOPSIOT MPABAIA BEKTOPHOT'O MPOM3BEIEHNA BEKTOPOB B RS,

W3 obwen Teopun NpeIcTABIEHNN KOMIAKTHBEIX TPYII CIEIYET, ITO
MeX Iy HeNPUBOAUMBIMY npeacTasieHuaAMu rpynnsl SU(2) u eé anre6per
JIu su(2) mmeercs B3aMMHO OJHO3HAYHOE COOTBETCTBUE. VIHTYHTHUBHO
9TO MOXHO IIOHATBH, IIPUHAB BO BHUMAHNWE HEIIPEPBIBHOCTH IIpeacTaB-
JIEHUs. TPYIIBL U PACCMOTPEB B JMHEMHOU 000J04Ke omepaTopos P(g;)
(rme g¢ — saBucamui guddepeHuupyeMbiM 06pa3oM oT ¢ € R saement
rpynnet SU(2); go = e) aunennsin onepatop d®(g:)/dt |¢=o, yxe co-
nepxamurcs B aareope su(2). YTo6bl nogTBEp IUTH IOJHOTY CIHUCKA He-
IPUBOAUMBIX TpecTasieHuil rpynnsl SU(2), KOTOpEIE ObLIN TOLYI€HbL B
§ 6 n1. 3, HAM HYXKHO yOEIUTBHCA B TOM, 9TO JJA JOOOr0 HATYPAIHLHOIO
N UMEETCA C TOYHOCTBIO A0 M30MOpP(U3Ma POBHO OIUH HEIPUBOIAUMBIN
su(2)-moayas pazmeproctu n Hag C. C 3ToN mesabio yIOOHO MEPEUTH C
CaMOro Hadaia OT BemecTBeHHOU aare6pnl Jlu su(2) kx eé “xommiexcu-
ukauun”, cosnagarouien ¢ aareépon Jlu L = sl(2) = su(2) ®r C Bcex
KOMILIEKCHBIX 2 & 2-MaTpUI] C HYJIEBBIM CJIeI0M. Ba3ucHbIe 3JeMeHThHI

€_1 = k1 — ikz, €y = 2ik3, €] = k1 + Zkg
aﬂre6pm L IIEPEMHOXKAIOTCA 110 IIPpaBUIaAM
[6_161] = €9, [606_1] = —26_1, [6061] = 261. (1)

3a0bIB HA BPEMs O IPOUCXOXK AeHUU L, MOXKHO cauTaTh, uTo L = (e_1, g,
e1) — abcrpakTHas TpéxmepHas anreopa Jlu mag C ¢ Tabiaunen yMHOXKe-
uus (1). Jerko nposeputs, uTo L — mpocras atre6pa Jlu. Ctano 6bITh,
JI060U €€ HEMPUBOAUMBIN MOAY/Ib PA3MEPHOCTH > 1 OYyA€T TOYHBIM.
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2. Beca u xparaHoctu. Ilycts BHavane V # 0 — OpOM3BONBHBIN
L-monyas koueunou pasmepuoctu Hag C, u nycts F_1, Fg, Fy — nunen-
HBIE OIEPATOPH (WM MATPULLL IPU (PUKCUPOBAHHOM Gasuce) Ha V, oTBe-
YaloIye COOTBETCTBEHHO JEMEHTaM €_1, €y, 1. B Teopuu mpeacrasie-
uun aare6p Jlu ycraHOBUIACH CBOA TEPMUHOJOTHS, KOTOPOU MBI OyIeM
TIPUIEPKUBATHCS.

Oupegenenue. Co6CTBEHHOE OAIPOCTPAHCTBO

A={veV| Ew=\}

oneparopa Fg B V ¢ cobcTBenubiM 3HadenneM A € C cocTouT us BEKTO-
POB, O KOTOPBIX IPUHATO TOBOPUTH, UTO OHU UMEOT éec A. PazmepHocTh
dim V* masemBaeTcsa xpammocmpio seca .

Jemma 1. Ecau v € V>, mo
Eyv e VA2, E_jveV 2

(Ey — “nosviwarwut” onepamop, a E_1 — “nowusxcaowud’).
HoxasarenbcrBo. B coorsercrBun ¢ akcuomon L3) umeem

Eo(El’U) e [E()El]’v + Eq (Eo’U) =2F v+ E; (/\’U) e ()\ + 2)E1’U,
Tak uTo 1o ompegenesuio Fiv € VA2, Ananormdso,
E()(E_l’l)) = ()\ — 2)E_1’U. O

3. Crapmmuu BexkTop. W3 [BA II] u3BeCTHO, 9TO BEKTODHI, OT-
BEYAOIIAE PABIUIHBIM COOCTBEHHBIM 3HAYEHUAM, JUHEUHO HE3aBUCUMEI.
IlosToMy cymma

W=y Vvicv
A
npsamas. U3 gemmer 1 crenyer Takxke, yro W sasisercs L-nmogMoyaeMm B
V. Tak xak W # 0, T0 B caydae HEmpUBOAUMOTO L-MOaymas V' mZOMXKHO
BBIIOTHATHCA paBeHcTBo W = V.

Ounpegenenue. Bekrop vg € V Ha30BEM cmapuwum 6eKmopom 6e-

ca A\, ecma vg Z0 u

E1U0 = 0, Eo’l)o = /\Uo.

Jemwma 2. 6ot xoneunomeprviti L-modyav V' obaadaem cmapuwum
B8EKMOPOM.

HoxaszaTeabcTBOo. Bo3bMéM NpOU3BOJIBHBIN (7 0) BEKTOpD ¥ Be-
ca j1 ¥ TOCTPOUM TIOCIeI0BATEIBHOCTD BEKTOPOB v, By v, Efv, . .. ¢ Becamu
wop+2,0+4,. .. (em. demmy 1). Tax xax dim V' < oo, TO EInHU =0
[UISL HEKOTOPOT'O M. B3sB m MUHUMAILHBIM, MBI MOXKEM MOJOXKUTH Vg =
=E"v, A=p+2m.0

Jemma 3. Ilycmv Vy, — 6exmoproe npocmpancmeo pazmeprocmu
n+ 1 nad C ¢ guxcuposannvim 6aszucom (vo,v,...,vy,), E1, Ey, By —
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onepamopbl, onpedeaénnbie Hopmyaami

E_ vy, = (m + ]-)vm—i-la
Egvy, = (n — 2m)vy,, (2)
Eyvym =M —m+ 1)vp_1,

2de v_1 =0 =wvpy1. Toeda V,, — nenpusodumviti L-modyav.

NoxaszaTeascTso. [IpaMas mpoBepka NOKA3BIBAET, ITO BHIIOIHE-
HBI COOTHOIUIEHN

Ei(E_1vy) — E_1(E1vm) = Egvp,
Eo(E_1vm) — E_1(Eovym) = —2E_1vy,,
Eo(Eyvp) — Ei(Eovy) = 2E10y,,

coracyrommecs ¢ Tabauner ymHox)enus (1) u ¢ akcmomamu L-MOLyJs.
Tak xax F1vg = (n + 1)v—; = 0, Egvg = nvg, TO vg — CTaPIIAA BEKTOP
BECa 7, & BCE IPOCTPAHCTBO V,, BANNCLIBACTCA B BULE MPAMOU CyMMEI

Vo=V V"2g...0V ™™ (3)

OJTHOMEPHBIX BECOBBEIX MOATIPOCTPAHCTB V™ 2™ = (p,.) (kaxaeit Bec
AMEeeT KPaTHOCTH 1).

IIpegnonoxus cymecroBauue noamonyast U # 0 B V),, MBI BO3bMEM
ao6ou cobcTBenubn BekTOp u € U omeparopa Ey. CorsacHo pasmoxe-
o (3) u = Avy, auasa HekoToporo m. IocaegoBaTeabHOE IPUMEHEHNEe
noBbIIIa0Omero oneparopa Fy (cM. ¢popmyast (2)) gacT HAM BKIIOYEHUA
Um—1 € U,...,v9 € U, a mocpeicTBOM IOHMXKAOLIEr0 omepaTopa F_;
MBI TOJIYIUM U3 CTAPIIEro BEKTOPA Vo BCE OCTAILHBIE BEKTOPHLI. SHAYUT,
U=V,,uV, — menpusogumbin L-Moayas. (]

3ameTuM, 9T0 V) — TpPUBMATLHBIN (ONHOMEDHBIN) MOAYIb, & V) —
MOIYJIb, COOTBETCTBYIOUIUA €CTECTBEHHOMY OIpeIeIeHuIo aareopsl L: B
6asuce (vg,v;) omeparopsl E_;, Ey, Ey UMEOT CBOUMHA MaTPULAMA

[ S A A Y
1 01° 0 -1 0 o1’

4. Knaccudukanuonuein pesyabTaT. Crenyiomas TeopeMa pe-
IIAaeT CTOAMIYIO Iepel HaMU 33,Ia4dy.

Teopema 1. Beaxuii nenpusodumviii L-modyab V  pasmeprnocmu
n+ 1 nad C uzomopgen V.

MHoxaszaTeabcTso. [lo aemme 2 mam moxyas V' obaagaer HEKOTO-
PBIM cTapiImM BeKTOpOM vy Beca A. Ilomoxum

1 1
V-1 = 0, Um = —'ET_n1U0 = —'E_l(. .. (E_ll}o) .. ) upu m > 0.
m: m:
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YTBepxkaaeTcs, 9To Ipu JdoM m > 0 cupaBeqIuBLL (GOPMYIHI

E_jvy, = (m + 1)Um+la
Eovm = (A = 2m)vpy,, (2"
Evm=A=—m+ 1vp_1.

Hencreurensuo, npu m = 0 gopmyasr (2') cBogaTcs K ompenese-
HUIO CTAPIIEro BEKTOPA Up W BEKTOPA v, & JaJblle JeUCTBYeM HHIYK-
ouen 1o m.

a) @opmyaon E_ vy, = (m + 1)Vpm41 OLNpEserseTcs BEKTOP Vppi1 .

6) ®opmyaa Egvy, = (A — 2m)v, cregyer u3 gemmsr 1.

B) Eciu yxe msBectHO, 9T0 E1Um_1 = (A — M + 2)Vp_2, TO mocie
COKpAICHUA Ha m 00enX JacTell paBeHCTBa,

mE vy = Ey(E_1vm-1) = [E1E_1]vm_1 + E_1(Byvpy 1) =
= Eogm-1+A=—m+2)E_jv,_o =
={(A=-2m+2)+(A—m+2)(m—1)}vpm_1 =mA—m+ Dvy,_1

MOy 9aeTCA MocaenHsas u3 gopmya (2).

Ecau BekTOpHL vg, V1, ..., U, IPA KAKOM-TO T OTJIUIHBEL OT HYJs, TO,
UMesi PA3IUYIHbIE BECA, OHU JTOKHBI OLITH JUHEUMHO He3aBucuMbiMu. C
OPYTOU CTOPOHBI, B CUIY HEIPUBOAUMOCTH V IMOAMOIYJb, MOPOXKIEH-
HBII BEKTOPOM ¥, coBmagaer ¢ V, a Tak kak dim V =n+1, ro V =
= (U0, V1,...,Upn) U Upt1 = Upt2 = ... = 0. B gacruocrn,

0=FEvpr1=(A—-nv,=0= A=n

(o6paTuM BHEMAHKE HA JIOOONBITHYIO uMirkanuio dim V < co = A €
€Z,A>0).

IMoacrasue 3uaverue A = n B dopmyasl (2'), Mbl npuaém daxTu-
YeCKU, ¢ yI€TOM BBIODAHHLIX 0003HAMeHul, K (popMyaaM (2), KOTOPBIMU

ompemessica HenmpuBoguMbin (mo gemme 3) L-monyas V. 3uadnr,
V=V, O

YIIPAXKHEHUSA

1. 3agars Ha Vi, cTPYKTYpPY S1(2)-MOYIIs, UCIIONb3Y s HOPMYIs (2), BO3BPAIIAACH
K Oa3MCHBIM dJ€MeHTaM
ki = e ten), ko= ) ks =
1= (e-1+e2 2= -(e—1—e1 3= —7-¢€0
2 ’ 2 ’ 2
¥ CTaBA UM B COOTBETCTBUE JUHENHBIE onepaTropbl K1, Ko, K3.

2. [lycrs L = (e—1,e0,e1) — npocras aarebpa Jlu ¢ Tabaunen ymuoxenus (1)
HaJ aare6panvdecKy 3aMKHYTBIM mojeM F xapakrepucTuku p > 2. PaccMoTpuM KBaj-
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PaTHBIE MATPUIBI MOPALKA P

0 7 0 0 0 0 0 0 0 g
0 0 7 0 0 1 0 0O 0 0
‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ 0 1 0 0 0

E_; = , F1= )
0 0 Yp—2 o 7 Tl e
0 0 0 0 Yp—1 0 0 1 0 O
Yo 0 0 0 0 0 0 0o 1 0

Ey=[E_1,E1] =diag(M\A+2,...,A+2(p—2), A+ 2(p — 1)).

IIpoBepuTsh, uTO cooTBeTCTBUHE €; — E;, 1= —1,0,1, ycTaHaBInBaeT HENPUBO-
IUMOE MATPUYHOE IpencTaBieHue anredpnl Jlu L, 3aBucsdiiee oT TpPEX mapaMeTpoB
()‘a B, 'YO) [Ipm sToM

e =Brw+kr+k(k—1), k=1,2,...,p— 1.

(DTa coBepIIeHHO HOBAA CATYANUA TUNMIHA A MPEACTABICHAN HAJ TIOJEM KOHEIHOU
XapaKTEPUCTUKN. )



I'naBa 5

HAY9AJIA TEOPUU T'AJIY A

IMoMuMO 3I€MEHTAPHBIX CBEIEHUN O KOHEIHBIX PACIIUPEHUAX MOJIEH,
B YACTHOCTH, O KOHEYHBLIX MOJAX U HOJIIX anrebparmdecKuX <uces, Ipu-
BOAATCS pparMeHThl Teopuu lanya, TOCTATOYHBIE IS TOI'O, YTOOBI IO-
Ka3aTh KJIACCHYIECKYI0 TEOPEMY O HEPA3PEIInMOCTH B PAJIUKAIAX Adres-
pandeckux ypaBHeHUU cTernenu Oogbine 4. [JokassBaoTCa Takxke Gojee
MHTEPECHBIE TeOPeTUKO-4ucaoBble (pakThl. W3maraorcs Hadama coBpe-
MEHHOT'O HAIPABIEHUs B Teopuu lajiya, NpUBIEKATEIHLHOCTH KOTOPOr'O
i HaC OOYCJAOBIEHA AKTUBHBLIM KCIOJIB30BAHUEM TEOPUM XaPAKTEPOB
Ha BJIEMEHTAPHOM YPOBHE IVIABHI 3.

§ 1. KoHeunble pacIIiupeHusa mojeun

1. IIpuMuUTHBHBbIE 3JIeMEHTLI M CTeleHM pacliMpeHum. Ecim
F — noue, cogepxkaree noanosne P, To F HAa3bIBAETCSA TaKXKe PACIIIpPe-
areM noist P [BA I, rui. 4, § 3]. Mel orpann<muMcs BHAYATE IPOCTENIIM
caygaeM, korga pacumpenue F' = P(6) nonydeno u3 noms P npucoenn-
HeHueM (BHYTPU 3aJaHHOTO mosA F') enmuHCTBEHHOrO siaemeHTa § € F.
Tosopsar, aro P(8) — npocmoe pacwupenue noas P, a 8 — npumu-
muekvil saemenm >Toro pacumpenus. 1o csoemy cumeicay P(f) — mome
OTHOILIEHNH LEJOCTHOrO koabua P[]. Daement 6§ mpancyendenmen Hax
P Torga m Toibko Torga, korjga pacmmpenue P(f) mzomopdHO mommo
panuoHaabHEIX apoben. Ecau, ogmako, § — aareOpamdeckuyu >JIeMeHT,
to P(#) = P[X]/(f(X)) (ra. 4, § 1, Teopema 2). 3gecy f(X) — me-
MPUBOAUMBIN MHOT'OWIEH cTerneHu n > 0, KOpHEM KOTOPOro ABAAETCA 6.
O6patno: eciu f[X] — HENPUBOAMMBINL MHOTOUJIEH, TO, KAK MBI 3HAEM U3
. 4, KaHoOHIYeCcKuM 00pa3oM cTpourTca nose F', B koropom f obaamgaer
X0Tsa OBl OgHUM KOpHeM (HazoBéM ero 6). U3 mocTpoenus BugHO, 4TO F
OTOX JECTBJISAETCA C MHOXKECTBOM DJEMEHTOB BUIA

ap+af+...+a,10""', a;€P, n=degf.

s saemenTos koabia P[6] sTo oueBnano (paszgeants g(X) ma f(X)
¢ ocrarkoM u moxcTaBuTh X = 6); nenenme xe B P[f] ocymectsiaa-
erca Tax: ecma g(X) = ap + a1 X + ... + a,_1 X", To menmpusoau-
MmocTs f BaeuéT pasernctso HO(f, g)=1 u cymecTBOBaHUE MHOTOWICHOB
w(X),v(X) crenenu < n, 511 KOTOpuIX fu+gv = 1; orciona g(f)v(f) = 1
u 1/g(8) = v(f). Yucao n MOKHO CIMTATH PA3BMEPHOCTHIO BEKTOPHOI'O
npocTpaHCTBa Hal P ¢ 6a3ucHBIME nemenTamu 1,6,...,67 71,

B cayvae npousBoibHOro pacumpenus F' D P Takike 1eaecoo0pasHo
paccmoTpeTsh F' kax BekTOpHOE mpocTpancTBo Han P. Ero pasmepHocTs
dimp F' (BO3MOXKHO, 6eCKOHEYHY0) MBI 0603Ha4MM |epes [F : P] u Ha-
30BéM cmenewvio pacwupenus F wad P. Ecm F = P(6), To [F : P
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HA3BIBAETCS TAKIKE CIMENEHbIO NPUMUMUBHO20 daemenma. IIOHATHO, 9T
1A TPAHCHEHJEHTHOTo saeMenTa € F cemeiictso 1,6,62,. .. muHeitno
HezasucuMo Hag P u [P() : P] = co. C gpyroit CTOPOHBL, U3 CKA3AHHOIO
BEBIIIE BBITEKACT CAeAYIOIIEE YyTBEPXKICHUE.

Teopema 1. [Iycmb F — Kakxoe-mo pacwupenue noas P. Iaemenm
0 € F aazebpavuen wad P moeda u moavko mozda, xozda [P(6) : P] <
< 00. Kpome mozo, aszebpauunocms 0 saewém pasencmeo P(0) = P[6)].

Haszosém K D F D P deyromascnotl 6awneti pacwupenut. OHa 1mo3-
BOJSIET TOBOPUTH O TPEX BEKTOPHBIX npocrpancTBax: K /P (K unaxg P),
K/F (K nag F) u F/P (F nag P). Ix pa3MepHOCTHU CBA3aHBI COOTHO-
MICHAEM, AaHAJOTMYHBEIM COOTHOMICHUIO MJIA WHAEKCOB MOATPYIIL.

Teopewma 2. B 6awne pacwupenutt K O F D P cmenens [K : P)
Koneuna moeda u Moadbko mozda, xKo20a Koneuwwvy cmenewy [K : F] u
[F': P]. B cayuae uT KoMewHOCTNU CNPAGEIAUBO COOMHOULEHUE

[K:P]=[K:F]|F:P].

HoxasaTeabcrso. [Ipegnonoxue cHadana koHedHocTs [K : F
u [F : P], suibepem P-6asuc fi,...,fn B F/P u F-6a3uc ej,...,e, B
K/F. Torga mobou saeMeHT & € K 3aNuCHIBACTCSA B BULE T = jQj€j C
aj € F. B cBoo ouepens «aj = ,pijfi ¢ pij € P. CregoBarens-
HO, T = Zm pijfi€j, @ MBI BEOMM, ITO MN DJIEMEHTOB f;e; JUHEHHO
mopox garoT K max P. [IpeamomoxuM Haaudue JUHEXHOU 3aBUCAMOCTH
>_i.; bijfiej = 0 mpu mexoToprix p;; € P. Torga

0= Zpijfiej = Z(Zpijfi)ej = Zpijfi =0=pi; =0
ij PR i

mmaBeex i =1,...,m; j=1,...,n, TOCKOIbKY €1, ..., €, JAHETHO HE3a~
BucuMbl Han F, a fi,..., f, iusenno wesaBucumbl Hag P. Crano ObITSH,
MmN 21eMeHTOB fie; COCTABIAIOT 6a3KUC BEKTOPHOIO mpocTpancTsa K /P
u[K:Pl=nm=[K:F|[F:P].
O6parHo HepaseHcTBo [K : P] < oo Breuér koHeuHoCTb [F' : PJ,
nockonbKy F'/P — mognpocrpanctso npocrpanctsa K/P. Ecmu (aq, . ..
.., a,) — P-6asuc gus K, To npousBonbHBEIN diaeMeHT & € K Oyger aum-
HEMHOU KOMOWHAIMEN ay, . . ., a, ¢ Koddgduiuenramu B P u Tem 6omee —
¢ koo(ppunmentamu B F'. Hag F' auc/io TMHENHO HE3ABUCUMBIX 3JIEMEHTOB
CPeAU Ay, . . ., Qpr MOXKET JUIIb YMEHbIINThLCA. Taxum obpasom, [K : F] <
< oo. O

Caencrsue. Ilyemv F' — pacwupenue noas P, A — mnosxcecmeo
scex mex saemenmos u3 F, xomopvie aseebpauunvt nad P. Toeda A —
nodnoae ¢ F, codepucawee P.

NokaszaTeanbcTBo. Kaxauim saeMent t € P aBiaseTcs KOpHEM Ju-
HenHoro muoroureHa X —t € P[X], rak uro P C A. Ilycrs, naree,
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u,v € A. Torga mo teopeme 1 umeem [P(u) : P] < 00. DaeMeHT v, aare6-
pamueckun Hag P, 6yger anre6pandeckum u Haxy P(u), T.e.

[P(u,v) : P(u)] = [P(u)(v) : P(u)] < oo.
Cormacuo Teopeme 2
[P(u,v) : P] = [P(u,v) : P(w)][P(u) : P] < co.

Tax kax u — v,uv € P(u,v), To cHOBa WO Teopeme 1 mmeeM u — v,
uv € A, T.e. A — nogkonbuo B F'. OHO siBAsieTCA TOJIEM, TTIOCKOIBKY

0£Au€ A= [Pu'):P]=[P(u): P<oo. O

Pacmmpenne F' D P maswiBaeTca agz2ebpauueckum wad P, eciu Bce
aneMeHTH u3 F anrebpanunnr mang P. Kaxngemn sremenT o aare6Gpan-
YEeCKOI'O paCHIMPEHUA ABJJAACTCA KOPHEM HECKOTOPOTO OTJIMYTHOI'O OT HYJIA
HOPMAaJIM30BAHHOTO (T. €. CO cTapmuM KO3pUIMEeHTOM 1) MHOrOWIeHA
f € P[X], saBucamero ot . Eciu f(a) =0 u g(a) # 0 gua modoro 0 #
#g € P[X] cdegg < deg f, T0 f = fo HABBIBAETCA MUHUMAALHBIM MHO-
20UAEHOM dAeMmeNMa . MUHUMAIBHBIN MHOTOWIEH HEMPUBOAUM HAT P,
OHOBHAYMHO ONPEIETEH U €r0 CTENEeHb COBIAIAET CO CTENEHBIO DJIEMEHTA
6] (‘IaCTO MHOI'OYJIEH, HOJIy‘Ia,IOH.IHfICfI 3 MUHNMaJBbHOI'O YMHOXKEHNEM Ha
KOHCTAHTY, TaKXKe Ha3BIBAETCS MUHUMATLHBEIM). Bce pasmudHbie KopHI
MHOT'OWIEHA fo CIUTAIOTCA CONPaNcEnnbimy ¢ . OObICHEHUE DTOU Tep-
MuHOJOrUU faéT Hike TeopeMa 3. Eciu char P = 0, To uncio pasiuasbIx
kopHen coenajgaeT ¢ deg fo (cm. [BA I, ru. 6]), HO B o6mem ciaydae 51O
He Tak (cM. ymop. 4 u 5).

CoryacHO MOTYyYeHHBIM pe3yabTaraM pacumperne F D P koHedHon
crenenu [F : P] ABIAETCA KOHEUHbIM GA2€0PAUUECKUM, T. €. OHO IIOJY-
vaeTcsa u3 P mpucoeguHeHneM KOHEYHOTO YUCIA ANIre0pamdecKux Hie-
MEHTOB Q. . . , Q. OOBPATHO: 8CAKOE KOHEeUuHoe aa2edpauseckoe pacuii-
penue F' = P(ay,...,qn) umeem xoneunyo cmenewvb. B camom meme,
felag) =0, 1 < k < m, fr € P[X]. Dnement «j, aarebpandeckun
Hag P, Oymer, ecTecTBeHHO, anrebpamdeckuMm u Hag P(aq,...,ap_1).
Suaunr, [Plag,...,or): P(ag,...,ap-1)] <00 ¥ B COOTBETCTBUU C
TEeopeMon 2

[F: P]=[P(ai,...,anm): P]=

[Plag,...,ar) : Plag,...,ax—1)] <oco. O

[
s

k=1

IIpumep. Ilone F = Q(\/Z \/§) KaK BEKTOPHOE IIPOCTPaHCTBO Han (Y 4eThIpéx-
mepro: F = (1,v/2,v/3,V6)q, T. e. Kaxabii snemenT o € I 3ammchiBaeTcsA B BUJE
JUHENHOU KOMOMHAIMU o« = a + b\/§ + C\/§ + d\/(_i C palMOHAJIBbHBIMU KOOPAMHATAMU
a,b,c,d. C 1pyrou CTOpOHBI,

F=(1,0,0%,0%q, rme 0=+v2+3.
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[lencTBUTEIBHO,

9 1 11, 1 5
2=—20+4+-0% +V3=—"0-20% V6=—-= 02.
V2 3013 V3 2 2 & 5 *

N =

[TpUMUTHUBHEIA 31eMeHT § MMeeT MUHMUMATBHLIA MHOTOWIEH fo(X) = X4 —10X2 +1
C KOPHAMHI

0 =0=v2+Vv3, 00 =v2-3,
0 = —v2+v3, oW =-v2-V3

O6paTuM BHUMaHUE HA TOT (HAKT, 9TO F ABIACTCA TOJEM DA3JIOKEHWUA MHOI'O-
anena fp(X), npuaém

F=0q0W,0,0% ™) =q®),  i=1,2,3,4.

B o6men Teopun ["arya Takoe mose 6b110 6Bl HA3BAHO HOPMALbHbIM. [luarpamMMa mosn-
noaeu noas F
F

Uv2) QVE) » V3)

Q

[OXOXKa HA A¥arpaMMy HOATPYIIl YeTBEPHOU Ipynnbl Vi, u 9TO He ClydanHo. Ecin
MBI PACCMOTPUM IIPOU3BOJBHBIN aBTOMOpdu3M ¢ : ' — F'| TO U3 COOTHOLIEHUN

Pz +y) = 2(z) + 2(y), P(zy) = e(2)P(y) Vz,y € F,

crefyer, 9T0 P MOMHOCTHIO ONPEAeNAeTCA CBOUM JEUCTBUEM HA NPUMUTUBHBIN Die-
menT 6. [Nanee, ®(a) = a Va € Q, nosromy

B(0)* — 108(0)* + 1 = B(0* — 100° + 1) = (0) = 0.

Buaunr, $(0) — onun u3 xopuein (), ¢ = 1,2,3,4, ¥ MBI IPUXOJUM K 3aKIIOHE-
HUIO, YTO I'pynna Bcex aBToMopdusmo Aut(F/Q), nassiBaemas Takxke epynnot I'a-
aya G(F/Q) nau G(fy), umeer nopsagok 4 = [F : Q). I'pynn nopsagka 4 ¢ TOIHOCTHIO
10 m3oMopdu3Ma BCEero [IBe: IUKINYECKaaA Z4 U Lz X Zz = Vi. HenocpencTBeHHBIE
BBIYUCIEHUA IOKa3bIBaioT, 4T0 Aut(F/Q) & Vj.

Jlerge Bcero B aToM y6eauTncs, paccmorpes npencrasiaenue Aut(F/Q) nepecra-
HOBKaMu Ha MHOxecTBe §) = {1,2,3,4}, sueMeHTaMM KOTOPOIO HYyMEPYIOTCA KOPHU
6. Ecau, nanpumep, ®(01)) = 0 1o

02 = 1 = 1Pe(p?) = -1 =
= d(0P) =01, 03 =—-00®)=—9g1) =¥

T.e. & & (12)(34) = 0. Anamormuso mosmydatorcs aBromopduaMbl (13)(24) = 7 u
(14)(23) = oT.

Ocraércs 106aBUTh K CKA3aHHOMY, YTO LUKINIECKAA MOATPYIIA (0) OCTABIAET
ITORJIEMEHTHO HEIIO[BIKHBIM TpoMexyTounoe nogmote Q(v'2) u (o) aBiserca rpym-
moir G = F/(Q(v/2)) Bcex aBToMopduamop (rpymmoit Farya) moas F oTHOCHTENLHO

13 A.M. Kocrpukuu
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mogmoas Q(v/2). AHATOrWYHO, MONAME WHBAPHAHTOB miA (T) m (0T) CIyXaT cOOT-
sercreenno Q(v/3) u Q(v/6), a rpynmamu Tarya G = F/(Q(V3)), G = F/(Q(\/6))
GyayT B CBOIO odepexb (7) u (o7). Mbl IpoBepmIN HA 9aCTHOM LPUMEPE CIPABEIJIN-
BOCTH OMEKTUBHOI'O COOTBETCTBUA l"a,nya MeEX Yy NOANOJAMUA HOPMAJBbHOI'O IIOJA Fu
IOATPYHIIIaMA €I'0 I'PYIIIIBL aBTOMOpq)PI3MOB.

2. zoMmopdusM mojen pasgoxenuda. B § 1 ru. 4, rie onpenene-
HO ¥ IOCTPOEHO mOJe pasnoxenus F' Haxy P HOPMaJIM30BAaHHOI'O MHOI'O-
4JIeHa, OTMeYalI0Ch, YTO B IOCTPOEHUN UMEIOTCS DIEMEHTHI IIPOM3BOJIA.
TMoBTOpsas cenvyac 3Ty KOHCTPYKIMIO, MBI MOTVIM OBI JIUIIIb CKA3aTh, ITO
[F : P] < n! (mocrapantech moHaTs, nodemy). Ho Ha camom gene Bce
moJis pasnoxenus Hany P panmoro muorowiena f uzomopdubl. UT0OO6BI
YTOYHUTH 3TO BBICKA3BIBAHUE, PACCMOTPUM HECKOIBKO OoJiee OOIIYIO CH-
ryaunuio. Cortacuo Teopeme 3 § 2, rui. 5 us [BA I] mo6oe msomopdroe
orobpaxenue ¢ noas P #a mone P nponomkaeTcs e[MHCTBEHHBIM 06pa-

oM 10 msomopdmama P[X] ma P[X], Tax uro

f(X) :$n+a1Xn_1+...+an»—>f(X) =pxf=
= X"+ p(a) X" 4.+ p(ay).

Teopema 3. IIyemv ¢ : P — P — uzomopduazm noaet; f €
€ P[X] — nopmasuzosannvili mwoeouserw cmenewu n > 0, f=oxf —
€20 06pa3 npu u3omopPuame px; F,ﬁ — NOAA PABAOHCEHUA MHOL0UAC-
noe f,f nwad P u nad P coomsememeenno. Tozda © npodoaxcaemcs
do usomopfusma ® : F — F k< [F : P] cnocobamu, npuuém k =
= [F': P), ecau sce xopnu muozouaena f(X) pasauunbl.

MokaszarteabcTno. Jran 1. Buagaze paccMoTpuM ciydan mpo-
U3BOJIBHBLIX pacumpenuun K D P, K > P. IIycts § € K — anrebpan-
YEeCKUM DJIEMEHT ¢ MUHUMAILHBIM MHOTOWIEHOM g = gy € P[X]. YTBepx-
IAETCsA, ITO u3oMoppusm ¢ : P — P IpOZOIKAETCSA 10 MOHOMOpPU3-
Mma p: P() — K B TouHOCTH Torjga, Korjaa § obramaer kopueM B K,
OpUIEM IUCJI0 TPOLOKEHUNM COBMAAAET C YUCJAOM PABIUIHBIX KODHEU
MHOT'OYJIEHA § B K.

[encTBUTENLHO, U3 CYLMIECTBOBAHUA P CJAEAYET, 9TO daeMeHT p(6) mou-
JKeH OBITh KOPDHEM § :

9(0) = 0= g(p(8)) = p(g(#)) = 0.
O6parso: ecn g(w) = 0, To Kery) D g(X)P[X], rae ¢ : P[X] — K —
romMoMopdusM, onpeneréuusi coorsercraueM u(X) — 4(w). Kak u B
ClIydae TPy, ¢ WHIYIUPYET TOMOMOP()I3IM
¢ : PIX]/g(X)P[X] — K

(u(X) 4+ g(X)P[X] — a(w); ecin 5TO He COBCEM SICHO, TO HYKHO CHOBA
00paTUTHCA K pe3yabTaTaM . 4). 3aMeTuM, 9TO BBUIY HEIPUBOJUMOC-
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T g(X) daxropxomsuo P[X]/g(X)P[X] — mome, Tax 9T0 1) — MOHO-
MopgusM. ToUHO TaKuM XKe CIIOCOO0M OMpeNeIIeTCa B30MOP(GU3M IOoJIen
o : PX]/g(X)P[X] — P(6) (w(X)+ g(X)P[X] + u(f)). Kommo-
3ummA p = 1h 0 G ' aABIAETCA MOHOMOPMHBIM oTOGpaxkenueMm P(f) B K
(p(u(9)) = @(w)). Tak xax P(f) nopoxgaercsa vag P smementom 6, To
p — €IMHCTBEHHOE MPOJOLKEHUE (o, Tepepoasdmee § B w. ITO U 03HAYA-
€T, YTO YUCI0 PABIUIHBIX MOHOMOD(MU3MOB p C OTDAHUUEHUEM p |p= ¢
DABHO 9MCITy PA3MMYHEIX KOpHei morowiena §(X) B K.

Oran II. Ilone pasnoxkeHus CTPOMIOCH MOCIEIOBATEILHBIM IIPUCO-
eIUHEHNEM KOPHEU HeIPUBOUMBIX MHOTOWIEHOB. Vcnons3yem nasee uH-
nykumio o pasmeproctu [F : P]. Hpu [F : P] = 1 muorowien f pasaa-
raercs Ha auHenHble MHOKuUTEH yxke B P[X]: f(X) = (X —¢1) ... (X —
—¢n). B maxom cayuae f(X) = (ox f)(X) = (X —¢é) ... (X —é,). Kopan
€1, ..., Cn MHOTOYICHA f cogepxkarca B P, a mockoabKy F' mopoxmaeTcs
nvmu Hax P, 1o F' = P, tak uto ® = px — equHCTBEHHOE IPOIOIKEHIUE.

Ilpu [F : P] > 1 pasnoxum f(X) man P Ha HOpMaIM3OBAHHBLIE HE-
NPUBOUMBIE MHOXUTENN, CPEIN KOTOPBIX TOMKEH OBITH XOTsA OBl OTVH
MHOrOWIeH crenenu m > 1. O6osuaunm ero g(X). Tak xkak

f(X) = 9(X)h(X) = f(X) = (px /)(X) = 9(X)h(X),
TO HAJ TOAAME pasIoxkerna F i F uMeioT MeCTo pasIoxKeHna MHOTOIe-
HOB
g(X) = (X =01)...(X = bhn),
X)) =(X-w1)...(X —wp), m<n.
Beuay mempusogumoctu ¢(X) ABIAETCA MUHUMAJIBHBIM MHOI'OYIEHOM
snementa 0 vag P u [P(6,) : P] =m.

Eciu cpenu wy, ... ,w, uMeeTCsa | PasIuMvIHBIX, TO COIVIACHO STy 1
HanAEéTCa | MOHOMODP(MHEIX OTOODAXKEHUU pi,...,p; pacmupenus L =
= P(6,) B F ¢ orpanmaenuen p; |p= ¢. KOHCTpYKIHA IO PA3IOKCHN
TAaKOBA, YTO F' MOXHO CYMTATH IOJEM DA3JIOKEHUd HajJ L MHOrOUIEHA

feL[X]a F MOXHO CYMTATD IOIEM pasiokenns Hal p;(L) MHOrOwIeHa
f(X) mpm sro6om ¢ = 1,2,...,1. ITo Teopeme 2 nMeeM HEPABEHCTBO
F:P
[F:L]:u<F:P]7
m
TaK 9TO MO MPEATIOJOKEHUIO MHIYKIMA KaXKIBI U3 p; MOXKHO TIPOTOJI-

XKUTb 10 m3omopduama ®; ; 1 ' — F, npuaém Imcao Takux IpoJo/Ke-
HUR (MUCJIO UHIEKCOB j) He mpeBocxXoauT [F' : L] u paBHO >TOU BepXHEU

rpaHulle, ecjau Bce KOpHU B F' MHOrowIeHa f pasanmvsbl. Tak xax
i l=pi, 1<J<[F:L], pilp=e,
T0 ®; ; — mpojomKeHue , IPUIEM
pi # ps = @i j # @ mpu i # 5.

13*
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Crano 6bITh, Bcero nonydaerca k < m[F : L] = [F : P] npogomKeHunl
m3oMopduU3Ma . DTO HEPABEHCTBO MEPEXOAUT B DABEHCTBO, €CJAM BCE
KOPHII MHOI'OWICHA [ Pa3/IMdHBL

dran III. Iycre, Hakowen, ® : FF — F— TIPOU3BOJBHOE TIPOIOJI-
xkenue usomopdusma . Kak u B srane II, orpanuyvenue ¢ |1, 6yay«am
MOHOMOPGhHBIM OoTOOpaxkenuem L B F , COBIagaeT C ONHUAM U3 p;, & B
TaxkoM caydae ® cosmagaer ¢ ogaum u3 P; ;. O

Caenctsue 1. Jiobvie dsa noas pasaoscenus F, F nad P mmnoeo-
uaena [ € P[X] uzomop@moi.

[lencTBUTEIBLHO, TOCTATOYHO MOJOKUTL P = P B Teopeme 3 u B3ATH
3a @ eIMHUYHOE oTOOpaxkenue mouast P ua cebs. O

Caegcrsue 2. I'pynna asmomopdusmos Aut F/P 06020 noas
pazaosxcenus F' wad P mnozousena f € P[X] koneuna u umeem nopadox
< [F : P]. Ecau sce kopwu muozouaena f(X) paszauunsi, mo |Aut F/P| =
=[F:P].

[JokazaTeabCTBO HEIOCPEICTBEHHO CJAELyEeT U3 TeopeMbl 3. [

3ameganue. Xors nosne pasioxenus F wmag Q (wim mapg mo6biM
APYTUM YUCJAOBBIM HogeM) MHorouwreHa f € Q[X] MoxHO camTaTh BIO-
2KE€HHBIM B IIOJIE (C KOMILICKCHBIX YUCEJT 1 TeM CaMBIM OJHO3HAYHO OIIpe-
NETEHHBIM, CJIEICTBUE 2 MOKA3LIBAET, YTO U B 3TOM CJIYIae UMEJIO CMBICT
pasobpaTh TOKa3aTEILCTBO TEOPEMBI 3.

Pacmupenune ?/ P nasbiBaeTcs aa2e0paunueckum 3ambikanuem noas P,
eCa OHO aIre6pamdHo 1 moae P aarebpamdecku 3aMKHyT0o. CpaBHATEIb-
HO HETPYAHO NOKAa3aTh, IYTO BCAKOE moae P oGmagaeT aarebpamdecku
3aMKHYTBIM PACIIIPEHNEM, OTHO3HAYHO ONPENeNEHHBIM C TOYHOCTBIO 10
P-nzomopdusma. Joboe arrebpandeckoe pacimupenue F/P MOXHO BIO-
xuth < [F : P] cnocobamu B arrebpamteckoe 3ambikanue P mons P.

3. CymecTBoBaHNe NMPUMUTUBHOIO djeMeHTa. MHOrOwIeH u3
P[X] naswiBaeTcs cenapadeabrbim, €CIU €rO HEIPUBOLUMBIE MHOXKUTE-
JM UMEIOT Pa3InvHble KOpHU. [lose P Ha3BIBACTCA COGEPULEHHbIM, KOIb
cKOpO Kax Ab MHOro4wIeH f € P[X| cenapabenbuem. IloraTHo, 9TO JIO-
60e moae P HyjaeBou xapakTepucTuku Oyaer coseprieHHbiM. C apyron
CTOPOHBI, BEPHA

Teopemad. Ilyemv P — noae zapaxmepucmurku p > 0. Toeda
P oydem cosepwennvim 6 mounocmu npu P = PP (mmoncecmeo p-z
cmenenet ecex anemenmos u3 P).

HoxkaszareabcTBo. Ecm PP ;C,: P u a€ P\ PP, TO MHOrOWIEH
X? — a mempusogum (cM. Hmke yop. 4). Kpome Toro, (XP — a)' =
= pXP~! =0, Tax uro XP — a — HecemapaGeIbHBEIE MHOIOWICH, a 3HA-
auT, P — HECOBEpPIIEHHOE TMOoJIe.

O6patno: mpeamonokuM, 9o f(X) — HecenapabenbHBIN HEIIPUBO Y-
memt  mHOrouwren B P[X], Te. HOIA(f,f') #1. Torma f(X)=
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= ap + apX? + a2, X?* + ... Ecm a; = bY nna mo6oro i, To f(X) =
= (bo +b; X +b2X” +...)P — npoTtusopeunue ¢ HenpusoauMocThio f(X).
CaenoBarensno, a; ¢ PP pns mekoroporo i, a mostromy PP # P. O

Koneunoe anre6panveckoe pacumpenue F' D P, mosyJatomieecs mpu-
coenHeHneM K P KOHEYHOrO YHCIa CenapadeJbHBIX DJeMEHTOB (KOpHen
HENPUBOAUMBIX CENAaPAOeIbHBIX MHOI'OWIEHOB), HA3bIBAETCS CENapabesb-
HoimM pacuupenuenm. Ecaum He TPUBIEKATH K PACCMOTPEHUIO AAredpandec-
KHNE 3aMbIKaHUA F II0JI1 P, TO MOXKHO OI'DaAaHUYINTBHCA ITOJIAMUA a.llr‘e6pan—
9eCKUX UCENT, BAOXKEHHBIME 110 onpenenenuio B C.

Teopema 5. IlIycmv F' — xoneunoe pacwupenue noas P. IIpumu-
musnbilt daemenm 0 € F (xoeda F = P(0)) cywecmsyem 6 mounocmu
moeda, Ko2da wucao npomexcymounviz noaett E (F D E D P) xoneuno.
Ecau F cenapabeavno nad P, mo npumumusnvii ssemenm 6 cywecm-
syem.

HoxaszaTteanbcTBo. [Jusa KOHEYHOrO mOJsT P BCE SICHO, TIOCKOJIBKY
F* = (0), u 0 6yner npuMuTUBHLIM di1eMeHTOM. Cuntaem P Geckoned-
HBIM.

IIpeanonoxum cHAYATA, 9TO YUCJAO IPOMEKYTOIHBIX MOJEU KOHETHO.
IIycts v, f € F. 3acTaBus ¢ mpoberaTs mo daeMenTaM u3 P, Mbl noryaum
[0 YCJIOBUIO JUILIb KOHEUHOE ducio notern tuna P(a + ¢ff). Crenosarens-
HO, HAULYTCA ¢1,Co2 € P, €1 # ¢o, Takue, 9TO

E:= P(a+c1f) = Pla+c:f).
3aMeTuM, ITo
ataf,at+efe b= (ca—-a)fce E= e E= ack,

tr.e. P(a, ) = E = P(a + ¢1 ). JeucTBys 1m0 MHAYKUMY, IPUXOLUM K
BBEIBOAY, uTO ecau F' = P(ay,...,qy), TO HAUAYTCA Ca,...,Cp € P, nusa
KOTOPBIX

F =P(9), 0 =a; +coas + ...+ cpo,.

ODTO MOKA3LIBAET MOJOBUHY MEPBOIO YTBEPK [CHU.

O6patHo: mpexanonoxuMm, uro F' = P(f) mia mexoroporo 8 u f =
= fo(X) — muHMMampHbIM MHOTOWIeH mit 6. Ilycte P C E C F, n
IyCTb §E,¢ — MUHUMAJIBHBIL MHOrOWIeH mid  Han E. O4eBugHo, gp ¢
neaut fp. Ho F[X] — gakTopuanibHOe KOIbIO; JI0O0U HOPMAIU30BAHHBIN
muorowred u3 F[X], nemammn f(X), paBen npousBefeHNI0 HEKOTOPOTO
qucia MHOXUTERen X — oy, The af,...,q, — kopuu f. CremoBaTens-
HO, UMEETCS JUIIb KOHEIHOe YUCA0 TAKUX MHOTOWIEHOB. MBI mostyvaeM
orobpaxenne F — gp U3 MHOXKECTBA IPOMEXKYTOYHBLIX MOJEN B KOHEY-
HO€ MHOXKECTBO MHOT'OYJIEHOB.

IIyctes Ey — moxmose B E, nopoxaéunoe Hax P kospduiuenTamu
B gr(X). Torga gg umeer koadduiyenTs B Fy U ABIAETCA HEIPUBOLU-
MbIM Hal Fy, TOCKOIbKy oH HenpuBoguM Han F. Ctano ObITh, cTeneHb
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saemenTa 0 mag Fy coBmamaer co crenenbio § man E, a 570 1aér paBeH-
ctBo E = Ey. Takum ob6pasom, Haie moae F 0THO3HAYMHO OIPEeIeIaeTCa
ACCOIUUPOBAHHLIM C HUM MHOT'OWIEHOM ¢f. IlooToMy oToOpaxenue E —
— ¢p UHBEKTUBHO. JTO 3aBEPIIAET A0KA3ATEALCTBO IEPBOTO YTBEPK I€-
HUS TEOPEMHI.

YTo KacaeTcs yTBEPKIEHUS OTHOCUTEIBHO CEmapadeJbHbIX PACIIn-
peHunl, TO, MEUCTBYA MO MHIYKIIUU, MBI MOXKEM 06e3 MoTepu OOIIHOCTH
npeanogarars, ¥to F' = P(a, 3), rge «a, 8 cemapabensust nag P. Ilycrs
©1y- .., Pn — pasnaudHble BAOKeHUs P(a, ) B arreGpandeckoe 3aMbIKa-

uue P noas P. ITomoxum
FX) =[] (pia+ XoiB — pja — Xp; ).

i#j
Torga f(X) # 0, nu mosromy Haunércsa ¢ € P, mua koroporo f(c) # 0.
DaemeHTH p;(a 4+ ¢f) npu i = 1,...,n Pa3IUIHLI, OTKYAA CIELYET, ITO

[P(a+¢f) : P] = n. Ho [P(a, B) : P] = n, nosToMy
P(a,B) = P(a+ c¢f).

[pyrumu cioBamu, § = a + ¢ff — IPUMATUBHLIN daeMeHT. [

YIIPAKHEHNU S

1. ITokaszars, 9T0 pacmmpenue F D P npocTon creneHyr He uMeeT COOCTBEHHBIX
(# P, F) noamouen.

2. Hawru npuMuTuBHb saement pacmupenus Q(y/P,+/q), TAe p 4 ¢ — IpOCThIe
quCIa.

3. Hauru pasmeprocTs Hajg Q moas pasmoxenus MHOroweHa XP — 2.

4. Ilokazarb, yTo Hag moreM P xapaxkTepuctuku p > 0 mas mHOTO4UIeHA XP — @
MMEIOTCA JUIIL [Be BO3MOXHOCTH: OBITH HEIPUBOIUMBIM WX XK€ ObITH P-U CTEIEeHBIO
JVMHENHOrO MHOI'OYJIEHA.

5. IIycte Zp(Y) — moJse panuoHAIBHBIX APOGEM XapakTepucTuku p. Iloka3arTs,
g0 XP — Y — nenpuBoaumbi Hag Zp(Y) MHOrO4/IEH, BCe KOPHM KOTOPOI'O COBIA-
AIOT.

§ 2. Koneunrnie noJusa

1. CymecTBoBaHMe U €JUHCTBEHHOCTh. Ilomumo Z, = Z/pZ,
HAM BCTPEYAINCH U IPYrHe NMPUMEPHI KOHEUHbIX mosen. HacTano Bpems
BKJIIOYATH UX B 00uIyio Teopuio. IlepBble OYeBUIHBIE 3aMEYaHUsA OTHO-
CATCA K IPOU3BOIBHOMY KOHEIHOMY PACIIMPEHUI0 KOHEYMHOI'O MOJIA.

IIpennoxenue 1. Ilycmv F' — noae ¢ wuciom sAemenmos q u
K D F — pacwupenue cmenenu [K : F] =n. Toeda |K| = ¢".

dokaszaTeabcTBo. [JerncTBUTEIBHO, MOCAE BBIOOpPa 0a3uca BEK-
TopHOE npocTpancTBo K Hax F 0TOXIECTBIAECTCS C MPpOCTPancTBOM F'™
CTPOK (v, ..., Q) AIUHBL 1. Bee KOOPAUHATHL (v; HE3ABUCAMO APYT OT
Ipyra npuHuMaroT ¢ 3Hadvenuit u3 F. 3uaunt, |K| = |F"| = ¢". O
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MMpengnoxenune 2. Jwooe xoneunoe nose F umeem Koneunyo xa-
paxmepucmury p (p — npocmoe wucao) u |F| asasemesn cmenenvio p.

MoxaszaTeabcTBo. B camom gere, mpocTtoe moamoae P C F' B cuty
KOHeYHOCTH F' 101KHO OBITE N30MOPQHO HEKOTOPOMY MO0 Z, = Z [pZ.
Cornacuo npegnoxkenuto 1 koreunoe pacumpenue F' O P ¢ |P| = p umeer
mousocTs |F| = p™. O

Teopema 1. Jas xaxncdoeo xoneunoeo noas F u das xancdoeo ye-
4020 NOAOHCUMEADHOR0 UUCAG T, CYULECTNEYEM 00HO U, C MOUHOCTBIO D0
uzomopdusma, moavko odwo pacwupernue K O F cmenewu [K : F] = n.

NoxaszaTteabcTtBo. EnuuacrBennoctTs. llycte K D F — pac-
mupenne creneru n. CornacHo npegnoxenuto 2 |F| = ¢ = ¢ = p™,
p npocroe u |K| = ¢". CregoBarenbHo, MyJbTUIIMKATUBHAA IPYIIIA
K* = K\ {0} nmeet mopsgok ¢" — 1, a mOpAIOK KaxkAOro € dIeMeHTa
o Teopeme Jlarpauxka gemnr ¢ —1: 19~ =1 YVt # 0. D10 3Ha4UT, YTO
Bce paeMeHTHl o K (Bxaodas ¢t = 0) ABISIOTCA PA3ANIHBIMEI KOPHAMU
muorodwteHa X — X U nMeeT MeCTO PasIOKeHMe

XU -x=][&x-1.
teK

Hu vag kaxum COGCTBEHHBIM MOATIONEM T K ¢ 9ncaoM »1eMeHToB < ¢"
TAKOI'O PA3JIOKEHUs HA JUHEUHBIE MHOXKUTEJU OBITH HE MOXKET, MOJTO-
My K — mose paznoxenns Muorowrena X ¢ — X. O6pamasich K CIescT-
Buio 1 Teopembl 3 u3 § 1, MBI IpUXOAUM K TPeOyeMOMY 3aKIOYEHUIO.

CymecrBoBaHue. PaccyxaeHus npu 10Ka3aTenbCTBE €INHCTBEH-
HOCTHU MOACKA3BIBAIOT BO3MOXKHBIN MyTh nocTpoenus K. Boabmém 3a K
nose pasnoxenus Hag P = Z, muorounena f(X) = X 7" — X. Tak Kak
¢g=p", 10q-1=08K. Iosromy f'(X) =¢"-1-X9""1 -1=-1
u 1o mzecTHOMY KpuTepmio [BA I, ru. 6, § 1, Treopema 4] f(X) ne ume-
€T KPaTHBIX KOPHEH. JTO 3HAYUT, ITO HogMHOKecTBO Ky C K kOpHen
muorowiena f(X) mmeer momuocts |Kf| = ¢".

Tax xak Ky C K u char K = p, To coruacuo [BA I, ru1. 4, § 3, ynp. 6]
(z+y)P" = 2P +yP s m00LIX T,y € Kyuns=0,1,2,... (ormeTnm,
gro F' C Ky). B wactHOCTH,

tyeKy = (z+y)? =27 £y =z +y=a+yc K;.
Kpowme Toro,
1e Ky ()" =2y =2y = ay € Ky,
0£z€K;= () =27 =z7' € K.

Taxum obpazom, Ky — nogmone B K, cogepxxaiee F' 1 Bce KOPHE MHOT'O-

wiera f(X). B cooTBeTCTBUA ¢ ONpeseseHneM MO PABIOKEHIA TOLKHO

BBHINOJHATHCSA paBeHcTBO Ky = K. Crenens [K : F| paBHa n, MOCKOIbKY
K:F] _ — — N

¢*F = |K| = |Ks| = ¢". O
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Crnencraue. Jas xa#d020 Npocmoz0 wucaa p 4 044 Ka*I020 ye-
A020 NOAOHCUNEADHOR0 YUCAG N CYWECTNBYEN 00HO U, € MOUHOCTBIO JO
UZOMOPPUIMA, TOALKO 00HO NOAE C YUCAOM IACMENTOE P,

JoKaszaTeabCTBO3aKIOIACTCA B IPUMEHEHUN TEOPEME! 1 K 9acT-
HOMY caydaio |F| =p. O

2. Ilogmoasa m aBTOMOP@MU3IMBI KOHeIHOro moJsa. Kak yxe or-
Mmeuanoch B [BA I, ru1. 4, § 3], koHewIHOE TOJE € 9UCIOM DIEMEHTOB ¢ = p"
npuHATO 0603Ha4ATH cuMBooM [y, mmm, B dects J. I'arya, cumBosom
GF(p"). YcTanoBuM psj CBOMCTB KOHEUHBIX MOJEN.

Teopema 2. Cnpasedausvl caedyouue ymeepHcoerus.

i) Myassmunaukamuenas 2pynna F; wowneunozo noas Fy sasasemcs
yurasuueckot epynnot nopadxa q — 1.

ii) I'pynna asmomopdusmos AutF, woneunoeo noas F, ¢ wucaom
IAEMEHMO6 § = P" YUKAUYECKAA NOPAOKAE T, NPUUEM

AutF, = (B| &(t)=1t" VteT,).

iii) Ecau Fya — nodnoae noas Fyn, mo d | n. Obpamuo: xaxcdo-
my deaumeato d wucaa n omeeuaem posno 0dno nodnose {t € Fyn |
®U(t) = t} = Fya. Asmomopdusmei, ocmasastousue 3mo nodnose no-
anemenmuo nenodsuscnvim, o6pasyiom epynny Aut (Fpn [Fpa) = (@7).
Taxum 06pazom, umeemcs bueKMuUEroe cOOmeememsune mexHcdy nodno-
aam Koneunozo noas Fy u nodepynnamu eco epynnvt asmomopdusmos
(coomsemcemsue I'aaya).

iv) Ecau g = p" u F; = (0), mo 0 — npumumuenovii saemenm noas c
MUHUMAALHLIM Mro2outenom h(X) cmenenun uFy — noae passoscenus
nad F, mmnozousena h(X).

V) [as 4106020 HAMYPAALHOZO WUCAG M CYWECTNBYEM TOMA Obl 00U
Henpusodumblli muo2ouser cmenenwy m wad Fy.

JokaszareabcTso.i) CMm. Teopemy 11 u3 § 3 ru. 2.

ii) Bynem cmorpers Ha F, kak Ha koHeunoe pacmmperue F, D F,
creneHu n cBoero mpocroro nogmona F, = Z,. Tax xax F, — noxe
pasaoxenus MHOTOWIeHa X?¢ — X, BCce KOPHEU KOTOPOT'O PA3AUTIHBI, TO
coracHo caefcTBuio 2 TeopeMer 3 u3 § 1 |Aut Fy| = n. 3 coorHOmennn
(x +y)? = 2P + yP, (zy)? = zPyP, 1P = 1, OTMEYEHHBIX B XOJ€ HOKa-
3aTeNbCTBA TEOPEMHI 1, BUAHO, IYTO oToOpaxeunue P : t — tP sBasercs
aBroMopdusmonm noas F, (komeunocts F, cymecrsenna). Ecan ®° : t —
— P — eguHEYHLIN aBTOMOPQU3M, TO tP° — ¢ = 0 gua Bcex t € Fy,
OTKy[a CIeqyeT HEPABEHCTBO § > n. Ho mpm § = n MBI I€NCTBUTEIBLHO
[OJIy4IaeM eIMHIIHBIN aBTOMOPdu3M, Tak 410 [()| =n u (@) = AutF,.

iii) Corytacro mpegmoxenuio 1 p" = (p?)”, rae r — cTenens pacim-
perua Fyn D Fa. Hoaromy n = dr. O6paTso: ara mo6oro d | n BBegéM

nogmuoxkecTBO F' = {t € Fpyn | ' = t}. Tak kaxk n = dr = p" — 1 =
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="~ 1= (- 1k, o
XxP -l = x'-Dk _q _ (Xpal_1 - 1)g(X),
XP" X = (Xpd - X)g(X).

n
Tak xak F,» — mose pasnoxenusa mEOrowIeHa X? — X, To poBHO p® a7e-

MeHTOB u3 [F,» OyayT KOpHAME MHOrOWIeHa X P — X. U3 mux xax pa3 u
COCTOUT TIOIMHOXKECTBO F', KOTOPOE MOKHO Tenepb OTOX 1eCTBUTE C [Fpa .
OTUM DACCYXKJEHWEM, IYAIBHBEIM TeopeMe 1, yCTAHABIMBAECTCSA TAKKe
eIMHCTBEHHOCTH monoas ¢ p? sremenTammy.

SaMeTI/IM7 9TO 110 HOCTpOQHI/IIO
Fpo = {t € Fp | ®%t) =t}

— MHOXKECTBO BCE€X JJIEMEHTOB, OCTAIOIIMUXCA Ha MeCTe IIpu rZ[eI(/}ICTBI/II/I
(®4). Tax xax rpymma Aut(Fp. /F,) = (®) muxudeckas, To Hemocpes-
CTBEHHO BHJHO, ITO J060# aToMopduam B!, me mpuua piexamnmin ($?),
JeictByer Ha F,¢ HeeIuHWIHBIM 06pa3oM (JOCTATOYHO NPUMEHHTH P!
K o6pasytomeit rpymmst ;). DTo n 03HawaeT, 9TO rPyHNa OTHOCHTENb-

HBIX aBTOMOPdu3MOoB Aut(Fy» /F,a) coBmagaer ¢ (®?). Bakmounrensnasn
(bpasa B yrBepxAeHUHU iil) ©MEET TOT XKe CMBICI, 9TO U B IpuMepe 1. 1.

iv) Cosepiuenno oueBugno, uto F, = F,(0), ¢ = p". Hycre h(X) =
=X"4+a; X" ' +...+a, — MUHUMAJIBLHELII MHOTO™WIEH IPIMUTHUBHOIO
snemenTa 6. Tax Kak dJIeMEHTE IPOCTOrO NoAno/a ), HemOABMKHEL IPU
BCex aBTOMOpduU3MaX, a a; € F,, To, cTano 6b1Th, kKopuaMu h(X) aBii-

2 n—1
orca 8, 07, 077, .. ., 0F" . Bce oum comepxaTcs B HAIIEM IIOJE I
Fy(0,...,60"" ) =F,(0) = Fpm

— moue pasnoxenns Han F, muorowrena h(X).

v) Omwmpasce Ha Teopemy 1, noctpoum pacmupenue K O F, creme-
uu m. Cornacuo i) K* — nukmmueckas rpynma. Eciu K* = (0) u
h(X) — MUHUMAIBLHBI MHOTOWIEH IPUMUTHUBHOIO diaeMeHTa #, To K =
= F,(0) n deg h(X) = [F,(0) : F,] = [K : F;] = m. MunumajabHem
MHOT'OWIECH IO OmpefeeHuio HenpusoauM (Hax F,), mosTomy MBI nMeeM
TO, 9TO HyX)HO. [J

IToce HECJOKHBIX TEOPETUKO-YUCIOBLIX MPUTOTOBICHUU MBI IMOJIY-
UM TOYHYIO (POPMYITY IS UCJIA HEIPUBOAUMBIX MHOI'OWICHOB CTEIEHN
m Hax Fy.

3. ®opmyaa ob6pamenus MébGuyca u ee nmpumeHenus. Teope-
TUKO-9UCI0BASA (DYHKIUSA (1, ONPEACTEHHAS TPABIIAMY

1, ecim n =1,
p(n) =< (=1)%, ectm n=p;...px, p; PABIUIHBEIE TPOCTEHIE,
0, ecau N IeJuTCA HAa KBagpatT > 1,
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HasbIBaeTCA pynkyuet Mébuyca. AcHo, 9TO p — MYALMUNAUKAMUBHAA
PYyHKYUA B TOM CMBICIE, ITO 4 HE PABHA TOXKIECTBEHHO HYJIO U p(mn) =
= p(m)p(n) nus moGEIX B3AUMHO IPOCTHIX M U n. SICHO TakXke, 4TO ecan

n=p"...p", TO
> ) =" p(d),

d|n d|no

raeng = pi . ..pPr — CBOOOMHBIN OT KBAAPATOB MAKCAMAILHLIA JEIUTEIb
ancaa n. B cBowo odepens umcio geaurenenn d = p;, ...p;, TUCIA Mg C
(PUKCUPOBAHHBIM S PABHO (Z) Takum o6pasom, npu n > 1 umeeM

T

Sud =Y ud =3 () =a-1=0

d|n d|ng s=0

(cyMMupOBaHME B IEBOU YACTH BEIETCS IO BCeM feauTensM d > 1 neaoro
qucaa n). OKOHIATEIbHO HomydaeM (pOpMyJILy

Z”(d):{ (1): ectm n =1, 1)

ectm n > 1.
d|n

Tlonesna Taxxe €€ MOAUPUKATINAST

Z #(m>:{ 1, ecim d=m, )
n 0, ecmm d|m,d<m

d|n|m
(cymMupoBaHUe BeIETCA IO N, NETAWUM m U geasmuMcs Ha d). [logoxus
m = dt, n = dl u 3acraBuB | npoberaTb geauTenn IUCAA t, MBI JET'KO
nepengém ot (2) x (1), m o6paTHO.

®opmyay (1) (mm (2)) MOXKHO OBLIO GBI B3ATH 33 ONpefeteHne QhyHK-
uuun Mébuyca mo unaykuun. E€ eHHOCTD I HAC 3aKII0YEHA B CAELYIO-
eM YTBEPK ICHUN.

ITyemy f u g — dee npoussoavuvie Pynwxyuu uz N 6 M (M paeno Z,
R, F[X] u m.0.), ceazamnnbie coommoutenuem

F0) =" g(d). (3)
Tozda o
g(n) =Y n(5)£(@: (4)

d|n

B camowm gene, ¢ yaérom (2) HEMOCPEICTBEHHOE CYyMMUPOBAHME TIO 7,
JeAIIM M, 00enx dacTen (3), yMHOXKEHHBIX Ha pu(m/n), gaér

Su(Z)fm) = Yu(=) e = Y g@ Y () = gm).
| din

n|m n|m dlm d|n|m
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Ipocras 3ameHa o6o3HAUYEHUE NPUBOAUT K (popmyre (4), HazBIBaEMOU
dopmyaoti obpawenus Mebuyca. AuamoruaabiM 06pa30OM COBEPINAETCA
nepexox ot (4) x (3). O

Nmeercs emé MyJIbTI/IruII/IKa,TI/IBHHﬁ aHaJIOr (POPMYJBI OOpaIeHua
Méomyca: ecau f(n) =[]y, 9(d), mo

= [L 5@y . 5
d|n

[l MOKa3aTeJbCTBA HYXKHO IPOBECTU Te XK€ (POPMAILHBIE BBIK-
JAIKU:

II e = T [T o @ > =TI I a(@* /™ =

n|m n|m d|n dm d|n|m

= [[ g(@Zammrmm = g(m),

d|m
a 3aTeM CIerKa M3MEHUTH OOO3HAYEHUA.

IlpuBeném Tpu nmpumepa Ha npuMeHeHUE (HOPMYJIBL OOpPAIIEHI
Méobuyca.

1) Pywxyus diaepa . Mo onpegenenuto p(n) — €YUCJIO B3AUMHO
HpOCTBIX ¢ n uucen paga 1,2,...,n — 1, wim, YTO PABHOCWIBLHO,
p(n) = |U(Z,)| — nopagok rpynisl 06paTI/IMbIX DJEMEHTOB KOJIBIIA

Zn =14 /nl. I/13 yop. 5 § 1 n1. 3 HAM M3BECTHO COOTHOIIEHUE
n=> ¢d). (6)
d|n

Henocpeacrsenno no gopmyae (4) noaygaem

n n p(d)

p(n) = Zu(—)d => ud)5 =n) ==
d d d
d|n d|n d|n

Ecn n = pi™...p", o

Sy Lo ey

din p i<y Png pip2-..Pr

Takum o6pasowm,

o =n(1-2) (1-2) .. (1- )

— dopmyaa, KOTOpyo Mul npusoguan emé B [BA I] u u3 xoropoun Herno-
CPEJCTBEHHO BBHITEKAET MYJIbTUILIMKATABHOCTD (DYHKIIUU (.
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2) Kpyeosvie muozousenvi. llone pazmoxenus ['), nax Q muOrOwIe-
Ha X" — 1 HA3BIBAETCS KPY206biM WIN YUKAOMOMUYECKUM. TaK KaK Bce
KODHU CTeneHu n u3 1 06pa3yioT UMKIXIECKY IPYINY MOPSIKa 1, TO
kpyrosoe noae umeet Bug ',y = Q(¢), rae ( — 0OAUH U3 TPUMUTUBHBIX
kopaen (( € C). Mu1 xorenu 61 HauTu creness [, : Q u MunuManrbHBIR
MuorowieH siaemenTa ( Hax Q.

O6o3naunm cumBosoM P, MHOXKeCTBO MOmHOCTH | P, | = ¢(n) npumu-
TUBHBIX KOpHen cTenenu n u3 1. [loagrpynnsl MUKINIECKON TPYIIBL O~
PAAKA N HAXOIATCA B OMEKTUBHOM COOTBETCTBUU C IEIUTEIIMEA d TUCIA
n, a KaxbIi KopeHs (! momajaeT B HEKOTOpoe MHOxKecTBO Py. IloaTomy
“MeeT MeCTO pa30HeHre Ha HelepeCeKaIInecs KIacChl:

(1,6, =P (7)
d|n

(mepenas K MOIIHOCTAM MHOXKECTB, MBI CHOBA IPHILIA ObI K COOTHOLIE-
Huto (6)). Kpyeosvim muozouaenom, orsedaronmm [y, Ha3bIBACTCA MHO-

I'O4JIeH
2,(X) =[x -0
¢

crenenu p(n). B coorBercTBum ¢ paséuenueM (7) MBI IPUXOAUM K Da3-
JIOXKEHUIO

xr—1= [ =) =TI -0} =[[ea0).  ®
i=0 dln CEPs dln

Ipumensas k (8) MyabTuIMKaTUBHYIO GopMyay obpamenus MeEGmy-
ca (5), moy4aem ABHOE BbIpaxkenue mias P,

O, (X) = [J(X4 = 1yr/D)., (9)
dn
IIpu HECOIBIINX 3HAYEHUAX 7 UMEEM
P (X)=X-1, &(X)=X+1, &3X)=X>+X+1,
PyX)=X241, P(X)=X>-X+1, Pg(X)=X"+1,
Pe(X) =X+ X341, Pppo(X)=X"—X34+X>-X+1,
Ppp(X) =X - X2 +1.
3aMeTumM, 4To
?,(X)ezZX], ®,0)=1 n>1L1 (10)
Yrober npuntu K (10), MoxuO, Munys (9), I€NCTBOBATH 0 WHIYK-
. s HeGOABIINX N 3TO MPOBEPEHO, A NATEE PACCY K AAEM CJIEIYOIIIM
ob6pazom. Cunrasn
9X)= ] @u(x)

d|n,d#n
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HOPMAaJIU30BAHHEIM MHOIOWICHOM C IEJOYMCACHHBIME KO3(hQUIMEHTAME
U IPUMEHsAS AICOPUTM fefteHus ¢ octaTkoM (cM. [BA I]), mbr momyuaem
ONHO3HAYHO OTIPEINEHHBIE MHOTOWIEHH ¢, 7 € Z[X | Takue, 9T0

X" —1=q(X)g(X)+r(X), degr(X) < degg(X).

Ho X" -1 = ®,(X)g(X) B QX], u Mb1 Bugum, uro ®,(X) = ¢(X) €
€ Z[X], npumuém HOpMAIM30BaHHOCTD ¢(X ) BIeY6T HOPMAIU30BAHHOCTH
3, (X).
Emgé B [BA I] 6b11a yeTaHOBIEHA HEIPUBOAUMOCTD MHOIOWIEHA

O,(X)=(XP -1)/(X 1) =XPL 4 XP72 4 41,
rae p — MPOU3BOIBHOE MPOCTOE 9ucaI0. K BOmpOCYy 0 HENpUBOAUMOCTH
®,,(X) npu a1060M 1 MBI BeDHEMCS B CIEAYIOMEM maparpade.

3) Henpusodumvie muoeouaenvs had Fy. Ilycrs ¥ 4(q) — obiee 1ucio
HEINPUBOIMMBIX HOPMAIN30BAHHBIX MHOrOWIeHOB crenenn d Hax Fy, ¢ =
=p" , unyctsb f(X) — oguH U3 >TUX MHOrOWIEHOB. Ero moJe pasnoxe-
Hua Hag [y msomopduo xak daxropkoasuy Fy[X]/(f(X)), Tak u momo

PA3JI0KEHUs MHOTOWIeHA X ¢ _ X (crencTBue Teopemer 1). CymecTso-
BaHMe OOIIEero KOpHsA  y MHOTOWIEHOB X “ _Xu f(X) Breuér, B cuty
senpusogumoctu f(X), geaumocTs X7 - X na f(X). Tax xax X —
— X — gemrens muorowtena X — X mpu moGoM m = rd 1 TaK Kak

d o
X% — X He mMeeT KPATHBIX KOPHEU, TO MBI MPUXOAUM K BBIBOIY, ITO
m
B pasnoxenue X? — X man F, BXOZAT BCe yHHTapHBIC HEIIPUBOIUMBIE

MHOI'OYJICHBI
fax, faz, -y fawa(q)(X)

0601 cTeneHu d | m, IpuIéM POBHO IO OFHOMY Da3y:

X" X = H{Wﬁ) fd,k(X)}' (11)

dlm ~ k=1

Broraucaenve cTeneHed MHOTOYIEHOB, CTOAMMX B O0EMX IaCTAX Pa-
BeHcTBa (11), IPUBOAUT HAC K COOTHOLICHUIO

" =Y d¥,(g),
d|m

73 KOTOPOr'O HPSMBIM IpuUMeHeHueM (HOopMyJ sl obpamenus Méouyca (4)
noxygaercsa Boipaxenue 1ias U, (q):

()=~ u(2) o (12)
d|m

IIycTe, vanpumep, g = 2. Torga
1
B =52 -2 =1, W©)=(2-2=2
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W)= (2 -2) =3, W)= -2 =6,

Tg(2) = 6(26 —-28-2242)=09.

Popuyna (12) mokaseBaeT, 9TO ¢ BEPOATHOCTHIO, OMM3KON K 1/m, ciIy-
YaMHO BBIODAHHEIN HOPMAJIN30BAHHBIN MHOTOWIEH cTemeHu m Hang [
okaxkeTca HenpuBoauMbIM. O THAKO HET yI0BICTBOPUTEILHEIX KPUTEPH-
€B HEMPUBOAUMOCTUA KOHKPETHO B3ATOI'O MHOT'OWIEHA. UTO MOXKHO CKa-
3aTh, HAIIPUMED, O HEMpUBOAUMOCTH Tpéxwiena X + X* + 1?7 Bompocer
TAKOT'0 POA MOCTOSHHO BOBHUKAKOT B alre0pandecKON TEOPUU KOIUPO-
BAHUA U IPU TOCTPOEHUHU TICEBIOCIYIANHBIX TOCIEI0BATEIHLHOCTEN.

YIIPAXKHEHUSA

1. JokasaTs, 4To npu ao6oMm d | n, d < n, uMeeT MecTO cooTHOmeHne X" —1 =
= (X4 - 1)@, (X)hq(X), rge hg € Z[X].

2. Ilycte ¢ — nexoe momoxkurersroe ymcao > 1. Coruaceo (10) @,(q) € Z.
ITokasats, 4o ®,(q)|(¢ —1) = n=1.

3. IIpoBepuTh, YTO KPyrOBOM MHOI'OYJIEH

D15(X) =X —XT+ X5 - X4+ X3 - X 41,

paccMaTpUBaEMbIA HA I TOJIeM Fo , ABAACTCA IPOU3BEIEHAEM [BYX HEIIPUBO IUMBIX MHO-
rouresoB X% + X3 +1u X* 4+ X + 1. Wcnonws3ys 310 06CTOATENBCTBO, A0KA3aTh
senpusogumocTs P15(X) mag Q (cp. ¢ ynp. 11 u3 [BA I, ru. 6, § 1]).

4. IIpoBepuTh CIEAYIONME CBOUCTBA KPYTOBBIX MHOT'OWIEHOB.

Ecan p — mpocroe 4nciao u p | n, 10 ®pp(X) = &, (XP); ecan xe p f n, TO
Ppn(X) = On(XP)/Pp(X).

5. Ucxona U3 HenoYKM eCTeCTBeHHBIX BKJIIOYCHUN

GF(p) CGF(p*) c GFp*) C ...,
BBECTM TaK HA3bIBAEMOE IpejeabHoe moge {2y = GF(p°°!), noJaras
a € Qp < {a € GF(p™) upn gocTarodno 60asmonm n}.

Omnupasch Ha OCHOBHBIE CBOMCTBA KOHEYHBIX IIOJEH, NOKA3aTh, 4TO §)p — aareGpan-
9eCKM 3aMKHYTOe IoJe. TakuM 06pa3oM IOMIYyYaloTCsd, C y46TOM IOJA KOMIIEKCHBIX
qucen C, npumepsl aarebpandecku 3aMKHYTBIX [OJEH JI000M XapaKTePUCTUKHA.

6. Ilycts ¢ = p". IlokasaTs, 4TO mpu p = 2 BCe dJIeMEHTHI noaA [y ABIAIOTCA
KBajpaTaMu, a Ipu p > 2 KBaApaThl rpymnsl FS oGpasyoor B HEeU HOArPYIILY ]Fq"2
MHIEKCa 2, IPUYIEM ]Fq*2 = Ker(t — tla=1)/2),

7 (M. Aschbacher). IIyemo Fy — Koneunoe noae ¢ meuémmoim wucaom q = pm
anemenmos. Ecau q ne paeno 3 uau 5, mo “na oxpyscnocmu’ x? +y? = 1 natioémea
mouKka ¢ KoOOpIUKAMAMY T,y € IF;‘ JlokazaTh 3TO yTBepXKJAeHue 1npu p > 5.

8. Beakui 1y NPpUMUTUBHBIN daeMeHT 1oas Fy ABisercsa o6pasylomen My/IbTH-
IMKATUBHOU rpymisl 7

9. Ilycte A(q) = Assp(X1,...,Xq) — cBOGOAHAA acCOLMATUBHAA aJarebpa Hakg
noxeMm F', mopoxaéHHas ¢ CBOOGOIHBIMYU OOPA3YIOMMMY — HEKOMMYTHUDYIOIIUMY I1€-
pemensbiMu X1,..., Xq. Ilonoxus

Am(q) = (Xiy Xip -+ Xy, | 1<45 @), dim Ap(q) = ¢™,
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MBI 3amedaeM, 9T0 A(g) — rpagympoBaHHas aarebpa:

Al =F-10 A1(q) ® A2(q9) ® A3(q) ® - .

B A(q) comepxurca csoboguas arrebpa Ju L(g) = Lie(X1,...,Xy) ¢ Temn xe
cBOGOAHBIMK O0pa3yOIMMy U onepanuen kommyruposanui [UV] = UV — VU. An-
re6pa L(g) Takxke rpanynpoBaHa:

L(q) = L1(q) ® L2(9) ® L3(q) @ - - -,
rae

Ll(‘]):<X17"'7Xq>F7 LQ(q):<[X“X]]|Z<-7>F7

Wcnoaws3ysa ToxnectBo Ikobu, yberuThca B TOM, 9TO
. . . 1
La(g) = (X6 X;1, Xal)s i< b <js dim Ls(q) = 2(q” —q).

Ha camowMm pgene crnpaBemausa obmas ¢popmyraa Burra

dim Lyn(q) = ¥ (@) = — > u( ™) o, (12')

m i d

B TOYHOCTH CoOBHajamomas ¢ ¢popmyaon (12). CymecTBeHHas pasHUIA JALIb B TOM,
9ro B (12') ¢ — HpOWM3BOJIBHOE HATYpaILHOE IHMCIO, & B (12) — cTeneHs mpocToro
qucaa.

Yucao oxepennit u3 3a1a9u 2 B IpeaMOyJe K . 3 BBHIPAXKAETCA TAKOU ke (pop-
MYJIOH.

§ 3. CoorBercrBue I'arya

1. IlpeaBapuTeapnnie pesyabTaTbl. [lycts F' D P — moJe pas-
JIOXKEHUs HEKOTOPOro Hempusogumoro Han P muorowiena f(X),
Aut F/P — wMmHOX)ecTBO BCex aBTOMOpQu3MOB 7) mojis F rakux, 4TO
n(a) = a Ya € P. Kak Mbl 3uaem u3 §1, |[Aut F/P| < [F : P], npuuém
|Aut F/P| = [F : P], eciu BCe KODHU MHOTOWICHA [ DABIMIHBL.

Onpegenenue. I'pynny Aut F/P upuHaATO Ha3bIBATL 2pynnot
TIaaya pacmupenus F'/P u o6o3uatars Gal F'/P. 3ToT TepMuH yxKe ObLI
KCIOJB30BAH B PALE MECT, BKaO4asd § 1.

B panpuenmem mose P GygeT MpeamnoJaraTbCsA COBEPIIEHHBIM, TaK
910

|GalF/P| = [F : P].
IIycre H C Gal F/ P — mo6as nogrpymnna rpyunst amya. [lonxoxum
FH =lacF| pla)=a Ve H}.

Takum obpaszom, F'H — nogmone B F' Bcex 21eMEHTOB, OCTAIONUIIXCA He-
noABMKHBIMY Tpu AencTBun H. Umeem nBa oTOOpaKeHus:

1) H = K = FH — w3 mmoxecrsa noarpynn H C Gal F/P Bo
MHOX)ecTBO nogmoaen F' DO K D P;

2) K — H = Gal F/K — u3 MHOXeCTBa IPOMEXKYTOUHEIX HOLIOIEH
F > K D P Bo muOX)ectBo noarpynn H C Gal F'/P.
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OueBugHBIE CBOUCTBA:

i) G =GalF/P DGy DGy = F% C F%;

i) FOPL,DP,DP= GalF/P, C GalF/Px;

iii) FOa1F/P 5 p;

iv) Gal F/FH D H paa mo6on nogrpymmer H C G.

Byaem Bpemenno mormmars nog K O P npom3BOIbHOE PACIITPEHUE
noast P (He 0613aTeIbHO TIOIE PABIOKEHNS ).

Jemma (3. Aprun). IIycme G — Koneunas epynna asmomopdus-
mo6 noas K uw P =K%, Tozda

K : P < |G-

Hoxasatensctso. [lomoxum n = |G|. Ham HykHO m0Ka3aTh, 9TO
m00bie m > n daeMeHToB u3 K auuenno 3asucumel Hag P. IlycTs

G={p1=¢€,02,...,0n}, UL, U2,...,uyn € K, m>n.

O,Z[HOpO,Z[Haj{ crCcTeMa M3 1 JUHEHHBIX ypaBHeHI/Iﬁ OT M HEU3BECTHBIX
L1y T2y-++yTm

m
Y wilu)z; =0, 1<i<n,
Jj=1

UMEeeT HeTPUBHAIBHOE peineHue (aj,...,an,) 7# (0,...,0). Cpegu Bcex
pemenun BeiOupaeM Takoe (by,...,bn), Yy KOTOPOrO 9YUCIO HEHYJIEBBIX
KOMIIOHEHT HauMeHbIee. bes orpanuydenus oomuocTu cautaeMm by # 0 u
paxe by = 1. locTaTo9Ho noKa3aTk, 1TO b; € K & Vj, mOCKOIBKY mepBoe
COOTHOIIIEHUE, OTBEYAoIee (1 = e, OyIeT UMEThb BU Z;nzl ujb; = 0.

penmonoxum, aro b; ¢ P s mekoroporo j. Iocae BozmoxuOrO
nepeo6o3HaAdeHUs cauTaeM b; = by. IlpumennM ¢y, K cucTemMe ypaBHEHHUH,
BLIOpaB k Takum, 9TOOBL ¢y (be) # by. [lomyaum

Z(@k%)(uj)%(bj) =0, 1<i<n,

J
WM, 9TO TO XK€ CaMoe,

> piluy)er(b;) =0, 1<i<n,
J

IIOCKOJNBKY Yr@i, ¢ = 1,...,n, npu (pukcupoBaHHOM k mpoberaioT Bce
snementsl rpynnsl G. Cregosarensso, (1, ¢k (ba), ..., k(b)) — Toxe
pemenue cucreMbl. Borauras ero us (1,bs, ..., by,), HOIyIuM perueHue

(0,02 — r(b2), - - s bm — pr (b)),

KOTOPOE TaKke HeTPUBUAIBLHO, HOCKOIBKY bo — ¢y (be) # 0 BBUAY BBHI-
60pa @p. OOHAKO YMCIO HEHYJIEBBIX KOMIIOHEHT y HEI'O0 MEHBIIE, 9eM Y
(b1,b2,...,bn), BOIpeku BEIOOPY HOcaeaHero.
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Onpegnenenue. Pacumpenune F/P Ha3BIBAETCA HOPMAALHOIM G-
2e0pauueckum, eCIv KaxK BN HempuBoiuMbIl MuEorowies f € P[X], nme-
IOIIUU XOTs ObI OJMH KOPEHb B F', ABIAETCA MPOU3BEIEHUEM JUHEMHBIX
muoxutenen B F[X]. Ipyrumu cioBamu, F' cogepKuT mose pasioxeHus
MUHUMAJILHOT'O MHOTOWIEHA f, KAXKIOro nieMeHTa a € F.

Ilo ompegenernio CBOUCTBO “HOPMAILHOCTD ILIIOC CEapabelbHOCTL”
DKBUBAJEHTHO TOMY, YTO KAaXKIBI HEIPUBOAUMBIN MHOrOUIeH u3 P[X],
UMEIOIUU KOpeHb B I, ABIAeTCA mpousBefeHneM pa3iudHBIX JUHENHBIX
muoxuTener B F[X]. HopmanbHoe u cenapabebHOe arre6pandecKoe pac-
mupenne F' D P maswiBaercsa takxke pacwupernuvem I'aaya. Ecin F' — mo-
Je pasnoxenus MHoroureHa f € P[X], ro Gal F/P HasbiBaeTcs Takke
epynnot Iaaya mnoeousena f(X) mag P (wim ypasrenus f(X) = 0) u
obosnavaercsa Gal(f).

Teopema 1. Caedyowue ycaosus wna pacwupewue F/P oxeusa-
ACHIMHDL:

1) F — nose pasaoxcenus HeKomopo2o cenapabeabro20 MHo204iena
f(X) nad P;

2) P = FY dasn nexomopoti woneunot epynnor G C Aut F;

3) F — Koneunomeproe HopMasbHoe U CENapabetbroe Pacuupenue
nad P.

Cnpasedausvl maxmxce caedyouue 0ONOARENUA K YMBEPHCIEHU-
am 1) u2):

1) ecau F u P maxue xce, xax 6 1), u G = Gal F/P, mo P = FY;

[2) ecau F u P maxue ace, xax 6 2), mo G = Gal F/P.

HokasaTteabcrBo. 1) = 2). Ilonoxum B 1) G = GalF/P n
P' = F%. Torga P' — mogmone B F, conepxamee P. flcro makxe, 110
F — nose pasnoxenus Hax P’ muorowrena f(X), npuuém G = Gal F'/P'.

B cuny cenapabeasrocTu f umeeMm |G| = [F : P'] tak xe, xax |G| =
=[F:PlLHoFOP DOP= [F:P|=[F: PP :Pl= [P :P]=
=1=> P' = P, a»10 1 ectb 2). Ml joKkazamm Takxe, aro P = FY
mist G = GalF/P, t.e. [I1).

2) = 3). Ilo nemme Apruna

P=F%= [F:P]<|G]

u, TakuM 00pasoM, F' korneunomepuo Hag P. Ilycts f — HenpuBo guMmbin
muorowreH B P[X], umeromun kopers r € F. Bynem canrars, 4o

{ri=mrre,..orm} ={er)] ¢ €G}

— G-opbuta ¢ npexcrasureneM r. Ecmu ¢ € G, to {¢(r1),...,¢¥(rm)} —
[IePECTAHOBKA KOPHEH 71, . ..,Tn. Pasymeercs, f(r) = 0 = f(r;) = 0.
Suauut, f(X) geaurcs Ha X —r;, a MOCKOJABKY 7, 1 < ¢ < M, DA3IAIHEL,
f(X) memmrea ma g(X) = [[i2, (X — 7).

Ipumennm x g(X) aBromopdusm koabua F[X], g1 koroporo X —

14 AWM. KocTpukuu
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— X uar— (a), a € F. Torga
m m
p-g(X) = [J(X =9(r) = [J(X =) = 9(X),
i=1 i=1
U MBI BUAWM, 9TO KO3 duimenTs MHOrowiena ¢(X) spasorcs G-unsa-
puanTaevu. Cregosarensuo, g(X) € P[X], nockomsky F¢ = P. Ho f
MIPEANONATAICA HEMPUBOAUMEIM Ha L P. 3uaduT,
m
FX)=g(X) = [[(X =r)
i=1

— MIPOUM3BEIEHNe Pa3INIHBIX JIUHEMHBIX MHOXUTenen B F[X], T.e. pac-
mupenue F' cemapabenbHO 1 HOpMAIbHO Hag P, Kak u yTBepxkaaeT 3).

3) = 1). Tak xax [F': P] < o0, 10 F = P(r1,...,7}t), DOe r; amre6-
pamunst Hag P. [Iycts f;(X) — MUHUMAIBHBIN MHOTOWIEH 1/ 1; HaT P.
Ilo ycaosuio f;(X) — mpousBefieHre PA3IMIHBIX JUHENHBIX MHOKATEIEN
B F[X]. Orcwoga cregyer, aro f(X) = [[ fi(X) cenapabenen, a F —
nose pasnoxenus Hag P maa f(X). CrenosareasHo, MBI punuiy K 1).

Ocraéresa pokasars [[2). Mol Bugean, 9TO B yCJAOBUAX 2) IO JEMME
Apruna [F : P] < |G|, a TOCKOIBKY IO TOIBKO YTO LOKA3AHHOMY yCIO-
Bue 3) uvmeer mecto, |Gal F/P| = [F : P). Tak xak F¥ = P = G C
CGalF/Pul|G|>[F:P]=|GalF/P|,ro G=GalF/P.O

2. dynagamenraabHoe coorBercTBue l'aaya. Tenepn MbI TOTO-
BHI JOKA3aTh HEHTPAJILHOE yTBEPK ICHUE.

Teopema 2. lIyemv F — pacwupenue noas P, ydossemsopaowee
arobomy u3 ycaosut meopemvr 1. Ilyemv G = Gal F/P — epynna 'aaya,
I'={H} — muoscecnso nodepynn 6 G u X — MHOHCECTNBO NPOMENCY-
mounuiz noaet meacdy F u P. Toeda omobpaxcenus

H+—— FH,

K+—— GalF/K
aeamomes ouexyuamuy I' na ¥ u X nwa I'. Kpome moeo, smo coomeem-
cmeue ['aaya obaadaem caedyowumy ceotcmeamu:

1) H, D H, = ' FHQ;

i) |[H| =[F:FH], (G:H)=[F! P

iii) H <G < F" nopmaavno nad P. B nocaednen cayuae

Gal(F"/P) =~ G/H.

HokaszareabcTso. Utak, nycres G = Gal F/P, H € I'. Tak xak
P=FY12PcFIluK=F" — nognone B F, cogepxamee P.
dto naét orobpaxenue I' — ¥. Ilpumenss reopemy 1, [2) ¢ H BmecTo
G, vt Buamm, uto Gal F/FH = H, orxyna BeITekaeT meppas wacTsb
yrBepxaenus ii): |H| = |Gal F/FH| = [F : FH].

IIycts Temepyr K — mio6oe nmoamoae mexay F' u P. loaoxum H =
= GalF/K. Torga H C G = Gal F/P, tax uro H — noarpynna B G.
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Acuo Taxkxke, uro F' — morne pasnoxenus Hail K HeKoTOporo cemapa-
OeJbHOTO MHOT'O'WIEHA, IIOCKOJIBKY OHO ABJASETCS TAKOBBIM HaA P CTaJIO
6biTh, Teopema 1, /1), npumenéunas k nape F' u K, nokaseisaeT, 910
K = FH. Mu y6egumuce, 10 BEICTeHHBIE CKOOKOM { B (hOpMYIMPOBKE
TeopeMbl OTOOpaXKeHns OMEK TUBHEI.

B madase maparpadga 0TMe4Yanoch B Ka4eCTBE OYEBUIHOTO CBOUCTBA,
aro eciu Hy D Ho, To FH1 C FH2. Q6parno: ecin FH1 C FHz 10
Hy = Gal F/FH 5 Gal F/FH2 = H,. Do paér i).

IlepBas uacTb cBOUCTBA i) OTMevanach panee. Tak kax

|G| =[F: Pl =[F:FH[F" . P]=|H|[F" : P

u |G| = |H|[G : H], To, oueunno, [FH : P] = [G : H], a 510 10Ka3bBaeT
BTOPYIO YaCTb CBOMCTBA 1).

YcTaHOBUM, HAKOHEI, CIPABeIIMBOCTE cBoucTBa ii). Ecm H € T’ n
K = FH — coorsercrBytomee mnogmome, To mogmone K', orse-
Jatomee conpsukéaHon moarpynme ¢ Hy !, ects ¢(K) (a1a marmsaroc-
TU CONpArawoIue >1eMeHThl 13 G 0603HAYEHBI [PEUECKUMU OYKBAMMU).
ODTO BUIHO CPasy, MOCKOIBLKY ycaoBue ¢(z) = ¢ Vx € K >KBUBAIEHTHO

(b= H)p(z) = (), T.e. Y(z) € K'. OTcriona crexyer, 910
H<G<=¢y(K)=K=F" wea.

Ipegnonoxum, uro ¥ (K) = K pma xaxgoro snementa ¢ € G. B
TAKOM CIydae OUpAaHHYeHHe 1) = ) |k ABAsIETCA ABTOMOP(PU3IMOM MOJIS
K wajg P, u MBI OpUILTY K TOMOMOP(MU3MY OTPAHUYICHUSA 1) — ) TPYIIIBL
G = GalF/P B Gal K/P. O6pas G saBaseTcsa CPyIIon aBTOMOPOU3MOB
B K u, oueBuIHO, FY = P. Crano 6bITh, G = Gal K/ P.

A npoM roMoMoOpdu3Ma 1) — 1) CILYKUT MHOKECTBO Takux ¢ € G, 9To
Y |k= 1k. CoorBercraue axya gaér, 4TO 3TUM MHOXKECTBOM ABIAETCA
Gal F/K = H. Cregosarensno, G = Gal K/P = G/H.

Tax xak P = F¢, To o Teopeme 1, 3) K mopmamsno majg P. O6pat-
HO, NPEeIIoNOXKUB, 4TO mote K HOpMaabHO HanL P, paccMOTPUM MITHU-
MaJIbHBIN MHOTOWIEH f, Hax P mo6oro saementa a € K. Torga f(X) =
=X -a)(X —a2)...(X —an) B K[X], rge a1 = a. Ecm ¢ € G,
o f(p(a)) = 0, otkyga ¢(a) = a; a1 HekoTOporo i. Takum oGpazoM,
¢(a) € K np(K) C K. Kak u paree, 510 o3nataet, uto 9Hp ™! C H g
kaxkgou noarpynnsl H, orBevatomen K B coorsercTBun Latya. 3Haqur,
H < G. 970 3aBepuiaeT 10Ka3aTeabCTBO ii). O

3. WumocTpanuu k coorBercTBuio lamya. Ilore Q(v/ 2, \/§), a
TaKKe KOHeUHBIe o [y, pacCMOTpeHHEIE B IEPBHIX ABYX Haparpadax,
cayxuwiy npenoguen K Teopun Lanya. Pacmmpum wimrocTpaTUBHBIN Ma-
Tepua.

A) Kpyeosoe noae T'y,. Paccmorpum HOpManbHOe pacumpenue [y =
= Q(¢), ¢"™ =1, cBaszannoe ¢ kpyrosuiM MHOroweHoM &, (X) (cum. § 2)

14*
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cremeHu p(n), KOPHAMEA KOTOPOTO ABJISAIOTCA BCE NPUMUTUBHBIE KODHI
u3 1 cTenenu N M TOJIBKO OHU. YOEIUMCA MPEXK Ie BCErO B TOM, UTO CIIPa-
BeLINBA

Teopewma 3. Kpyzosot mnozcousen ®,(X) nenpusodum nad Q u,
maxum oopasom, [I'y : Q) = p(n).

HoxasateabcrTso. Kak mam mssectno, ®,, € Z[X]. Henpusoau-
moctb B Q[X] mo semme T'aycca skBusanenTHa HenpusonumocTu B Z[X].

IIpeanomoxum, ITO
P (X) = g(X)h(X),

rge g,h € Z[X], npuaém MuOrOwteH h(X) crenenu > 1 menpusoauMm B
Z[X] (m 8 Q[X]). HycTs p — mpocroe uucao, ve geasmee n, u h(A) = 0.
Tak xkak HO/l(p,n) = 1, T0 AP — OpUMUTHUBHBLIN KOPEHb CTEIEHN N 13 1.
Ecau h(AP) # 0, 0 g(AP) = 0. Crajo 6bITh, A — KOPEHb MHOT'O4/ICHOB
g(XP?) n h(X). Beugy menpusogumoctu h umeem h(X)|g(X?), T.e.

g(XP) = W(X)I(X), [€Z[X].

Y nac
X" = 1= &, (X)d(X) = d(X)g(X)h(X).

Ilepenném x cpasrenusM 0o (mod p), T.e. 6ygeM AencTBOBATH B Zy[X|:
X" =T =d(X)g(X)h(X) (%)
(f(X)=a X"+ X" +... € Z[X] =
= f(X)=a X" +@ X" +... €F,[X])
Ananormuano, §(XP) = h(X)I(X). Ho
FX)P =q@XP™ + 3, XPY 4 = F(XP)

nua moboro f € Z[X]. Taxkum o6pasom, G(X)P = g(XP) = h(X)I(X),
OTKYyAa, KoHewHO, caeayet, aro HOJ (g, h) # 1.

B cooTBercTBUE ¢ (%) mpExoIuM K 3akmodenuto, 9o X" — 1 umeer
KpaTHBIC KODHU B CBOEM IoJe pasjoxkeHus Hajg Z, Ho sTo He Tak, mo-
ckompky (X" —1) =nX" "t un #0, rak aro HOQ(X" -T,(X"-1)') =
= 1. Horyvennoe npoTUBOpetdne MOKas3bBaeT, 9To h(\) = 0 = h(\P) =
= 0 m1a Kaxaoro mpoctoro uyucaa p 1 n. [loBTopeHue »TOro paccyx-
IOeHUs MOKA3BIBAET, 9T0 A’ — kopeub mMuorowiexa h(X) mis mo6oro
HATYPAILHOTO T, B3AMMHO IIPOCTOrO ¢ 7. HO KaK IbIll IPUMUTUBHBIA KO-
penb crenenu n u3 1 umeer sug A", HOd(r,n) = 1. Crauo 6erre, h(X)
nerurca Ha X — A, roe A — 10601 IPUMUTUBHBLIA KOPEHD CTEIICHU 7.
B Takom caygae h(X) = &,(X), r.e. ,, Henpusogum. O

Iycrs G = GalT',/Q. Torga 0 € G = 0(¢) = ("™ 41 HEKOTOPOTO
uenoro m = m(o), npuaém HO(m(o),n) =1 u (¢({))"™ = 1. Jauee,

0,7 € G = (o7)(¢) = (™) = U(Cﬁ(r)) = (IR
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r.e. m(o7) = m(o)m(r), n, Takum obpasom, m : G — U(Z,) — romo-
Mopduam rpynnst anya noas Iy, B MyasTumiukatusnyto rpyuny U(Z,)
LEJIBIX YUCe 0 MOod 71, BBAUMHO IPOCTHIX C 7. DTOT MOMOMOP(U3M UHB-
€KTUBEH, MOCKOJIbKY OKa3aTelb Mm(0) 0QHO3HAYHO OnpeenéH no modn
aBToMopduaMoM o, a neuctsue o Ha Q(¢) ompeneneno gencrsuem Ha (.
Tax xak mo Teopeme 3 [I'y, : Q] = p(n) = |U(Z,)|, o G = U(Z,).

Hamu moxazana

Teopewma 4. Kpyeosoe noae I'y, o6aadaem abeaesoti epynnoti I'aaya,
usomopdrot U(Zy,).

Ecau zamennts Q Ha xkakoe-To moae P, To, BOOOIIE rOBOPs, UMEET-
cst b Baoxkenue G — U(Z,), Ho He nzoMopdusM. CTpoeHne rpymnns
U(Z,) 6buto uccregoBano B ri. 4. 3aMeTUM JIONOJHATEIBHO, ITO MO~
rpynnsl B G HopMmaabHbl. Kax noe moamnose B '), Takke HOpMAIBHO.

Ipumep 1. Kpyrosoe more I'17 = Q(¢), ¢'7 = 1, ¢ uukimaeckon rpymmon Darya
G = GalT'17/Q = (®| ®'6 = 1), nopoxgéunoir oro6paxenuem & : ¢ +— (3, umeer
IPAMOE OTHOIIEHVNE K KOHCTPYKTHUBHBIM 9MCIOBBIM mosaM [BA I, ru. 5, § 1]. Beigeanum
CIeIYIOMNUI PSAI IO PYII:

G=G1=(P) DGy =(P?)DG3=(d) DG4 =(2%) D G5 =1.
IIo Teopeme 2 coorsBercTBue ['amya NTPUBOAUT K BO3PACTAIOMIEH IENOYKE IIOAIIOJIEH:
Q=M CF, CFCF,CFs=F=Q),
rae F; = F%i. Tlo onpegenenmio ®(¢) = ¢, ®(¢) = (3i . onoxuwm 21 = Zle B2(().
Torna ®2(21) = 21, ®(21) # 21, T.e. 21 € Fo, z1 ¢ Fi. Tak kax [G : Ga] = 2, T0
[Fo: Fi] =2 u F> = Fi(z1). Amamornuno, zo = Y5, ®4(¢), 23 = 37, #%(¢) =
=(TN ¢ F3=Fa(z), Fa= F(z).

Ecan maut MUHUMAJILHBIE MHOTOWIEHBI KOMIUIEKCHBIX YUCEN Z1, 22, 23 COOTBET-
cTBeHHO Han F, Fo, F'3 1 BBIDa3UTh DTU YMCIA 9€Pe3 KOPHU KBAAPATHLIX yPABHEHUN,
TO CTAHET ACHO, YTO OHU ABJIAIOTCA KOHCTPYKTUBHBIMU. A B TAKOM CIy4ae KOHCTPYK-
TUBHO U 4MCIO (, JAIOMEe BO3MOXKHOCTH MOCTPOUTDL MPABUILHBLIA 17-yrOJbHUK HpU
IIOMOIIMX ITUPKYJIA U JUHEUKU.

CrenaeM emmé HECKOJbKO 3aMEYaHUA O KOHCTPYKTUBHBIX YUHUCIOBBIX
nossax. Ecan ucxoauTh u3 3a1aHHOTO MO

P= Q(Zl ,E], .. .,Zm,gm),
rae 2i,...,2m € C, 70 P-KOHCTPYKTUBHOCTH KOMILIEKCHOIO YHUCJAA 2
O3HAYaEeT, ITO

2€F =Pui,...,u;), u?€Pluy,...,ui—y), 1<i<r. (1)

Bawmns (1) xeadpamuunnix pacwupewut wad P uveet, 0ueBuIHO, CTe-
nens [F': P] = 2% s < r. Takum 06pa3soM, KOMILIEKCHOE YUCIO A, 00Ja-
naomee csoructBoM geaumocta [Q(A) : Q] ma meuéTHOE MpOCTOE YUCITO,
HE MOXET OBITh KOHCTPYKTUBHBIM.

B) Ilpasuavnvie n-yeosvnuku. [Ipuy mpocToM n = p mOCTpOEHME TIpa-
BUJIBHOI'O P-YLOJBHUKA PABHOCUIBHO MOCTPOEHUI0 KOMILIEKCHOTO IUCIA
¢ =cos2n/p+isin2n/p, (P71 +(P2+...+41=0, [QC) :Q =
= p — 1. HeoGxogumoe ycaoBue, CIeqOBATEAbHO, CBOAUTCA K DABEHCTBY
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p — 1 = 2° maa HEeKOTOPOTrO HATypaabHOro umciaa s. Kak oTmedanoch
B [BA I, ru. 1], Taxux npocreix uncen depma M3BECTHO IOKa BCErO 5:
3,5, 17, 257, 65537.

W3 seipakenus gus [[, : Q] = ¢(n), npusegéunoro B § 2, BuHO, 9TO
p(n) = 2° B TOM ¥ TOJIBKO TOM CIydae, KON BCE HEIETHLIE IPOCTHIE 16~
JIATENN IACIA N ABTAIOTCA IIPOCTEIME duciaMu PepMa 1 uX KPATHOCTH B
Pa3IOKEeHnU PAaBHA 1. DTO U €CTh HEOOXOAMMOE yCIOBHE IJIA TOCTPOCHUS
OPABWIBHOIO N-YT'OJIBHUKA IIPU MOMOIIMA HUPKYJIA U JUHEUKH. YCJIOBUE
ABIACTCA TAKKE TOCTATOIHBEIM, HO MBI HA STOM HE OCTAHABINBAECMCA.

B) Tpucexyus yesa. Kax bl 11 yroa MOXKHO Pa3JeInTh IPY TOMOIIA
IUPKYJISA U JUHEUKYU HA TPU PABHLIE YaCTU! YTBEPKIACTCA, ITO DTOTO
HeNb34 CAeIaTh gaxe 4 yriaa B 60°, T.e. Touka z = (cos 20°,sin 20°) ne
MOXKeT OBIThH IOCTPOEHA, UCXOas u3 To4uek 21 = 0, 20 = 1, z3 = cos 60°+
+isin 60° = 1/2 + Z\/?_)/ 2. [lpyrumu croBaMu, HaIO0 YyOEIUTHCA B TOM,
410 npucoeaurenne cos 20° k momo Q(v/—3) = Q(z1, 22, 23,71, %2,%3) (a
2T0 — pacumpenue crenenn 2 Han Q) mact pacummpenue crenenu # 2°
mag Q.

[encTBuTEIbHO, TOIOKUB ¢ = cos 20°, mepenuieM TPUTOHOMETPU-
JecKoe TOXKIeCTBO Cos 3¢ = 4 cos® ¢ — 3 cos ¢ npu ¢ = 20° B Buge 4u’ —
—3u — 1/2 = 0, wm, uTo To xke camoe, B Buge (2u)® — 3(2u) — 1. Ho
muorouner X° — 3X — 1 menpusoaum wan Q, mostomy [Q(u) : Q] = 3, a
9TO ONOKa3BIBaCT Tpe6yeMoe YTBEPXKOCHUEC.

I') Ydsoenue xyba. Peus ugér o mocTpoeHUu CTOPOHBI KyOa, UMEIO-
mero o0béM 2, T.e. 0 KOHCTPYKTUBHOCTH YUCJIA /2. OTpunarersHbI
OTBET HANIPALIMBAETCS CPA3Y, HOCKOIbKY MHOTOWIEH X ® — 2 HenpuBo gum
mag Q u, cramo 6bTe, [Q(V/2) : Q] = 3.

B B)-T') peus uuia, ckopee, He o rpynnax [amya, a o cTemeHsax pac-
mmmpennu. [IpuBeném napy nmpumepos, rae rpymny [anya HAUTH CpaBHU-
TENBLHO HECJOXKHO.

IIpumep 2. Ilycte P — HecoBeplieHHOE moJge XapakrTepuctuku p > 0, a €
€ P\ PP. Torga, Kak Mbl 3HaeM, XP — @ — HempuBOAMMBIN MHOrO4IeH Hajg P. Ecan
F = P(u), u? = a, o [F : P] = p. Kpome Toro, X? —a = (X —u)? , v.e. F — mouse
pasinoxkenus Haj P HecemapabeabHoro MuorowireHa X? —a. las o € Gal F/P umeem
(o(u))? = a, Tak uro o(u) = u. dro 3Ha4uT, 40 ¢ = 1 n Gal F/P — exunum4nas
rpymma.

IIpuwmep 3. IIycts F' = P(t), rge t — TpaHCLUEHIEHTHBIN aeMeHT Hajg P. MoxHO
[IOKa3aTh, 4TO

t+b
F=Pu)<=u= att , a,be,d € P; ad—bc#0.
ct+d
OTobpaxkenue o : % — ggz; ABJILETCA daeMeHTOM rpynnsl larya G = Gal F/P B

camoM obmeM Buzge, nosromy G = PGL(2, P).
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YIPAXKHEHUSA

1. Ilycts P — none xapakrepuctuku 0, p — IpoCcTOe YUCI0, ( — HPUMUTUBHBIN
Kopesb creneHu p u3 1. Ilokasars, yro MHOrounreH X? — a € P[X], He mmerommi
kopHen B noxe P, menpusogum Hax P(().

2. Haiiru rpymmei Damya wmmorowmemos: a) X° — 12X +8; 6) X3 —2X —2;
B) X3+ X +1; 1) X* +4X2+2; 1) X*+3X3-3X +3.

§ 4. Beruucaenue rpynnsl Lamya

1. deucrsue rpynnsl Gal(f) na xoprax muorowrena f. I'pyn-
na Fatya MOkeT 6LITH OTOXAECTBAEHA C T'PYIION IIEPECTAHOBOK KOP-
uen. Ilycts f € P[X] — MHOrouieH cremenu > 1 ¢ PasiudHBIMA KO-
wamu 0y,...,0, B mone pasaoxenus F = P(6,,...,0,). llepponavaasuo
J.Tanya paccmarpusaa uckmounrensuo rpymmy Gal(f) muOrowrena f
(mmu ypasrenus f(X) = 0): kax b1 aBTOMOP(U3M UHTEPIPETUPOBATICA
KaK DJIEMEHT CUMMETPUIECKON T'PYNel Sy,. JIumb ropas o mo3gHee TBO-
peu Teopun uneanos P. Jenekung samermn, uro Gal(f) oroxgecTsiser-
ca ¢ rpynnon amya Gal F//P. B macrosmee BpeMs UMEIOTCSA [OTOBBIE
nmaxkeTsl mporpaMMm (tuna Maple-V) misa Berauciaenus za OBM rpymmet
lanya mempuBogumbIx MHOrOWIeHOB f € Z[X| HeGOAbIINX CTENeHeN.

Boo6e rosops, Gal(f) — cobcrBennas nmoarpynna B S,. O6cyaum
CHavaJa CIEAYIOMMA BOMPOC: Kakoe moamote B F D P orBedaeT moj-
rpynne Gal(f) C A,, rae A, — 3HaKonepeMeHHas rpymnmna’

Teopewma 1. Ilycmv P — noae xzapaxmepucmuru 7% 2, f — nopma-
AUB0BAKRNBLT MHOR0UAEH NOAOHCUMEAHOT cmeneny 6 P[X] ¢ pazauunvi-
MU Kopramu 0; 6 noae pasaoxcenus D P. ITycmp

A(f) =T]: - 6)).
i<j

Toeda nodnoaem 6 F, omseuwarowun Gal(f)NA,, seasemeca P(A(f)).

NokasaTteancrso. [lycts w € S,. [locMmoTpuM cHavama HA KOMb-
o P[Xi,...,X,]. Ero apromopdpuam @, @ X; = X, (;), ocTapmsmommi
KaxX IBIN DJeMeHT 13 P Ha MecTe, IPOL0MLKAeTCA 0 aBTOMOpdu3Ma, 060-
3HagaeMoro takxke P, moas ornomenuu P(Xy,...,X,). IlonaTHo, uTo
rpynna G Bcex Takux aBTOMOPGU3MOB m3oMmopdHua S,. Ucnonbsys co-
orBercTue [anya, HETPYIHO 3aMeTHTh, uTo FC& = P(sy,...,8p), TA€
Sy — DJAeMeHTapHasa cumMmeTpudeckas pyukuus ot Xi, ..., X,. Kcrarn,
GalP(Xl,.. .,Xn)/P(Sl,.. .,Sn) = Sn

Monoxum A, =[], j(X s —X;). I3BeCTHO U JIETKO IPOBEPAETCS, ITO
D, (Ay) =ex Ap. Ecmn ¢ : X; — 6; — romomopduam P[Xy,..., X,] B
F, 10 (®,(A,)) = 7(A(f)) = £A(f), rae reneps m € Gal(f) N .Sy,.

CrenoBarensuo, moarpynmna B Gal(f) = Gal F/P, ocrasasomas Ha
mecre saemerTsl noanonst P(A(f)) C F, ects noarpymnna 46 THHIX mepe-
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cTaHOBOK. B cmiy coorsercrBus Manya nmognonem B F'/P, oTBedaromum
Gal(f) N A, 6yzer P(A(f)) = FEIU)N4n O

W3 pokazarenscrBa Bugno, uto 7(A(f)) = +A(f) m1a mobon me-
pecranosku 7 € Gal(f). IlooTomy auckpumuuant D(f) = A( f)2 MHOTO-
wieHa f Ipu IeUCTBUM T OCTAETCA HEMOABUKHEIM U, CTaxo ObTh, D(f) €
€ P. Corzacuo teopeme 1 Bkimtouenue Gal(f) C A, umeer mecTo B TOU-
Hoctu Torga, korga P(A(f)) = P, t.e. A(f) € P. Urak, cupase1iuso

Caegcrsue. Ilyemv f € P[X] — nopmaau3osanmuvili muo2ouien
cmenenu n > 1, D(f) = [],;(0; — 6;)> — eeo duckpumunanm. Tozda

Gal(f) C A, <= D(f) — xeadpam saemenma u3 P.

Teopewma 2 (kpurepun HenpusBogumoctn). Ilycms wopnu 0;, i =

= 1,...,n, muoeouaena f € P[X] ece pasavunvi. Tozda wnenpuso-
dumocmy f nad P axeusasenmua mpanzumuswocmu Gal(f) na {61,...
coy O}

»Yn

doxaszareanbcTso. [lo noBoay onpeneneHns TPAH3UTUBHOCTHU CM.
ria. 1. lpegnonoxum, uro f mempusBogum. M3 Teopemur 3 B § 1 BoITEKA-
eT cymecrBoBanue uzomopdusma P(6;)/P — P(f;)/P, kakoBbL Obl HI
obut uagekcel ¢ # j. Tak kak F' = P(6q,...,0,) — mosie pasmoxeHus
uan P(6;) u nax P(6;) maorourena f(X) = [], (X —6;), To mo mocTpoe-
HUIO IOJIA PA3JIOXKEHUs DTOT M30MOP(U3M MOXKET OBITH MPOLONIKEH 00
aBTOMOpGU3Ma ¢ pacumpenus F D P. 3uauut, 0 € Gal F/P = Gal(f)
u o(8;) = 0;, v.e. Gal(f) rpansurusHa.

O6patno: npeanonoxnm, 1o Gal(f) TpansutusHa Ha KopHax. [IycTs
f(X) = g(X)h(X) — pasnoxkenue ¢ HenmpuBOIUMEIM MHOXUTETEM g(X)
nonoxurensHon crenenn. Ecin g(6;) = 0 piaa kaxoro-to 4, a 6; — mo60on
Apyrou Kopens MHOrowIeHa f u o(6;) = 6; x1a mekoroporo o € Gal(f),
To g(6;)) =0 = 0 = o(g9(#;)) = g(f;). D10 HOKA3BIBAET, YTO KaKABINA
KODEHb MHOTOWIeHa f ABIAECTCA KOPDHEM €ro MHOXKWUTEISI ¢ U, CJAeIOBa-
TenbHO, f = g HenpuBoauM. [

IIpumep 1. Kak mokaszano B [BA I, ru. 5, § 2], AMCKPUMUHAHTOM HEIOIHO-
ro kyb6uueckoro ypasmenus f(z) = x2 + ax +b = 0 cayxur Beipaxenune D(f) =
= —4a® — 27b3. TlycTs f He wMmeeT KOpHeH B ocHOBHOM mose (, T.e. f HempuBoIUM
u cenapa6ernen. Taxosbivu apasmiorca mMuorourenn f1(X) = X3 — X — 1 u fo(X) =
= X3 —3X + 1 ¢ auckpummuanramu D(f1) = —23, D(f2) = 81 = 92. U3 reopewm 1, 2
caexyer, yro Gal(f1) = Sz, a Gal(f2) = As.

Hpumep 2. Muorouren f(X) = x — 2, menpusogumeri man Q, nmeer Bemect-
BEHHBIA KOPEHb o = /2. Ero moseMm pasioxenus, 0JHAKO, GyaeT

F=Qa, €) = (1,a,0%,g,ea,ea?)g = Q(O).
31ech
24e4+1=0, 0=a+e g0 =0, g(X)=X®+3X%4+6X*4+3X%+9X +9.
Crpoenue rpynnel [anya K0OBOJIBLHO OYEBUIHO:

G=GalF/Q=(0,7| 0®°=e=172 7or =0%) = Ss,
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rue

o(e) =€, o(a) =ca, o(ea)=c2a; 7(a)=q, 7(c)=¢c.
TTox xaxnon nonrpynmorn H C G BbInIneM OTBEYAONIEE €l B CUIY COOTBETCTBUSA
T'arya HENmOJBUKHOE NOATIONE:

Gl (o) | (1) | (on) [ (%) [ {e}
Q] Q) | Aa) [ Ue?e) [ Qea) | F
Tak uro (o) = Gal F/Q(e), (1) = GalF/Q(a), (o7) = Gal F/Q(¢?a), (o%7)
= GalF/Q(ea). Tax xak (o) < G, To Q(¢) mopmanbHo Hazy Q u GalQ(e)/Q
= G/(o’) > 7.

2. MHoro4wIeHbI ¥ TPYIIIILI IPOCTOM CTelleHn. B o6men Beruc-
JeHue rpynnsl [anya KoHKpeTHOro Muorodunesa f € P[X]| — noBoabHO
TpygHaa 3agada gaxke mpu P = Q. Owna npusiekana BHUMAaHUE
KpynHBIX MaTemMaTukoB. OrMernm aBa pesyabrara W. Mlypa (1931 r.):

IR 1l

= m A,, ecmm n =0 (mod 4);
f(X):ZX /m!:>Gal(f):{Sn eCJIPI;In7_é0((mOd4))
m=0 ’ ’

Iycrts Hp(X) — n-un muorowren dpmuta (cM. [BA II)). IMomoxum

Hon(X) = KY(X?), Hypypr(X) = XK (X?2). Toraa mpu n > 12 nve-

~

et MecTo usomopduszm Gal (K,(f )(X )) =~ Sy, 7 =0,1. OcHOBHBIM mOJEM

siBasiercs Q.

CumMeTpuIecKkre Ipynnel B JaJbHEenmeM Oy1yT BOZHUKATH HEO THO-
KPaTHO, TOATOMY HPUBEAEM OTHOCAMIMAECA K HUM IBA MPOCTEIX yTBEPK-
nenus, paszeusatomue yup. 10 w3 [BA I, nn. 4, § 3].

IMpegnoxenue 1. Tpanzumusnas 2pynna nepecmarosor cmene-
Hu n, codeprcawyas 00un A60tuHol yura u 00un yuka daumnbt n — 1, a6-
AAEMNCA CUMMEMPUNECKOT.

HoxasaTteabcrso. lycrs (12...n — 1) — gaussm (n — 1)-nuxo.
Tpaucnosunuio (ij) B CWIy TPAH3UTUBHOCTY I'PYNIBI MOXKHO [IEPEBECTH
B (kn), rme k — ogun u3 cumBonoB ot 1 10 n — 1. Conpsxenune (kn)
mpu momorm uukiaa (12...m — 1) u ero cremenen gaéT TPAHCIO3UIUA
(In), (2n),...,(n —1,n), a oun nopoxgawot S,. O

IIpegroxenune 2. Illycmv p — npocmoe wucao. Ecau G C Sy,
npuuém G codepacum saemenm nopaodka p u KaKY0-mMo mpaHcno3uyuo,
mo G = S5,.

HoxaszaTeabctTro. [lo yerosuo G conepxut p-nuka o = (iqis . . .

..ip), nge {iq,ia,...,ip} = {1,2,...,p}. lpu Hagrexamem ynopsgode-
Hun cautaeM, 9to (12) € G. Tak kax o® = (12...) npu HEKOTOPOM S, TO
camraeM ¢ camoro Hadana o = (12...p), (12) € G. Torga G cogepxur

0(12)0_1 = (23)7 0(23)0_1 = (34)7 e O'(p - 27p - 1)0_1 = (p - lap)
Ho ((12),(23),...,(p—1,p)) = S,. O
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Teopewma 3. Ilycmb f — nenpusodumviti mmocousern npocmoti cme-
newu p nad Q. Ipednoaoxwcum, wmo f umeem 8 mounocmu deéa nese-
wecmsennwviz kopua 6 C. Tozda Gal(f) = Sp.

lMokasaTeanbctTso. [loroxum

P
fx) =][x-6), F=qQs,...,6,) cC.
i=1
Tak xak

F>Q@1), [Q6r):Q =deg f=p,

to creness |Gal(f)| = [F : Q] zemurcsa ma p. ITo Teopeme Cumiosa (cM.
ri. 2, § 2) Gal(f) cogepxkut sneMenT nopAsKa p. ABTOMOPOU3M COmps-
xeuus z — z nona C, nponomxennsm va C[X], nepesogur f B cebs.
CuieoBaTeNbHO, OH MEPECTABIIET KOPHU §; MHOrOWIeHa f.

IIycrs 6,,0 — HepemecTBenHEe kKOpHU. Torjga mo ycaoBuio Teope-
MbIL 0y = 601 u 0; = 6; pu ¢ > 2. [Ipuxoaum K BBIBOAY, YTO OI'DAHUICHNE
aBTOMOpduU3Ma conpsukenus Ha F' sasasercs snementom B Gal(f), a umen-
HO TpaHcnosunuen. Ctano 66rTb, Gal(f) comepXKuT dr1eMeHT TOpAIKA P
u Tparcno3uiuio. Ocraérca npuMeHnuTh npentoxenue 2. O

Teopema 4 (P. Bpayep). Jas 1106020 npocmozo wucia p MOHCHO
NOCMPOUMb CKOAb Y200HO MHO20 HENPUEOOUMBIL MHOZOUAECHOE CTNENEHU
p ¢ epynnot Iasya Sp.

NokasareascTBo. llycts m;ny,...,Ng_o — Leable YIETHLIE YUC-
J1a, M MOJOKUTENBHO, Ny < Ng < ... < ng_o u k > 3 Hewérro. Paccmor-
PUM MHOTOWIEH

g(X) = (X2 +m)(X —n1)(X —na) ... (X —ng_s)

C BEIECTBEHHBIMY KODHAMUY 111, M2, . . « , Thj—2.

I'padpux y = g(z) mmeer (k — 3)/2 OTHOCUTENBLHBIX MAKCHUMYMOB,
a Tak kak |g(h)| > 2 mua ap060ro HEYETHOrO HEAOro h, TO SACHO, ITO
3HAYEHUA DTUX OTHOCUTEIBHBIX MAKCUMyMOB GyayT > 2. 9TO O3HAda-
er, uro rpaduk y = f(z) = g(x) — 2 nmeer (k — 3)/2 nmOTOKUTETLHBIX
OTHOCHUTEIBHBIX MAKCUMYMOB MeXIy N1 U Nj—2. Cregoarensno, f(X)
uMeer k — 3 BEIECTBEHHBIX KOPHEH Ha MHTepBaxe (n1,Nk—2). Tak Kak
f(ng—2) = =2 u f(N) > M npu awo6om M > 0 m1s 10CTATOYIHO GOIb-
IIOr'0 HATYPAIBLHOrO N, TO CyIIECTBYeT TAKXKE BELIECTBEHHEIN KOPEHb
> ng_o. loaygaem k — 2 BemecrBenuex kopusa muorouwresa f(X). Ecau

k
FX) =[x =6:) = (X2 +m)(X =n1) ... (X = npn) -2,

TO, CpaBHUBAA KOX(PPUIneHTs, Oy1eM UMeTh

k k—2
Z&izzm, Z&iﬂj:anq+m.
=1 =1

i<j 1<q
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CaenoBaTenbHo,

>0 = (20)2 —2376i6; =3 n} —2m.

i<j l

Ecau B16paTh m A0CTATOYHO GOIBIIAM, TO Zz 03 < 0, 9TO O3HAMAET
CYIIeCTBOBAHUE HEBEIICCTBEHHLIX KopHeit. B ciyuae 6; ¢ R Gymer 0; #
# 01, 1 MBI UMeeM IO KpaWHe:d Mepe ABa HEeBEIIeCTBEHHBIX KOPHA, & IO
MOCTPOEHUIO DTUX KOPHEHN MOJKHO OBITH POBHO 2. 3aMETUM TeNephb, YTO

FX)=X"+a X"+ +ag, a; € 27.

Tax kak mocrosuubl wied y g(X) nerurcs ua 4, To y f(X) o nerurcs
Ha 2, HO He menauTcsa Ha 4. U3 kpurepus DU3EHINTENHA, IPUMEHEHHOTO
K f ¢ mpocTeiM ducaoM 2, caexyer, uTo f mempuBoguMm Han Q. Taxum
00pa3oM, yCJIOBUSA TEOPEMBI 2 yIOBICTBOPAIOTCSA I KAXK IOT'0O IPOCTOTO
p=k>5.Ilpu p=2up=3 cm. npumepsr. [

3. MeToa nmpuBejeHUsa IO MOAYJIIO p. BaxueM BCcmoMoraTeasb-
HBIM cpencTBoM s Beraucaenus Gal(f), f € Z[X], cayxut npusenenue
(pexyxuusa) o mod p, rae p OygeT IpoGeraTh PasauIHbIE IPOCTHIE TUC-
aa. Perykuusa koo dpuumeHToB MHOrOWIeHa, f IPUBOAUT K KAHOHUIECKO-
My romoMopdusmy Z[X] — Zp[X] . Hmmem fp(X) mua obpasza MHOrO-
anena f(X) mpu sTom romomopdusme. Tak kak auckpumuaanT D(f) —
nonuHOMUATbHAA GyHKuusa (0T KoahduuueHnToB f) ¢ KoahduuueHTaMu
u3 Z, vo D(f) € Z u D(fp) = D(f)p. Eciu D(f,) # 0, 0 D(f) #0 n
06a muOrowreHa f, f, (OOMHAKOBOU CTEIEHN) UMEIOT PA3INIHbIE KODHU.
B sTom cayuae cnpaBemauBa

Teopewma b (P. Mexexunn). Hycmv f € Z[X] — mopmasusosan-
noull MHo20UAEH CTREneny n, p — npocmoe wucao, D(fp) # 0. ITycmo
fp(X) pasaazaemcea 6 npoussedenue nenpusodumvir nad Z, muoxcume-
aet cmeneweti ny, Ny, ..., ny (D, N =n).

Tozda epynna TIasya Gal(f) codepacum nepecmamosxy wa muo-
acecmee Kopnel mnozouaena f ¢ yuka060t cmpyxmypoti

(1,2,...,n1)(n1—|—1,...,n1 +n2)(n1 +n2—|—1,...,n1—|—n2+n3)...

NPU HAOAEHCAULEM YNOPAOOUENUY KOPHET.

[loka3aTeabCTBY 3TON BaXKHOU T€OPEMBI Oy IyT IPENIIeCTBOBATL He-
CKOJIbKO BCIIOMOT'ATEIbHBIX yTBEpK AeHnu. HavuéMm ¢ KIaccuaeckoro pe-
3yJbTATA O JUHENHON HE3aBUCUMOCTY XapakTepos. Ilycts H — MoHOMZ,
K — mone. Hog zapaxmepom x u3 H 8 K (wmm nox K-zapaxmepom
monouga H) monumaercsa romomopduam H — K* (x(1) = 1, x(ab) =

= x(a)x(b))-

Jemma 1 (remma enexunga—Aptuna o mezasucumoctn). Pazauu-
HBLE TAPAKMEPDL X1, X2, - - -5 Xn MOHOUda H 6 nose K aunetino nezasu-
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cumvt nad K, m.e

> aixi(h) =0, a; €K, Vhe H=>a; =0, 1<i<n.

lokazaTeabcTBO MPOBOAUM MHAYKIMEN 1o n. Eciu n = 1, To
pesyabTaT odeBuaeH, nockoabKy ax(h) = 0, a # 0, osmagaer x(h) = 0
nust iroboro h € H, B To BpeMs kak 1o yeaosuio (1) = 1.

ycts Teneps n > 1, u nycTs o711 1 — 1 HEBABUCUMOCTH yCTAHOBJCHA.
Cuuraem Bce a; # 0, uHAYE NEUCTByeT MPEANOJOKEHNE UHAYKIUU. Tak
Kak X1 7# X2, T0 X1(h') # x2(h') nna mekoroporo h' € H. 3amenuM B
PEANoIaraeMOM COOTHOIICHUY JUHENHON 3aucuMocTtu h ma h'h. dTo
IPUBOIUT K COOTHOIIECHUIO

arx1(h')x(h) + agx2(h')x2(h) + ... + anxn(h')xn(h) = 0.

C Opyrou CTOPOHBI, yMHOXKAasA UCXOAHOEe cooTHOweHue Ha X1 (h'), 6ynem
UMETh

arx1(h")x(h) + asx1(h')xa2(h) + ... + apx1 (A )xn(h) = 0.
Beruuras mociennee COOTHOIIEHNE U3 IEPBOrO, Oy IUM

abx2(h) + ...+ alxn(h) =0,
rie

a; = ai(xi(h') = x1(h')), 2<i<n.

Tax xak fy = az2(x2(h') — x1(h')) # 0, To UMeem mpoOTUBOPEUME C IPE-
MOJIOKeHeM UHAyKimu. [

Caencrsue 1. [lyemv Ky, Ko — dea noas u 11,...,0, — pas3-
avunbvie monomopduzmvr Ky — Ko, Toeda owu aumetino me3asucumbl
nad Ks.

JokasareabcTBo. Orpannuuts 7); Ha K| un nomoxurs H =
=K;. 0O

Crenpmcrtsue 2 (Teopema Aprtuna). Ilycmv G — xoneunas epyn-
na asmomopPuzmos noas F. Toeda F sasasemcesa pacwupenuvem aaya
nad ceoum noonosem P nenodsusxcuvir ommuocumenvno G aaemenmos u
GalF/P=G.0O

OCHOBY IOKa3aTEJbCTBA TEOPEMBI 5 COCTABJAET

Jlemma 2. ITyemo f € Z[X] — nopmaauzosanmvili mroeousen cme-
newu n, F' — e20 nose pazaoncenus nad Q, p — npocmoe wucio maxoe,
umo D(fp) # 0, m.e. f, umeem pasauunvie KOpHu 6 c60Em Nose Pas3ao-
acenus Fpy mad Zy,. Iyemv L — nodxoavyo 6 F, nopoxcdénnoe xopuamu
MHo020uMeNG f.

Toeda:

a) cywecmeyem 2omomopdusm : L — F,);

6) #0001 Marot 20MOMOPPUIM YCMARABAUEAEM, OUEKYUIO MHOHCECTT-
6a R xopuet mnozousena f 6 F' na mmoncecmeo R, xopuei f, 6 Fip;
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B) ecau ¥, ¢’ — dea maxux 2omomopPusma, mo ' = ¢ - o, 2de
o€ Gal F/Q.
MoxaszaTeabcTro. [lo ycaoBuio
F=Q,....0,), f(X)=][(x-6) s F[X].

i=1

Ilo onpenenenuto L = Z[6, . .., 0,]. Homoxum
L'= Y zey...6k
0<hki<n—1

— MHOXKeCTBO Z-JINHENHBIX KOMOWHAIINY DJIEeMEHTOB

O @k 0<k;<n—1.
Tak kax f(0;) = 0, To 0} — Z-nuuenHas komOuMHAaIMA cTemeHen 1,6;,
62,...,07. Creposarensno, §;L' C L' u o urepamuu 67 ... 05 L' C L'
I JTIOOBIX MOJOXKUTEAbLHBIX MIOKa3aTenen ky . . . , ky,. 3gaauT, L' — mox-
KoJIbLIO B L, comepxkariee 1o onpegeneruto 61, . .., 0, u, Takum 06pa3om,
coBmaparoree ¢ L.

DTO MOKA3BIBAELT, 9TO L — KOHEYHO MOPOXKACHHBIN Z-MOMyab. Tak
kak char F' = 0, To xpy4yenue Tor L paBuO Hymt0 u L — CBOOGOIHBIN
Z-MOZLy b KOHEYHOT'O PAHra ¢ KAKAM-TO 0a3ucoM (U1,...,Um) : L =
=Zu1 D ... D Lty

Yreepxkgaercs, 9To (u;) — 6asuc mias pacumpenus F/Q u, crenosa-
TenbHO, [F : Q) = m. Jlunennas nesaBucumocTs Hag Q s1eMeHTOB u; Ode-
BUHA, TIOCKOJIbKY HeTpUBMAIbHOE Q-IMHENHOE COOTHOIIEHUE MEXKIY U;
npuBoAUT (IPU YMHOXKEHUU HA HEKOTOPOE LIEI0E HUCI0) K HEeTPUBUAID-
HOMY Z-~IMHEMHOMY COOTHOIIEHUIO, KOTOPOE Ha CAMOM [eJie OTCYTCTBYET.
Paccmorpum renepy QL = ), Qu; — mogxomsuo B F, cogepxamee Q.
W3 anre6pamanoctu F cregyer, uto QL — noanone B F' (cMm. cregcTeue
reopemsr 2 u3 § 1). Tax xak ono cogepxkur Bce §;, 1 <i < n,toQL = F.
Crano 6erTh, (4;) — Gasuc g F/Q.

Beeaém B paccmorpenme ugean pL = Y, Z(pu;) xombua L. fc-
HO, uto |L/pL| = p™. Tak xak daxTopkoasno L/pL KOHEUHO, TO OHO
3aBEIOMO COLEPXKUT MAKCUMAIbHBIN COOCTBEHHBIN uueat suna M /pL,
rae M — makcumanbHbn ugean B L, cogepxamuu pL. B TakoMm ciy-
gae L/M — nosne, sBisomeecs roMoMOpdHBIM 06pa3oM koabla L/pL,
MOCKOIBKY 10 OZHOU u3 TeopeM 06 msomopdusme (cMm. 1. 4) umeem
(L/pL)/(M/pL) = L/M. N3 nocrpoenus BuzHo, uro charL/M = p
u Z, — upocroe mognone 8 L/M, a |L/M| = p™ , rge m' < m.

a) Kanonuveckun romomopduam v : L — L/M orobpaxaer Z Ha
npocroe noie Z, (umiu, ecau yroguo, ), a rak kak L = Z[fy,...,0,] n
F(X) =TI (X—=6,) B LIX], 0 L/M = Zy[b1,...,0,], rae 0; = v(0;) =
=0;,+ M. Manee, us f € Z[X] ciegyer, 970 KO>DOUIMEHTH MHOTOWIEHA
F(X) = [ (X — 6;) mexar B Z, u f(X) = f,(X). Takum o6pasonm,
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L/M — none pasnoxenus gis f,(X) Hag Z,, n MBI IMeeM U30MOPQU3M
p: L/M — Fyy. B utore Mel TP K HyXKHOMY >IIMOPQU3MY
Y=pov: L — Fy,.

6) Ilycte 1 — romomopduaM Tuma, yCTAHOBIEHHOrO B a). Torga
orpaHmiIeHue 9 |z GyeT ToMoMOpduaMoM Z Ha TpoCcToe moamone B Fiy,,
Y(1) = 1p,,, Tak 9T0 ¢ |z — KaHOHWYECKUA TOMOMODPOUIM Z Ha Zp.
B raxom cayuae fp(X) = ¢ (f(X)) = [[;(X —¢(6;)). CregoBarensso,
¥(0;) — xopum muOrOUNeHa f(X) B Fipp) u 4)|g — Ouexmua R na R,.

B) 3agukcupyem romoMopdusm ¢ 1 L — F,). llyctb 0 € G =
= Gal F/Q. Torga o nepecrasaser §; u, cief0BaTeIbHO, 0 IepeBoauT L B
ce6s. lanee, o |, — romomopdusm L B L (Ha camMoM fene aBTOMOphU3M),
atpoo — romomopdusm L B Fiy,). Pasmuaneie 0,0' € G gaior pasmmanbre
[ePECTAHOBKY KODHEH §;, a MOCKOJIBKY ¥ |p — Ouexnua Ha Ry, oo u
Yoo’ pasnamansl. Takum crioco6oM Mbl noaydaem m = [F' : Q] pasmuasbix
roMoMopdusMoB ; = Yo oj, ecmm G = {o1,...,0m}.

YTBepxkgaeTcs, 9T0 IPYruX roMoMopdu3MoB Gonbiie HetT. [lencTsu-
TEJIbHO, IYCTh Y41 OTINIEH OT 95, 1 < j < m. Ilo mtemme 1, mpumenén-
HOU K MyJIbTUILIMKATUBHOMY Mououny H obmactu L u momo K = F(,),
BCE 1)), BKIIOYAA V41, JUHEMHO HesaBucuMBI Hal Fi,). C apyrou cro-
POHBI, PACCMOTPUM CUCTEMY YPABHEHUU

m+1
> wihi(u) =0,  1<j<m.
=1

Tak Kak HEM3BECTHBIX T; OOJbIIE, YeM yPABHEHUU, TO 3TA OJHOPOIHA
JUHeNHaA cucTeMa ¢ Koadduuuentamu ¥;(u;) € F(,) uMeeT HeTpUBUATL-
HOe pemenne (ai,...,am41), @i € Fp). Ilycts Temeps y € L. Torga
y = ;njuj, nj €ZL,m

Yily) = Zﬁj¢i(uj)a n; =n; + pL;
J

D aiily) =Y W (Z Gﬂbz‘(uj)) = > m(0) =0.
i i J

J

OTO NOPOTHBOPEYMT HE3ABUCUMOCTH ; U 3aBepUIaeT TOKA3ATENbCT-
BO B). O

Haxkomner, MBI TOTOBHL 1aTH

HoxazaTenbrcTBo Teopemul 5. Tak xak F{,) — noae ¢ p™ aie-
MEeHTaMu, TO 0OToOpaxkenue 7 : a — a?, a € F(,) — aBromopdusm. Ecmm
¢ L — F,) — mo60oit TOMOMOP(U3M, TO U T © 1) — FOMOMOP(pU3M.

CoOTBETCTBEHHO MBI IMEEM €IUHCTBEHHEIN aneMeHT o = o (1) € Gal(f),
TaKOU, ITO

Toth =thoo(y).
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Astomopdusm o = o(y)) HasbIBaeTCA p-asmomopPusmom Ppobenuyca
uHa F'/Q, orBevaommM 1.

Ecmu Mb1 orpasuauM ¢ u ¢ Ha R 1 ucnoab3yem TOT GakT, 9To 1) —
6ueknusa w3 R ma R, TO nomyumM cooTHomenue o = ¢! o o). DTO
03HAYAET, YTO OpOUTEL Ha R OTHOCHTEILHO () 0TOGPAKAIOTCA IOCPe-
ctBoM 91 B op6uUTH HA R oTHOCUTETLHO (0).

Ho op6uter Ha R, OTHOCHTEIBLHO (T) — DTO MHOXKECTBA KOPHEH He-
IPUBOAUMBIX MHOXKHUTEICH MHOrOWICHa fp € Zp[X]. Ecuu ny,...,n, —
CTEIEeHN DTUX MHOI'OWIEHOB, TO MOIIHOCTH OpPOUT HAa R OTHOCHTEIBHO
(o) 6ymyT ny,...,Nny, U, CIEIOBATENBLHO, 0 KAK IEPECTAHOBKA HA R uMe-
€T [UKJIOBOE DA3JI0KEHVE

(12...n1)(n1 +1,...,n1 +n2)...

NIPU HAJIEKAIIEM YIOpA0YeHn KopHen. [
Opuwmep 3. Mycrs f(X) = X6 4+ 22X5 +21X% +12X3% — 37X2 — 29X — 15.
CHavaJa UCHOJIb3yeM pefyKIuio 10 mod 2, YToObI IOIyIATh
fX)=X0+ X*+ XP+ X + 1.

[emaMoCTH Ha HEIPUBOAMMBIe MHOTOwIeHbl X2 + X +1, X3+ X2 41, X34+ X +1
crenenn < 3 Her, nodromy fo(X) menpuBogum. CiuegoBarenbuo, Gal(f) comepxur
6-uuki, Tak 9yro Gal(f) Tpansurusna. Jazee,

f(X)=X(X54+ X1 - X +1),

mpuuém X5 4+ X4 — X + 1 menpusogum mo mod 3. Crano 6erte, Gal(f) comepxkur
5-nuka. Hakownerr,

F5(X) = X(X = 1)(X +1)(X +2)(X* +2)

u X2 + 2 menpusoaum no mod 5. Caegosarensno, Gal(f) cogepxur 2-muxr. B coor-
BETCTBUM C IPENIOKeHreM 1 mpuxoauM K 3akiaodenuio, 4ro Gal(f) = Se.

T06B HA OCHOBAHWU TEOPEMBI 5 MOCTPOUTL MHOrowIeH f € Z[X]
crenenu n > 3 ¢ Gal(f) = S, BubepeM CHavaja HENPUBOAUMBIU IIO
mod 2 muOroweH v € Z[X] crenenu n; 3areM — MHOrOWIeH v € Z[X],
KOTOpBEIA TT0 Mod 3 pasiaraeTcsa B IMPOU3BEJEHNE HEMPUBOJUMOTO MHO-
KUTEIA CTENEHA 7 — 1 U JMHEHHOTO MHOXKWTENA; HAKOHEI, BhIOepeM
mHOrowIeH w € Z[X], koTopew no mod 5 pasiaraeTcs B IPOU3BEJEHUE
HEMPUBOAUMOTIO MHOXKWUTEASA CTEIeH 2 U OJHOT'O KIN HECKOABKUX
HENPUBOAUMBIX MHOXUTEJIEN HEYETHBIX cTeneHen. Bcé »TO BO3ZMOXKHO,
MOCKOJIBKY IO MOJIYJIIO JIOOOT0O IIPOCTOr0 YUCIA CYIIECTBYET HEIPUBO I1-
MBI MHOT'OYWIEH JI000U HANEPEn 3a1aHHOU CTEIeHN.

B sakmouenue BoiGepeM MHOTOWIEH [ TaK, YTOOBI BHIIOJHAIUCH YCJIO0-
BUA

f=u(mod?2), f=wv(mod3), f=w(modS5).

JlocTaTOIHO MONOKUTH

f=—-15u+ 10v + 6w
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(BCe MHOTOWIEHBI HOPMAIN30BAHBL).

I'pynna Gal(f) 6yger Torga TpaH3UTUBHOUN (HEMIPUBOAUMOCTH f 1O
mod 2), Gyger cogepxarh uuka tuna (1,2,...,n — 1) u Tpascnosunuo,
YMHOXKEHHYIO Ha HE3aBUCHMBIE NUKJIbI HEYETHOU mauHbL Ecaum 3T0 mo-
clleHee TIPOU3BEIEHNe BO3BECTU B IMOAXOIAMINM O6PA30OM IOI00PAHHYIO
HEYETHYIO CTENeHb, TO MOLYIUTCA IUCTasd TPAHCIO3UNUA. B cuiy mpen-
aoxenus 1 noayaaem Gal(f) = S,.

YunomsHyTEIE B caMoM Hadase 1. 2 pesyabraTrsl U. lypa, oTHOCAIIN-
€Csl K KOHKPETHBIM MHOTOWIeHaM ¢ rpymnnou [anya, usomopduon S, He
obecrenuBaoT TeopeMy 5. OCHOBAHHEIE HA HEWM BEIYUCICHUS [IPUMEHs-
IOTCS B CAMBIX PA3HBIX CUTYAIUAX.

4. Hopmanbubin 6asuc. Ilycts F' — IpOuM3BOIBbHOE PACIIMPEHHe
lanya wax P ¢ GalF/P=G={n]| 1<i<n}, n=[F:P]
Eciu z € F u {z1,22,...,2n} = Gz — opbura npu geicreuu G, TO
MUHAMATBHBIM MHOrOWwIeHoM fui z Hag P oyzer [[]"(X — 2;). Caego-
BaTEIbHO, z OyIeT NPUMUATUBHBEIM 3JIEMEHTOM POBHO TOIA, KOTJa M =
= |Gz| = n. Boaee cuibHOE CBOUCTBO: 2aeMeHTEHL 11 (2),12(2), - . ., Mn(2)
He TOJBKO Pa3/JM9HLI, HO U JUHENHO He3aBucuMmbl Hag P. Ecau sTo Tak,
10 (M (2),...,1n(2)) — Gasuc pus F/P. OH Ha3bIBAETCA HOPMAALHHIM
6a3ucom TaHHOTO pacumpenus. /[0Ka3aTelbCTBO CYLMIECTBOBAHUA HOD-
MAJIBHOT'O 6a31ca OCHOBAHO HA CJAEAYIOMIEM KPUTEPUN.

IMpegaoxenue 3. IIyemv K/P — xoneunomeproe cenapabeaphoe
pacwupenue, L/ P — e20 nopmasvrnoe samvikawue. Toeda:

1) wucao monwomopgduzmos K/P — L/P paswo n = [K : PJ;

2) ecau 1 = n1,M2,. .., 0 — MU MOHOMOPPHU3MbL, MO HaOOP (U1,
U2y ..y Up), U € K, asasemes 6azucom das K /P 6 mom u moavko mom
cayuae, Ko2da

Ul U9 e Un
m2(ur)  m2(u2) ... m2(up) £0.
Mn(u1) na(uz) oo mn(un)

Hokaszareabsctso. 1) IIycte G = GalL/P, u nyctb H C G —
noarpymmna, ¢ukcupytomas K. Tornan = [K : P] = (G : H), u Mu
MoxkeMm Hamucate G = OtHU...U6,H; 6 = 1 — pasnoxenue B Je-
BbIE CMeXHBIE Kaacchl. [lonoxum 1; = 6; |k. Torga n; — moroMOpdHOE
Baoxenune K/P — L/P un; #n; upu i # j. JedcTBUTENIBHO, €CIu 1); =
=mnj, 10 0; '(0;(u)) =u Vu € K. B Taxom cryuae 0; '0; € H, onpexn
IIPEIOI0KEHUIO.

IIycts Teneps n — mo6ou moromopdusm K /P — L/P. Tak xkak L —
noJe pasnoxkenus Hany P aekoroporo muorowiena f € P[X], o L 6ynet
[OJIeM Pa3JIoKEeHus TOro xke muorowiena Hag K u max n(K). Crenosa-
TeJaBHO (110 TeopeMe 06 U30MOPQPU3MAX MOEN PA3I0KEHNS ), K3OMODPDU3M
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n: K — n(K) MmoxeT 6BITH IPOJOIKEH 10 aBTOMOpdu3Ma  pacmmpe-
uua L/P. [pyruvmu crosamu, § € Gal L/ P u, crano 6eits, 0 = 6;u nus
umekoroporo 4 € H. Hororgan =0 |gk=0; |[k=mn;, tem =1,...,n, —
IOJIHBIM KOMILIEKT MOHOMOpduamos K /P «— L/P.

2) IIpeanonoKuB IMHEHHYIO 3aBUCUMOCTE » . a;u; = 0, a; € P, ame-
MEHTOB U, ..., Uy, € K U IpUMeHAA 7)j, MBI HOXyIaeM JIUHEIHYIO OFHO-
POIHYIO CHCTEMY

D ami(u) =0, 1<ji<n,

HOpSAJKAa 7 C HEHyJeBBIM pemeHueM (di,...,G,), 9YTO O3HAYAET
det(n;(ui)) = 0.

O6parHo: npegmonoxuM, 14to det(n;(u;)) = 0. B Takom caydae cy-
MIECTBYET HEHYJIEBOE pemmenue (ay, . . . ,ay), a; € L, 0THOPOIHOU CUCTEMBL
Zj nj(u;)z; = 0,1 < i < n, a 10 03HAIAET, 9TO (U1, ..., U,) OABECOM
mis K He ApasgeTca: ecau 060U daeMeHT u € K 3amuchiBaeTca B BUIE
Y cCili, ¢; € Pyu

Zajnj( Zajcm] u;) = Z(Z ajn; (i ) -0,

TO DTO IPOTUBOPEYUT HEZABUCUMOCTU MOHOMOP(DU3MOB 71 , - . . , Ny, (CIEI-
crBue 1 gemmbl Jenekvaga—Apruna). O

Mpegnoxenue 4. Pacwupenue asya L/P ¢ xoneunvim P o6aa-
daem HOPMAALHBIM OA3UCOM.

MoxasaTeabcTBO. B crygae xoneunoro noas P pacumpenue L/ P
OyaeT MUKINIEeCKUM 1

G=GalL/P = (o) ={1,0,0% ...,0™ '},

roe m = [L : P]. UaTepupeTupyeM o Kak JUHENHBIN onepaTop B L Haj
P, nockonbky

o(u+v)=0o(u)+ o), o(au) = ao(u), a € P.

Wssectro, uro P[X]-M0xy/ab, OnpenenéHHLIM JMHENHBIM ONEPATOPOM,
ABJIAETCA TMPAMOU CYMMOU UUKJIUIECKUX MOANPOCTPAHCTB C AHHYJIATO-
pamu — uHBapuaHTHBIMEU MHOKUTELAMHA di (X ), ..., ds(X), roe dg(X) —
MUHUMAIBHBIN MHOTOWIEH JINHENHOT O OIepaTopa (IpOn3BeIeHre BCEX MH-
BAPUAHTHBIX MHOXUTEJNEN CyTh XapaKTEPUCTUIECKU MHOIOwIeH). Bechb
P[X]-MOAYIb ABAAETCA MUKINIECKUM B TOYHOCTH TOTIA, KOTJA XapaKTe-
PUCTUYECKUN MHOTOWIEH COBIAJAET C MUHUMAJIBHBIM, T.e. CTEIEeHb MU-
HAMAJIBHOI'O MHOT'OWIEHA COBHAJAET C PA3MEPHOCTBHIO BCEI'O MPOCTPAH-
CTBA.

Nmenno Tak obcTomT meao B caydae ¢ o. Tak kak ¢™ = 1, To
X™ — 1 — xapaxrepuctuyueckunn MHOrowien. C Apyroum CTOPOHHI,

15 A.M. KocTrpukuu
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ecan
FX) =X +a X"+ +a, a€P, k<m,

To f(0) # 0, mocKOIBKY aBTOMOPGU3MEL 1,0, . .., 0F pasmraner, ciegopa-
TEJIBLHO, JUHENHO He3aBUCHMEL Hag L u, Tem Goaee, nan P.
Tor pakr, yro L nukanano (kak P[X]-mMonyas), osuavaer, yro L/ P

mveer 6asuc Buga (u,o(u),...,0™ 1(u)). Ho 5To u ecTb HOpMATLHEIH
6asuc gis l/P. O
Onpepgenenne. lIycts K, L — nBa moss. CeMencTBo 11,72, - - - , My,

MoHOMOpGhu3MOB K < [ Ha3BIBAETCA AA2€0PAUUECKY HE3ABUCUMBIM HaAJ
L, eciu

feLXy,....X,], fim(u),...,np(u)=0 Yue K= f=0.

Mpegnoxenue 5. [Ilyemv P — Geckoneunoe nose, K — xoneuno-
meproe cenapabeasvroe pacuupenue wad P, L — nopmasvhoe 3amvixanue
pacwupenus K/P. ITycmo ni,...,10, — n = [K : P] pazauunoiz mono-
mopusmos K/P — L/P. Tozda n; aseebpaunecky wezasucumvt #ad L.

HoxasateabcTso. Hpegmoroxum, uro f(ni(u),...,n,(uw)) = 0
VYu € K mns mekoroporo f € f € L[Xy,...,X,]. Iycts (u;) — Gasuc
st K/P. Torga npu m106oM BEIGOpE a; € P uMeem

= f<771 (;aiui>,...,nn(;aiui>> _
- f(z ain (i), Zamn u; )

Ecan nonoxurs

g(Xy,..., X (Zm i) X, - Znnu, @),

0 g(ai,...,a,) = 0 npu aw0bex a; € P. lycts (v1,vs,...,0,) — Gasuc
st L/ P. Torga MOXHO HAIIMCATH

m
9(X1,. ., Xn) =D gi(Xa,. ., Xn)vj,
Jj=1

rae g;(X1,...,Xy) € P[X1,...,X,]. Yeaosue g(ay, ..., a,) = 0 BeIpaxa-
ercs B Buge g;(ai,...,a,) = 0 Vj. IJockoabky 5TO cipaBeInBoO IpU BCEX
a; € P, 13 COOTBETCTBUA MEXKIY MOJTUHOMUATLHLIMA (PYHKIUAMEA ¥ MHO-
ro4IeHAMHU HaJ GeCKOHEYHBIM IIOJEeM BhITeKaeT, 4To ¢; (X1, ..., X,) =0,
u, crano oerh, g(Xy,...,X,) =0.

B cmny nmpexnoxenus 3 det(n;(u;)) # 0, Tax uro marpuua (1;(u;))
umeer obpaTHyo (v;;) € My(L). 3uaunr,

Q(Z v1;n; (uk) X, - - - Zvnjnj(uk)Xk) = f(Xa,..., Xp).

Jik i,k
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Mosromy g(X1,...,Xp) =0 = f(X1,...,X,) =0, 9T0 u TOKa3BHIBAET
aarebpamvyeckyo He3aBUCUMOCTSE 17); Han L. O

M&I nogounmu K eHTPATbHOMY Pe3yJIbTaTy.

Teopewma 6. Jiwboe xoneunomeproe pacwupenve 'aaya L/P ume-
em nopmasbubll 6a3uc.

NoxaszaTeabcTBo. B cury npennoxenus 4 mome P MOXHO cuu-
TaTh 6eckoHeuyHEIM. Kak MOKa3BIBaeT IpemIoXKeHue 5, aBTOMOP(OU3MEL
M, ..., "N, pacumpenus L/P anrebpanvecku He3aBUCUMBL HAL L.

Mgl Bugenun Takxke, 9To ecau u € L, To

(M (u), ..., nn(u)) — Gasuc <= det((nin;)(u)) # 0.

HMonoxxum 1;m; = 1;(j)- Torna j + i(j) — mepecranopka na {1,2,...,n}.
Paccmorpum Teneps anredbpy muorowreHoB L[Xi,...,X,] u marpuiy
X = (zi(;)). YrBepxgaercs, uro det X # 0. C arou memsio BeIGepeM
cnenmanu3auuio £1 = 1, x; = 0, ¢ > 1. Tak kak nepecranoBku j — i(j)
[P PABJIUYHBIX § PA3JIUYHBL, TO T MOABIAETCSA OMUH U TOJBKO OMUH Pa3
B KaX[IOU CTPOKE U B KaxKjaoM crosibme marpunsl X . CiaegoBaTenbHO,
det X(z1 =1,2; =0,i > 1) = £1. Tem 6omee det X # 0 npu ar06om X.

B cuny anrebpawydeckon nesaBucumocTu 1); Han L vaugércs u € L,
s koroporo det((n;n;)(u)) # 0. B Takom caygae (1 (u),. .., 0n(u)) —
HOpMasbHBIU Gasuc. [J

Ha ssbike Teopum NpeaCcTABJICHUE TEOpeMa O HOPMAaJbLHOM Oasuce
YTBEPKAAET, UTO MPEACTABICHNE IPynnsl [aqya HA alIuTUBHON I'PYI-
e noust L (Ha BEKTOPHOM HPOCTPAHCTBE) ABIACTCA PEry/iapHbiM. Mox-
HO TaKXke CKa3aTb, YTO L — CBOGOJHBIA MOMYJIb Pa3MEpHOCTH 1 HaJ
rpynnoBbiM KoabuoM P[G]. Taxkon pesyabTar MOXKHO pacCMaTPUBATEL KAk
MEPBBIN AT B TOPa3 a0 60Jee TOHKUX UCCICIOBAHUAX B AIreOpandecKon
Teopun ducen. IMenHo, nycts L — 4qucaoBoe nose (KOHEIHOe PACIIIpe-
uue nossa Q) u O — xonbuo B L neasx anrebpandeckux gucesa. Ctpoe-
uue Of, kak Z[G]-Monyns — TpyIHAL 334a49a.

Kazanocs 661, TeopeMa 0 HOpMAJbHOM 6a3uce 0OECIEHUBAECT TeOpe-
TUKO-T'PYIIIOBYIO YaCTh TEOpUU ladya: peryaAapHOEe MPEeACTaBICHUE HE
ovueHb MHTEpecHO. Ho HAL0 MMEeTh B BUIY TAKXKe MYJbTULIUKATUBHYIO
CTPYKTYPY MOJA U TO OOCTOATENLCTBO, 9TO Ipynna laxya peanmsyer-
€ KaK TPYNINa IIEPECTAHOBOK KOPHEN MCXOAHOIO MHOTOWIEHA, a DTO
OEUCTBUE MOXEeT OOJIaJaTh CBOUCTBAMM MPUMUTUBHOCTH, KPATHOU
TPAH3UTUBHOCTHU U T.I.

YIIPAZKHEHUA
1. Hautu Hopmaabubn 6a3uc pacummpenus Fg /]F2 . s onpene€HHOCTY CIUTAEM

Fg :]Fz(e), 03 +60+1=0.
2. Haptu mopManbpubit 6asuc pacumpenus Q(v/'2,v/3)/Q.

15*
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§ 5. Pacmiupenunsa l'arya u cMexxHbIe BOIIPOCHI

1. IIpocThbie uncaa B apudMeTHdeckon nporpeccun. Wz ompe-
JeJeHUs KPYTOBBIX MHOTOYWIEHOB B § 2 MBI TIOIY UM CEUYAC TBA MPOCTHIX
yTBEPXKAeHUA, ODPOPMICHHBEIX B BUIE JEMM.

Jemma 1. ITycmob a # 0 — yeaoe wucao, n — HAMYPAALHOE UUCAO,
ne deasweeca na npocmoe wucao p. Toeda

p| ®n(a) < {a umeem nepuod n ¢ Z;}

(oxsusasenmuo: ™ =1 (mod p), a™ #1 (mod p) VYm < n).
MokaszarteancTBo. PaccmarpuBaem pasmoxkenue

Xt —1=9,X) [[ @uX)ez;x]. (%)
d|n,d<n

1) Eciu ®,,(a) = 0B Z), T0 coramacuo (x) umeeM a™—1 = 0B Z,. Ecan,
kpome toro, ®,,(a) = 0 gas mekoroporo m | n, m < n, o X" —1 =
= (X —a)?f(X). Ho npomssognas (X" — 1) = nX"~! szammuo mpocra
¢ X" — 1, nockonbky n # 0 B Z,. [losaromy X" — 1 He umeeT KPaTHBIX
KOPHEH!. DTO 03HAYAET TAKKE, ITO ¢ HE MOKET OBLITH KOPHEM MHOTOUIEHA
X™—1, m < n,m|n, nockoabky X™ — 1 = Hd|m7d<n(1)d(X)' 3Havur,
@ UMEeT TIEPUOT M.

2) Ilycts Tenepsn, o6paTHo, a umeeT nepuox n B Z,. Ecm ®4(a) =
mis Hexkoroporo d | n, d < m, TO, KAk MBI yXe BUIeIN B 1), a =1
Z,; — mpotusopeune. OcTaéTesa e[MHCTBEHHAA BOBMOKHOCTh D, (a) =

(t.e. p| ®p(a)). O
Jemwma 2. [lyemo n € Z, p — npocmoe uucao, ne deasuyee n. Toeda
®,(a) =0 (mod p) daa nexomopozo a € Z <= p =1 (mod n).

Hoxasateabcrso. Ho zemme 1 ®,(a) =0 (mod p) = a"™ =
= 1 (mod p), npuué™m n — nmepuog saementa a. Ho Torga n < p — 1,
nockomeKy Beerga a?~! =1 (mod p), un | (p—1), T.e. p=1 (mod n).
O6patno: eciu p = 1 (mod n), TO B cuity QUKIMIHOCTH Z, HAUIETCA
a € Z nepuoga n B Z,. Cuora 1o iemme 1 nveem @,(a) = 0 (mod p). O

Teopema 1 (vactusiu cayuau teopembl [Jupuxie). B apudmemu-
weckol npoepeccuu kn + 1, k = 1,2,..., cywecmeyem Oeckoneuno
MHO20 NPOCTBIT YUCEA.

dokaszareabcTBo. [eNCTBUTEIBHO, IPK JTI0O00M (PUKCUPOBAHHOM
n > 1 nmeeMm

®,(a) =a™+a™ .. Fam_ia+1, m = p(n).

IIpeAnonoKuM, 9TO CyMIECTBYET JULIL KOHEUHOe MHOXKecTBO M = {p,
D2,y ..., Ds} OPOCTHIX 4mcen Takux, 94To P,(a) = 0 (mod p;), i = i(a),
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LI BCEX MOCTATOYHO OOJBIINX HATYpPATbHBIX dncena a. OQgHaxo mist a =
= (p1p2"'ps)N7 N >> 03 GYAGT Qn(a) =1 (mOd pl)a 1 < i < 8 —
NpPOTHUBOpENE.

Crano ObITh, CymIECTBYeT OECKOHEYHO MHOI'O IPOCTBIX YHCEI P Ta-
kux, 9t0 ®,(a) = 0 (mod p) mpu moxxoxAmEM BEIGOPE HATYPAIBHOTO
ancaa ¢ = ap. o Jemme 2 norygaem p = 1 (mod n) mias KaxI0ro Tako-
ro mpoctoro p.

2. Pacmupenus ¢ a6enesou rpynmou I'axya. [oBOpAT 0 yux.au-
YECKUT, GOEAEBbIT, PA3PEUUMBIT PACULUDEHUAT, KOT 18 COOTBETCTBYIONINE
rpymnsl [anya nukandeckue, abenaeBs! win paspemumbie. Konednsrx abe-
JIEBBIX IPYII TAHHOI'O IOPsAIKA, B OOIIEM, TOBOJHHO MHOI'O, ITOITOMY
WHTEPECHO MOCMOTPEeTH HA HUX C TOUKU 3peHus Teopun [arya.

Teopewma 2. ITyemb A — npou3soavnas Koneunas abeaesa 2pynna.
Tozda cywecmsyem wopmaavhoe pacwupernue F/Q ¢ epynnoi Naaya

GalF/Q = A.

MokasaTeancTBo. [To OCHOBHON TeopeMe O CTPOCHUN KOHEIHBIX
abesneBbix rpynn (. 2, § 3, reopema 10 )

A:Al XAQX...XAk,

rae A; = (uj) — mukamdeckas rpynna nopsagka mj, 1 < j < k, npuaém
my | ma,...,mi—1 | mg. llearle dncia m; HABBIBAIOTCS UHEAPUAHIMHLIMU
muosxcumensmy rpynnsl A. OdeBugno,

|A] = mima ... my.
ITo Teopeme 1 HAUZYTCA NONAPHO PA3AUUHBLE TPOCTHIE TUCTA
D1, D2, Pk (P # pj, Aaxe ecam m; = my)
TaKme, ITO
pj — 1 =n;m;.

Paccmorpum kpyrosoe moae I'), = Q(¢), (" = 1, orBevaromee 1eaoMmy
QUCAY N = P1P2 . . . Pk, TAK ITO
[[n : Q = ¢(n) = e(p1)e(p2) - - (pr) =

= —1Dp2—1)...(pr — 1) = nyminams ... npmy.

3amerum, 9ro ecau Fy, F» — nBa moamoss B mose F', TO HauMeHb-
mee mojae, comepxamee Fy um Fo, obosmavaerca Fy - Fy u HasbiBaeTCs
xomnoaumom nonen Fy, Fy. Manee,

Fs N Ft = Q opu HO,I[(S,t) =1mu FSI‘t = Fst'
B namem ciyuae

r, = Fp1 FpZFpk'a
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rme
Ly =QG),  G=¢mmm, (=

Teneps oueBUIHO, ITO

{Ga,lrpj/@} N {H Ga,lI‘pi/Q} = (1).

i#]
ITosTomy
Gall',,/Q=Gall',, /Q x ... x GalT'}, /Q = (o1) x ... x {ok) := G,
gj: G Py (ay) =2y, [og)| = nymy;
ot GG, iF ]

B rpynne G cofep:KuTCa IOATpyNIa
H = (o"") x...x (o)
HOPSAAKA Ny . . . Ng. LHoraTHO, yT0 H < G 1 dakroprpynna

G/H = (71) x ... x {Tk), 7 =0 Jm’),

SIBJISIIOIIASCS IPSAMBIM IPOU3BEICHUEM IUKINIECKUX I'PYIII TOPITKOB 1M1 ,
ma, ...,mg, m3omopbua A. Ecm remepr F = T'H — noamomre
H-vuBapuanTos (HemoaBwKHBIX npu neucteuu H snementos) B 'y, TO
B cumi1y cooTBercTBusa [amya

GalF/Q=G/H=A. 0O
3. Hopma u caea. Ilycrs F//P — pacmupenne anya,
G=GalF/P=(my =1,m2,...,0).

s u € F moaoxum

an P u) = an(u)

U HA30BEM WX COOTBETCTBEHHO CAedOM U HOPMOT daemenma u B F/P.
O4eBuIHO, OHN HENMOABMXKHBI OTHOCUTEIBHO (7, CIEeZOBATENIbLHO, COTEp-
xkarcsa B P. Takum o6pa3oM, MBI mMeeM OTOOPaKEeHUs

TE : wes TE (u), NE: uws NE(u)
w3 F' 8 P. lna u,v € F, a € P numeem

TE (u+wv) Zmu—i—v Zm +Z771 = T§ (u) + TF (v),
TP au) Zm au —aZm —a-TP,
v) = [[mitww) = [[mi(u Hm = Np(u) - Nf(v),
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NE (au) Hm au) = a Hnl =a" - NE(u).

Urak, T = Tllj — JuHenHasA QYHKIUA HA BEKTOPHOM MPOCTpaHCTBE F
wag P; N =N }5 — MYJbTUININKATUBHOE OTHOPOIHOE OTOOPAKEHUE CTe-
meru n; N |pr — romomopduam us F* B P*.

TIpumep 1. Iycrs m — neaoe 1ucao, cB0OGoAHOE OT KBaAPaTOB, F' = Q(v/m) —
KBaaparudHoe noue. Torga u = a + by/m, a,b € Q, — o6muu Bujg d>neMedToB u3 F u
G=GalF/P={L,n: a+by/m— a—by/m},

1.e. T(a + bym) = 2a, N(a+ by/m) = a®> — mb?. VmeeM HONHYIO AHATOTHIO C
pacmmpenuem C/R, m = —1, xorga N(u) = a®+b? — KBaapar MOIYIa KOMIUIEKCHOT'O
qucJjia.

B mamewm caygae, ogesugno, T'(F) = Q. Uudopmanuo o N (F*) norydnts ropas-
0 TpyAHEE, MOCKOJbKY BO3HUKAET HETPUBHAABLHBIA BOIPOC: IJIA KAKUX PAIMOHAID-
HBIX 9Ucen T ypasHeHue 2 — my? = r umeer pemenus B Q7

Nwmerorces nee Teopemer 0 Ker N u Ker T'. Hau6ouee usBecTHas u3 Hux
CTTeYIOIIAA.

Teopema 3 (reopema 90 [. Mmasbepra, 1897 r.). ITycmv F — yux-
auueckoe pacwupewue 'asya noas P, G = GalF/P = (n), |G| = n.
Toeda

NE(w) =10dasu € F <= u=v(nw))"" das nexomopozov € F.

B ommy cTopomy pesyabTaT TpubmadeH: ecam u = v(n(v))~!, To
N(u) = N()-N(n()™') = N()-N(v)~! = 1. Yro6BI n10Ka3aTh 06pPAT-
HOE, MBI YCTAaHOBUM Oosee oOmuil (u GoJee MO3AHUN) Pe3yJabTaT O Pac-
mupenusax [anya.

Teopewma 4 (A. Hlnausep). Ilycmb F' — xoneunomeproe pacuiupe-
nue I'aaya noas P, G = GalF/P. Ilyemv ¢ — uc — omobpaxcenue G
6 F*, ydosaemeopatouee ycaosuto

Uep = C(uy)ue Yu, ¢ € G.

Toeda watidémen 0 # v € F, das xomopozo

up = o(p) " VneG.

HoxasaTteabcrno. Tak kak u, 7# 0, a aBroMmopduamer 1 € G -

HEMHO He3aBUCUMBI Had F'| To cymecTByet saemenT w € F', 1 KOTOPOro

v = Z wy p(w

neG
Torga mpu J060M ( € G umeem

ZC Uu CN ZUCMUC CN ( )
(Z uep(Cp)(w ) (Z wy p(w ) = vuc_l.
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CuaepoBarensro, uc = v(¢(v))~1. O

okaszaTeanbcTBo TeopeMmMbl l'umanbepta. Ilycts uw € F,
N(u) = 1. ITonoxum

— R 2 i—1 .
Uy i=u, Uy =un(uw)n®(u)...n"" (u), 1<i<n.
Torga npu ¢ + j < n 6ygem nMeThb
ond ) = J—1,.7 i+j—1 — s
Upi -0 (i) = un(u)...n? ! (u)...n (u) = Upits.
To e COOTHOIIEHNE UMEET MECTO NPH ¢ + j > N, MOCKOIBKY U] = Upyn =
= N(u) = 1. Takum 06pa3oM, BLIIOIHEHO yCIoBUE TeopeMsl 4 npu G =
= (n). OTCI01a BEITEKAET CYLIECTBOBAHUE JIEMEHTA U C HYXKHBIM CBOM-
ctBoM u = u,y = v(n(v))~! . O
[loxazaHHbIE TEOPEMBI UMEIOT a1 JATUBHbLIE AHAJIOTH.

Teopema b (A. Mnamsep). IIyemv F,P,G — me oce, umo u 8
MYABMUNAUKAMUSHOT meopeme 4, v nycmv (1 — d, — omobpadicenue
G — F, ydosaemeopaowee ycaosuo

dep =de +¢(dy) VG peG.
Toz2da naiidémea ¢ € F, das xomopozo
d,=c—plc), pedq.

MoxkaszaTeanbcTBOo. MBI Bugenu, <ITO cymecTByeT u € F ¢
T(u) # 0. Ilonoxum
- Z dup(u)
"

Toraa

e = ¢e) = T(w)™ S [dupi(u) — C(dy) - Cu(w)] =
U dpp(w) + de - Culu) = dey - Culu)] =

)de 3 Gul) = deT ()™ B o) = deT (W) T(w) = e
"

daementT ( € G npousBoabHbIN. [J
IIycrs Temeps G = (1), |G| = n, u npegnosoxuM, aro d € F —
saemeHT, mis koroporo T(d) = 0. Hoxoxum

dy:=d, dy=d+n(d)+...+7"7'(d), 1<i<n.

Torma, kKak u B caydae HOPM, IS TeopeMbl [ mibbepTa uMeeT MeCcTO
3akaovenue agmuTuBHou TeopeMsl lnansepa. [lencTBUTEIBHO,

dy =dy =d+n(d)+...+7"(d) =T(d) = 0.
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ITosTomy amst MOOBIX %, j UMeeM
dyigi =dyivi =d+n(d) +...+0"" +0'ld+n(d) + ...+ 777 (d)] =
= dni + ni(dnﬂ')v

T.e. dey = de +((d,) V(, p € G m cormacHo Teopeme 5  d, =
¢ — p(c), p € G. Crano 6T, CIpaBe1INBA

Teopewma 6 (aggurusnas gopma Teopemsr 90 Tmasbepra). [Tycms
F/P — yukauueckoe pacwupenue cmenenu n ¢ epynnot GalF/P =
={(n), d€&F — aaemenm co caedom 0. Toeda naiidémes c € F maxo,
umo d = ¢ —1(c).

4. Muxkandeckme pacmmpeHus. l[Ipuvmenum Temeps Teopemy 90
IMuib6epTa u €€ aIANTUBHBIN aHAJIOT K IPOCTEUIIEMY TUITY PACIIADEHUN.

Teopema 7. [lyemv P codepacum n pa3ausnbly Koprel cmenenu n
u3z 1. Cnpasedausvl caedyrouyue ymeeprcoenua.

1) Hycmy F/P — n-meproe yukauueckoe pacwupenue. Toeda F =
= P(u), ede u™ € P.

2) Ilyemp X™ —a € P[X] u u — nexomopvili Kopenb MHO2OUAEHA
X" —a. Toeda P(u)/P — yukauueckoe pacwupenue cmenexwu m, m | n
vu™ e P.

MokaszaTeanbcTso. 1) U3 ycroBusa TeopeMbl CleayeT, 9TO XapakK-
TepucTuka noi P B3auMuO mpocta ¢ n. Iyers ( € P, (" =1, (' # 1,
i <mn, 1 — obpasywmaa rpymnsl Fatya. [To yerosuio nmeem 1'(() =
=¢( 0<i<n-1,rak aro (NE(¢)) = ¢" = 1. Caegosarensno, mo
TeopeMe 3 Haugércs u € F, masa koroporo ¢ = u/n(u). B Takom ciaydae
n(u) = ¢lu m n(u") = n(u)" = ((~lu)" = ", orkyaa u” = a € P,
Kpome Toro, n(u) = (~'u = n'(u) = (~'u, Tax uro Gal F/ P-op6uTta
DIEMEHTA, U COAECPKUT N PA3IUIHBIX DIeMEHTOB. TakuM 06pa3oM, MUHU-
MaJIbHBIA MHOT'OWIEH djeMeHTa u Han P umeer crenens n u F = P(u).

2) O6patHo, ycTh @ € P, 4™ = a, ( — NPUMATUBHLIN KODEHb -1
crenenn m3 1. Tax xax (C'u)” = a, i = 0,1,...,n — 1, To Bce KOpHU
muorowrena X" — a mexar B P(u), T.e. P(u) HOpMaabHO Han P.

Monoxum G = GalP(u)/P. Eciu np € G, to (n(u))™ = a, orkyza
n(u) = ¢"Mu. Bes Tpysa mposepsercs, uTo orToGpaxenue 1 > (7
ABIAETCA UHBEKTUBHBIM roMoMmopduamom G B rpymmy (¢). Ho Beakas
MOATPYINA TAKIMIECKON MPYNIEl MUKIAIECKas, T03ToMy G IuKImIec-
ka1, u ecn |G| = m, o m | n. llonoxus G = (o), MBI 3aMedaeM, ITO
¢io) = ¢n/™ Gyner mpummTuBHBIM KOpHeM cremenu m u3 1. Hakower,

o(w™) = (o(w)™ = (¢"™u)™ = u™,
Tak yro u™ € P. O

Caencrsue. ITycmv a # b™, kaxosvl 6bi wu 6btaum | n, m # 1,b €
€ P, u nycmv no-npexcnemy w" =1 = w € P. Toeda G = Gal(X" —
—a) — epynna nopadka n.
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Nokaszareascrso. llycrs u" —a = 0. Toraa [[, . n(u) € P. Ho

n(u) = ¢y, a Tax kak Bce KOpHU cremenu n u3 1 xexar B P, TO
[T,cc(w) = wul®l ¢ P = ul%l € P. Orciona a = u® = (u/“N)?, rge
d = n/|G|. Mo ycroBuio (ecau momoxuts b = ull) 510 Bo3MOKHO TOMBKO
npu d =1, T.e. npu |G| =n. O

PaxTruecku MBI yOEIWINCH, YTO BCE ABYWIEHHBIE ypaBHEHUs X ' —
—a=0,a€ Pupuycaoeuu ( € P ((" =1, (" #1, 0 < m < n)
nMmeloT nukandeckyto rpynmoy [anya. [Ipu Tex xe mpeanonoxeHnsax BepHO
u 06paTHOE yTBepxXK AcHre. Bojee neInkaTHAA CATYalusa 3aTParuBaeTCs
B CJIEIYIOIWNX IBYX TE€OPeMax.

Teopewma 8. Beaxoe p-meproe yurkanueckoe pacuupenuve F noas P
zapaxmepucmury p > 0 umeem sud F = P(c), ede ¢? —c € P.
NoxazaTenabcTBo. 3amedad, uto 1 € PuTE(1) = [F: P]-1 =
= p-1 = 0, Bocnoassyemcsa Teopemon 6: n(c) = ¢ + 1 gua mekoTopo-
ro ¢ € F. B Ttaxom cayqae n'(c) = ¢ + i, T.e. (n)-opbuta {c,c+1,...
..,¢+p—1} cocrour us p = [F': P] snemenron. CrenoBarensuo, F =
= P(c). Kpome Toro,

(e —c)= )" —n(e) =(c+ 1) = (c+1) =cP —¢

Tak 4rto ¢c? —c € P. O
DTou TeopeMe MOXKHO MPUAATh 00Jee TOIHYIO POPMY.

Teopema 9 (Aprun—Illpanep). ITycmv P — noae xapaxmepucmury
p > 0. Tozda cnpasediusvl caedyrouue ymeeprcoenus.

1) Ecau F/|P — yukauueckoe pacwupenue cmenenu p, mo F = P(c),
20de aaemenm ¢ ydosaemeopaem ypasnenuio XP — X —a das nexomopozo
a€P.

2) Obpammo: npu 3adannom a € P mnozousen f(X) = XP — X —
— a aubo umeem odun Kopewv 6 P, uw moeda éce e20 xopnu aexcam 6 P,
aubo ow nenpusodum. B nocaednem caywae F = P(c) — yukauueckoe
pacwupenue cmenewy p wad P das aoboeo xopua c:  f(c) =0.

JokasaTeabCcTBO. YTBepXKAeHUE 1) SKBUBATEHTHO TeopeMe 8.

O6paruno: ecmu f(¢) = 0, o f(c+4) =0, i=1,...,p—1, Te.
muorounes f(X) umeer p pasmuaubx kopaen. Eciau onua kopens ¢ € P,
10 u ¢+ ¢ € P. llpegnonoxum Teneps, uro ¢ ¢ P, u nycrs f(X) =
=g(X)h(X), 1< degg(X) < p. Tak xak

p—1
FX) =[x —e—),
=0
10 g(X) — mpou3BeAEHME HEKOTOPOU YACTU JUHEVHBIX MHOXKUTEJEH.
Iycte d = deg g(X). Koodpdumment mpu X9 ecte — Y i(c + i) =
= —dc+ j. Ho d # 0 B P u, cregoBareasto, ¢ € P, nockonbky g €
€ P[X], — nporuBopeuue.
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Takum o6pasom, f(X) menpusonum Hang P, a BCe ero KODHHU JEXKAT
B P(c), Tax uro pacmupenue P(c) Hopmansso Hag P. Iockonsky f(X)
He mMeeT KpaTHHIX KopHen, P(¢) — pacumpenne Tanya. Cymecryer
asroMopdusm o noas P(c) mag P rtaxon, aro o(c) = ¢ + 1. Obpaswr
oi(c) = c+i, i=0,1,...,p— 1, pasIuIHEI U, CTATO OLITH, TPYTITIA
Tarya COCTOUT U3 CTENeHeH o', T.e. ABIATCA MUKIMIecKon. [

5. KpuTepu# pa3spemMMOCTH ypPaBHEeHMHM B pajumkamax. Ko-
(PUIMMEHTH AIreOpanvYecKux ypaBHEHUU OyJeM MpEeoiaraTh JexKa-
muMu B ione P xapakrepuctuxu Hyab. Urak, nycts f € P[X].

Onpegenenue. ToBopsar, uro pacumupenune F/P paduxasvno, ecin
OHO 00Ja1aeT GAITHEN 110 ATIOJeN

P=PFPCcCP CPC..CP._1CP.=F, (1)

rue
Pi=P~_1(ui), U:L’ =aq; € P, 1<i<r, n; €N,

T.e. P; momy4gaerca us P;_ | mpucoeuHeHreM HEKOTOPOTrO pauKana K/a;.

TosopsaT Takke, uto ypasaenue f(X) = 0 paspewumo 6 paduxasax
nad P, ecau cymecTByeT pagukaibHoe pacumpenue tuna (1), cogepxa-
1Ilee BCe KOPHUM MHOT'OWIEHA, f.

3ameruM, 9To F' COIep:KUT HOPMAJbHOE PACIINPEHUE, a UMEHHO [0JIe
PAa3JI0KeHUs, HO He 00A3aHO CAMO ObITh HOPMAJIBHBIM. DTOT HEJIOCTATOK
JIEKO UCIPABJISAETCS.

Teopema 10. Kaxcdoe padukasbroe pacwupenue codeprcumcs 6
HEKOMOPOM HOPMAALHOM PAOUKAALHOM PACUUP EHUU.

Joka3aTeabCTBO IPOBOAUM MHIYKIMEN 110 BeIcOTe 7 GamHu (1).
Ecmur =1u F = P(u), u" —a, a € P, a ( — 1nepBoOOPA3HbIN KOPEHb
cremenu n u3 1, To mose pasnoxkenus P((,u) mHOrouwrena X" — a Kak
pa3 1 OyZeT HOPMAaJIbHBIM PaIUKAIbHBIM DACHIIDEHUEM.

[Ipeanonaras, uro pacwupenve P._q D P cOIep:KUTCSI B HOPMATIb-
HOM pagukaibHoM pacumpennn K D Pu F = P._y(u), u" =a € P,_y,
paccMOTPUM MUHUMAALHBIN MHOrOUwIeH h(X ) saemenra a € P, mag P.
Mo ompegenennio HopmambHOCTH MHOTOwIeH h(X) Hang nosem K pacma-
IAaeTCA B MPOU3BEIEHNE JUHENHBIX MHOXWTEIEH:

MX)=(X—-a)(X —a2)...(X —ap), a =a.

ycts L — mose pasaoxenus Hag P muorowrena h(X"™). Tax kax nepe-
CeYeHne W KOMIIO3UT HOPMAJIBHBIX PACIIMPEHUN BCErja HOPMAJbHBI, TO
xommosutT K - L = K(C,u1,...,Upy), ul' = a;, Taxxe HOpMaseH. [

ITouTu cToMb XKe OUeBUAHA CJAETYIOUIAL

Teopewma 11. I'pynna aaya Gal F/P nopmasvro2o paduraivbrozo
pacwuperwus F/P paspewuma.

MoxaszaTeabcTBo. be3 orpanutienus OOIMIHOCTH CIUTAEM, ITO F'
onpegeneno 6amnen (1). [Ipucoeguunm Teneps K noyo F' nepBooOpasHbIL
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KOpeHb ( CTemeHn
n=n1ng...Nr_1Ny

u3 1 u paccMoTpuM OANIHIO
PCP)CP(¢)C...CP_1(¢) CP(C) =F(Q). (2)

I'pynna Gal P(¢)/P abeneBa, a ocTaJbHbIE HOCIELOBATEILHEE DAC-
mmpenus B Gamne (2) mo TeopeMe 7 ABIAIOTCA UUKAWYeCKAMU. B cuiry
coorBercrua lanya rpynna G = Gal F({)/P obiagaeT HOpMaJIbHEIM
pAIOM

G Go>GLD>...0>Groy D {e},
B K0TOpOoM (haxToprpymna G /Gy abeneBa, a OCTAIBHBIE TOCIENOBATENb-
uele gakroprpynnsl G;/G;41 unkamaeckue. [Io Teopeme 1 u3 § 2 rur. 2
rpymna G no/kHa 6bTh paspenmmon. Eciu H = Gal F(¢)/F, to H <G
(mockonpky F'/P — HopmausbHOe pacumpenue) u Gal F/P = G/H —
Tak:ke paspeummas rpymnmna. [

Mer mogotuiu, HaKOHEI, K “KOpOHHOMY gocTmxkenuto” J. [amrya.

Teopema 12. Hoaunomuasbroe ypasnenue f(x) = 0 paspewumo 8
padukaaar moeda u moavko moeda, xoeda epynna Gal(f) paspewuma.

HokaszateabcTso. 1) Ipeamosoxum, 9T0 BCe KOPHA Af, ..., Ap,
muorounera f(X) (ayau ypasrenus f(z) = 0) mexar B HOPMAJILHOM
pajgukaibHOM pacmmpennn F/P. EcTecTBeHHOE BKIIOUEHNE

PCP(A,...; ) CF

o3Havaer, uTo rpymnna lamya ypaerenus f(z) = 0 asiseTcs dakTop-
rpymnnon paspemmmon (no Teopeme 11) rpynnet Gal F'/ P. Ilosromy oHa
caMa paspemmnma.

2) Ilycts F' — mose pasnoxenus muorodnera f € P[X]. IIpexnono-
xum, uro rpynna G = Gal F// P paspemnma u

G>G >G> ... Gr1 > G = {e}

— €8 KOMIOBUIMOHHBIA psg. Torga, Kak MBI 3HAeM, KOMIIO3UIMOHHLIE
daxroper G;/Gi11 OyAYT UUKINYIECKUMY DPYIIIAME IPOCTHIX MOPSIKOB.
CoorsercrBue ['arya B CBOIO 0OUepeb rapaHTUPYET CYIIECTBOBAHUE Iie-
MOYKU TIOIIIOIEN

PCFHFCFkKC...CFy,_1CkF,=F,

B KOTOPOM KazKJ0€e MoCiefoBaTeabHoe pacuperue Fiyq /F; 6yger nuk-
JAYECKUM TIPOCTOU CTEIICHMU.

Ipucoequuum x F' nepBoo6pasubill Kopedsb ¢ crenenu n = |G| u3 1 u
PACCMOTPUM HEMOYKY O ITOJEH

P C P(¢) CFi(¢) =2 (Q) C ... C Fr1(¢) C Fi(Q) = F(C).

Kax noe pactupenne Fyy1(¢)/F;(¢) Takxke 6yIeT TNKIAICCKIM IPOCTON
cremnenu p;, geasmen n. Ilo Teopeme 7 none Fiyq(() nmonyvaercs mpucoe-
auHenueM K F;({) KOpHS HEKOTOPOro ABYYIEHHOTO ypaBHeHUs zPi —a =
=0, a € F;((). 910 u oznavaer, uro F({) — paukaibHOe DaCIIUPEHIE
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noast P, conepxkainee Bce kopau MHOrowIeHa f(X ), T.e. HoAMHOMUATIBEHOE
ypasuenue f(z) = 0 paspemmmo B pagukanax. [

Brimie 6bLM MPUBEIEHB MPUMEDPHI HOPMAIX30BAHHEIX MHOT'OYJICHOB
f € Z[X] nrobon crenenu n ¢ cumMerpudeckon rpynmnon lanya. ITo Toas-
KO 4TO JOKa3aHHOU TeopeMe 12 cooTseTcTByIomme ypasHenus f(z) = 0
HEpa3pelIrMbl B PAIMKAIAX.

IIpegnonoxuM Tenepsb, 4To Kopau MHOro4wteHa f € P[X], P € R, Be-
IMECTBEHHBI. MO}KHO JIN UX TNOJAYYIUTH, IPUCOCANHAA K P BCIIICCTBEHHEBIC
3HAYEHUA PAJIMKAIOB M3 BEIIECTBEHHBIX YUCEA?! YTOYHUM IOCTAHOBKY
BOIIPOCA.

Onpepgenenne. [Iycte L — mome pasnoxeHus MHOrowieHa f €
€ P[X], P C L CR. Tosopar, uro ypasuenue f(z) = 0 pazpewumo 6
seujecmeennbiz paduraaar, eciu cymecrsyer nmote I, P CL C F CR,
C LEMOYKOH II0AII0JICH

P=F,CF CFC...CFy1 CFy,=F, Fiy=F({au), 3

rae a; € F; u 2i/a; — BemecTBennoe 3Havenue paguxasna. llore L B ToM
CJIyYae HA3BIBAETCA 6€EULeCTNEEHHbIM PAOUKAALHIM PACUUPEHUEM N0As P.

Teopewma 13. Koneunoe wopmaavroe pacuupenue L/P, P C L C
C R 6ydem sewecmsenmubim padukasbubim 6 mouwnocmu moeda, xo2da
e2o epynna Iaaya ssasemcesn 2-epynnod.

MokaszaTtenncTno. 1) Jliobas koneunas 2-rpynna G paspemmma
(cM. yop. 2 w3 § 1 rur. 2). Ecau Teneps G = GalL/P u

G=Gy>G>..>G1D>G, =€

€6 KOMIO3UIMOHHLI piig, T0 |G;/Giy1| = 2. CoorBercrnre Ianya gact
HAM LIENOYKY II0AIOJEH

P=ILyclLiCcsC...CL,1CL,=1L (4)
C UAKIAIECKUMY CTENEH! 2 MMOCJAeJOBATENbHBIMU PACIIADEHUIMUA
Li+1 = Li(\/ai), a; € L;.
D10 U 03HaYAeT, uTO L/P — BelecTBeHHOE PANUKaIbHOE DACIIUDEHNE.

2) Bygem ucxoguTh Tenepb U3 HOPMAJBLHOI'O BEIIECTBEHHOI'O DAu-
xanbHOro pacumwpenus L/P, P C L C F C R, rge none F' obnagaer
LENOYKOU MOATIOJIeN BUAA (3) C IPOCTHIMU IUCAAME ;.

I'pynna lanya G = Gal L/ P paspemnma, mosToMy B LEHIOYUKE [I0II0-
Jeu Bujga (4), OTBEYAIOMIEN KAKOMY-TO KOMIO3UIMOHHOMY DALY T'PYIIILI
G, mocaegoBaTenbHbIe pacupenus Ly /L; 6y1yT TUKIAIeCKIME IPOC-
TBIX cTeneHen. bes orpanudyenus 0OGIIHOCTY MOXKHO CIATATh, 4T0 L /P —
LUKINIECKOE PACIIIPEHre IpocTon crenenu ¢ u 4to L ¢ Fy,—1 (B mpo-
TUBHOM CJIydae MOXKHO ObLIO 661 3aMenuTh F' ua F),,_ ). Torga kommosur

L-F,,_| ABIAeTCA MUKINICCKAM PACIIIPEHUEM CTeneHu q Hai F, 1. 3a-
meusasg P ua Fy,—; u L va L - F,,_; (a IOTOM BO3BPALIAACh K MPEKHUM
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00603HAUEHUAM ), MBI PEAYLUPYEM 33134y K CAydao, KOraa
PCLCP(¥a)CR, ac€P

u L/ P — nukiandeckoe pacliupeHue npocTon crenesu g. Ilogpasymesa-
erca, uTo {/a — BEMECTBEHHOE 3HATCHNE PAUKAIA TPOCTOU CTENEHN P.
B paccMmaTpuBaemMou cUTyaluu HA OIWH W3 KOpHEM MHOrowieHa XP — a
He sexut B none P C R. Ho ussectno (cM. yup. 1 u3 § 3), uro MHOrOWIEH
XP — a, He nmeromui KopHen B nose P, mempusoguMm mag P((), (P =
= 1. Crano 6brte, [P({/a) : P] = p, 9TO BOBMOXKHO JHIIG DA ¢ = P,
u L = P(¥/a) — pacumpenue Fanya. B TakoM caydae HEIPUBOIMMBIN
muOrower X? —a € P[X] pacmagaerca B P({/a) C R ma iunennsie
MHOXUTeMM. Tak Kak mMpu HEYETHOM P HE BCe KOPHM MHOTOWIECHA Be-
IeCTBEHHLBIE, TO MPUXOAUM K BHIBOAY, 4TO p = 2. [

YIIPAKHEHNU S

1. PaspemuMo 11 B pajuKalax ypaBHEHHE
2% +22% — 52* +92% — 522 + 20 +1 =07

2. ITycts ( — IpUMUTHBHBIN KOPeHb creneHu 5 u3 1, a,b € Q, a; — Hyan ypas-
HEHUA
x% — baz® + 50z — 26 = 0.

ITokaszaTs, 1TO

a; = b+ Vb2 —ad + b — VB2 —ab, 0<i<A.

3. IlokasaTp, 4TO ecau BCe TPU KOpHA HempuBoauMmoro Hag moaem P C R muOrO-
wiena X 3 +pX +¢ BemECTBEHHBI, TO UX HEMb3A BBIPA3UTD MOCPEACTBOM BEIeCTBEHHBIX
PaanKaJIOB.

4. Papx yTBEpXKAEHUN U3 MI. 34 MOXHO AOKA3aTh, UCIOIb3YA IIOHATHUE PE3O0Ab-
senmbor Jaepanxca L(u) snemenra u. Umenno, ecim F = P(u) — IMKIXIECKOE pac-
[IMPEHUE CTEleHu N 1moJi P, comepxkariero NpUMUTUBHBIM KOPEHb  CTemneHu n u3 1,
n ecmn Gal F/P = (o), v € F, T0 10 OIpejeeHuio

L) =u+C"ro@) +¢ 202 W) + ... + Vg1 (w),

IIpoBepuTh, 9YTO pesoabBenTa Jlarpanxa 06J4a1aeT CJAEAYIONMMEA CBOMCTBAMM:
a) o(L(v)) = (L(v);

6) L(v)" € P;

B) cymecTByeT sieMeHT v € F, nua koroporo L(v) # 0.

§ 6. 2KécTkoCTh M PAlIMOHAILHOCTDL
B KOHEYHBIX r‘pynnax

B srom nmaparpadge Teopus [anya HAIPAMYIO COEIUHAETCS C TEOPUEH
XapaKTepPOB. DCKU3HOCTD U3JIOKEHIS IACTUIHO KOMIIEHCUPYETCS yKa3a-
HUEM COOTBETCTBYIOIIEH JUTEPATYPHI.
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1. Onpegenennsa u ¢opMyJIUpPOBKA OCHOBHOM TeopeMbl. IlycTn
G — KOHEYHasA TPYIMNa ¢ HEUTPAJBHBIM SIEMEHTOM €. Sa]UuKcupyem
Kakme-TO Kaacchl conpsakénnoctu Kq, ..., XK, B G u nmomoxum

S=8(K1,. ., Km) = (915, 9m)| 9i €Ki, G192 ---gm = €}.

B g BBLICJAUM II0IMHOXKECTBO
8 =8(K1,-- s Km) ={(g1s--9m) €S| (91,-..,9m) = G}.

OueBugno, G geucTByeT compsikenueMm Ha & u Ha S. CuuraeMm gasnee
Z(G) = e. B Takom cayuae geuctue G Ha 8§ cBOGOAHO. [lencTBUTEND-
HO, eciu g € G ocrasuser (gi,...,¢m) HA MECTe, TO § KOMMYTHUPYET
CO BCEMU §;, a CJEJOBATENBLHO, CO BCEMU IeMeHTaMu u3 (G, TOCKOJIBKY
(g1,---,9m) = G. Ho Torga g = e, mockoasky Z(G) = e.

Onpegenenne. losopar, aro mabop (K1, ...,XK,,) kiaccos conps-
xkéunoctu scécmrut, ecmu S(Ky, ..., Ky,) # @ u G geucrByer Ha 8 TpaH-
3UTUBHO, T.€., B CUIy CBOOOIBI fencTsud, |8| = |G|.

Ha6op (X1,...,X,,) Ha3BIBaETCA CUIbHO HCECTNKUM, €CIU OH KECT-
xurt u 8§ = § (BoobGuie rosops, S C §).

Taxum 06pa3oM, CHIbHASL KECTKOCTH UMEET MecTo, ecau |8 = |§| =
= |G|. 3amerum Teneps, 9TO

8| = N(K1,...,Km) (1)
paBHo uucay pemenntt (¢?,...,¢0) ypasrennsn

9192 ... 9m =¢€, ¢ € XK;.

Iycts Teneps CI(G) = {Ky,...,K,} — MHOXKeECTBO BCeX KIaCCOB CO-
IpAKEHHOCTU KOHEIHOU rpymnsl G, a n — eé noxazamenv (Wim aKcno-
nenma), T.e. HOK nopsankos Bcex saemenTos rpynnet G. I'pynna U(Z),)
neuctByer Ha G : g — ¢°, 5 € U(Z,), u amamoruano — ua Cl(G).
Hanee, Irr(G) = {x1,X2,---,Xr} — MHOXECTBO HENPUBOAUMBIX KOMII-
JIEKCHBIX XapakTepoB rpynnsl G. Mul 3HaeM, 9T0 3HaUeHUA X;(g) JexKaT
B kpyrosom moae ', = Q(¢), (" = 1. CregoBaTeasHO, CYIIECTBYET €C-
TecTBenHoe nenctsue rpynnsl Gall',/Q = U(Z,) Ha Irr(G). deuncrsus
U(Z,) va Cl(G) u na Irr(G) ceasansr GpopMyJIon

as(x)(9) = x(9°),

rue, Kak 00BraHO, 05(C) = (% .

Onpegenenune. Knacc X € Cl(G) naspBaercas Q-payuonasvhvim
(w1 IPOCTO PAYUOHAALHBIM), ECIU BHIIOIHEHBI CIEAYIOUINE DKBABAICHT-
HBIE CBOUCTBA:

1) X ocraércsa na mecre npu geucrsuu U(Z,);

2) kaxawm xapakrep x € Irr(G) npuaumaet va X 3navenus B Q (ma
caMoM pnene B Z).
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Cemencreo {XK;| 1 < i < m} xuaacco conpsukéHHocTH rpynnsl G
PALMOHANBLHO, €CJIU PANMOHANEH KaXK KU u3 KaaccoB K.

YcaoBue panumoHaibHOCTH O3Ha4aeT, 9To ecau g € K, To Bce obpa-
3yIOlINe NUKINIeCKON Ipynnsl {g) gexkaT B K, T.e. conpskens! ¢ g. Ha-
mpuUMep, B CUMMETPUIECKOU TpPYyIIe S, KaXKIbIA KIACC COMPKEHHOCTH
panroHaIeH.

Boxee 06mo, mycts F — smo6oe mone, K = g¢, HOJ(|(g)|, char F) =
= 1. Torga rosopar 06 F-pammonamsaoctu X, koas ckopo x(g9) € F
Vx € Irr(G), uin, skeusasnentHo, eciu K" =K Vn ¢ o, € Gal F(¢)/F.

IIpumep 1. 3HakonepemenHas rpymnmna As UMeeT IATH KJIACCOB CONPAKEHHOCTH
2J1eMeHTOB nopsAkoB 1, 2, 3, 5, 5. Ilycre 5A, 5B — 1Ba Ki1acca CONPAXKEHHOCTY IOPA -

ka 5. Ecm a € 5A, 10 a~! € 54 u a?,a® € 5B, mak uTo 5a,5B me Q-panuoHANbLHbL.
OTMeTHuM, 4TO

x(54), x(5B) € Q(V5) C Q(¢),  ¢(°=1.

BaxnocTs moHATMN cmibHOU )écTkocTn 1 (Q-panmmoHanbHOCTE Cce-
mencra {Ki,...,X;,} KIaccoB CONPAXKEHHOCTH KOHEYHOU rpynnbl G
00BACHACTCA CIEAYIOMEN (PYHIAMEHTAIBLHON TEOPEMON, KOTOPYIO MBI BBI-
HYKIEHBI IPUHATL 0€3 TOKa3aTeNIbCTBA.

Teopema 1 (I'.B. Beasmn, [Tx. Tomncon). Tycms G — xoneunas
2PYNNa ¢ MPUBUAALHBIM YEHMPOM, 004a0a10UAS PAYUOHAALHOIM CUALHO
acécmrum cemeticmeom. Toeda G = Gal F/Q dasn mexomopozo pacwu-
pewus Iaaya F/Q.

Ecmu panmonansaocTn met, To Q B TeOpeme 3aMEHAETCA HA PACIIA-
penue

L =Q(Irr(G)) = Qlx(g9)| Yx € Irr(G); g € Ky, ..., Ki) = Q(C).

Bo Bcex M3BECTHBIX CIydasx T'PYIN, OJU3KAX K MPOCTHIM, IJIA KO-
TOPBIX YCTAHOBJIEHO CBOMCTBO CUIBHOU X)écTKocTH, ceMmencTso {Ki,. ..
., Xm} Asaserca mpunaemom, T.e. m = 3. B arom caydae, 01eBUIHO,
G — rpymma ¢ aBymsa oGpasyrmomumu. Teopema 1 meraeT akTyalbHOU
3aJa4y: BEIPA3UThL CBOMCTBO CAJILHOU KECTKOCTU Ha A3LIKE TEOPHUU Xa-
pPaKTepoB, T.e. HauTH ABHLIE hopMyasl g aucaa N(Ky, ..., Ky,). d1um
MBI U 3aUMEMCA, TTOCJIE 9€r0 PACCMOTPUM MPUMEPHL.

2. IlogcuéT pemeHuu. YcpeHeHue 1o rpymme u Jemma Ilypa
(r1. 3, § 4) naror

1 gy X2
a1 2 ) =15 B

(x = xv — XapakTep HENPUBOAMMOIO Hpeacrasienus ¥ rpymnmer G).
YuuOXA1 5T0 cooTHOmeHne Ha U(y) cnpaBa U mepexonsa K CJAeLy, IOJy-

- 1 L @)
a7 2 Xt ) =
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Anamorugso,
i Z \I/(tlajltl_lt2$2t2_1y) = X(xl)\Il(thgtz_ly),
al &, NG
1 - — x(z1) 1 -1
— Uty by Hpaaty y) = > U(tamaty 'y) =
2 Z 14101 24209 24209
G, x(e) 1G] 2=
x(e)?
OueBuaHas UHIYKIUA IO M TaET
1 1 -1 x(@1) - x(Tm)
G Z xX(tizity . tmTt, y) = WX(Z/)- (2)

IIycTe Teneps ¢ — mobas neHTpaitbHai GyHKIus (HyHKINUA KIACCOB)
ua G. Torma

p=> e xs o =(p.X)a-
X

Wcnoassys (2), BBeAEM B PACCMOTDEHUE BEIMIUHY

I () = #tlgm go((i[l tixiti_1>y> -
= #Z Z cXX<(ilflltimit[1)y) = ;CX_Hﬂj)(ji)X(y)- 3)

X t1,..0tm

Ouenum I, (¢) B caydae, korga ¢ = § — dyuxuusa [Jupaka: é(e) = 1 un
d(g) =0 Vg # e. OueBngno,

1
d= @;x(e)x

(Bemmumua 1/|G|, yMHOXKEHHAsS HAa XapaKTeP PEryJAPHOrO MPEeICTaBIIe-
mus). Crano 6urh, ¢y = x(€)/|G|. Ecm 21, ..., 2y, y — 3a1aHHEE DI€-
MeHTH u3 G, TO
1
I (8) = WNTIW

rge N/ = N(z1,...,Zm,y) — 9ucio pemesust (¢, ...,%,) ypaBHEHUS

tizity L tmrtly = e.

16 A.M. KocTpukuu
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Taxum 06pa3oM, mpu oMo (3) HaxoAUM

- gm0 X(©) x(@1) - x(@e)x(y)

= |G|m—1 Z X(xl)x(eiiflxm)X(y) )

—1
Ilonaras y = e, moxy4daeM dhopMyIy

Npw=N(@1, .. Tmo1,@m) =[G % (4)
X

Mycrs Kq,...,K), — KIaCCHI CONPSIKEHHOCTHU C MPEACTABUTEIAMEI
Zi,...,Tm, U OYCTh ¢; — MOPSALOK LEHTpAIU3aTOpa daeMeHta u3 K.
Torga, Becmomuuasa 06 (1), IPUXOAUM K BHIPAIKEHUIO

Nm

Cl...Cm

N(Klw"?g(jm) =

Ipumenss gopmyry (4) u samedas, uro ¢; = |G|/|K;|, momygaem cie-
OyIOIIee YTBEPXK IeHUE.

Teopema 2. Qucao N(Ky,...,K,,) onpedeasemca dopmynoi

1 x(@1) - x(zm)
N(lew--,me)—@|5<1|~-|5<m|;wa (5)

ede K; =28 u x € Irr(G). O

IMocremusasn Teopema uMeer pazHooOpasHele npunoxkenus. Hanpumep,
€€ MOXKHO HUCIIOJIB30BATD [JA MOACYETA YUCIa moarpyn B G, usoMopd-
HBIX 3HAKOIepeMeHHou rpymnmne As. JencTBuTensHO,

5

As = (z,y, 2| =y =2 =e).

3aJada CBOAUTCA K HAXOXICHUIO YUCJAa PEIIeHUN YPABHEHUA TYZ = e,
e T,y,z IPUHALIEKAT KIACCaM CONPKEHHOCTH MoKa3aTenen 2, 3 u b
COOTBETCTBEHHO. T0 ke 3aMedanue npuMeHuMo K Sy, Ay, D, ¢ anazornd-
HBIM 3aJaHUEM 06pa3y10mHMn 1 COOTHOIIIECHUAMU.

2KécTKoCTh 9acTO IPOBEPSIETCA B IBA DTAIA.

1. Beraucasercsa |8 mo dopmyae (5) u Tabiuue XapakKTepoB IPyI-
ner G. _ _

2. Beraucaserca |8 —8| =8| —|8§| myrém HaxoxmeHus Bcex

m-ceMencTs {gi,...,gm} B S, He nopoxnaoumx G; LI TOr0 UCIOIb-
3YIOT 3HAHUE MAKCUMAJIbHBIX MOACPYNI rpymusl G.

llpexgnoxenune 1. Cnpasedausvr moxcdecmsa:

) [S(XKE, ..., K2 =|S(Ky, ..., Kn)|, meU(Z,);
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HoxasaTeabcTBo. llepBoe ToXAECTBO caepyeT u3 dopMyast (5),
CKOMOUHEPOBAHHOU ¢ popmyion x(g") = on(x)(9)-

Bropoe TOX[1eCTBO ZOKA3BIBAETCS MHAYKIMEN IO NOPsAKy |G| cie-
aywoumM obpasom. [Tas moboun noarpynnsr H C G moaoxum

SH(K,NH,...,X,NH) =

={(g1,--s9m) | 91 €KiV H, g1...9m =€, (gi,--, 9m) = H}.

Boo6me rosopsa, K; N H — He OTeJbHBIN KJIACC CONpsxkEénnocTr B H, a
00BeINHEHNE HEKOTOPOrO YMCIa TaKuX KiaaccoB. Popmyna

S—8(Ky,....Xm)= |J 8¥@GNH,... KnnH)
HCG, H#G
MPUBOIUT K MHAYKTUBHOMY Imary. [

3. Ilpumepsr xkEcTkocTU. a) Cummempuueckas epynna S,. fcHo,
aro Sp(n > 3) cogepxur kaaccul conpsukénnoctu nA, 24, K, orsedaro-
[Ine IUKJIAM JIUHBL 0,2, n — 1. YTBepxkgaercs, uro Tponka (nA, 24, X)
CHJIBHO XKECTKAdA.

[lenCTBUTENBHO, JAHHBIA N-TUKI T € NA 3a1a8T UUKITIECKOE yIO-
pagodenue MEOXKecTBa {1,2,...,n}, T.e. ODUEHTUPOBAHHBIN N~y OIbHUK.
KoMmosuumsa >TON TEepeCcTaHOBKYU MOPAAKA 7 C TPAHCIOBULIUER NAET
(n — 1)-uuka poBHO TOrAa, KOTAA ABE MEPECTABJIAEMbIE BEPIIUHBL CTOAT
psagoM. CJeI0BATENbHO, PEIICHUS YPABHEHUA TYZ = € C MUKIAMU X, Y, 2
MopAIKa N, 2,n — 1 HaxogATCA B GUEKTUBHOM COOTBETCTBUM C OPUEHTU-
POBAHHBIMU N-YTOJIBHUKAMU C OJHUM BHIIEJEHHBIM pebpom. Jliobwie aBe
Takue KOH(QUTYyPAIUU MOIYT OLITh IEPEBEAEHEl APYT B APYTa OTHOU Ie-

pecrasoBkon u3 S,. Takum obpasowm, |8| = |G| = n!. B cBow ouepens

8 = 8, mockoabky (z,y,z) = S,. Kak yxke ormedanocs, B S, Kaxkgbi
KJIaCC CONPSKEHHOCTU panuoHaneH. TakuM o6pa3oM, B COOTBETCTBUU C
Teopemon 1 cymecrByer pacmmpenue anya F/Q c Gal F/Q = S,,. Pasy-
MeeTCs, I HaC DTO He HOBOCTH (cM. § 4), a JNNIb WITIOCTPALMA HOBBIX
METOOB.

6) I'pynna PSL(2,F,). IIpu p > 3 sra rpynna npocras (teopema 4
B § 2 ru1. 2). Bee eé KOMILIEKCHBIE XapaKTePHl U3BECTHBL, HO Mbl ODAHU-
uynMes 3amedanueM, 4To PSL(2,F,) comepxut cpein mpouuX IO OFHO-
My KJACCY COMPSXKEHHOCTHU 3JeMeHTOB mopsaaka 2 u 3: 24,3A. Umeerca
nBa Kaacca pA,pB »1eMeHTOB MOpAIKa P C IPENCTABUTEIAMA — YHU-

1 1 1 «
TMOTEHTHLIMU MaTPUIIAMU o 11 %o 11 rae cuMBoa Jlexxanapa
% = —1. CunbHas xécrkocTb Tpouku (24,3A4,pA), a Takxke Tpo-
ek (24,pA,pB) npu (%) = —1u (34,pA,pB) npu (%) = —1 mpose-

psAeTcs HemocpeacTBeHHO. PammonanbHOCTH 374€Ch, BOOOIIE I'OBOpA, HE
OXKUIAETCSA, KAK IOKA3BIBAET PACCMOTPEHHBIN paHee MpPUMep CPYIIIbI

16*
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As =2 PSL(2,5) := PSL(2,F5).

B) Ilpocmas 2pynna SL(2,8) = SL(2,Fg) nopadwa 504 = 23-3%-7. Xo-
POIMMM yTIPAXKHEHUEM CAYXKHAT IOCTPOEHME TAOMUIEI €€ HEIPUBOIMMBIX
KOMILTEKCHBIX XaPAKTEPOB:

1A | 2A | 3A | TA | 7B | 7C | 9A | 9B | 9C
x|t vt |||
X2 7 -1 =2 0 0 0 1 1 1
xs | 7 | -1 1 0 0 0 a | o | o
xa | 7 | =1 1 0 0 0 || « o
xs | 7 | —-1] 1 0 0 0 | o | o
xe | 8 | 0 | -1 1| 1|1 |-1]-1]-1
xi o [t o B [s s [o]o]o
xs| 9 |1 o[ [ ][s o ]o]o
x| 9 1o s [ B0 o]0
31ecn
2 4 8
a:—2cos§, a':—2cos§, a”:—2cos§,
2 4 8
ﬂ:Qcos—W, B8 —2cos—7r, 8" = 2cos —
7 7
ITo gpopmye (5) umeem
~ 5042 1 1 1 1
S$(94,9B,9C)| = (1 S o4 —=4040 0):504:8L 2.8).

Yro6b1 yOeauTHCSA B KECTKOCTH, AOCTATOYHO IPOBEPUTHL, UTO JIOOOU
Tpumet (z,y,z) € 8 OPOK TaeT SL(2 8). aganum moue

Fg = {0,1,\] 1<i<6}, AM=A+1
Hago nomuuth, uro Fy — moze xapakrepucruku 2 u Fy = (\). B ka-
9YECTBE DJIEMEHTOB TPOUKYA BO3BMEM MATPUIIBI
. M+l A+1 b M+A+1 A . A2 A
I DN D = B A+1 1 TN +HA+L 1

Jlerxo mposepsierca, uro a’ = b° = ¢ = e, abc = e. CTenenavm maT-

puet d = a*h? = diag(A~!, \) mcuepmLIBAIOTCA BCE TMATOHATBHBIE DJIe-
MmeHTHI rpynnel SL(2, 8). Manee, HOLy9a0TCsA YHUIOTEHTHLIE MATPULBL

. . 1 1 1 0
_ 234 472 _ = o —23-1 2 -1
u—abab—‘OI‘, u=a""d ta*d " = 11
_ 01 .
W Cpasy XKe MOCIe DTOFO — DIEMEHT W = wuu = || 4 ||, Arparommi

KJIIOUEBYIO POJIb B pa3ioxenun Bpioa (cM. 1okazaTeabCcTBO TeOpeMH 4 u3
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§ 2 ru1. 2). OcTanoch NOAYYINTH CTAHAAPTHYIO GOPETEBCKYI0 MOATPYIILY,
HO IETANN BBHIYUCICHUN MBI OILyCTUM.

YIPAXKHEHUA

1. Ilycre G, H — KOHEeYHBIE I'PYNIILI C CUIBHO XKECTKUMY CeMEeUCTBAMMU
Q Q! 1
8(Ki,...,Km), (K, .., K 0)-

Iloka3aTh, 9YTO TOrAa

S(XKi x K| 1<i<m, 1<j<m)

— cuiIbHO k€écTkoe cemencTso B G X H.

2. Ilycts 0 — BHemHWN aBTOMOPGU3M KOHeYHOM rpymnsl, u mycTb (Ki,...
..., X ) — KECTKOE CeMencTBO KaaccoB conpskénnocTu B G. [lokazaTh, 4TO TOra
o(XK;) # K; mas HeKoTOporo i.

3. [lokazaTh, YTO B 3HAKOIEPEMEHHOU I'pyTIne As C U3BECTHBIMU HAM KJIACCAMU
conpsxénnoctu 1A,2A,3A,5A,5B Tpouku

(24,3A4,54), (2A,5A,5B), (3A,5A,5B)

ABIAIOTCA CATbHO KécTKuMu. OTciofa creryer, uro As = Gal F/Q(V5).

4. O603naunM 4depes K (2z) 9uCa0 NPEACTABIEHUN 2IEMEHTA 2 KOHEIHOU IDYIIIBL

G' B BUIE KOMMYTaTOpa, T.e. YACIO PeIleHuit ypaBHeHus z = xyx Ly~ L. TlokasarTs,

qTo
T

Ki(2) = |G|Z’;f—8.
i=1 At

Bouee 06mmo: ecian Koy, (z) — 4YUCIO PEIIeHUN ypaBHEHUL

z = (wyray 'yr D(@2yeas s ) o (@mymentyn ),
TO ( )
Kn(z) = |G)P™— ! _Xit®) .
=16

§ 7. douiaor

7 #os6ps 2011 r. ucnonuurcs 200 JgeT cO AHA POXKIEHUS JBAPUCTA
TFanya (1811-1832), ogHOro M3 caMbIX 3HAMEHUTHIX MaTeMaTukoB XIX
cronerus. Unen lanya DpoHUKIM K HACTOAIIEMY BPEMEHU B Pa3HLBIE 00-
JACTU MATEMATHUKU, HO U TO, YTO OOBIMHO HABBIBAIOT KJIACCUICCKOU TEO-
puen anya, mpogomkaeT mopaxkaTh BOOOPaKEHNE CBOUM HOBATOPCTBOM.
Nmepmnmecs no Taxya paspossenusie pakThl 06 arre6pandecKux ypas-
HEHUAX ObLIN OOBEIVHEHBI U PE3KO PACIIMPEHBI UM MOCPEJCTBOM TEO-
pUU CPYII — TEOPUHU, TAKKE HE CYIIECTBOBABIIEN B €ro BpeMs. Buuim
JIUIIb OTAEJBHBIE IPUMEPEI IPYIN U mpocTenime mouaTusa (y Jlarpas-
xka, laycca, Komm, AGeas), HO OTCyTCTBOBaIA TaKe KAKasg-TuOO0 eIuHas
TepMmuHOITOrusa. Beenéunnie lanya moHsaTUs pazpewumoti epynnvi, npoc-
Mot epynnol, HOPMaLHOT NOJePYNNbL OCTAIOTCA HO CeUl NeHb Hambosee
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YyIOTPEeOUTEIbHBIMEA B 00mIen Teopuu rpynn. Heymomumas goruka pas-
BuTua npuBena J. [amya x koHeunblM nousMm (mossa [amtya, 9acTudHO
BCTpeuasmmecs y laycca) u K rpynnaM ApOGHO-TUHENHBIX TPeo6pa3o-
BaHUU HAM KOHeUHbIMU modamu. OH gokasana mpoctoTy rpynn A,, n >
> 5 (smakonepemennsie rpymnsl), u PSL(2,q), ¢ > 4. Teopemsr Tanya o
IPUMHUTUBHBIX I'PYIIIaX IE€PECTAHOBOK, O TPAH3UTUBHBIX I'DYIIAaX IIPO-
CTOU CTemeH:u U o creneHsax npeacrasrenunt PSL(2,¢) B kadecTBe Tpas-
3UTUBHOU TPYIIBLI MEPECTAHOBOK MOXKHO CIUTATH MPOOOPA3OM OOIIIX
KIACCU(PUKAINOHHBIX PE3YJIbTATOB, MOIYIEHHBIX CIIyCTA MOATOPA CTOJE-
TUA. YCJIOBUA PA3PENIMMOCTI B PATUKAIAX aJreOpandecKuX ypaBHEHUN
(¢ HmeIBIME pAIMOHATBHBIMEA KOX(PUIMEHTAME) TPOCTOU CTEIEHU, BHI-
PaXKEHHLIE Ha TEOPETUKO-T'PYIIOBOM S3BIKE, OTIUIAIOTCSI MOJHOTOU U
masmecTBoM. VI Bcé 5T0 6BLTIO 06QyMaHHO UM AOKa3aHO J. [amya B BO3-
pacte ot 16 aeT 1o 21 rozga. I'. Bewib, caM BHECIINN HEOIEHUMBIN BKJIAI
B MaTeMaTuky, 3ametua (cM. [8]): “Unen Fanya, ocraBaBmmecs Ha mpo-
TAXKEHUUN HECKOJBKUX rZ[eCfITI/IJIeTI/II{/)I KHHFOﬁ 3a CeMBbIO IT€e9aTAMU, CTAJIU
BIIOC/IEICTBUH OKA3LIBAThH BCE Oosee u Hojee TIyObOKoe BAUSHUE HA Pas-
BUTHE BCEU MATEMATHUKW; DTU UAEU CONEPIKATCA B IMPOMIATLHOM MUCHME
laaya x aApyry, HANMCAHHOM MM HAKAHYHE CMEPTH, MOCTUTIIEN €r0 Ha
OyPaLKON Iy>au, KOrjaa eMy He ObLto emé 21 roga. Ilo HoBusze u riyou-
HE UJIeU, BEIPAXKEHHBIX B DTOM MUCbME, OHO ABJAETCS, BEPOITHO, CAMBIM
BBIJAIOIIUMCS TBOPEHUEM U3 BCET'O, IYTO KOI'Aa-Iu00 OBLTIO HAKXCAHO PYy-
koo desoBeka” . KopoTkas, mosHas 3aragok kusHb J. [anya ¢ 601
TaKTOM ¥ cuMIiaruen omucasa B kuure JI. Uadenrsga [13].

O6mas onenka Bkiaaga J. [anya B MaTeMaTuKy naHa TAKXKe B 3aMe-
gareapHOM ucropudeckoMm odepke D. Kuenna [15]. B wacraocTn, Kienn
numret: “Bes 3makomcTBa ¢ “Teopuen [anya” TpyaHO OLEHUTH BCE 3HAYE-
HUe ero focTmkeHu. S xoren 661 Mo3TOMY HONPOGOBATH HAMETUTH B He-
CKOJBKUX CJIOBAX OCHOBHOU 3aMBICEJ DTOU TEOPUU, XOTA B CTOIb KPATKOM
M3JO0XKEHUN U HET BO3MOXKHOCTH IATh NIPEICTABICHUE O BCEM €€ 00OBEMeE.
IIpex ge ueM caenaTs 3TO, S XOTENI OBl OTMETUTL CBOCOOPA3HYIO POIb, KO-
TOPYIO UrpaeT Teopus larya Kak mpeiMeT IPEernoIaBaHusA B HAILUX yHIU-
BEPCUTETAX. 3A6CH IPOUCXOAUT KOH(MPIUKT, OTUHAKOBO MPUCKOPOHLIA U
it 00y Hdaroumx, u 1y o0ydaeMbrx. UMeHHO, ¢ O THOU CTOPOHBI, TPEIOo 1a-
BaTEeIN, BOOIYIIEBIEHHBIE UCKIIOUYUTEIBHON MeHUAIBHOCTHIO OTKPBITHUSA U
3HAYUTEJBHOCTBIO ero NIyOOKUX pe3y.IbTaTOB, OCOOEHHO OXOTHO YUTa-
0T Kypchl 0 Teopuu [aiya; ¢ Ipyrou CTOPOHBI, KaK pa3 »Ta 061acThb
[IPENCTABIAET UCKIIOUYUTENbHBIE TPYIHOCTH [ IHOHUMAHUA CPEIHEro
HAQUUHAIOMIEI'0 CTyAeHTa. lledanpHBIM pe3yJbTaToOM 3TOrO B OOJBIINH-
CTBE CIyYaeB ABIAETCA TO, ITO 3ATPAUCHHBIE C 0COOOU JIOOOBBIO U BO-
O[yUIEBJEHUEM YCUIUA TIPENONABATENIEH MPOXOMAT MUMO OOJBIIMHCTBA
CJIymIaTeaen, He BCTpedasd, 38 PIKAMU UCKIIOUYEHUAMI, HUKAKOTO TTOHU-
MaHuA. U3BeCTHYIO POJIb B 3TOM UI'DAIOT U 0COOBIE TPYIHOCTH, KOTOPHIE
[IpenCTAaBIAeT U3jIokKeHue Teopun Laxya’”.
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Brickazannas Bbimie MBICTE 06 0c060M MecTe Teopun Latya mycruia
MOBOJBHO IIyOOKME KOPHU, HA 9TO OOPATUI BHUMAHWE KPYIHBIA TEOPe-
TuKOo-dncioBuK A. Bemns. B mpeaucioBuu K pyccKoMy TepeBOAy CBOEH
kaury [9]) ox mummer: “Bruto Bpems, xkorga teopus [amya pacemarpu-
BATaCh KaK BElIb TPYAHAs U aOCTPAKTHAS, IPETHA3BHAYEHHAS JNUIID [JIs
cuermaaucToB. bojee Toro, s 3HaBaJ HEKOTOPHIX MPEBOCXOTHBIX MAaTe-
MATHKOB MOEro IMOKOJEHUs, KOTOPbIE OTKPHITO MPU3HABAINCH B CBOEM
COBEPIIIEHHOM HeBexecTBe B Teopuu ['anya u, kaxercs, axke ropauinch
sTuM. Temepb Bce XOPOINO MOHUMAKT, YTO 3TO — ONUH U3 “OCHOBHBIX”
Pa3IeIoB, ¢ KOTOPHIM KAaXK LU CEPbE3HBIN CTYIEHT-MATEMATUK MOJKEH
MMO3HAKOMUTHCA B IEPBLIE K€ TOMLI O0yIeHus” .

B mocaeguue roasr 60/bII0E BHUMAHUE MTPUBJICKIA O0OpATHAA 33,1394
Teopuu [anya, y10BIETBOPUTEIBLHOE DEIIEHNe KOTOPOU (TI0Ka He CYIIeCT-
Byioiee) TpebyeT NagéKuX BBIXOJOB B TEOPUIO UHCEN, AIre0pandecKyo
TeOMEeTPHIO U, eCTECTBEHHO, B TEOPUIO I'PYIII, BKIOYAsS TEOPUIO Mpe-
crasienunu. Kaxercs, 9aro curyanus, onucansas @. Kaennom, auims ycy-
ry6miach. BmecTe ¢ TeM mpenMeT, CTOAIIMY Ha CTHIKE MHOTUX MaTeMa-
TUYIECKUX MUCHUILIVH, TOJXKeH ObIThH IPUBJIEKATENbHBIM 1A CTYIEHTOB,
€Car Ha NEepPBBIX [IOpaX WX BHUMAaHUE OyIeT COCPEAOTOYUEHO HA BIEMEH-
Tax Teopun laiya, He CIAUIIKOM OTATOIIEHHOU TEXHUKOU, HO JOCTATOY-
HO MPOABUHYTOU M (POPMYJUPOBKA MHTEPECHBIX Pe3yabTaToB. M3mo-
JKEHUe B IVI. ) IPEeCeIoBaIo UMeHHO >1u ueau. [Ipsamas 3anaga Teopuun
Tanya (Boraucaenue rpynnsr Gal(f) mus ao6oro muorounena f € Q[X])
u obpaTHas 3a1a4a (IOCTPOEHNEe MHOI'OWIEHa C 3agaHHou rpynmon [a-
Jya) emé noaro OyIyT MPeaMeTOM CePbE3HBIX UCCICIOBAHUN, HE TOBOPS
yKe O TOM, 9TO B Oojee MOJTHOM KOHTeKcTe Teopus [anya mpuobpena
obLIeMaTeMaTUIECKOE 3HAUEHNE.



Ilpuaoxenue

HEPEINEHHBIE 3ATAYN

1. Kinaccudukanusa KOHEIHBIX IpPocThiX rpynn. (Co6CcTBeHHO
COBOPS, DTa KIACCUIECKasA 3303498 CINTAeTCA peménnon. OTBeT riacur,
YTO KaXKJasd KOHEYHASA TIPOCTasA TPYINa (€CTECTBEHHO, HE NMUKINIECKAS
IPOCTOrO HOPALKA) M30MOPQHA OJHOU U3 CJACAYIOMIUX TPYIIL: 3HAKOIe-
pemenHas, rpynna tuna Jlu, cnopaandeckas. Hukakux ompenesenut Mbl
He aéM, 9TOOBI He YBABHY T B AeTaaax. CIopagniecKuX NpOCTHIX MPYII
umeeTcsa Bcero 26 mryk. K HUM OTHOCHTCA U yIOMAHYTHIU B TIpeaMOy.Jie
K 1. 2 mouctp M (agpyroe obosuadenue M = F; — B 4ecTb IEpBO-
orkpeBarenen Hoprona—Pumepa). Obmas cuTyanus IpeKpacHo Omuca-
ua B kuure [[. Topencrenna “Kouednsle mpocthie rpynmnbl. Beegenue B
nx kraccudukanuo” (M.: Mup, 1985). OGemannse HECKOIBKO THICAYT
CTPAHUIl TOKA3aTeIbCTBA IIOKA He IPEeIbABICHBL, HO AaKTUBHAA paboTa B
5TOM HaIpaBJeHuu BeaéTcsa. Ecan naxe cepbE3ubie mpobeabl He 00HAPY-
JKATCA, NITPOKOU MATEMATUIECKOU IIyOJUKE DTO NOKA3aTeJbCTBO OyaeT
HegocTynHo. Emé pas xodeTcs ckazaTh, UTO CUIa MATEMAaTUKU — B €€
€IUHCTBE, X KTO 3HAET, HA KAKOM IIyTH ¥ KaKNMMU CpeIcTBaMu OyAyT Ia-
HBI yOeIuTeIbHbIe, JEIKO IPOBEpsIeMble apIYMEHTHL B O3y BBEIBOIOB,
IOy YEHHBIX IIEHOM MHOT'OJETHHUX yCUIUN.

OOb1ee HaTIpaBIEHUE UCCAEIOBAHUN TI0 KOHEYHBIM IIPOCTHIM TDYIIIAM
ompenenuia 3uamenuTas teopema [Ix. Tommcona u Y. Penra (1962 r.)
0 Pa3pemuMOCTH JIOOU TPYNILI HEYETHOrO mopsanka. [JokasaTerbct-
BO BaHAIO 255 C. XKYPHAJIBLHOIO TekcTa. B mocrenymomux paborax He-
CKOJBKUX MAaTEMATUKOB OHO MPUOOPEIO 60sIee TPO3padHyo GpopMy (CM.,
umanpumep: Bender H., Glauberman G. Local Analysis for the Odd Order
Theorem. — Cambridge Univ. Press, 1994), HO Tak u He JOBEIEHO XO-
s 661 10 100 ¢. OHa U3 KOBapHO MPOCTHIX MePedhOPMYIUPOBOK 3a1a91
3aKJII0YAETCA B caepyiomeM. JOmycTuB CyIecTBOBAHNE B JAHHOM KJIAC-
Ce HepaspelMMOy I'PYIIEL, MbL JOKHBL TOJAYIUTh Ipynny G He4€THOrO
HNOPAJKA, COBIAJAMIIYI0 O cBouM KomMmyTanToM. Ho ecmn G = G, To
COMVIACHO CJIEACTBUIO TeopeMbl 7 § 4 ri1. 4 uMeeT MECTO COOTHOIIEHKE

@) UK _ (g 2 éKj- ()

CooTHomtenue (), IOLYICHHOE IIPY IOMOIIN TEOPUN XaPAKTEPOB, B CIy-
Hae IPYHI HEYETHOIO MOPATKA MOXKHO PEIYIMPOBATH IO MOAYJI 2 U
pPaccMOTpeTh Ha MOJEeM XapPAKTEPUCTUKY 2, IIe OHO IpuoOpeTaeT erré
60Jee U3AMIHYIO (POPMY:

i=1 j=1
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Hamo “Bcero maBcero” nokasaTb, YTO Ha CAMOM [eJe COOTHOLIEHUA (%),
(%) A rpynI HEYETHOIO NOPAAKA HUKOTAA He BeinoaHaioTca. Crerars
3TO CPEACTBAMU OJHOU JIUIIL TEOPUU XAPAKTEPOB HEBO3MOXKHO.

2. Peryaspabiu aBromopduam. Kax ormesamocs B [BA I, r.
4, § 2], rpynna Aut(G) u naxe oTgenbHBI dneMeHT ¢ € Aut(G) MoryT
CIyKUTH UCTOYHUKOM BaXKHBIX CBegeHuu o rpymnne G. Ecin

a#e=pla) #a,

TO (p Ha3BIBACTCA peYAAPHbIM  asmomopPuzmonm. Baxkuas reopema
[x. ToMIICOHA O HUIBIIOTEHTHOCTH I'PYIILl (G ¢ PEryJIAPHBIM aBTOMOP-
(GU3MOM IPOCTOrO MOPAAKA P IPUBENA K MHOTOYMCICHHBIM CJIeJCTBUAM
U CTUMYJUPOBaJIa UHTEPEC K BO3MO}KHOﬁ BEJINYINHE KJIaCCa HUJIBIIOTEHT-
voctu n rpymnel G. Ilpu p = 2 rpynna G abeneBa, a B o0IIeM Ciydae
nokazano (A. Kocrpukun, B. Kpekuun), uro n = n(p) < pP. Ha camom
XKe geqe runoTesa, uaymas ot I'. Xurmana, niacuT, ITO

n(p) = —(p24_ D,

DTa rumoTe3a BepHa npu p = 3,5 u Kak-6yaTO (CO CCBLIKOM HA KOMIIBIO-
TEPHBIE BEIUUCIEHNs) IPKA P = 7. XOPOLIO GbI HOATBEPIUTD STU BEIIUAC/IE-
HUS U YJIy4dmmTh o61ryo onenky. ['opas o 6osee BaxxHa Apyras FUIOTE3a
— 0 Pa3pemMMOCTH KOHEYHOU TPYIILL ¢ PEryJIAPHBIM aBTOMOP(U3IMOM
Ja060ro nopsagka. [IpAMBIX TOAXOMOB K €€ 10KA3aTeIbCTBY [IOKA HET.

3. Crpannan anre6pa Jlu. Cymecrsyet qu anrebpa Ju L 6ecko-
HEYHOU Pa3MEPHOCTH, BCE COOCTBEHHBIE TONAIreOPBI KOTOPOU OJHOMED-
woi? Eciu ga, To 5T0 03HaYaa0 ObI, 9TO L MOpOXKIaeTCsa 000U mapon
HEIIPOITOPIXOHAIBHBIX DJIEMEHTOB!

dim(a,b)r = 2 = L = Lie(a, b).

ITose F' MOXKHO CYIMTATHL TPOU3BOJBHLIM, HAIpUMep, uM MoxeT ObiTh C.
B Teopuu rpynm amasor Takou crpaHHOuU aire6Gpsl Ju cymecTByer: B
cBoé BpeMsa A.FO. OubmanckuM ObUT IOCTPOEH HpUMep OECKOHEIHOU
P-TPYIIBL, BCE COOCTBEHHBIE MOATPYINBI KOTOPOU IUKINIECKUE TTOP-
ka p (IpOCTOEe YUCIO P CIATAETCA TOCTATOIHO OOJIBIINM ).

4. IIpo6aema Bepucanga. Ilycrs Fy = Gr(z,y) — cBo6oanas
rpynmna ¢ AByMsa 00pa3yIoluMy &, , ¥ IyCcTb Fi' — e€ HOpMaJbHaA O I-
rpyImna, MOPOXK IEHHAA N-MU CTeneHaMu w” Bcex aaeMeHToB w € Fh. Ko-
HevyHa Wi 6ecKoHevHa “cBobGonnan” rpymna Bepucanga B(n) = Fy/F?
s n = 2,3,4,6 0TBET MOMOKUTEILHBIN, IS BCEX JOCTATOIHO GOMBIIAX
7N OTBET OTPUIATEILHLIN. SHAYEHNE N = 5 HauMeHbIIee, 11 KOTOPOro
OTBET Hem3BeCTeH. JacTudHasa nepedopMyIupOBKa 3aKII0YAETCA B CJIe-
IYIOIIEM.
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IIycts
(z,y;1) := (z,y) = aya 'y,
(z,y;8 + 1) == ((z,955),y)-
Hamngyrces am Taxue saeMeHTHI w;(Z,y) U LeI0e 9UCIO m, 9To0b B Fh
BBIIIOJHAJOCH COOTHOIIIEHUE

(z,y;6) = [ [ wilz,y)*?
i=1

Ecau mer, To rpynna Bepucanga B(5) 6eckoneunas; ecau na, 1o B(5)
obuanana Obl MHTEPECHBIM CBOMCTBOM BHIEJIEBOCTH.
151 OpMEHTUPOBKY HAIOMHUM, 9TO

(z,y;1) = (zy)*(y 'z 7y’ (v~ )7,
(2,9:2) = (zyz 'y~ 'a ™) (aya)’ (27 y )%
B B(4) BBIIOJIHEHO COOTHOIIECHYE
m
i=1
B 1981 r. mpu nomoum IBM Xasac Hamén Takoe COOTHOLIEHUE C 1M =
= 250. [Tozguee A.B. Kop1okoB, KOMOMHUPY MAIINHHBIE U PYIHBIE PAC-
9€THI, IPUIIET K COOTHOIIEHUIO C M = 28, IpUI€éM IPOBEPKaA JOIIYyCKAeT-
cs 6€3 UCIOIBb30BAHUA BLIYUCAUTEILHON TeXHUKU. KAaKOBO HaMMeHbIee
m = m(4) 1 9TO CJAeAyeT OXKUIATH B MHTEPECYIOLIEM HAC ciaydae n = 57
5. KoHe4Hble rpynnsl DOIAHOMUAJLHBIX aBTOMOP(PU3MOB.
IIycts G — koneunas noarpynna B rpymnmne Aut(C") Bcex moamHoMuaIb-
HBIX aBToMOpdusMoB. Byner iu G conpsaxena B Aut(C") ¢ komeunon
noarpynmnou B GL(n,C)? daa n = 2 sTo Tax (Teopema I'mzaTysimna—
Hanumnosa). IIpu n > 3 Bonpoc ocraércs oTkpulTeM (Furushima Mikio//
To6hoku Math. J. — 1983. —V. 35, Ne 3. — P. 415-424).
6. IIpocTo nmpuBogumsbie rpynnsl (wiu SR-rpynnsr — mo Tep-
munosorun E. Buruepa). Koneunas rpynna G masweBaercs S R-epynnot,

ecan
> @ =" [Cala)l’,
geG ige;
rae
f(g) = Card{z € G| 2* = g}.

KospdumenramMmu pasioxeHns TEH30PHOIO POU3BEIEHUS JTIOOBIX IBYX
HENPUBOAUMBIX IpeACTaBIeHUA S R-rpynn 6y 1y T JUIIb HyJIX U €UHALHL,
YTO BAXHO /I MHTEPIPETANNU HEKOTOPLIX dusndeckux 3a1a4 (Xamep-
mews M. Teopus rpynn u e€ npuMeHenne K puU3AIECKUM MpobaeMaMm. —
M.: Mup, 1966). Knacc SR-rpynm He mycT, KaK MOKa3bIBAIOT [IPUMEDHI
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JII0O0H 3JIEMEHTAPHON a0eJeBON 2-T'PYIIIbLL, 000OIIEHHON TPYIINEI KBATEP-
HUOHOB (Jo» U JIOOOU OUDAPAIBLHOU rpymmbl. JanuM Koe-Kakue MmosCHe-
uus. [lo onpenenenuio

(n—1) (n-2) i
Qo = {a,b| a® V=e, ¥=a"", bdi=a °D), n > 3.

3aMeTum, ITo
(n—2)

_ 2

Z(Qan) ={e,a” "}
IIpu n = 3 moaydaercsa oObIYHAA IPyNIa KBaTePHUOHOB. [Ipsambie BHI-
qucaerus B G = (Qan MOKA3BIBAIOT, UTO

Zf =" 2P (v 2 —1)2% =

= (2" =2)2" )2+ 22" 42040 = Z|CG
Awnanoruuno, eciu G = Dapyq, TO
Zf =2n+2°%+2n-1° =

=22(2n +1)2 4+ 2n(2n + 1) + (2n + 1)2 Z |Caly

Ecin G = Ds,,, TO
Zf =2n+2°+(n-1)-8=

=2(2-2n)° + (20— 2)(2n)* +2n-4* =" |Ca(g)

HecmoxuO npoBepsieTcs, YTO CUMMETPUYECKas Ipynna Sy ABILETCS
SR-rpynmnon, Ho Sy TakoBou yxe He Oymer. Kax BBIpasuTb B 0O0IIEM
npuHAAIeKHOCTE G K SR-KJIACCy B TEPMUHAX CTPYKTYDPHBIX CBOUCTB
camou rpynnsl G7

7. O6paTHas 3aga4da laaya. [osopsatT emé “o6paTHas 3amada Te-
opur [anya”. Peun ugét o mocrpoenun pacmmpenuu [aixya momas pa-
nuoHaTbHBIX dncea Q ¢ sagamueiMu rpynnamu [anya. Ilepsompoxomiem
6bw1 M. TwasbepT: ero TeopeMa O HEMPUBOAUMOCTH YTBEPKAAET, YTO
NOCTATOYHO PEATM30BATH 3aJaHuyo rpynny (G B xkadecrse rpynnsl [a-
JAya pacmmpenusa Han GyHkuuoHaIbHBIM moteM Q(z). Pas »ro tak, To
HA CIIEHY BBIXOIAT METOIbI T€OPUM PUMAHOBBLIX IIOBEPXHOCTEN U AIred-
paudeckou reomerpun. ClaeqyoiuM MOBOPOTHBIM MyHKTOM OKa3aJIacCh
3aMedaTelbHasg

Teopema (U.P. adapesud, 1954 r.) Jobas xoneurnas paspeusu-
MAA 2pYNna peadudyemes 6 xauecmee 2pynnoi I'aaya nexomopoz20 mop-
Maabho2o pacwupenus F/Q.
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Ero mMeTos B OCHOBHOM T€OPETHUKO-IUCIOBOMU.

[MoaxomoM, pasBUTHIM B HMOCJIEIHUE ['OBL, ABIAETCI METO[ KECTKOC-
TH, KPATKO M3JOXKEHHLIX B IVI. 5 U B 3HAUUTENLHOU MEpe IPUCIOCOO-
JIEHHBIU K TPOCTHIM WM OJU3KUM K HUM TpymnmaM. [lepBeIM XKECTKOCTS,
He yIOTpebJsas 3TOr0 TepMuHa, >pdekTuBHo ucnoab3osan I'.B. Bensm
(Use. AH CCCP. Cep. marem. — 1979. — T. 43, Ne 2. — C. 267-276)
A peanu3anuy GOMBIIMHCTBA JUHEUHBIX W TPOEKTUBHBLIX JUHENHBIX
rpynn B kadecrse rpynn Gal(E/L) c¢ abeneBslM paciuperueM L moss
Q. TepMuHBI KECTKOCTH U PALMOHAILHOCTH, ¢ HEOOXOTUMBIM 000CHOBA~
HueM, Obutn BBegensl [x.Tommnconom B padore (Thompson J.// J. Al-
gebra. — 1984. — V. 89, Ne 2. — P. 337-499), rme o mokasaj, 4TO
morcTp M = Gal(F/Q) mas mexoroporo pacmupenus Laxya F/Q. Cam
MOHCTp M K TOMY BpPEMEHHU y¥Ke MPOYHO BOWIET B TEOPUIO MOIYJSAP-
HBIX QopM (6maromapsa (aHTACTUYECKAM CBOUCTBAM CBOUX KOMILIEKC-
HBIX HEMPUBOAUMBIX XapPAKTEPOB) U 1aKe MOCTYIAACA B CTPYHHYIO TEO-
puio Gpu3ukoB. HeCKOIBKO CeNuaIbHBIX KOH(MEPEHIUN MOCBAIIEHBI Ca-
MoMy MOHCTDY (Hampumep: a) Moonshine, the Monster, and Related To-
pics: Research Conf., June 1994/ Eds Ch. Dong, G. Mason// Contemp.
Math. — 1996. — Ne 193; 6) Groups, Difference Sets, and the Mons-
ter// Eds K. Harada, L. Solomon et al. — B., N.Y.: de Gruyter, 1996).
CBoNCTBa PANMOHAILHOU CAIBHOU KECTKOCTU MOAPOGHO OOCYXKIAIOTCS
B kHurax [37-39, 41]. Bcé HOBbIE U HOBBIE KJIACCHUYECKUE IIPOCTLIE IPYII-
bl HAXOJAT Pealu3alnio B KadecTse rpynn [anya pacmupenun Hag Q.
K coxanenuio, nameko He BCE MPOCTHIE CPYNOBL 00JATAI0T CBOUCTBOM
panmonanpHOU xkécTKOCcTH. Hampumep, PSL(2,29%) aTum cBoBcTBOM He
o61agaeT, XOTsA U3BECTHO, ITO 3Ta Mpynna Asaiercs rpynmnon [arya Hax
Q. Bouxee Toro, rpynnst Cysyku Sz(q) mopsankos

Clg—1(*+1), ¢g=2"

He 06/1a,1aI0T CBOUCTBOM PAIMOHAIBLHON KECTKOCTH U HE U3BECTHO, ABJIS-
toTcs i o rpynnamu Lanya vang QQ, mo kpausen Mepe npu GOIBIIAX 7.
Crout orMeTuTh, 9T0 S7(q) 3AHUMAIOT 0COO0E MECTO B CIUCKE IPOCTHIX
CPYII, HOCKOJIBKY TOJBKO UX MOPANKU HE NeIATCA Ha 3.

IIpsmas u o6paTHas 3axaqu ['anya BecbMa TPyIOEMKUA B TOM CMBIC-
ae, 4ro Beraucaenue Gal(f) s sBHO 3aganHoro mMuorowresa f € QX]
WM, HAIPOTUB, MOUCK MHOTOWIEHA ¢ mpeanucanHou rpymnmon [amya G
Iaxke IpU CpaBHUTEIBHO HeGoabumx deg f u |G| Tpebyer Gonbmux ycu-
JIUA CO CTOPOHBI Y€JIOBEKA, BOOPYKEHHOIO KOMIIBIOTEPOM. DTa CTOPOHA,
JesATeIbHOCTH oTpaxkeHa B kHure [37]. CTouT mOIPOGOBATH HMPAMBIME
BBIYUCICHUAMHU TTOKA3aTh, ITO

Gal(X" — 7X +3) = PSL(2,7).

[Tpuamba TpygHOCTEN OTHACTH OOYCJIOBIEHA NOKa3aHHBIM Ban mgep Bap-
geroM (1933 r.) pakToM, COrIACHO KOTOPOMY “IOYTHU BCE” MHOTOYWIEHBI
CTemneHu n UMeKT S, B KadecTsBe cBoen rpynnsl [anxya mang Q.
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O6parras 3agada anya umeeT 6Gojiee MIMPOKYIO MOCTAHOBKY KAaK B
U3BECTHBIX HaM paMKaX, TaK I B IPYTUX MATEMATUICCKUX TCOPUAX, HA-
mpuMep, B auddepennmanabaon Teopun ['anya, rie arre6panieckoe ypas-
uerue f(x) = 0 3aMeHEHO, CKaxeM, Ha OOBIKHOBEHHOE AuddepeHInaTb-
Hoe ypaBHenue ¢ kKoapduimentamu B C(z). O6cToarensuoe 06cyx qeHne
BCEr0O KPyra BO3HUKAWIIUX 31eCh TPOOIEM MaHO B JOKJIa e HA CEMUHADE
Byp6axu: Van Der Put M. Recent work on differential Galois theory//
Séminaire N. Bourbaki. — June 1998. — Exp. 849.



OTBETBHI 1 YKA3AHUSA
K YIIPA2ZKHEHUAM

Homep p.q.r orcbitaer x ynpaxHEHUIO I U3 §  [VIABHL P.

1.1.3. (s m30MOp(HA IPyNIe STUX MATPUIL.
1.1.4. Her.

1.2.1. Pasmoxurs G mo H cuavama B JeBBIE, & 3aT€M B IPABBIE CMEKHBIE
KJACCHI C TEMU Xe IPeICTABUTEIAMUA.

1.3.1. Baars B xadecrBe H cranumonapuyio nmogrpynny Gi1 Touku 1 €
BOCIIOIB30BATHCA pasaoxenueM (3) u momoxuts o (i) = giG1.

1.3.3. O6paruTs BHUMAHHE Ha TO, ITO BCE DIEMEHTHI Ipynnsl P mmeror
Bug g = A'B'C*, rae

110 1 00 10 1
A=|o0 1 0], B=|0 11|, c=]|0 1 0]|;
00 1 00 1 00 1

ecm g ¢ Z(P), ro Cp(g) = (9)Z(G), |Cr(9)| = p°.
1.34. Ecmo €S, um=m1...7Tm, TO
omo = 0'71'10'_1 . 0'7Tm0'_1;

nagee,
o(itiz...ix)a "' = (a(ir)o(iz)...a(ir))

U 1060r0 uukaa (i, iz, . ..,4,) OIWHBL K.

1.3.8. B cymme Y N(g) xaxgei saemedT ¢ € ) nmogcaureiBaercs |St(z)|
pa3. Crano GBITD, SIEMEHTEL, JeXalue ¢ & B OFHOU opouTe, BHOCAT B y_ N(g)
BKJIA [, PAaBHBIN

(G : St(x)) x |St(z)| = |G|.
~1.3.9. 1) Ecim D(a) — rpymma, To e € D(a), Tak 4T0 ea = a”le, T.e.
a’>=e u D(a) = C(a).

2) Ecmn D(a) nycro, To E(a) = C(a) U D(a) — rpynna, Tak 9T0 cIuTaeMm
D(a) HemyCTBIM MHOXECTBOM. 3aMETHM, UTO Ta = o lz = a'z7 =27 a.
IToaTomy

z€D(a)<=z""€D(a), ra=a 'z <= ar=mrxa"".
Tak kax C(a) u D(a) 3aMKHYTH OTHOCUTEIBHO B3ATHA OOGPATHBIX, TO TAKOBO
xe u MHOXecTBO E(a).
Ecan z,y € C(a), ro u zy € C(a). Eciu z,y € D(a), To
axry = xa_ly = zya,
T.e. xy € C(a) C E(a). Tpersa BoszmoxuocTs: ¢ € D(a), y € C(a). B satom
clydae

-1 -1
axy = xa Yy =zya
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tak 410 xy € D(a) C E(a). Ocraérca sameruts, uro e € C'(a) C E(a).

1.4.9. IlogcuuTaTh YUCIO DIEMEHTOB HOPAAKA 2 WIX BOCIOJIL30BATHCA Pe-
3yIbTaTOM ymp. 8.

1.4.12. aba = ba’b = ba"'b = ab® = aba-a"'b = ba"'b-a"lb =
= ba~! - aba = b%a. Cgenars orcioga 3akmodenue, aro ab = ba u, cregoBa-
TEeILHO, C YI6TOM APYIUX COOTHOIIEHUN b = e.

1.4.13. Jlio6as marpuna A = (a;;) pasMepa n X n 3alUCHIBACTCA B BUAE

o0beauHeHns cToabuoB (a;;) = (A(l)7 ..., A™). Onpegemum oToGpaxenue f :
Sn — GL(n), monaras

T f(m) = (B, ... E™), (%)

rae B — it croxben egummranoin marpunst E. Takmva o6pasom, f(7) ects
N X N-MaTPHUNA, B KX 0N CTPOKE U B KaXIOM CTOJIOIE KOTOPOU CTOUT POBHO
OJHA €IWHUIA, 3 OCTAIBLHBIE MECTA 3AHATHL HyLAMU (MAMPUYE NEPECNAHOBKY).
Jlerxo coo6pasuts, uro f(m) € GL(n).

IIycTe 0, T — HDPOM3BOIBHBIE MEPECTAHOBKH, T = 0T — UX IPOU3BECHUE.
ITo oupepnenenuio B i-i1 crpoke marpunsl f(o) = (ais) 1 B j-M CTOJIOLE MATPULEL
f(7) = (brr) OTIUIHEIMET OT HyIA SMeMeHTAME Oy 1y T COOTBETCTBEHHO G; ,—1;
=1 u byj; = 1. llosromy ana marpuust f(o)f(7) = (c¢ij) ycaoBume c;; #
# () SKBHBAJEHTHO YCIOBHIO 0 ‘i = Tj, T.e. i = 0Tj = 7j, a 5TO KaK pa3 u
osuagaet, 9to f(o)f(r) = f(o7). Crenosareapro, f — romomopdusm.

Ceouctso Ker f = e 01eBIAHO, IOCKOIBLKY HENOCPEACTBEHHO U3 (*) BUAHO,
aro f(r) = E = 7 = e. Crauo 6b1Tb, f — MOHOMOPOU3M.

Hakownen, onpegemmTens — KOCOCUMMETPUIECKAA (PYHKIWA CBOMX CTOJI0-
uos. Ilosromy det f(n) = g(EW, ..., E™) — kxococummerpuaeckas dyHKImA
aprymentos EM ... EM™ U3 (%), a Takxke u3 onpegereHns e, u gedcTBma
Sy, Ha g BBITEKAET, ITO

endet f(n) =er-g(EY, ..., E™) = (rog)(EY,..., E™) =
=g(E, .. E™) =det(EY,..., E™) =det E=1.
Crano 6eits, det f(m) = ex.

Cayganm n=3:
1 00 01 0 0 0 1
e o 1 0, a1 0 0, a3)=fo 1 0],
0 0 1 0 0 1 1 00
1 00 0 0 1 0 1 0
@30 0 1|, 211 0 0, (1320 0 1
0 1 0 01 0 100

2.2.3. I'pynna S4 6e3 umentpa, a SL(2,3) umeer mentp mopsaaka 2. Ja,
rpynnet Ay u PSL(2, 3) mzomopdHbL.

2.2.4. I'pynna G mopazka pq, p < ¢, 00643aTEIbHO MMEET HOPMAJIBHYIO
CHIOBCKYIO ¢-IOATPYNIY, TOCKOABKY Ny = 1 + kq nomxHO 6biTh neaurerem G,
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a 5T0 BO3MOXHO TorbKo npu k = 0. Ecim u N, = 1, To G — nukiamdeckas
rpyuna. IIpu N, = 1+ Ip = g rpynna 6yger HeabeaeBOU.

2.2.6. HauGosee unrepecen cayyan |G| = 30. IIpamas npoBepka ¢ UCIOIb-
3o0BanneM TeopeMm CmioBa HMOKa3BIBaeT, ITO XOTA Obl OaHa w3 moarpynn G
NOKHA OBITH HOpMaabHOU. B mporusHOM caydae N5 = 6, N3 = 10, u moayda-
ercsa 24 saementa mopsagka 5, 20 >IeMEHTOB HOPAIKA 3, ITO ABHO abCypIHO.

2.3.9. [IpumeHnUTH TeOpeMy O COIVIACOBAHHBIX 6asucax. B caydae coBma-
JEHHA PAHrOB NOKAa3aTh 3a04HO, 4o (F® : A) = det C, rge C — marpuma
mepexoga ot Gasmca B F2° k Gasucy B A.

2.4.1. TTonoxum I'y = log o(t). Torga I'y 6ynet xpusou 8 M, (R) ¢ o(t) =

= exp (T'¢). Ecm Ty = A, To myx)HO mokaszaTs, uTo [y — mpamvaa B M (R),
npoxoaauias depes 0, t.e I'y = tA. Badukcuposas t, 6ygeMm UMeTh

P/ _ hm Ft+s — Ft _ llm log O'(t + 8) — IOg O'(t) _
¢ 5—0 S s—=0 S

iy 08 (0(t)a(s)) — log o(t)

s—0 S

)

IOCKOIBKY 0 — OHOIapaMeTpudeckas moarpynna u t + s = s + . 9To moka-
3BIBAET, ITO

I = lim 2890) _ v

s—0 S

Mz BuamyM, uTo I'; He 3aBucuT oT ¢, ABIAACH mpaMon. MTak, T060H KacaTelb-
e BekTop K GL(n, R) coBmagaer ¢ npoussoanou B () HEKOTOPOU OZHOIADA-
MEeTPUYECKOU HOATDYIIIHL.

2.5.2. Ilycts D — puddepenunposanue anre6pst Ju L(G). onaras ¢; =
= [(exp (tD))a, (exp (tD))b], 6yaem umeTs

ia = [D(exp (tD))a, (exp (tD))b] + [(exp (tD))a, D(exp (tD))b] =

dt
= D[(exp (tD))a, (exp ¢(D))b] = Dc;.

Ho muddeperunansrHoe ypaBHeHUE

d
— =D
It Ct Ct

C HaYaJbHBIM YCJIOBUEM Co = [a, b] oﬁna,qaeT €IUHCTBEHHBIM DEIICHUEM
¢t = (exp (tD))[a, b].
Mu1 BuguM, 1to exp (D) — aBToMOpdU3M.
3.1.2. Ta.
3.2.1. IlpoaudpepeHunpoBaTh paBEHCTBO e*teiat o t u mosoxurs t = 0.
3.3.1. IlocmoTpers Ha NOKA3aTeIbCTBO TeopeMbl 2 u3 § 2 ru. 1.

3.3.2. Ucmonb3ysa CONPAXKEHHOCTH BCEX DIEMEHTOB IOPALKA 2, IOKAa3aTh,
9TO OHM pacroxaraioTci B “Oykere”’ (cMm. puc. 6) us matu
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N

Puc. 6

[IONAPHO HEIEPeCceKarmuxca (TOIHee, MePeCeKAIIXCA M0 €) CONPAKEHHBIX
CHIOBCKUX NOArpynn mopsagka 4. I'pynna I nericrByer Ha GykeTe CONpAXKEHUEM.
DTO AENCTBUE TOYHO, NOCKOALKY I — mpocras rpynma (cMm. yop. 1).

3.3.3. IIpuvenuTs Teopemy 0 romomopdmsmax k cayaio ® : SU(2) —
— SO(3).

3.3.7. IlpumenuTs cOOOpaKeEHUs, UCIOAB30BAHHBIE NPU IIOLCYETE HUCIA
oxepeany (3a4a4a 2 B HaYaIe TJABHL).

3.4.1. Ilepenucars coornouenusa (4) u (5) B BuAe
5iia
elmt . ini ) Ji%0to
|G| Eg Viio (9)pioi(977) = dow =N

YMHOXHUTB 06€ YacTh 3TOro paBeHCTBa Ha ¢k (h) M mpocyMMuUpOBaTH IO j,
NPUHAB BO BHUMaHUe PaBeHCTBO . Ykj(h)Yjjo(9) = vkj,(hg). B momy-ms-
LIEMCA COOTHOLICHAN

IGI7E D o (hg)pioi(g™") = ba,w

g

xe(e)

MOJOXKUTE jo = k, %0 = i, & 3aTeM CyMMUPOBAHUEM II0 | U k MEPEUTH K Xapak-
TepaM.

3.4.3. Ilyctp & — mempusBoaumoe mpencrasieHue, h — siaemeHT u3 G.
B cuny xommyrarusaoctu rpynnst ®(g)®(h) = ®(h)®(g) Vg € G. Hoxoxus
o = ®(h) B nemme llypa, moayuum ®(h) = Ay €. D10 BepHO A1 MEOGOTO h €
€ G. [na wenpusoaumoro P ocraércsa eaMHCTBEHHAsA BO3MOXHOCTH — OBITH
OJHOMEDHEIM.

3.4.5. Tlo ycaosuio B®,B~' = ¥, nua mexoropon marpuust B = (b;;) €
€ GL(n,C). Omnepamusa A — A* = YA, npumenéumas x B®, = U B, naér
®,'B* = B*V;"', orxyaa &, 'B*B = B*B®,". Ilo nemue Illypa B*B = AE.
HNaree, A = S°p_ |bxil> = p, p € Cu C = p~'B — uckomas yHWTapHAA
MaTpHULA.

3.4.6. Bes orpanudenusa o6muoctu cuuraem G Marpuanou rpymmon: G C
C GL(n,C), rae n — crenens npeacrasiesus. Ilycrs

C(G) = {M € M,(C) | MX = XM VX € G}

17 A.M. Kocrpukuu
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— nenrpammsarop rpynnsl G B M, (C). OueBugno, uro C(G) — moakoasmo,
cogepxamee Z(G). Ilo aemme lypa xaxgas marpuna B C(G), oTamaras ot
HysneBou, HeBEIpOXkneHHasa. CregoBaremsno, C(G) — remno. Ero uentp K sB-
aserca noaem u Z(G) C K. Taxum o6pasom, Z(G) — xKOHEIHAA MOATDPYNIA
MyaIbTUILIMKATUBHOM rpynnsl nmoas K. Kak mssectHo emé ms [BA I, Takas
IOATPYIIA BCEr4a UUKIMICCKAL.

3.4.7. Pemenne xopode dbopMyaunpoBku ynpaxkHenus. Hyxuo 3ameTuTs,
9TO

xa(g) =trd, = trC’g<I>gC’g_1 =tr ¥y = xw(g) Vg€ G,

T.e. XapakTephl npeacTaBrean @ u ¥ cosnagaior. Temepb HOCTATOYHO HIpH-
MEHUTH CJIAEeACTBUE TE€OPEMBI 2.

3.5.2. U3 a" (x1x2) = a” (x1)a” (x2) cregyer, 9To a” — XapakTep rpym-

mer A. Tax xax (aa’)” = a”(a')”, 1o 7 — romomopdusm A B A. Taree,
Kerr={a€ A| a"(x) =x(a) =1Vx € 121\} = Ker7 =e,

a Al = |121\| = |A] = 7 — usomopdusMm.
3.5.7. 5,1, -1, 0, 0.

3.6.2. CpaBHuBas pa3sMEpPHOCTH, MOLYINTH PA3IOKEHUE B IPAMYIO CyMMY
IPOCTPAHCTB

Py=Hn® @ +y" +2)Hpno® @ +y° +2°)’Hna®...

3.6.4. Beugy npocrorsr SO(3) HeTPUBHAILHOCTD T O3HAMALA OBI, ITO T —
TOYHOe mpeacrasienue crenenu 2. Ho, xak Buguno u3 mpumepa 3 u. 4 § 5 wiu
w3 onucanusa xkoHeunsx nogrpynn B SU(2) (cm. § 3), gaxe orpanuvenue 7 |o,
O = 5, He MOXeT ObITH TOYHBIM.

4.1.1. OueBugno, uro J — co6crBenubnt ugean B Qur(Z). Ecau ¢fd ¢ J,
T0 ¢ ¢ pZ, u, cregoBaTensHo, dfc € Qn(Z). DTO 03HAYAET, UTO BCAKUU UIe-
an L, noxydenns u3 J 5o6aBiIeHneM XOTs ObI 0JHOTO daeMeHTa ¢/d, CoepKuT
1=c¢/d®d/c u, crano 6bITh, coBnagaet ¢ Qn(Z).

4.2.8. PaccMoTpeTh IPUMUTUBHBIN KODEHb (v cTeneHu 8 u3 1 B aareGpaun-

qeckoM 3ambikaHun €2, moaa F,. Tax kak a' = -1, 10 &® + a~? = 0; xpome

roro, a® = —a, a”® = —a”!, orkyma @® + o™ = —(a + o). Ilomaras

8 =a+a !, 6ygem umers 8% = + a2 + 2 =2, Tak uro
p=+l(mod8) =’ =a’ +a ’=a+a ' ==

=1=p"""= () =20V — (g> =1
p
Anamorugno,

p=+5mod8) =’ =’ +a P =a’+a "’ =

=—(a+ta ) =-f= -1=p"" =207 = (%) = -1
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4.29.Ecmn=1u f(r)=>7", a;ixt, am # 0, T0
flay) =Y aw'y’ = f(2) (o) = £@) (Y ai’),
i=1 i=1

rge r,y — HE3aBUCUMEBIE IepeMeHHble. PaBeHCTBO KoddduuueHnTosB mpu y'
[IOKa3BIBAET, 9TO amx’" = f(Z)am u, cramso 6srrs, f(z) = ™. Eciu reneps B
obmem cayuae momoxuts g(xz) = f(x - E), To g(zy) = g(x)g(y). Orcrooga n u3
CIpaBeIMBOCTH yTBepkAeHus npu n = 1 Berrekaer, 9to g(z) = z°. Tak kak
X XY =(det X)-E, o

FX)F(XY) = f((det X)E) = g(det X) = (det X)".

Ho f(X), f(XV) u det X — mmorowrens ot xi;j, 1 <i,j < n, npuaém det X
sHenpusoguM (cu. [BA I, ru. 5 § 3, yup. 7]). Ilo Teopeme 4 o paxropuarsHOCTH
KOJBLa MHOIOWIEHOB Jo6oro umcra mepemeHblx f(X) = c¢(det X)™, ¢ —
xoncranta, mpuaem f(XY) = f(X)f(Y) = ¢® = ¢, a mak kak ¢ # 0, TO
c=1.

4.4.2. flcuo, uro (1,0) — gBycToponHuas enuaunna B A G A. Ilonoxum e =
= (0, 1). Ilo onpegenenuto e = —1. Tax kax (z,0)e = (0, z), TO, 0OTOXK AECTBUB
smemenT ¥ € A ¢ smemenToMm (2,0) € A @ A, npuném k Belpaxenuio (z,y) =

= z+ye. Onepauusn conpsxenns B A® A sagaérca popmyaon (z,y) = (T, —y),
T.6. T + ye =T — ye. Ecau Temeps a = x + ye, b = u + ve, TO

ab = 7@+ (yo)u + 2(ve) + (ye) (ve) = TF — T(ye) — (ve)F + (ve) (ye) = Ta.

TaxuM 06pa3oM, OIepalysa CONPKEHN OIpeaeneHa npasuibHo. Hemocpeacr-
BEHHO IIPOBEPAIOTCA CBOMCTBA

ea =ae, a(be) = (ba)e.

Bcé »To o3Havaer, 4TO yABOeHUE aareOpbl A HEKOMMYTATHUBHO, €CIU OIepa-
LKA CONPsIKEHUsA Ha A He ABIAETCA TOXIECTBEHHOU. Y ABOCHUE HEACCOLUATIB-
HO, eCIu MUCXOAHasA arre6pa A HEKOMMYTATUBHA. YIBOEHUE KOMMYTATUBHOU
U aCCOLUMATUBHOU aare6pbl A accouMmaTuBHO. DTU 3aMEYaHUA MOKA3BIBAIOT, B
YaCTHOCTH, YTO BochbMuMepHasa anarebpa Komu Ca HeacconmaTuBHA.

4.4.5. Her. Ilo Teopeme 4 nna mro0BIX ABYX a0€I€BBIX IDYII OIMHAKOBBIX
NOPAAKOB CTpOeHue ux rpynnosbix aare6p Hajg C ogxo u To xe. I'opasxo 6oaee
TOHKHE BOIPOCHI BO3HUKAIOT IPU U30MOpduaMe IpynnoBeix xorew: Z[G] =
>~ Z[H).

4.4.6. BocroapzoBaThea caegcrsueM Teopemsl 3: (Py | g € G) = M, (C).
IIpuxozum k BEIBOAY, 4TO tr (CX) = 0 auaa aob6ou marpuust X € M, (C), T.e.
C=0.

5.1.4. Paccmorpers moae pasaoxenus F muorourena XP — a. Ilycts 6 €
€ F — opauu u3 kopHeH, Tak 4t0 a = #” u X? —a = (X — 6)?. Ecau reneps
X? —a = uw(X)v(X), rge u(X) — HOpMAIM3OBAHHBIA MHOT'OWIEH Hajg P 1mo-
JIOXUTEIBHON cTeneHu m < p, TO B culy daxropuarsHoctu F[X] gomxuO
BuIMONHATHCA paBeHcTBO u(X) = (X — 0)™. B uwactroctn, 6™, ¥ € P =
=0cP

5.1.5. CorumacHo mpegbIIyIieMy yIPaKHEHUIO JOCTATOIHO YOe UTHCA, YTO

17*
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PaBEHCTBO

X”—Y:(X—%)p

¢ g,h € Z,[Y] HeBO3MOXKHO.

5.2.1. Cormacuo (8) X? —1= [1.); ®e(X). Hooromy

Xt -1=x"-1) [] eX) =X -1De.(X) ] @:(X).
s|n; s#d s|n; s#d,n

Ocraérea cocrarsesa Ha (10).

5.2.2. Tak xax ®,(X) = [[(X —¢), rge € npo6eraer IPpUMATUBHBIE KOPHH,
TO mpu n > 1 BCe € He PaBHBI 1, W MOTOMY PACCTOAHME HA KOMILIEKCHOU
IIOCKOCTYU OT TOYKU ¢ 4O JI060ro € Gouabime paccrosausa or ¢ xo 1. Cramo
61T, |Pn(q)| =[[(¢—¢) > ¢—1 u ¢ — 1 Hukak He MoxeT nerurbes HA Dy (g).)

5.2.7. TlepeiTu k ypaBuenmo x> +y? — 2> =0cz,y,z € F,. Ilo Teopeme
Ilesanne (cm. yup. 4 m3 [BA I, ra. 6, § 1]) o6mee uncio N peureHuyt 3Toro
ypaBHeHUA AeauTcsa Ha p. llycts pemenun ¢ zyz # 0 He cymectsyert. Ilon-
cuuraTh Torga N, paccMaTpuBas OTAEIbHO ABa ciaydasd. Eciam He cymiecTByeT
acl,c a’ 41 =0, To pemennavu Gy IyT JHIIb

(07070), (07n,:|:n), (n,O,:l:n), n:1,27”’7p_1,

nnosromy N = 4p—3 =0 (mod p) = p = 3. Eci a® +1 = 0 gua mekoToporo
a€F,, o N=6p—5=0(modp) = p=5.

5.2.8. Boob6ue rosops, Her.
5.3.2. a) A3; 6) S3; B) S3; 1) Z4; 1) Da.

5.3.1. Hag moxem P(¢), (P =1, muorourer X — a € P[X] iu6o menpu-
BOAUM, 1100 PACHALACTCA HA IXMHEUHBIE MHOXUTEIN, KOIAa BCe KOPHHU J€XKaT B
P(¢). IIpeamonoxmm, ITO UMEET MECTO MOCIEAHee U ITO U — OJUH U3 KOPHEN.
Ilo Teopeme 4 F/P Gymer pacumpenueM laxya gias mo6oro F/P C P(¢)/P.
B wacTHOCTH, MUHUMATBLHBIN MHOTOWIEH [, DIeMEHTa u pacuagaerca B P(u) na
JuHeuHble MHOXuTenu. [Ipenmonoxus, uro u ¢ P, T.e. deg f, > 2, paccmor-
PHM IPYrOH €ro KOpeHb v # u. Torga ¢ TOYHOCTHIO 10 BEIOOPA IPUMUTUBHOIO
xopua ¢ = u/v € P(u) u P(u) = P({). 9To oznavaer, uro eciu X’ — a He
uMeeT KOPHEH B moae P, To BCe ero HeIpUBOAUMBIE MHOXUTEIN OTHOM U TOU
xe crenenu [P(¢) : P], r.e. [P({) : P] zemut mpocroe 1ucao p. Ho sTo uckio-
gaercs, nmockoapkKy 1 < [P(u) : P] = [P(¢) : P] < p— 1. tak, MHOrO4/IeH
XP? — a, e nmeroumn kopueu B noxe P, nenpusogum Hax P(().

5.4.1. 6+ 1.

5.5.3. IIpeanoyoxuB, 4TO OAUH U3 KOPHEU (v MOXKHO BBIDA3UTH Y€Pe3 Be-
LIECTBEHHBIE PAJUKAJIBI, MbI JOJXKHBI 3aKIIOYUTE, YTO 3TO CIPABEIINBO U JJIA
OCTAJBHBIX JBYX BELIECTBEHHBIX KOpHeU (3,7, MOCKOJIbKY OHHU YIOBIETBOPAIOT
KBaJPaTHOMY ypaBHEHMIO ¢ Kodpdunumenramu B moxe P(a). Coraacuo Teope-
Me 13 mopagox rpynner ['anya mois pasaokeHUs HAIIEro MHOI'OWIEHA JOMKEH
6bITH crenenbio asouku. Ho 5To He Tak: mopsagox rpynnsl [anya mempusosu-
MOT'O0 MHOT'OYJIEHA CTEIleHH 3 AeIUTCA Ha 3.
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5.5.4. a) OuesugHo.

6) o((£(v)") = (0(L(v)))" = ((L(v))" = L(v)" = L(v) € P.
B) B xawectse 6asuca moas F man P moxuo s3ars (1,u,u’,...,u
Tonoxum u; = ¢ (u) u JOTyCTUM HA BpeMs, 4TO

L'y =uh + ¢ Tul +.. . 4 byl =0

n—l).

anai=0,1,...,n—1. B Taxom cay1ae crpoku marpumet (u), 0 < i < j <

—1, 6eutn 651 JMHEHHO 3aBUCHMEL, a eé ompetemmTens det(u}) = Hk> ((up, — ul)
paBHaICA Ol Hymo. Ho 5T0 He Tak, HOCKOIbKY BCE DIEMEHTEL UQ, UL, - . - , Un—1
TIONIAPHO PA3IMIHBL.

5.6.2. [lercrBurensno, mpegmnoxoxum obparnoe. Torga (gi,...,9m) €
€ 8 = (0g1,...,09m) € 8. Tak xax G HEUCTBYeT TPAH3UTHUBHO HA S BHYT-
PEHHIM CONpAKEeHneM, TO Hangérca g € G, 511 KoToporo og; = ggig_ * Vi. Ho
(g1,...,9m) = G u, c1eq0BATEIbHO, ¢ — BHYTPEHHUU aBTOMODP(U3M, BOIPEKN
IPEnIOJIOXKEHUIO.

5.6.3. UT06BI HOKAa3aTh CUIBHYIO XECTKOCTHb YKA3aHHBIX TPOEK, MIPOIIEe

BCEro BBIYUCIUTH MOIIHOCTH |S| B KaxI0M ciIydae, UCHOAb3Ysa dopmyry (5) u
M3BECTHYIO HAM Ta0IUIy HENPUBOIMMBIX KOMILIEKCHBIX XapaKTEPOB

. 1A | 2A [ 3A | 5A | 5B

X1 1 1 1 1 1

x2| 3 [ —-1] 0 AN

X3 3 |-1]10 N A

x4 | 4 1 |-110 0
X5 | o 1 |-110 0

3mece A = (1+ \/5_))/2, N=(1- \/3)/2 Pesyabrar Borqucienun:
602
2A,3A,5A 1 =
8(24,34,54)| = - 5( +0+0+0+0) 60,

602 1 1
2A4,5A,5B 1424- -
8(24,5A,5B)| = 455(+3+3+0+0) 60,

60>

1+0+0+1+0 = 60.
( i)

Jlerko mposepseTca Takxke, 9TO J06asd TPOUKa B S mopoxaaer As.

5.6.4. Ouesnaubie 3amevanus: Ki(z) — meroe 1ucao, u nosromy Ki(z) =
= K (z); K1 — uenrparsnas pyuakuus. [Janree paccyxkgaeM, Kak B TEKCTe, T.e.
o gemme Illypa nmeem paBeHCTBo

Z U, (zyx 1 =\NE,
:cGG
rae ¥; — mpencTaBlIeHue ¢ XapakKTepoM Xi, A = Xi(y)/xi(e). VI3 ypaBHenus

1 1 _
@Z‘I’i(ﬂfw T =Ny

z€G
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IIepexoaoM K Cireqy M IoCIeqyroiuM CyMMUDPOBAaHUEM IIO Y IIONYyYaeM, UCIIOJIb-
3ysa COOTHOLIEHUA OPTOTrOHAJBHOCTH,

G
|G| ZKl(gs |gs |X1(gs - Xi (6 le(y)Xz N Xi_@

(9s — mpeAcTaBUTEIN KIACCOB CONPSKEHHOCTH, 3AICHIBAEMEBIE B BHAIE KOM-
MyTaTopa). YMHOXaeM Ha Xi(z) U cyMMupyem Io i:

|é| ZKl(gs lg<’| sz (9s)xi(2) = |G Z X’

Ho B aemour wactu pasencrsa crour Ki(z), mockoasky >.;_, Xi(gs)xi(z) = 0,
ecmn g€ # 2% u |C(2)| B mporusrOM cryuae. Taxum 06pazom,

Ki(2) = Fi() = 6] 3 igg

Teneps Goaee Wiy MEHEE ACHO, KaK IIOLYIUThb BEIpakeHue miat K, (z).



METOANYIECKUE 3AMEYAHUSA

Tax Kak JEKIUOHHBIX 9aCOB UM CEMUHAPCKUX 3aHATUU, OTBOAUMBIX Ha OC-
BoeHre m3noxenHoro B [BA III] marepmana, CAMAIIKOM MAaIO, TO IPUXOLUT-
CA OPUEHTUPOBATHCA HA HEKUU KapKaC, OCHAIIAA €ro II0 Mepe BO3MOXHOCTHU
pasHbIME geTatsMu. Kapkac, UMEHyeMblll y4eOHOUN MPOrPaMMON, MOABEPIKEH
SBOMIOIWHA, BKyCaM JEKTOPA, a B IEIOM OTBEIACT yPOBHIO CTYAECHICCKOU BOC-
NPUUMIUBOCTH.

Pacckas 0 cOOTBETCTBUM MeX Iy IMHENHBIMUA IPYNIaMu JIu 1 KacaTelbHbI-
Mu K HuM aarebpamu Jlu (ra. 2 § 4), onuparomuncsa Ha mMarepuar us [BA II,
rir. 7 § 1] m B KakoU-TO Mepe HyXHBIU reoMeTpaM (MHULAUPOBAH OH IO UX IIPO-
Cb0€), MOTYyIIICA NOBOILHO CXEMATHIHBIM K3-33 ABHOIO AepUIUTA TOLOJOTH-
4ecKux cBefeHun. ['opanuit 6511 GBI HEZOBOJEH. . . (cM. mpeauciosue k [BA I).
W Bcé-taku comocrasBrenus tumna “amre6pa Jlu — rpymna Jln”’, “mEOrOwIeH
— ero rpynna [anya”, “mIpou3BoJIbHOE aCCOLMATUBHOE KOABLO — MOLYJIb HAT
STUM KOIbIOM” KPaWHe IIOIEe3HBI, IOCKOJIbKY OHU CLYXKaT APKOU WILTIOCTPALMEN
eIVMHCTBA aareOpHl KaK OOJBIIOTO pa3aena MaTeMaTUKU.

B ycroBuax mexanuko-maremarudeckoro gakyapbrera MI'Y mm. M.B. Jlo-
MOHOCOBA YIIOMAHYTHIU BBILIE KAPKAC aareOpbl TPETHEr0 CeMeCTPa IPUMEHLI-
CA HeCKOIBKO pa3. Teopmsa [anya MOTUXOHBKY OTOILIA B 00JACTH CIENKYPCOB.
Co6CTBeHHO, IIaBa b M HAIMCAHA NI OJHOIO U3 TAKUX CIEUKYPCOB, IPUIEM
PACCIUTAHHOrO Ha D3P PEKTUBHOE UCIOIL30BAHAE TEOPUNA XAPAKTEPOB.

OK3AMEHAIIMOHHBIE BOITPOCHI
(6e3 Teopum xapaxTepoB)

1. Pa3buenus Ha CMeXHBIE KJIACCHL U TeopeMma Jlarpamxa.
2. ITogrpynnsl UUKINIECKOU TPYIIILL.

3. Koncrpykumsa pakTOPrpynsl M OCHOBHAsA TeOpeMa 0 roMoMOopdU3Max
TPy

4. ITepBas Teopema 06 nzoMmopdusme.

5. KoMmMmyTanT rpymnnsl u TeopeMa 00 abeaeBbIX (PaKTOPIPYIIax.

6. IlerTp u Teopema 0 PaKTOPTPYIIE IO LEHTPY.

7. ITouaTue paspemmmon rpynnsl. PazpenmMocTs KOHEIHON p-IPynsl, S3

u Sy.
8. Teopema o0 romoMopdHOM 06pase mpAMOro npousBeneHus. Ilpumepsr.
9. [leucTBusa rpynm: CTabWIX3aTOPHl TOYEK, AJIUHBLI OPOUT.

10. deucrsue conpsaxenuem. Kraccol conpskénnoctu. Teopema o meHTpe
KOHEYHOU pP-T'PYIIIBL.

11. Ilepsas Teopema CmioBa (CyLIeCTBOBAHUE).
12. Bropas Teopema CuaoBa (CONPAKEHHOCTS).
13. IIpocrora rpynmsr As.

14. TIpocrora rpynmer SO(3).
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15. Koreuno nmopoxaéunas abereBa rpynna 6e3 xpydernus cBobogxa. Ilo-
HATHE PAHra.

16. Teopema 0 CYyIIECTBOBAHUU COTVIACOBAHHBIX 06a3MCOB CBOOOAHOU abere-
BOU I'DYIIIBEI KOHEYHOT'O PAHra U €€ MOATDYIIEL.

17. Teopema O CTPOEHMM KOHEYHO NMOPOXKAEHHOU a0EIeBOUM TPYIIBI KAk
CJIeJCTBUE TEOPEMBI O COIVIACOBAHHBIX 0Aa3MCaxX.

18. IIpsaMoe IOKa3aTeIbCTBO TEOPEMBI O CTPOEHUM KOHEYHBIX a0elIeBBIX
p-TpyIIL.

19. OcHoBHas TeopeMa O KOHEYHBIX a0eleBBIX I'DYIIAX: WHBADUAHTHBIE
MHOXUTEIN, 3JEMEHTAapPHbIE NEeIUTEeNIN, IPUMEPBI.

20. DxBuBaseHTHBIe MHOXecTBAa Marpul. Jlemma Illypa u eé caencrsus.

21. TeopeMa 0 HEIPUBOAMMOU MATPUIHOU I'PYIIE ¢ KOHEYHBIM IEHTPOM.

22. Teopema Mamike 0 IOJIHOW NPUBOAUMOCTH KOHEIHBIX MATPUIHBIX
TPYIIL

23. Marpuunoe npencrasienue koneunou rpynnsl Hag C. IIpumepsr.

24. TeoMeTpUIeCKUN A3BIK TEOPUU IIPEACTABICHUNA. [IpUMEPHI IMHEAHBIX
mpeACTaBIeHUN. 1lepexo] K MATPUIHLIM TPEICTABICHAAM.

25. Kax nas HeabereBa KOHEYHAA IPYNIA UMeeT HEIIPUBOAUMOE IIPEACTAB-
JeHue cremeHu > 1 Han JTOOBIM [IOJEM HYJIEBOU XapPAKTEPUCTUKU.

26. Onucanue BCeX HEIPUBOAUMBIX KOMILIEKCHBIX IPEACTABICHAN KOHET-
HOU abeneBOU rpynmsl. TeopeMa NBOUCTBEHHOCTH.

27. Teopema 0 4uCIe OJHOMEPHBIX KOMILIEKCHBIX IIPEACTABIEHUN KOHEIHON
TPYIIEL

28. Kax10e KOMILIEKCHOE TIPEeCTABIEHNE KOHEUHOU I'DY Bl DKBUBAICHTHO
YHATAPHOMY.

29. [encTBUE IUHENHON I'PYIIBLI CTEIEHN N Ha OJHOPOAHBIX GOPMaX OT 1
nepeMeHHBIX. [JoHaTHE 06 MHBapUAHTAX JUHEUHON CPyInsbl. [Ipumepsr.

30. U peansr xomen. PaxToOpKOIBILO.

31. OcuoBHas Teopema 0 romomopdusMax Aasg Kouern. KoJblla INIaBHBIX
W I€ATOB.

32. Aure6Gpsl HaJ oIeM: acConuaTUBHBIE aIre6per u aare6ps! Jlu. IIpuve-
pul. 'omomopduambr anrebp.

33. Uneansr B arre6pe MHOro4wiIeHOB. IIpocToTa MaTpU4HOUN aIreGpoL.

34. 'omomopduEIe 06pa3bl aarebpel MHOro4IeHOB. [loaa arre6pandeckux
qucesI.

35. Ilone pasmoxenus mHOroureHa. IIpumepst Hag Q u van F,.
36. CywecTBoOBaHIE KOHEYHOT'O IOJA JO0r0 mopagka q = p"
37. EAMHCTBEHHOCTH KOHEYHOT'O MO/ 33 JaHHOT'O HOPAIKA.

38. ABTOMOpP(PU3MBI KOHEYHOT'O TIOJIA.

39. Auxre6psl ¢ gerenueM. Arre6pa KBaTE€PHUOHOB.

40. Teopema Ppobenuyca.
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IIPOIPAMMA KYPCA BBICIIEN AJIIEBPHI
(3-m cemecTp, 1995 r.)

1. ITopsaok saeMeHTa ¥ MOPAAOK IMUKINIECKON IPyInsl. M30MopdusM uk-
JMYECKUX IPYNI OSMHAKOBOIO NOpsgka. IloaHoe ommcanue MOATPYINI LMKIA-
YeCKOU I'DYNIHL.

2. Paznoxenne rpynnsl B 00HEJMHEHNE J€BBIX (IPABBIX) CMEXHBIX KIACCOB
o eé moarpynme. Teopema Jlarpamxka u eé caegcrsus (2 gaca).

3. Hopmanpraa moarpynna. Paxroprpynna. TeopeMbl 0 TomoMopdusMax
7 06 m3omopdmsme. IIpamere npoussenenms rpynn (5 1acos).

4. NeuctBua rpynn. Op6uTsl u cTabmIn3aTopbl. KIacChl COMPAXKEHHBIX
DIEMEHTOB M UeHTD rpynnsl. [Ipumepsr: S, u A, (2 gaca).

5. ITouarue npocrou rpynnsl. IIpocrora A,, n > 4, u SO(3) (2 gaca).

6. Teopemsr Cmosa (2 waca).

7. CBo6GoxHBIe abeleBbl I'PYIIBI KOHEYHOI'O PAaHra W MX moArpymnmsl. Ile-
puogudeckue abeneBbl rpynnbl. CTpOeHMEe KOHEYHO MOPOXKIEHHBIX abereBBIX
rpynn (4 gaca).

8. Koabia, anre6psi, paxkToparreopsl. Ilpucoenunenre KOpHa MHOTOYIeHA
x nouo. IToxe pasznoxenus MHorowreHa. Koneunsle momns (5 4acos).

9. Anre6psr ¢ gerenueM. Anrebpa kBarepHumoHOB. Teopema Ppobenuyca
(2 waca).

10. Jlunennsle mpegcraBieHus rpynn u aare6p. MHBapuanTHBIE IOAIPO-
crpaHcTBa. HenmpuBoguMmble 1 BIIOJIHE NPUBOAUMBIE IpefcTaBieHus. MaTpud-
Hasa peanusanus. Teopema Mamke. [Ipencrasienns KOHEYHBIX a0€IeBBIX I'PYIII
(3 gaca).

11. Moaymu. Jlemma Ilypa. Teopema maoraoctu. CTpyKTypa IPOCTON KO-
HETHOMEPHOU aCCOLMATUBHOU aare6psr (3 gaca).

12. Jlunennste rpynnst Jlu. Kiaaccugeckue rpynmer. Aare6per JIu. Kaca-
TeabHasn aarebpa Jlu rpynner Jlu. OxcnoHeHnmaabHOe oToOpakenue (4 waca).

OO61mee KOIMIECTBO JEKIMOHHBIX 1ac0oB — 34 (Ha mpakTuke Menbue). [Ipn
He00XOJUMOCTH JaCTh JEKIMOHHOI'0 MATEPUAIA IEPEHOCUTCA Ha CEMUHAPCKHE
3aHATUA.

AJITFOCTPATUBHBIN MATEPUAJI K TEOPUAM ITPEICTABJIEHAN

MHoOroe MOXHO MOACHUTD, He Tpuberas K TEOPUM XapaKTepOB.
3agada 1. Tpebyercs yCTAHOBUTBH, UTO HEIPUBOAUMOE KOMILIEKCHOE
npeacrasiaenue (P, V), dim V =n > 1, cuMMeTprIecKon rpynnst

S3 = (a,b| a® =e, B> =e, bab~' =a”), a=(123), b= (12),

¢ TOYHOCTBIO JO SKBUBAJCHTHOCTHU €IUHCTBEHHO.
Tonoxum ®(a) = A, ®(b) = B u BriGepem B V Gasuc, B koropom B =
= diag(—1,...,-1,1,...,1). Tak xak Z(S3) = e, To B mMeeT B KadecTBe
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cOGCTBEeHHBIX 3HadeHnu Kak —1, Tak u +1. Ilycts Bv = v. Ouesugno, Av # v,
mockoabKy n > 1, T.e. w = Av — v # 0. C gpyrou CTOpOHSL,

A+ A+ 8w = (A + A+ E)(A-E)v=(A-Ev=0.

Yreepxgaercs, 94To {w, Aw) — ®(G)-uEBapuasTHOE IO AIPOCTPAHCTBO (KOTO-
) )

pO€ [OMKHO COBHAJaTh C V B CWIy HEOPUBOAUMOCTH). [eNCTBATETBHO,

A-uHBapUAHTHOCTH ycTaHOBIeHA. Jaiee,

B-Aw = B(A* — A)v = (A - A*)Bv = (A — A*)v = —Aw,
Bw = BAv — Bv = A’Bv—v = (A* — &)v = (A + &)w.

3uaqut, B 6asuce (w, Aw) nmeem
0 -1 1 0
a=|7 Sloe=lr S|
Mer ognosHauHo BoccranoBumu (P, V). B wacraocTu, n = 2.

3anaga 2. Ta xe mpobaema Aad IPYNNbI KBATEPHUOHOB: UMEEM TOTHOE
Henpusoaumoe npencrasiaenue (®, V) u omeparopst A, B Ha V, mopox garormue
Qg " CBA3aHHBIC COOTHOIIECHUAMN

At=¢, B=A*=-¢,
BAB™'=A"'=—A.

Bribupaem B V' 6asuc, 0THOCUTEIBHO KOTOPOI'O

B = diag(s,...,%,—1,...,—1).
Tax xax ® To4YHOE, TO B KaueCTBe COOCTBEHHBIX 3HAYEHUN BBICTYHAOT ~+i U
—i. IIycTs v — COGCTBEHHBIN BEKTOD, AJdA KoToporo Bv = jv. CooTHOmeHUs

APv = —v, B(Av) = —ABv = —i(Av)
u HenpusoauMocThb (P, V) mokaseBator, uro V = (v, Av), mpuuém
a=[1 ol om=le Sl
IIpeacrasaenre 0JHO3HAYMHO BOCCTAHOBIECHO.
3apgadua 3. 3HaKOIepeMeHHas rpynmna Ay onpegensercsa 3a aHueM
Ay =(a,bc|a’®=b"=(a,b) =e=c"; cac”' =b, cbc ' = ab)

TouHOCTH U HEIPUBOAUMOCTE npeacTasitenus (P, V') nossomraor BeIGpaTs B V
6a3uC, OTHOCUTEIBHO KOTOPOI'0

C =&, =diag(1,...,¢,..., 7).
Bes orpanmvenus ob6mmoctu Beibupaem 0 # f € V| mas xoroporo Cf =
=<f7 C#l, C3=1 ECJII/IAf:f’TO
Bf =CACT f =CACT f=f

— IPOTHMBOpEYME C HEMPUBOAMMOCTBIO ®. 3nauur, v = Af — f # 0. Amamo-

ruano, v = Bf — f #0, w = ABf — f # 0. lmeem
CAf =CACT'Cf = BCf = CBY,
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CBf =CBC™'Cf = AB(f = CABY,
CABf = ACf = CAf.
ITosromy Cu = (v, Cv = (w, Cw = Cu. Jaxee, Au = —u, Av=ABf — Af =
=UBf-f)—(Af—-f)=w—u, Aw=Bf —Af =v—u, Bu=ABf —Bf =
=w—v,,Bv=—v Bu=Af —Bf =u—w.

IToxy4aem dim V = 3 u 04HO3HAYHO OIpeIeIEHHBIE MATPULEL

-1 -1 -1 0 0 1 00 ¢
A=| o o 1, B=|-1 -1 1|, ¢c=|¢ 0 0
0 1 0 1 0 0 0 ¢ 0




IIPEIMETHBIN YKA3ATEJD

AsTomopdusM peryaapHbin 249

Anre6pa nang nozem 167

— accoumaTuBHag ¢ geaenmeM 170,
172

— — KoHevHas 173

— rpagyupoBaHHasa 169

— rpynmnosasa 175

— — KOHeYHOU rpynnsl 175, 177

— KBATEPHHUOHOB 15

— — 0606meénunrx 183

— Kbounm 183

— JIn 79, 184, 187

— — crpanHaa 249

— — rpynnst JIu 79

— Hajg noaeM 168

— LeHTpaJbHadg npoctas 169

Annyaarop 161

Anruasromopdusm 16

Basuc aberesou rpymmst 61

— HOpPMaJIbHBIN pacumpenus [arya
224, 227

Bawmmsa pacmupennn 190

BexTop xacareabusiu 76
— crapumu 186, 187
Bricora coorromenus 62
Bec BexTopa 186

I'pynna abeneBa sreMeHTapHAA 73

— BHEIIHUX aBTOMOPGU3MOB 45

— BHYTPEHHUX aBTOMOP(}u3MOB 26

— Taxya 207

— ABWXKEHUU IpocTpaHcTsa 30

— nwmsapa 43

— 3aJaHHaA 00Pa3yOMMUMUA U COOT-
HowreHusaMu 43

I'pynna xBaTrepuunonos 44

— — o6o6mennas 183

— KOHEYHO ompeaeséHHas 43

— JIu aunennas 75

— MyJIbTUILIMKATUBHAA 15, 154

— HWIbNOTEHTHaA 49

— [OJMHOMUAJIBHBIX aBTOMODQU3-
MoB 250

— npeobpaszoBanun 23

— mpocTaa 50

— mpocTo npuBogumMas 250

— paspemnmas 48

— cnenuaabHas muHerHaA 10

— — opToroxHaiabHasa 10

— cBoOogHaa 42

— — cBoboaHas abeaeBa 64

— TpaH3UTUBHAA 28

— — yuurapHas 10

— xapaxTepoB abexeBou rpymns 121

—U(Z,) 154, 158

I'pynner 6unapuere 108

— KpucTtamorpaduieckue 127

— IPaBUIbHBIX MHOI'OI'DAHHUKOB 105

— mpocTo upuBoguMere 250

JlercTBre rpynnsl Ha MHOXeCTBE 26

— caBurom 27

— compsxeHueM 26

HencTBua skBuUBaJeHTHEIE 31

[emremn aGenreBOl T'PYNIBI WMHBA-
puanTHBIE 71

— preMeHTapHbIe 71

Nuddepennuar romomopdusma 179

HuddepennupoBanue arre6psr Jlu 82

— IPOM3BOJIBHOM aare6psr 184

Hanua op6uTe 25

Huauua crosa 41
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2KécTkocts Habopa 230
— cuabHaA 239
— panuoHaibHaA 239

3akOH B3aMMHOCTY KBAaJDaTUIHBIN
159

— [IBOUCTBEHHOCTH i KOHEIHBIX
abexeBrrx rpynn 125

3anaHue rpynnsl 43

3apnada [axya o6parnas 251

3anucek Hecokparumasn 41

W nean xonpia 142

U pean makcumanbusiz 148, 151

W neansr koabia MHOTO4IeHOB 144

U geMnoTenTsl rpynmnoBon aiareGphl
178

M3omopdusm rpynm Jlu 74

— moJien pasnoxenus 194

— G-mpocrpasncts 88, 91

WMuBapuanTe! rpynnsl audapa 137

— rpynner S, 137, 138

— JauHenHOU rpynnsl 136, 140

MuBapuanTHOE NOIMHOXECTBO NPU
OencTBUU Ipynnsl 31

— IOAIPOCTPAHCTBO 88

VHBapuaHTEl KOHEYHOM abereBOu
rpynmnsl 71

Nupexc nogrpymnmsr 21

Ksarepunounst 15

Kuracc smabnorerTHOCTH 49

— COIPMKEHHBIX DIeMEHTOB 26

Kraccudukanua npocTeix rpynn 248

Kraccel BEI9ETOB IO MOY IO BAEaIa,
144

Kurerka xopapanosa 89

Komabno rayccosrix uncer 150

— TJIaBHBIX ugeaaoB 151

— eBKanI0BO 150

— KJIaccOB BbI4eToB 143, 144

— JaokaabHOE 150

— MHOrO4JIeHOB 153

— ¢ peaerueMm 170

— daxTopuaabHoe 153

— xapakTepos 133

— IeJbIX BJIeMeHTOB 166

— sHAOMOpdu3MOB 160

KomMmyranT rpymmner 37

KomMmyTaTop aremenTos 37
Koucraurs crpykrypuse 178
KparHnocTs Beca 186

— BxoxaeHna 101

— moaroca 103

Kpussie B MaTpuaHbIX rpynnax 76
— nuddepeHnupyemsre 76
Kpy4enne aberesou rpynmnst 61, 64

Jlemma Apruna 208
— Henexunna—Apruna 219
Jlorapudm 81

Marpuna spmurosa 96
Matpuisr nepecranoBox 46
Msuorounen rapMonnyeckun 128
— xpyrosou 104, 212

— MUHUMAJIbHBIA dIeMeHTa 192
— menpusogumbii 196, 198

— cenapabeasubm 196

Moayas 159

MowucTp 48, 252

HesaBucumocts

226
Hopwmaausarop moarpynnsr 26
Hopwma saementa pacumpenns 230
Hyau xapaxrepos 181

aarebpamaeckas

O6pasyromme cBo6ogubie 41

— rpynnsl 43

Oxepease 85

OmnepaTop IMHENHBIN 0P TOTOHATbHBII
96

— yHuTapHbIZ 96

Opbura 24

ITapamerpusanus rpynmo 10
Ilogrpynna 6openeBckas 52
— Kpy4eHusa 68

— JIm 75

— HOpMaJbHaa 19

— mpousBogHag 37, 48

— coupsxkeénnas 25

— crauuoHapHas 24

— YHUIIOTEHTHaA 52
IToarpymnnsr Curoa 55
ITogupeacrasrenue 90
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IlogmpocTpancTBo gomomHUTEILHOE
90

— naBapuanTHOe 90

— ycrouuusoe 90

Ilokazarens rpynmsr 72

ITone pasnoxenus muorowiena 146

ITonroc Bpamennsa 103

IIpeacraBurens cmexuoro kracca 19

IIpegcrasiaenue BiomHe IpuBoAMMOE
91, 99

— nyaabHOe 131

— KOHTparpeaueHTHOE 131

— JsuuenHoe 16

— HenpuBoaumoe 91

— Hepazxoxumoe 90

— peryaapuoe 93

— TouHOoe 86

— TpuBnaibHOoe 90

— yHuTapHoe 96

Ilepeceuenne uneanos 148

ITogmonyas 159

— 6e3 xkpyuenusa 162

— KOHEYHOro Tuna 165

— Kpy4eHus 162

— nepuoamieckun 161

— mpocron (HenpusoauMbI) 163

— —Hnag s((2) 184

— cBoGoaubI 163

— mukamgecknn 161

Ilone xomeurnoe 198

— kpyrosoe 204

— coBepurerHoe 196

— nukaoToMuueckoe 204

IIpeacraBrenune axre6per 170

IIpeacraprennsa menpusoaumeie 91

— abeneBou rpymnnsr 121

— rpynner Ay 124

— rpymnnst As 126

— KBATEePHHUOHOB 125

— rpynns Sy 124

— rpynn SU(2), SO(3) 127, 129

IIpo6rema Bepucanga 249

IIporpeccus apudmernmyaeckas 228

IIpousBenenue rpynn npamoe 39, 40

— noaynpamoe 40

IIpousBenenue ngeamos 149

IIpon3senenne TeH3opHOE IpeaCTAB-
nenun 132

— npocTpaHcTB 132

IIpocTpancTBo eBKIMIOBO 96
— KacaTeJabHOe 77

— oguopoxuoe 30

— mpexcTaBiIeHUa 87

— »pMuTOBO 96

Paznoxenune Bproa 53

PasmeprocTs anxre6per 168

Paspemmmmocts B pazukamzax 235,
236

Panr cso6oguon rpymmer 41

Paccroenune 30

Pacmupenue noren aireGpandeckoe
192

— — Tlaxya 209

— — HOpMaJabHOe 209

— — c abeaesou rpymnou axya 229

— BemecTBeHHoe 237, 238

— pagukaibHOe 235

— nukiandeckoe 231, 233

— — KoHeuHOe 192

PamuonarsrocTs kaacca 239

Pan xommosunmonssm 54

— HVKHUU IeHTPAIbHBIT 49

— HOpMaJbHBIN 54

Cuwmsou Jlexanapa 158

Cuaepn saemenra pacmupenus 230

CuoBo B andasutre 41

— myctoe 41

CoruacoBanHOCTE 6a3ucoB 65

CooTHOmeHne MUHUMAIbHOE 62

CooTHomenue OPTOTrOHATBHOCTH
BTOpOe 121

— — mepsoe 114

CootrsercrBue Iaxya 210, 211

CoorHommenus 41

Crabummsarop Touku 24

Crenens npeacrasiaeHus 86

— IPUMUTUBHOrO daeMeHTa 191

— npamasg rpynnsl 40

— pacumpenusa noasa 191

Crynens paspemmumMocTu 48

Cymma ngeanos 148

— KBaJApaToB 4ucex 152

— npaMas npegcrasienui 90
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Tabauna xapakTepos 120
Temo 14, 170

Teopema ApTuna 220

— Apruna-Illpanepa 234
— Benoro-Tommncona 240
— Bepucanga 177, 181
— Bpayepa 135, 218

— Bexnpgep6apua 173

— I'mnsbepra 231, 233
— lenexuuga 219

— [upuxmre 228

— kuTauckas o6 ocrarkax 155
— Jlarpamxa 21

— Maiuke 99

— ®Ppobenuyca 172

— Dpobennyca-IllTukenrs6eprepa 69
— IMMadapesuya 251

— IlMnausepa 231, 232

— (nemma) lypa 109

— Duzepa 156

Teopewmsr CunoBa 55, 56
Tpucexumsa yraa 214
Tpumier xécrkuu 240

Y nBoenue ky6a 214
Yrasr Duxepa 11

Y nBoeHue aare6pnr 183
Ypasuenne Jlanraca 83

daxTopaiarebpa 168
dakroprpynna 32
DaxTopkorbuo 143
dakropupencrasienue 90
PDaxTopsl MHBApUAHTHBIE 72
— KOMIIO3UIIMOHHEIE 54
Dynknua nenrpasbHag 113
Dyukima durepa 203
Dopwma spmuToBa 96
Dopmyra obpamenus Mébuyca 201,
203
— Burra 207

XapaxTep 0600mwénnabm 133
— npexacraprenus 111

IenTp rpynne: 26
HacTes nepuogmdeckas rpynnsl 68

OKBUBAJICHTHOCTH HPEACTaBICHUN 87

— romogoruyieckas 11, 14

OKCIIOHEHTA TPYIILL 72

DJIeMeHT KOJIblla meabm 166

— IpUMUTUBHBIA pacumpenus 190,
196

DIEMEHTHI COIPIKEHHBIE 26
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